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Inclusive DIS at a large momentum transfer
• dominated by the scattering of the 

lepton off an active quark/parton 

• not sensitive to the dynamics at a 
hadronic scale ~ 1/fm 

• collinear factorization:   

• overall corrections suppressed by 

� / H(Q)⌦ �a/P (x, µ
2)
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QCD factorization
• provides the probe to “see” quarks, 

gluons and their dynamics indirectly 

• predictive power relies on  
— precision of the probe 
— universality of 

Lepton-Hadron Deep Inelastic Scattering
Q � ⇤QCD
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�a/P (x, µ
2)
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Lepton-Hadron Deep Inelastic Scattering

PDFs at small values of x, the W-boson asymmetry data at
large rapidities generally provide stronger constraints on
PDFs at large x values.

IV. RESULTS

In this section, we present the results of our global QCD
analysis. The quality of the fit to the data is illustrated in
Fig. 1, where the inclusive proton F2 structure functions
from BCDMS [81], SLAC [82], NMC [83] and HERMES
[86] are compared with the CJ15 NLO fit as a function of
Q2 at approximately constant values of x. In Fig. 2, the
Jefferson Lab Fp

2 data from the E00-116 experiment in
Hall C [87] are compared with the CJ15 results at fixed

scattering angles, with x increasing with Q2. The more
recent data from the BONuS experiment at Jefferson Lab
[21] on the ratio of neutron to deuteron structure functions,
Fn
2=F

d
2 , are shown in Fig. 3. Overall the agreement between

the theory and data, over several decades of Q2 and x, is
excellent.
The uncertainties on the observables in Figs. 1–3 (and on

the PDFs throughout this paper, unless otherwise noted) are
computed using Hessian error propagation, as outlined in
Ref. [14], with Δχ2 ¼ 2.71, which corresponds to a
90% confidence level (C.L.) in the ideal Gaussian statistics.
The corresponding χ2 values for each of the data sets in
Figs. 1–3, and all other data used in the fits, are listed in
Table I. As well as the main NLO fit, we also include the χ2

FIG. 1. Comparison of proton Fp
2 structure function data from BCDMS [81], SLAC [82], NMC [83] and HERMES [86] with the CJ15

fit, as a function of Q2 for approximately constant x. The data have been scaled by a factor 2i, from i ¼ 0 for x ¼ 0.85 to i ¼ 20 for
x ¼ 0.005, and the PDF uncertainties correspond to a 90% C.L.
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values for several alternate fits, with different combinations
of theory and data (see below), and an LO fit. For the
central NLO fit, the total χ2 is ≈4700 for 4542 points, or
χ2=datum ¼ 1.04, which is similar to our previous CJ12
analysis [14], even though that fit was to some 500 fewer
points. While the various NLO fits give qualitatively similar
χ2 values, the χ2=datum for the LO fit (∼1.3) is markedly
worse.

A. CJ15 PDFs

The CJ15 PDFs themselves are displayed in Fig. 4 at a
scale of Q2 ¼ 10 GeV2 for the u, d, d̄þ ū, d̄ − ū and s
distributions, and the gluon distribution scaled by a factor
1=10. The central CJ15 PDFs are determined using the
AV18 deuteron wave function and the nucleon off-shell
parametrization in Eq. (15). The parameter values and their
1σ errors for the leading-twist distributions at the input
scale Q2

0 are given in Table II, with the parameters that are
listed without errors fixed by sum rules or other constraints.
(To avoid rounding errors when using these values in
numerical calculations, we give each of the parameter
values and their uncertainties to five significant figures.)
The strange quark PDF is assumed in this analysis to be

proportional to the light antiquark sea in the ratio κ ¼ 0.4
[see Eq. (4)]. To test the sensitivity of our fit to the specific
value of κ, we repeated the analysis varying the strange to
nonstrange quark ratio between 0.3 and 0.5. Within this
range the total χ2 spans between 4704 (κ ¼ 0.3) and 4711
(κ ¼ 0.5), indicating a very weak dependence on κ. This is
not surprising given that our analysis does not include any
data sets that are particularly sensitive to the strange-
quark PDF.

FIG. 2. Comparison of the proton Fp
2 structure function data

from the E00-116 experiment in Jefferson Lab (JLab) Hall C [87]
with the CJ15 fit, as a function of Q2 for fixed scattering angle θ,
with the corresponding x ranges indicated. The data have been
scaled by a factor 2i, from i ¼ 0 for θ ¼ 38° to i ¼ 5 for θ ¼ 70°,
and the PDF uncertainties correspond to a 90% C.L.

FIG. 3. Comparison of the Fn
2=F

d
2 structure function ratio from

the BONuS experiment in Jefferson Lab (JLab) Hall B [21] with
the CJ15 fit, as a function of the invariant mass W2 for fixed Q2,
with the corresponding x ranges indicated (note x decreases with
increasing W2). The data have been scaled by a factor 2i, from
i ¼ 0 for Q2 ¼ 4.0 GeV2 to i ¼ 5 for Q2 ¼ 1.7 GeV2, and the
PDF uncertainties correspond to a 90% C.L.

FIG. 4. Comparison of CJ15 PDFs xfðx;Q2Þ for different
flavors (f ¼ u, d, d̄þ ū, d̄ − ū, s and g=10) at a scale
Q2 ¼ 10 GeV2, with 90% C.L. uncertainty bands. Note the
combined logarithimic/linear scale along the x-axis.
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Fig. 80 The combined HERA data for inclusive CC e+ p and e− p
reduced cross sections at

√
s = 318 GeV with overlaid predictions of

HERAPDF2.0 NNLO. The bands represent the total uncertainty on the
predictions
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Fig. 81 The combined HERA data for the inclusive NC e+ p and e− p
reduced cross sections together with fixed-target data [107,108] and
the predictions of HERAPDF2.0 NLO. The bands represent the total
uncertainties on the predictions. Dashed lines indicate extrapolation
into kinematic regions not included in the fit
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Fig. 82 The combined HERA data for the inclusive NC e+ p and e− p
reduced cross sections together with fixed-target data [107,108] and
the predictions of HERAPDF2.0 NNLO. The bands represent the total
uncertainties on the predictions. Dashed lines indicate extrapolation
into kinematic regions not included in the fit
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tions of HERAPDF2.0 NLO. The bands represent the total uncertainty
on the predictions

123

H. Abramowicz et al., EPJC 78, 580 (2015).



Tianbo Liu 4

Semi-inclusive DIS: a final state hadron (Ph) is identified

• enable us to explore the emergence of color 
neutral hadrons from colored quarks/gluons 

• flavor dependence by selecting different 
types of observed hadrons: pions, kaons, … 

• a large momentum transfer Q provides a 
short-distance probe 

• an additional and adjustable momentum scale 

Semi-inclusive Deep Inelastic Scattering

Ph

l'

X
P

q

l

PhT
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Small transverse momentum: 
• the hard scale Q localizes the probe to “see”

quarks and gluons 

• the soft scale PhT is sensitive to the confined 
motion of quarks and gluons 

• TMD factorization    

Small and Large Transverse Momentum
PhT ⌧ Q
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� / H(Q)⌦ �a/P (x, kT , µ
2)⌦Df!h(z, pT , µ

2)
<latexit sha1_base64="Ie1/6TJoobHobEuq+KarhtOoj24="></latexit><latexit sha1_base64="Ie1/6TJoobHobEuq+KarhtOoj24="></latexit><latexit sha1_base64="Ie1/6TJoobHobEuq+KarhtOoj24="></latexit><latexit sha1_base64="Ie1/6TJoobHobEuq+KarhtOoj24="></latexit>

P

Ph

q

P

Ph

q

Large transverse momentum: PhT ⇠ Q
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• dominated by a single scale 

• not sensitive to the active parton’s transverse 
momentum 

• collinear factorization    

� / H(Q,PhT )⌦ �a/P (x, µ
2)⌦Df!h(z, µ

2)
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uū + dd̄p
2
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Figure 8: Sketch, not to-scale, of kinematical regions of SIDIS in terms of the produced
hadron’s Breit frame rapidity and transverse momentum. In each region, the type of sup-
pression factors that give factorization are shown. (The exact size and shape of each region
may be very different from what is shown and depends on quantities like Q and the hadron
masses.) In the Breit frame, according to Eq. (9.7), partons in the handbag configura-
tion are centered on y ⇡ 0 if �k

2

i
⇡ k

2

f
= O

�
m

2
�
. The shaded regions in the sketch are

shifted somewhat toward the target rapidity yP,b (the vertical dashed line) to account for
the behavior of Eq. (9.1) when zN and xN are small.

R1 ⇡ 0.8 for kaons. If R1 ⇡ 0.8 is taken to be large, then confidence that one is in the
current region deteriorates. The flavor of the final state hadron has little effect on the
transverse momentum hardness, R2, from Eq. (8.16). From Fig. 11 (a) and Fig. 11 (c) flavor
dependence is only noticeable at low Q and even then the effect is small. To summarize,
the produced hadron mass affects collinearity R1 significantly, but does not appear to be a
primary factor in determining transverse hardness R2.

Within a specific example, collinearity R1 and transverse hardness R2 have helped us
to map out the current kinematic region (small R1) and to separate the "small" from the
"large" transverse momentum regions (small R2 vs large R2). The former will reasonably
correspond to a region where we expect TMD factorization to apply, while for the latter
a collinear factorization will be appropriate. At this stage, one might wonder whether
a LO calculation could be enough or whether higher order perturbative corrections are
necessary. This is where R3 comes into the game: large R3 coupled with large R2 signal a
large qT region where presumably higher order pQCD corrections are relevant, while small

– 27 –

Sketch of kinematic regions of the produced hadron

!"#$%&'()&*+(,-./012310450336PhT is defined in the photon-hadron frame

PhT ⌧ Q
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SIDIS Kinematic Regions

 = PhT / z
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SIDIS in Trento Convention
SIDIS differential cross section
18 structure functions F(xB, z, Q2, PhT),  
(one photon exchange approximation)
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Figure 1: Definition of azimuthal angles for semi-inclusive deep inelastic scattering in the target
rest frame [28]. Ph⊥ and S⊥ are the transverse parts of Ph and S with respect to the photon
momentum.

have nonzero components g11
⊥ = g22

⊥ = −1 and ε12
⊥ = −ε21

⊥ = 1 in the coordinate system of

Fig. 1, our convention for the totally antisymmetric tensor being ε0123 = 1. We decompose

the covariant spin vector S of the target as

Sµ = S‖
Pµ − qµM2/(P · q)

M
√

1 + γ2
+ Sµ

⊥ , S‖ =
S · q
P · q

M
√

1 + γ2
, Sµ

⊥ = gµν
⊥ Sν (2.6)

and define its azimuthal angle φS in analogy to φh in eq. (2.3), with Ph replaced by S.

Notice that the sign convention for the longitudinal spin component is such that the target

spin is parallel to the virtual photon momentum for S‖ = −1. The helicity of the lepton

beam is denoted by λe. We consider the case where the detected hadron h has spin zero

or where its polarization is not measured.

Assuming single photon exchange, the lepton-hadron cross section can be expressed in

a model-independent way by a set of structure functions, see e.g. refs. [29, 30, 27]. We use

here a modified version of the notation in ref. [27], see appendix A, and write1

dσ

dx dy dψ dz dφh dP 2
h⊥

=

α2

xyQ2

y2

2 (1 − ε)

(

1 +
γ2

2x

)

{

FUU,T + εFUU,L +
√

2 ε(1 + ε) cos φh F cos φh

UU

+ ε cos(2φh)F cos 2φh

UU + λe

√

2 ε(1 − ε) sin φh F sinφh

LU

+ S‖

[

√

2 ε(1 + ε) sin φh F sin φh

UL + ε sin(2φh)F sin 2φh

UL

]

1The polarizations SL and ST in [27] have been renamed to S‖ and |S⊥| here. This is to avoid a clash

of notation with section 3, where subscripts L and T refer to a different z-axis than in Fig. 1.

– 3 –

Need to know the photon-hadron frame.

= ↵2

xByQ2
y2

2(1�✏)

⇣
1 + �2

2xB

⌘

⇥ {FUU,T + ✏FUU,L +
p
2✏(1 + ✏)F cos�h

UU cos�h + ✏F cos 2�h

UU cos 2�h + �e

p
2✏(1� ✏)F sin�h

LU sin�h

+SL

hp
2✏(1 + ✏)F sin�h

UL sin�h + ✏F sin 2�h

UL sin 2�h

i
+ �eSL

hp
1� ✏2FLL +

p
2✏(1� ✏)F cos�h

LL cos�h

i

+ST

h⇣
F sin(�h��S)
UT,T + ✏F sin(�h��S)

UT,L

⌘
sin (�h � �S) + ✏F sin(�h+�S)

UT sin (�h + �S)

+✏F sin(3�h��S)
UT sin (3�h � �S) +

p
2✏(1 + ✏)F sin�S

UT sin�S +
p
2✏(1 + ✏)F sin(2�h��S)

UT sin (2�h � �S)
i

+�eST

hp
1� ✏2F cos(�h��S)

LT cos (�h � �S)

+
p

2✏(1� ✏)F cos�S

LT cos�S +
p

2✏(1� ✏)F cos(2�h��S)
LT cos (2�h � �S)

io

<latexit sha1_base64="2tUcIQr3IHM0flP41L3EDoGZBfI="></latexit>

d6�
dxBdydzdP 2

hT d�hd�S

<latexit sha1_base64="5bcXftJhOC4qlfAjlTSIs6sXmGc="></latexit>



Tianbo Liu

Leading Twist TMDs
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Fixed Target Experiments (Existing)
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JLab

COMPASS
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Electron-Ion Colliders (Future)
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Figure 1.1: Schematic layout of the planned EIC accelerator based on the existing RHIC
complex at Brookhaven National Laboratory.

electrons and ions and use sophisticated, large detectors to identify specific reac-
tions whose precise measurement can yield previously unattainable insight into
the structure of the nucleon and nucleus. The EIC will open a new window into
the quantum world of the atomic nucleus and allow physicists access for the first
time to key, elusive aspects of nuclear structure in terms of the fundamental quark
and gluon constituents. Nuclear processes fuel the universe. Past research has
provided enormous benefit to society in terms of medicine, energy and other ap-
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Kinematics with Radiative Effects
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Kinematics with radiative effect

5

• Djangoh is used to simulate charged current deep-inelastic scattering including radiative effects. 
• Kinematics are smeared after including radiative corrections.

Data sample : Int L = 10 fb-1, Kinematics settings: 0.01<y<0.95, 102 GeV2 <Q2<105 GeV2

initial                   final vacuum                            loops

Kinematics with radiative effect

5

• Djangoh is used to simulate charged current deep-inelastic scattering including radiative effects. 
• Kinematics are smeared after including radiative corrections.

Data sample : Int L = 10 fb-1, Kinematics settings: 0.01<y<0.95, 102 GeV2 <Q2<105 GeV2

initial                   final vacuum                            loops

Kinematic experience 
by the parton

Kinematic reconstructed 
from observed momenta6=
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QED radiation will have significant impact due to kinematic shift, although α is small.
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Traditional Method to Handle QED Radiation
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Radiative correction (RC) to Born kinematics:

�measured = �No QED radiation ⌦ ⌘RC

<latexit sha1_base64="BLZnFCodouli8iYto7B+MZTw80Q="></latexit>

RC factor

Problems or challenges:
The determination of RC factor relies on Monte Carlo simulation.
Usually depends on the physics we want to extract, hence introducing bias.

Multidimensional kinematic shift, challenge to decouple 18 structure functions. 
Almost impossible to determine the virtual photon event by event, and thus  
the true photon-hadron frame. 
Problematic to define PhT and azimuthal angles, essential for TMD physics.

“In many nuclear physics experiments, radiative corrections quickly become a 
dominant source of systematics. In fact, the uncertainty on the corrections might 
be the dominant source for high-statistics experiment”     

—— EIC Yellow Report

Also depends on experimental acceptance.
increasingly difficult for reactions beyond inclusive DIS, e.g. SIDIS …
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Basic Ideas of Our Approach
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• Do not try to invent any scheme to treat QED radiation to 
match Born kinematics. — No radiative correction! 

• Generalize the QCD factorization to include Electroweak 
theory, resum the logarithmic enhanced QED contributions. 
— QED radiation is part of the production cross sections. 
— treat QED radiation in the same way as QCD radiation is treated. 

• Same systematically improvable treatment of  QED 
contributions for both inclusive DIS and SIDIS.
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FIG. 5. Sketch for the frame of inclusive DIS.

in Eq. (9) can be further simplified as

E`0
d3�`(�`)P (S)!`0X

d3`0
⇡

X

�k

Z 1

⇣min

d⇣

⇣2
De/e(⇣, µ

2)

Z 1

⇠min

d⇠ fe(�k)/e(�`)(⇠, µ
2)

⇥

Ek0

d3�̂k(�k)P (S)!k0X

d3k0

�

k=⇠`, k0=`0/⇣

, (12)

where �k is the helicity of the electron of momentum k that collides with the hadron of

momentum P and spin S. The cross section �̂k(�k)P (S)!k0X is infrared-safe as me ! 0 with

all collinear sensitive QED radiative contributions along the lepton momentum ` and `0 are

resummed into the fe/e and De/e, respectively. In the Born approximation in QED (lowest

order in powers of ↵), the cross section can be written as

Ek0
d3�̂(0)

k(�k)P (S)!k0X

d3k0 ⇡ 2↵2

ŝ bQ4
L(0)
µ⌫ (k, k0,�k) W µ⌫(q̂, P, S), (13)

with L(0)
µ⌫ (k, k0,�k) and W µ⌫(q̂, P, S) defined in Eqs. (3) and (5), respectively. We can express

the phase space of the scattered lepton of momentum `0 in terms of more commonly used

variables,

d3`0

E`0
=

⇣ y

2xB

⌘
dxB dQ2 d =

⇣ Q2

2xB

⌘
dxB dy d , (14)

where  is an angle between the leptonic plane and the hadron spin plane defined by vectors

S and P , as shown in Fig. 5, with integration over d giving a factor 2⇡ for unpolarized

or longitudinally polarized DIS. With the one-photon exchange approximation for the hard

scattering, we can express the spin-averaged lepton-hadron DIS cross section in terms of

12
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FIG. 3. Sketch of scattering amplitudes for (a) the factorized DIS process in Eq. (9), and (b) lowest

order lepton-quark scattering.

tions, along with the PDFs from Eq. (8), cannot be uniquely determined from inclusive

DIS data if we cannot account for all QED radiative contributions to the experimentally

measured cross section.

The traditional method to include all QED radiative contributions to the lepton-hadron

DIS cross sections is to introduce a radiative correction (RC) factor to the Born cross section,

so that one can still extract the structure functions from inclusive DIS data. However,

such an approach necessarily introduces uncertainties in handling the contributions of QED

diagrams beyond the one-photon exchange, such as the virtual diagrams with two-photon

exchange contributions in the second row in Fig. 2 at NLO, and similar diagrams at higher

orders. Consistent treatment of such QED (or electroweak) contributions to the lepton-

hadron DIS cross sections is very important for precision extraction of PDFs, and especially

for searches of new physics in processes such as parity-violating DIS.

Instead of treating QED radiation as a correction to the Born process, here we unify the

QED and QCD contributions to the lepton-hadron scattering cross section in a consistent

factorization formalism. We consider the lepton-hadron inclusive DIS in Eq. (1) as an

inclusive production of a scattered lepton of four-momentum `
0
µ with a transverse component

`
0
T � ⇤QCD in the target rest frame, where the colliding lepton and hadron are head-on,

as sketched in Fig. 3(a). Applying the factorization formalism previously developed for

single-hadron production at large transverse momentum in hadronic collisions [49] to lepton-

nucleon scattering, the factorized inclusive DIS cross section can be written as,

E
0d�`P!`0X

d3`0
=

1

2s

X

i,j,a

Z 1

zL

d⇣

⇣2

Z 1

xL

d⇠

⇠
De/j(⇣, µ

2) fi/e(⇠, µ
2)

⇥

Z 1

xh

dx

x
fa/N(x, µ

2) bHia!j(⇠, x, `
0
/⇣, µ

2) + · · · , (9)

9

Define inclusive DIS as inclusive lepton scattering with large 

cos ✓ =
` · S
` · P
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Unpolarized inclusive DIS cross section:

E
0 d�`P!`0X

d3`0
=

1

2s

X

i,j,a

Z 1

⇣min

d⇣

⇣2

Z 1

⇠min

d⇠

⇠
De/j

�
⇣, µ

2
�
fi/e

�
⇠, µ

2
�

⇥
Z 1

xmin

dx

x
fa/N

�
x, µ

2
� bHia!jX

�
⇠`, xP, `

0
/⇣, µ

2
�
+ · · ·
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one-photon exchange approximation:

d�`P!`0X

dxB dy
⇡

Z 1

⇣min

d⇣

⇣2

Z 1

⇠min

d⇠De/e

�
⇣, µ2

�
fe/e

�
⇠, µ2

�

⇥ 4⇡↵2

x̂B ŷ bQ2


x̂B ŷ

2F1

⇣
x̂B , bQ2

⌘
+

✓
1� ŷ � 1

4
ŷ2�̂2

◆
F2

⇣
x̂B , bQ2

⌘�
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Lepton distribution function:

where Eq. (5) was used and q̂
µ = (⇠`�`0/⇣)µ at this order. At high orders, all logarithmically

enhanced collinear contribution to the leptonic tensor eLµ⌫ along the direction of ` and

`
0 are systematically resummed into the universal LDFs and LFFs, respectively, leaving

bLµ⌫(n)
ij (k, k

0
, q̂) with n > 0 infra-red and collinear safe. Corrections to Eq. (63) are suppressed

by inverse powers of the large momentum transfer bQ.

The LDFs and LFFs in Eq. (63) share the same operator definitions with hadron PDFs

and FFs [1], with the quark and gluon field replaced by lepton and photon field, respectively,

and the hadron state is replaced by a lepton state. In Eq. (63), the LDF fi/e(⇠) is defined

as

fi/e(⇠) =

Z
dz

�

4⇡
e
i⇠`+z�

he| i(0)�+�[0,z�]  i(z
�)|ei, (65)

where �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with photon field A
µ, and we use

light-cone notation v
± = (v0

± v
3)/

p
2 for any four-vector v

µ. Similarly, the LFF De/j(⇣)

describes the emergence of the final lepton e from a lepton j with momentum `
0
/⇣, and is

defined as [1]

De/j(⇣) =
⇣

2

X

X

Z
dz

�

4⇡
e
i`0+z�/⇣ Tr

⇥
�
+
h0| j(0)�[0,1] |e, Xihe, X| j(z

�)�[z�,1]|0i
⇤
. (66)

Unlike hadron PDFs and FFs, with a properly defined renormalization of the non-local

operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
(0)
e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result

in the MS scheme,

f
(1)
e/e(⇠, µ

2) =
↵

2⇡


1 + ⇠

2

1 � ⇠
ln

µ
2

(1 � ⇠)2 m2
e

�

+

, (67)

where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically
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With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�

2(û2 + v̂
2) + 4t̂(t̂ + û + v̂)

ûv̂
+

1 + �
2
⌘
2

�⌘

�
�

⇣1

�
(1 � �)(1 � ⌘) �

q̂2
T

µ2
Q

⌘

�
1

⇡

1

q̂2
T


1 + �

2

(1 � �)+
�(1 � ⌘) +

1

⌘

1 + ⌘
2

(1 � ⌘)+
�(1 � �) � 2�(1 � �)�(1 � ⌘) ln

q̂2
T

µ2
Q

�
, (54)

cW (1)
TT = 2�(1 � �)�(1 � ⌘)


�

1

2
ln2 µ

2
Q

µ2
b

+
3

2
ln

µ
2
Q

µ2
b

�

� 2 ln
µMS

µb

⇣1 + �
2

1 � �

⌘

+
�(1 � ⌘) +

1

⌘

⇣1 + ⌘
2

1 � ⌘

⌘

+
�(1 � �)

�

+ 2


1

2
(1 � �)�(1 � ⌘) +

1

2⌘
(1 � ⌘)�(1 � �) � 4�(1 � �)�(1 � ⌘)

�
, (55)

where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
, (56)

û = (k � q̂)2 =
⇠ � ⇠B

⇣B
Q

2
� q̂2

T , (57)

v̂ = (k0 + q̂)2 = ⇠B

⇣1

⇣
�

1

⇣B

⌘
Q

2
� q̂2

T . (58)
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LO: NLO(MS):

where Eq. (5) was used and q̂
µ = (⇠`�`0/⇣)µ at this order. At high orders, all logarithmically

enhanced collinear contribution to the leptonic tensor eLµ⌫ along the direction of ` and

`
0 are systematically resummed into the universal LDFs and LFFs, respectively, leaving

bLµ⌫(n)
ij (k, k

0
, q̂) with n > 0 infra-red and collinear safe. Corrections to Eq. (63) are suppressed

by inverse powers of the large momentum transfer bQ.

The LDFs and LFFs in Eq. (63) share the same operator definitions with hadron PDFs

and FFs [1], with the quark and gluon field replaced by lepton and photon field, respectively,

and the hadron state is replaced by a lepton state. In Eq. (63), the LDF fi/e(⇠) is defined

as

fi/e(⇠) =

Z
dz

�

4⇡
e
i⇠`+z�

he| i(0)�+�[0,z�]  i(z
�)|ei, (65)

where �[0,z�] = exp[�ie
R z�

0 d⌘
�
A
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2 for any four-vector v

µ. Similarly, the LFF De/j(⇣)

describes the emergence of the final lepton e from a lepton j with momentum `
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/⇣, and is

defined as [1]
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Unlike hadron PDFs and FFs, with a properly defined renormalization of the non-local

operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
(0)
e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result

in the MS scheme,
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where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically
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Lepton fragmentation function:
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operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
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e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result
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where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically
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LO:

With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
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⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions
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D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,
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TT , (53)
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where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
, (56)

û = (k � q̂)2 =
⇠ � ⇠B

⇣B
Q

2
� q̂2

T , (57)

v̂ = (k0 + q̂)2 = ⇠B

⇣1

⇣
�

1

⇣B

⌘
Q

2
� q̂2

T . (58)
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FIG. 5. Real (a) and virtual (b) QED diagrams contributing to the NLO lepton distribution f (1)
e/e.

enhanced contributions to LDFs can be systematically resummed by solving the evolution

equations for QED particles [? ? ? ? ? ? ], and for the “valence” distribution, for example,

µ
2 d

dµ2
fe/e(⇠, µ

2) =

Z 1

⇠

d⇠
0

⇠0
Pee(⇠/⇠

0
, ↵)fe/e(⇠

0
, µ

2), (68)

with the evolution kernel Pee calculable perturbatively order-by-order in powers of ↵. At

O(↵), from Eq. (67) we have P
(1)
ee (z, ↵) = (↵/2⇡) [(1 + z

2)/(1 � z)]+.

Similarly, the LFFs can also be calculated perturbatively in QED, if we neglect their

hadronic component. At the LO, we have LFF as D
(0)
e/e(⇣) = �(⇣ � 1), and at O(↵), we have

from the logarithmically enhanced contributions

D
(1)
e/e(⇣, µ) =

↵

2⇡


1 + ⇣

2

1 � ⇣
ln

⇣
2
µ
2

(1 � ⇣)2 m2
e

�

+

. (69)

Same as the LDFs, the logarithmically enhanced high-order contributions to the LFFs can

be resummd by solving corresponding evolution equations.

With perturbatively calculated input distributions for the LDFs and LFFs order-by-order

in QED at an input scale µ
2
0 & m

2
e, as discussed in Sec. III, we are able to evolve the LDFs

and LFFs to any factorization scale µ
2

> µ
2
0 by solving corresponding evolution equations, if

we can neglect their hadronic components. Having these universal LDFs and LFFs and the

factorization formula in Eq. (63), we have a controllable approach to evaluate the leptonic

tensor eLµ⌫(`, `0, q̂) that is needed to evaluate the SIDIS cross section in Eq. (2).
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FIG. 4. Sketch of the lepton distribution function for finding a fermion (quark or lepton) inside a

colliding lepton of momentum `.

where i, j, a include all QED and QCD particles, and the ellipsis represents power corrections

suppressed by inverse powers of `0T . The lower limits of integration zL, xL and xh depend on

external kinematics as specified below, and fa/N(x, µ
2) is the parton distribution function

of the colliding hadron (N) with the hadron’s momentum fraction x = p
+
/P

+ carried by

an active parton of flavor a (either a quark, antiquark or gluon in QCD, or a lepton or

photon in QED) [3], where we use the light-cone vector notation v
± = (v0

± v
3)/

p
2 for any

four-vector v
µ.

In Eq. (9), the LDF fi/e(⇠, µ2) gives the probability to find a lepton (or parton) of flavor i

with light-cone momentum ⇠`
+ in the incident lepton e, defined analogously to the PDF of a

hadron [3], but with the hadron state replaced by an asymptotic lepton state |ei. Explicitly,

for a lepton (or quark) distribution in a lepton e with momentum `, the LDF is defined as

fi/e(⇠, µ
2) =

Z
dz

�

4⇡
e
i⇠`+z�

he(`)| i(0)�+�[0,z�]  i(z
�)|e(`)i, (10)

where ⇠ = k
+
/`

+ is the light-cone momentum fraction carried by the active lepton (or quark)

of momentum k and flavor i, as sketched in Fig. 4, µ is a scale to renormalize the nonlocal

fermion operator, and �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with a photon (or

gluon) field A
µ. Similarly, the photon (or gluon) distribution function of a lepton can be

defined in the same way as the gluon distribution of a hadron, except replacing the hadron

state by a lepton state, and the gluon field by corresponding photon field for the photon

distribution function [3].

In analogy with the LDF, the LFF De/j(⇣, µ2) in Eq. (9) describes the emergence of

the final lepton e with momentum `
0 from a lepton (or parton) of flavor j with momen-

tum k
0
⇠ `

0
/⇣. Formally, the LFF for a fermion (lepton (or quark) of flavor j emerging from

10
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We propose a new factorized approach to QED radiative corrections (RCs) in inclusive and semi-
inclusive lepton-hadron deep-inelastic scattering. The method allows the systematic resummation of
the logarithmically enhanced RCs into factorized lepton distribution and fragmentation (or jet) func-
tions that are universal for all final states. The new approach provides a uniform treatment of RCs
for the extraction of parton distribution functions, transverse momentum dependent distributions,
and other partonic correlation functions from lepton-hadron collision data.

Introduction.— Lepton-hadron deep-inelastic scatter-
ing (DIS) has played a critical role in the development
of our understanding of the strong nuclear force and
the internal structure of nucleons and nuclei, since the
first such experiments were performed at SLAC over 50
years ago [1]. By measuring the momentum transfer,
q ⌘ ` � `�, from an incident lepton with momentum
` scattered to a lepton with momentum `�, and keep-
ing Q ⌘

p
�q2 � 1/R, where R is the hadron radius

[see Fig. 1(a)], the DIS experiments provided a short-
distance electromagnetic probe of the point-like quarks
inside hadrons, ultimately giving birth to QCD as the
fundamental theory of strong interactions. Without ob-
serving specific final states other than the scattered lep-
ton, this modern version of Rutherford scattering pro-
vided the first glimpse of the hadrons’ internal land-
scape of quarks and gluons (or collectively, partons),
parametrized through the parton distribution functions
(PDFs) as probability densities for finding a parton in-
side the hadron with momentum fraction x [2]. While
our discussion applies to any hadronic initial state, for
clarity we will specialize to the case of a nucleon in the
rest of the paper.

l
l'

P
X

q
Ph

l'

X
P

q

l

(a) (b)

FIG. 1. Inelastic scattering of a lepton (�) from a nucleon
(P ) to a scattered lepton (�0) via exchange of a photon (q) for
(a) inclusive final states X, and (b) semi-inclusive production
of a hadron (Ph).

By detecting a hadron (or jet) of momentum Ph in the
final state [Fig. 1(b)], this semi-inclusive DIS (SIDIS)
process has two naturally ordered momentum scales: Q,
and the transverse momentum PhT ⌧ Q, defined in a
frame where the virtual photon collides with the nucleon
moving along the z-axis. While the hard scale Q localizes
the probe to resolve the partons’ longitudinal momen-
tum distributions, the soft scale PhT & 1/R provides the
sensitivity needed to probe the partons’ transverse mo-

tion inside the colliding nucleon. With the leptonic plane
defined by ` and `� and the hadronic plane by P and
Ph, di↵erent angular modulations between these planes
in SIDIS allow the extraction of various transverse mo-
mentum dependent distributions (TMDs), which encode
rich information about the nucleon’s three-dimensional
landscape in momentum space [3–7].

In practice, the collision with a large momentum trans-
fer triggers radiation of photons, such as those from the
colliding and scattered leptons and quarks illustrated in
Fig. 2. This radiation not only changes the momen-
tum transfer q, making it problematic to define the exact
photon-nucleon frame, but also alters the angular modu-
lation between the leptonic and hadronic planes. Reliable
extraction of PDFs and TMDs requires such collision-
induced QED radiation to be taken into account in the
form of radiative corrections (RCs) [8]. Without being
able to account for all radiated photons experimentally,
some of the RCs rely on measurement of the invariant
mass of the hadronic final state and Monte Carlo simula-
tion [9–12], which introduces model dependence into the
purely leptonic part of the radiation in Fig. 2.
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FIG. 2. Diagrams for the first real (top row) and virtual
(bottom row) RCs to scattering of a lepton (momentum �)
from a quark (p) to a lepton (�0) and recoiling quark.

In this Letter, we propose a new factorization approach
to QED radiation in lepton-nucleon scattering, with or
without observation of specific hadrons in the final state.
Instead of treating QED radiation as a correction to the
Born process [13, 14], which becomes increasingly di�-
cult beyond inclusive DIS [15–17], we unify the QED and
QCD contributions in a consistent factorization formal-
ism. The new approach allows all collinear (CO) sen-
sitive and logarithmically-enhanced photon radiation to

FIG. 2. Diagrams for the first real (top row) and virtual (bottom row) QED radiative contribution

to scattering of a lepton (momentum `) from a quark (p) to a lepton (`0) and recoiling quark.

In principle, any cross section with an identified hadron (in the initial or final state),

such as the inclusive DIS cross section, cannot be fully calculated within QCD perturbation

theory due its dependence on the hadronic scale of the identified hadron. The factorization

formalism, as in Eq. (8), is an approximation with the correction suppressed by inverse

powers of the large momentum transfer Q of the collision. Similarly, other structure functions

in Eq. (5) can also be factorized in terms of universal PDFs [15]. With the factorized

coe�cients calculated at leading order (LO) in the strong coupling ↵s, the two spin-averaged

structure functions are related via the Callan-Gross relation, F2(xB, Q
2) = 2xBF1(xB, Q

2) =
P

a e
2
a xB fa(xB, Q

2). With the perturbatively calculated coe�cient functions at next-to-

leading order (NLO) and next-to-next-to leading order (NNLO), precise data from inclusive

DIS have provided important constraints on QCD global analysis of PDFs [48].

A. Inclusive DIS with QED radiative contributions

With the large momentum transfer, Q
2

� ⇤2
QCD, lepton-hadron scattering naturally trig-

gers radiation of photons (photon showers), such as those from the incident and scattered

leptons and quarks illustrated in Fig. 2 at NLO in ↵. Without being able to account for all

radiated photons experimentally, this collision-induced QED radiation not only changes the

momentum transfer q between the scattered lepton and colliding hadron, but also requires

diagrams beyond the one-photon exchange approximation to maintain the gauge invariance

of QED (or in general electroweak) contributions to the inclusive lepton-hadron DIS cross

section. In other words, one-photon exchange is an approximation, and the structure func-
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FIG. 6. Sketch of sample scattering amplitudes for inclusive DIS with (a) one-photon exchange,

and (b) one-gluon exchange.

B. Universal LDFs and LFFs

The universal LDFs and LFFs share the same operator definitions with the hadron PDFs

and FFs, as discussed above. Like the hadron PDFs and FFs, in principle the LDFs and

LFFs are nonperturbative due to the fact that they can have hadronic components from

high-order processes. For example, the colliding electron could radiate a photon, the photon

could split into quark-antiquark pair, and the quark could initiate a hard scattering to

produce the observed lepton of momentum `0, leading to a factorized [will the factorization

break in this case?], nonperturbative term proportional to the LDF fq/e(⇠, µ2). In this case

one has contributions to the factorized inclusive DIS cross section in Eq. (9) or (15) in terms

of nonperturbative quark or gluon PDFs of a colliding electron, as well as quark or gluon FFs

to the observed lepton, as illustrated in Fig. 6. In addition, even the LDF fe/e(⇠, µ2) may

have nonperturbative hadronic component from high-order processes, although the impact

of its hadronic components may be very small in the energy regime of interest.

If we could restrict the events where there is e↵ectively no hadronic activity along the

direction of the observed lepton, we could neglect the nonperturbative hadronic contribution

to fe/e. Without the hadronic contribution, the LDF fe/e(⇠, µ2) can be calculated perturba-

tively in QED with a properly defined renormalization for the nonlocal operators. Denoting

by f (m)
e/e (⇠, µ2) the LDF evaluated perturbatively to order O(↵m), we have, for example, the

LO LDF given by f (0)
e/e(⇠) = �(⇠�1). At NLO, the leading logarithmically enhanced real and

virtual contribution in the light-cone gauge are given by the diagrams in Fig. 7(a) and (b),

14

vs

At higher order one can find quark/gluon distribution in LDF and LFF.

(b) is suppressed by selecting events in which the lepton does not have 
much hadronic energy around it.
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FIG. 9. Sketch of (a) the SIDIS process e(`) + N(P ) ! e(`0) + h(Ph) + X, and (b) SIDIS in the

one-photon exchange approximation.

whose absolute value is much larger than ⇤QCD. Applying the arguments in Ref. [57], we can

factorize the SIDIS cross section in the regime where PT ⇠ pT � ⇤QCD as

E`0EPh

d�`P!`0PhX

d3`0d3Ph
=

1

2s

X

ijab

Z 1

⇣min

d⇣

⇣2

Z 1

⇠min

d⇠

⇠
De/j(⇣, µ2) fi/e(⇠, µ

2)

⇥
Z 1

zmin

dz

z2

Z 1

xmin

dx

x
Dh/b(z, µ2) fa/N(x, µ2)

⇥ bHia!jbX(⇠, x, `0T/⇣, PhT /z, µ2) + · · · , (27)

where the indices i, j, a, b include all QED and QCD particles, and the ellipsis represents

power corrections suppressed by inverse powers of `0T and PhT , or PT ⇠ pT , defined in the

lepton-hadron frame. The lower limits of the integrations depend on the collision energy
p

s and the observed lepton and hadron momenta, `0 and Ph, respectively. In Eq. (27),

fi/e(⇠, µ2), De/j(⇣, µ2) and fa/N(x, µ2) are LDFs, LFFs and PDFs, respectively, and are the

same universal functions as those in Eq. (9) for inclusive DIS. The function Dh/b(z, µ2) in

Eq. (27) is the collinear fragmentation function (FF) to the observed hadron h of momentum

Ph from a parton b, which is defined in Ref. [3] for b = q, q̄, g. The definition is straightfor-

wardly extended to the case where b is a lepton or a photon, with the quark and gluon fields

replaced by the corresponding lepton and photon fields.

In Eq. (27), the short-distance hard parts bHia!jbX are infrared safe and perturbatively

calculable in QCD and QED. These are equal to the partonic cross section for the sub-process

i(k) + a(p) ! j(k0) + b(p0) + X(k + p � k0 � p0), where all perturbative collinear divergences

along the momentum directions of the active particles, k, p, k0, and p0, respectively, removed

and resummed into the corresponding LDFs, LFFs, PDFs and FFs, respectively. The factor-

ization formalism in Eq. (27) also provides a prescription for evaluating the short-distance

20
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Differential cross section

one photon exchange approximation:

Leptonic tensor:

Hadronic tensor:

The lowest order recovers no QED radiation expression:
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Current conserved decomposition of leptonic tensor

A. Leptonic tensor and lepton structure functions

The lowest order contribution to the leptonic tensor in Eq. (3), as sketched in Fig. 2(b),

is given by

eLµ⌫(0)(`, `0, q̂) = 2
⇥
`
µ
`
0⌫ + `

0µ
`
⌫
� ` · `

0
g
µ⌫
⇤
�
(4)(` � `

0
� q̂) . (5)

By substituting eLµ⌫(0)(`, `0, q̂) into Eq. (2), and using the �
(4)(` � `

0
� q̂) to take care of the

integration of d
4
q̂, we obtain the familiar expression for the SIDIS cross section with the fully

determined virtual photon momentum q
µ

⌘ (`�`
0)µ = q̂

µ and Q
2

⌘ �q
2 = bQ2

� ⇤2
QCD. On

the other hand, with QED radiation, the exchanging virtual photon momentum q̂
µ cannot

be fully determined without measuring all radiated final states XL. That is, there is no well-

defined “photon-hadron frame” without the full control of the leptonic tensor eLµ⌫(`, `0, q̂).

1. Lepton structure functions

The leptonic tensor is perturbatively calculable if we neglect its hadronic component,

which is in general non-perturbative. In analogy to the decomposition of hadronic tensor,

we can express the leptonic tensor in terms of lepton structure functions. To explicitly keep

the electromagnetic gauge invariance, it would be convenient to introduce conserved tensor

and vectors,

egµ⌫ = g
µ⌫

�
q̂
µ
q̂
⌫

q̂2
, (6)

èµ = egµ⌫
`⌫ = `

µ
�

` · q̂

q̂2
q̂
µ
, (7)

è0µ = egµ⌫
`
0
⌫ = `

0µ
�

`
0
· q̂

q̂2
q̂
µ
, (8)

where `, `
0, and q̂ are the momenta of initial lepton, final lepton, and the exchanged virtual

photon, respectively. These conserved tensor and vectors satisfy

q̂µegµ⌫ = 0, egµ⌫
q̂⌫ = 0, q̂µ

èµ = q̂µ
è0µ = 0. (9)

The leptonic tensor can be decomposed as

eLµ⌫(`, `0, q̂) = �egµ⌫
L1 +

èµè⌫

` · `0
L2 +

è0µè0⌫

` · `0
L3 +

èµè0⌫ + è0µè⌫

2` · `0
L4, (10)
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2` · `0
L4, (10)

8

A. Leptonic tensor and lepton structure functions

The lowest order contribution to the leptonic tensor in Eq. (3), as sketched in Fig. 2(b),

is given by

eLµ⌫(0)(`, `0, q̂) = 2
⇥
`
µ
`
0⌫ + `

0µ
`
⌫
� ` · `

0
g
µ⌫
⇤
�
(4)(` � `

0
� q̂) . (5)

By substituting eLµ⌫(0)(`, `0, q̂) into Eq. (2), and using the �
(4)(` � `

0
� q̂) to take care of the

integration of d
4
q̂, we obtain the familiar expression for the SIDIS cross section with the fully

determined virtual photon momentum q
µ

⌘ (`�`
0)µ = q̂

µ and Q
2

⌘ �q
2 = bQ2

� ⇤2
QCD. On

the other hand, with QED radiation, the exchanging virtual photon momentum q̂
µ cannot

be fully determined without measuring all radiated final states XL. That is, there is no well-

defined “photon-hadron frame” without the full control of the leptonic tensor eLµ⌫(`, `0, q̂).

1. Lepton structure functions

The leptonic tensor is perturbatively calculable if we neglect its hadronic component,

which is in general non-perturbative. In analogy to the decomposition of hadronic tensor,

we can express the leptonic tensor in terms of lepton structure functions. To explicitly keep

the electromagnetic gauge invariance, it would be convenient to introduce conserved tensor

and vectors,

egµ⌫ = g
µ⌫

�
q̂
µ
q̂
⌫

q̂2
, (6)
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2` · `0
L4, (10)

8

A. Leptonic tensor and lepton structure functions

The lowest order contribution to the leptonic tensor in Eq. (3), as sketched in Fig. 2(b),

is given by

eLµ⌫(0)(`, `0, q̂) = 2
⇥
`
µ
`
0⌫ + `

0µ
`
⌫
� ` · `

0
g
µ⌫
⇤
�
(4)(` � `

0
� q̂) . (5)

By substituting eLµ⌫(0)(`, `0, q̂) into Eq. (2), and using the �
(4)(` � `

0
� q̂) to take care of the

integration of d
4
q̂, we obtain the familiar expression for the SIDIS cross section with the fully

determined virtual photon momentum q
µ

⌘ (`�`
0)µ = q̂

µ and Q
2

⌘ �q
2 = bQ2

� ⇤2
QCD. On

the other hand, with QED radiation, the exchanging virtual photon momentum q̂
µ cannot

be fully determined without measuring all radiated final states XL. That is, there is no well-

defined “photon-hadron frame” without the full control of the leptonic tensor eLµ⌫(`, `0, q̂).

1. Lepton structure functions

The leptonic tensor is perturbatively calculable if we neglect its hadronic component,

which is in general non-perturbative. In analogy to the decomposition of hadronic tensor,

we can express the leptonic tensor in terms of lepton structure functions. To explicitly keep

the electromagnetic gauge invariance, it would be convenient to introduce conserved tensor

and vectors,

egµ⌫ = g
µ⌫

�
q̂
µ
q̂
⌫

q̂2
, (6)
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èµè0⌫ + è0µè⌫
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2), i = 1, 2, 3, 4

<latexit sha1_base64="FZL0IBmyMm0LJYFieZQC7obz3Yg="></latexit>

Lepton structure functions:

where Li, i = 1, 2, 3, 4, are lepton structure functions, which depend on the following four

independent Lorentz scalars: Q
2, bQ2,

⇠B =
q̂ · `

0

` · `0
, (11)

1

⇣B
= �

q̂ · `

` · `0
. (12)

If we choose a lepton back-to-back frame, in which

`
µ = (`+, 0,0T ), (13)

`
0µ = (0, `0�,0T ), (14)

with `
+ = `

0� = Q/
p

2, the virtual photon momentum can be expressed as

q̂
µ =
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q̂
+
, q̂

�
, q̂T

�
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⇣
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+
, �

1

⇣B
`
0�

, q̂T

⌘
, (15)

where

q̂2
T = bQ2

�
⇠B

⇣B
Q

2
. (16)

We can also use q̂2
T to replace bQ2 as one of the four independent scale variables for all lepton

structure functions. In this frame, the variable ⇠B is e↵ectively the momentum fraction

of incoming lepton of ` carried by the active lepton at the hard collision, and ⇣B is the

momentum fraction of the scattered lepton carried by the observed lepton of `
0.

The transverse momentum of the exchanged virtual photon q̂T is generated by the colli-

sion induced radiations, and will directly impact the extraction of TMDs. For study of the

size of q̂T , it is convenient to express the leptonic tensor in Eq. (10) in the helicity basis,

L⇢�(`, `
0
, q̂) = ✏

µ
⇢(q̂)eLµ⌫(`, `

0
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Basis vectors and polarization vectors:

Since q̂ is a spacelike vector, we can choose Z to be parallel to q̂ as

Z
µ =

q̂
µ

Q
. (20)

The three independent polarization vectors ✏⇢(q̂) are orthogonal to q̂,

✏
µ
⇢(q̂) q̂µ = ✏

⇤µ
⇢ (q̂) q̂µ = 0, (21)

and can be constructed in terms of T, X, Y as

✏
µ
0(q̂) = T

µ
, (22)

✏
µ
+(q̂) = �

1
p

2
X

µ
�

i
p

2
Y

µ
, (23)

✏
µ
�(q̂) =

1
p

2
X

µ
�

i
p

2
Y

µ
, (24)

which satisfy the orthogonal and normalization relations

✏
⇤
0(q̂) · ✏+(q̂) = ✏

⇤
0(q̂) · ✏�(q̂) = ✏

⇤
+(q̂) · ✏�(q̂) = 0, (25)

✏
⇤
0(q̂) · ✏0(q̂) = 1, ✏

⇤
+(q̂) · ✏+(q̂) = ✏

⇤
�(q̂) · ✏�(q̂) = �1 . (26)

If defining the leptonic plane as the X � Z plane, the basis vectors can be constructed from

the conserved momenta, èand è0 as
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µ⌫⇢� is the total anti-symmetric tensor with "

0123 = 1.

We express the leptonic tensor in helicity basis as

eLµ⌫ = ✏
⇤µ
0 ✏

⌫
0L00 + (✏⇤µ+ ✏

⌫
+ + ✏

⇤µ
� ✏

⌫
�)L++ + (✏⇤µ+ ✏

⌫
� + ✏

⇤µ
� ✏

⌫
+)L+�

� ✏
⇤µ
0 (✏⌫+ � ✏

⌫
�)L0+ � (✏µ+ � ✏

µ
�)⇤✏⌫0L+0 (30)

= T
µ
T

⌫
L00 + (Xµ

X
⌫ + Y

µ
Y

⌫)LTT

+ (T µ
X

⌫ + T
⌫
X

µ)L� + (Y µ
Y

⌫
� X

µ
X

⌫)L��, (31)

10

Since q̂ is a spacelike vector, we can choose Z to be parallel to q̂ as

Z
µ =

q̂
µ

Q
. (20)

The three independent polarization vectors ✏⇢(q̂) are orthogonal to q̂,

✏
µ
⇢(q̂) q̂µ = ✏

⇤µ
⇢ (q̂) q̂µ = 0, (21)

and can be constructed in terms of T, X, Y as

✏
µ
0(q̂) = T

µ
, (22)

✏
µ
+(q̂) = �

1
p

2
X

µ
�

i
p

2
Y

µ
, (23)

✏
µ
�(q̂) =

1
p

2
X

µ
�

i
p

2
Y

µ
, (24)

which satisfy the orthogonal and normalization relations

✏
⇤
0(q̂) · ✏+(q̂) = ✏

⇤
0(q̂) · ✏�(q̂) = ✏

⇤
+(q̂) · ✏�(q̂) = 0, (25)

✏
⇤
0(q̂) · ✏0(q̂) = 1, ✏

⇤
+(q̂) · ✏+(q̂) = ✏

⇤
�(q̂) · ✏�(q̂) = �1 . (26)

If defining the leptonic plane as the X � Z plane, the basis vectors can be constructed from

the conserved momenta, èand è0 as
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èµ +
1

p
⇠B⇣BQ
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µ⌫⇢� is the total anti-symmetric tensor with "

0123 = 1.

We express the leptonic tensor in helicity basis as

eLµ⌫ = ✏
⇤µ
0 ✏

⌫
0L00 + (✏⇤µ+ ✏

⌫
+ + ✏

⇤µ
� ✏

⌫
�)L++ + (✏⇤µ+ ✏

⌫
� + ✏

⇤µ
� ✏

⌫
+)L+�

� ✏
⇤µ
0 (✏⌫+ � ✏

⌫
�)L0+ � (✏µ+ � ✏

µ
�)⇤✏⌫0L+0 (30)

= T
µ
T

⌫
L00 + (Xµ

X
⌫ + Y

µ
Y

⌫)LTT

+ (T µ
X

⌫ + T
⌫
X

µ)L� + (Y µ
Y

⌫
� X

µ
X

⌫)L��, (31)
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Helicity basis lepton structure functions:

where L00, LTT ⌘ L++, L� ⌘ (L0+ + L+0)/
p

2, and L�� ⌘ L+� are helicity basis lepton

structure functions. They can be expressed in terms of the lepton structure functions Li,

i = 1, 2, 3, 4, defined above, as

L00 = eLµ⌫T
µ
T

⌫

= �L1 +
1

2⇠B⇣B
L2 +

⇠B⇣B

2
L3 +

1

2
L4, (32)

LTT =
1

2
eLµ⌫(X

µ
X

⌫ + Y
µ
Y

⌫)

= L1 +
1

4⇠B⇣B

q̂2
T

bQ2
L2 +

⇠B⇣B

4

q̂2
T

bQ2
L3 �

1

4

q̂2
T

bQ2
L4, (33)

L� = �
1

2
eLµ⌫(T

µ
X

⌫ + T
⌫
X

µ)

= �
1

2⇠B⇣B

p
q̂2
T

bQ
L2 +

⇠B⇣B

2

p
q̂2
T

bQ
L3, (34)

L�� =
1

2
eLµ⌫(Y
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Y

⌫
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X
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= �
1
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⇠B⇣B

4
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T
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1

4

q̂2
T

bQ2
L4. (35)

In contrast to hadron structure functions, the lepton structure functions are perturba-

tively calculable in QED if dropping the hadronic contributions arised at high orders. We

can expand lepton structure functions in powers of the fine structure constant ↵ as

L⇢� = e
2

1X

N=0

 
↵

⇡

!N

L
(N)
⇢� , (36)

where a factor e
2 (or 4⇡↵) is extracted as it gives the lowest order of the power of ↵. Using

the lowest order lepton tensor in Eq. (5), we have the lowest order lepton structure functions

as

L
(0)
00 = 0, (37)

L
(0)
TT = 2 �(⇠ � 1)�(

1

⇣
� 1)�(2)(q̂T ), (38)

L
(0)
� = 0, (39)

L
(0)
�� = 0. (40)

Other than LTT , all other three helicity based lepton structure functions are suppressed by

power of q̂2
T , which vanishes at the lowest order.
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Leading order: the other three vanish.

Expansion in α:
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CSS factorization

“W+Y” formalism:

b-space resummed form:

Expansion in α:

2. TMD factorization for lepton structure functions

When going beyond the lowest order, QED radiations can generate nonvanishing q̂T .

Similar to the factorization of the hadronic tensor, we can apply a factorized formalism for

the leptonic tenson. When q̂T is large, comparable to Q, the leptonic tensor is only sensitive

to a single large scale, where we can apply the collinear factorization. While q̂T is small,

the leptonic tensor contains two very di↵erent scales, q̂T and Q, one should apply the TMD

factorization to resum the logarithmic enhanced radiations. The matching between regions

has been developed.

Since L00, L�, and L�� are power suppressed, we only focus on the leading power lepton

structure function LTT . In analog to the hadronic tensor of SIDIS, we express the lepton

structure functions into the “W + Y ” formalism

LTT (⇠B, ⇣B, Q
2
, q̂2

T ) =

Z
d
2b

(2⇡)2
e
iq̂T ·bfWTT (⇠B, ⇣B, Q

2
, b) + YTT (⇠B, ⇣B, Q

2
, q̂2

T ), (41)

where fWTT has the resummed form

fWTT (⇠B, ⇣B, Q
2
, b) = 2

Z 1

⇠B

d⇠

⇠

Z 1

⇣B

d⇣

⇣2
f(⇠)D(⇣)Cf

⇣
⇠B

⇠

⌘
CD

⇣
⇣B

⇣

⌘

⇥ exp

(
�

Z µ2
Q

µ2
b

dµ
02

µ02

h
A
�
↵(µ0)

�
ln

µ
2
Q

µ02 + B
�
↵(µ0)

�i
)

, (42)

where we define the ratios � = ⇠B/⇠ and ⌘ = ⇣B/⇣ for convenience. In contrast to the QCD

case, it is perturbatively calculable in QED. The two scales should be set as µb ⇠ 1/b and

µQ ⇠ Q. To mostly simplify the expression, we find it is convenient to use the following

choice

µb =
2e��E

b
, µQ =

s
⇠B

⇣B
Q. (43)

According to the expansion of lepton structure functions in Eq. (36), we expand A, B

and Cf,D functions in the W -term in powers of ↵ as

A =
1X

N=1

⇣
↵

⇡

⌘N

A
(N)

, (44)

B =
1X

N=1

⇣
↵

⇡

⌘N

B
(N)

, (45)

Cf,D =
1X

N=0

⇣
↵

⇡

⌘N

C
(N)
f,D . (46)
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Comparing with the resummed form Eq. (42), we have

C
(1)
f (�) =

1

2
(1 � �) �

✓
1 + �

2

1 � �

◆

+

ln
µMS

µb
� 2�(1 � �), (59)

C
(1)
D (⌘) =

1

2⌘
(1 � ⌘) �

1

⌘

✓
1 + ⌘

2

1 � ⌘

◆

+

ln
µMS

µb
� 2�(1 � ⌘), (60)

A
(1) = 1, (61)

B
(1) = �

3

2
. (62)

Since the fine structure constant is small, ↵ ⇠ 1/137, the q̂T generated by photon radia-

tions is negligible even after resumming the logarithms, ln(q̂2
T/Q

2). As a numeric justifica-

tion, we show, in Fig. 4, the q̂2
T distribution, which is a steep and narrow peek at q̂2

T = 0.

Therefore, one can practically use a �-function to approximate the transverse momentum

distributions of leptons, or equivalently apply the collinear factorization for the leptonic

tensor.

FIG. 4. add numeric result of lepton TMD here

3. Collinear factorization for the leptonic tensor

Under the approximation of collinear factorization [2], the leptonic tensor with a large

momentum transfer bQ2 can be factorized as

eLµ⌫(`, `0, q̂) =
X

ij

Z 1

⇣B

d⇣

⇣2

Z 1

⇠B

d⇠

⇠
De/j(⇣) fi/e(⇠) bLµ⌫

ij (k = ⇠`, k
0 = `

0
/⇣, q̂), (63)

where i, j should include all QED and QCD particles, fi/e(⇠) is the lepton distribution

function (LDF), De/j(⇣) is the lepton fragmentation function (LFF), and bLµ⌫
ij (k, k

0
, q̂) is the

infrared and collinear safe hard part as the lepton mass me ! 0. Neglecting the hadronic

component of the leptonic tensor in this paper, or QCD particles in
P

ij in Eq. (63), the

bLµ⌫
ij (k, k

0
, q̂) can be perturbatively calculated in QED in a power series of ↵ by applying the

factorization formalism in Eq. (63) order-by-order in power of ↵ to the leptonic tensor with

various combinations of colliding and observing leptons. At the LO, we have

bLµ⌫(0)
ee (k, k

0
, q̂) = eLµ⌫(0)(k, k

0
, q̂)

= 2
⇥
k
µ
k
0⌫ + k

0µ
k
⌫
� k · k

0
g
µ⌫
⇤
�
(4)(k � k

0
� q̂) , (64)
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With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�

2(û2 + v̂
2) + 4t̂(t̂ + û + v̂)

ûv̂
+

1 + �
2
⌘
2

�⌘

�
�

⇣1

�
(1 � �)(1 � ⌘) �

q̂2
T

µ2
Q

⌘

�
1

⇡

1

q̂2
T


1 + �

2

(1 � �)+
�(1 � ⌘) +

1

⌘

1 + ⌘
2

(1 � ⌘)+
�(1 � �) � 2�(1 � �)�(1 � ⌘) ln

q̂2
T

µ2
Q

�
, (54)

cW (1)
TT = 2�(1 � �)�(1 � ⌘)


�

1

2
ln2 µ

2
Q

µ2
b

+
3

2
ln

µ
2
Q

µ2
b

�

� 2 ln
µMS

µb

⇣1 + �
2

1 � �

⌘

+
�(1 � ⌘) +

1

⌘

⇣1 + ⌘
2

1 � ⌘

⌘

+
�(1 � �)

�

+ 2


1

2
(1 � �)�(1 � ⌘) +

1

2⌘
(1 � ⌘)�(1 � �) � 4�(1 � �)�(1 � ⌘)

�
, (55)

where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
, (56)

û = (k � q̂)2 =
⇠ � ⇠B

⇣B
Q

2
� q̂2

T , (57)

v̂ = (k0 + q̂)2 = ⇠B

⇣1

⇣
�

1

⇣B

⌘
Q

2
� q̂2

T . (58)
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Comparing with the resummed form Eq. (42), we have
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3

2
. (62)

Since the fine structure constant is small, ↵ ⇠ 1/137, the q̂T generated by photon radia-

tions is negligible even after resumming the logarithms, ln(q̂2
T/Q

2). As a numeric justifica-

tion, we show, in Fig. 4, the q̂2
T distribution, which is a steep and narrow peek at q̂2

T = 0.

Therefore, one can practically use a �-function to approximate the transverse momentum

distributions of leptons, or equivalently apply the collinear factorization for the leptonic

tensor.

FIG. 4. add numeric result of lepton TMD here

3. Collinear factorization for the leptonic tensor

Under the approximation of collinear factorization [2], the leptonic tensor with a large

momentum transfer bQ2 can be factorized as

eLµ⌫(`, `0, q̂) =
X

ij

Z 1
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d⇣

⇣2

Z 1

⇠B

d⇠

⇠
De/j(⇣) fi/e(⇠) bLµ⌫

ij (k = ⇠`, k
0 = `

0
/⇣, q̂), (63)

where i, j should include all QED and QCD particles, fi/e(⇠) is the lepton distribution

function (LDF), De/j(⇣) is the lepton fragmentation function (LFF), and bLµ⌫
ij (k, k

0
, q̂) is the

infrared and collinear safe hard part as the lepton mass me ! 0. Neglecting the hadronic

component of the leptonic tensor in this paper, or QCD particles in
P

ij in Eq. (63), the

bLµ⌫
ij (k, k

0
, q̂) can be perturbatively calculated in QED in a power series of ↵ by applying the

factorization formalism in Eq. (63) order-by-order in power of ↵ to the leptonic tensor with

various combinations of colliding and observing leptons. At the LO, we have

bLµ⌫(0)
ee (k, k

0
, q̂) = eLµ⌫(0)(k, k

0
, q̂)

= 2
⇥
k
µ
k
0⌫ + k

0µ
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⌫
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0
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⇤
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LTT

�
⇠B , ⇣B , Q

2, q̂2
T

�
=

Z
d2b

(2⇡)2
eiq̂T ·bfWTT

�
⇠B , ⇣B , Q

2, b
�
+ YTT

�
⇠B , ⇣B , Q

2, q̂2
T

�

<latexit sha1_base64="Iy1naf2k3tlOD4tQWRFH5nI1c7Y="></latexit>

fWTT

�
⇠B , ⇣B , Q

2, b
�
= 2

Z 1
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,↵

◆
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�� 
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��
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dµ02
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Q
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broad in b-space
narrow in qT-space

Collinear LDF and LFF are good approximation of lepton TMDs.

QED shower generates very small transverse momentum

Impact on hadron PhT in “photon-hadron frame” is mainly 
caused by logarithmic enhanced collinear radiation.
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<latexit sha1_base64="ofWeBF7ZeUgLP5hWWmPM81F9qHg=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ6KqltSY8FLx4rmLbQhrLZTtulm03Y3Qil9Dd48aCIV3+QN/+N2zaCij4YeLw3w8y8MBFcG9f9cNbWNza3tnM7+d29/YPDwtFxS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+HkeuG371FpHss7M00wiOhI8iFn1FjJ76EQF/1C0S25XqVa94glS1jiuZWa65FyphQhQ7NfeO8NYpZGKA0TVOtu2U1MMKPKcCZwnu+lGhPKJnSEXUsljVAHs+Wxc3JulQEZxsqWNGSpfp+Y0UjraRTazoiasf7tLcS/vG5qhvVgxmWSGpRstWiYCmJisvicDLhCZsTUEsoUt7cSNqaKMmPzydsQvj4l/5PWValcLdVuq8VGPYsjB6dwBpdQBg8acANN8IEBhwd4gmdHOo/Oi/O6al1zspkT+AHn7RO4lY6d</latexit>

k

<latexit sha1_base64="iwy2faRgexZHu1AAib+HgqTpiMg=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyahM0x4MVjAuYByRJmJ73JmNkHM7NCCPkCLx4U8eonefNvnCQrqGhBQ1HVTXeXnwiutG1/WLmNza3tnfxuYW//4PCoeHzSUXEqGbZZLGLZ86lCwSNsa64F9hKJNPQFdv3p9dLv3qNUPI5u9SxBL6TjiAecUW2k1nRYLNll261U6y4xZAVDXLtSs13iZEoJMjSHxffBKGZpiJFmgirVd+xEe3MqNWcCF4VBqjChbErH2Dc0oiEqb746dEEujDIiQSxNRZqs1O8TcxoqNQt90xlSPVG/vaX4l9dPdVD35jxKUo0RWy8KUkF0TJZfkxGXyLSYGUKZ5OZWwiZUUqZNNgUTwten5H/SuSo71XKtVS016lkceTiDc7gEB1xowA00oQ0MEB7gCZ6tO+vRerFe1605K5s5hR+w3j4BHCSNIA==</latexit>

k0

<latexit sha1_base64="UV/aSKaRv9bjdV34gljtqUEZAYo=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0lsS3osePFYxX5AG8pmu2mXbDZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPz/IQzpW37wyqsrW9sbhW3Szu7e/sH5cOjropTSWiHxDyWfR8rypmgHc00p/1EUhz5nPb88Grh9+6pVCwWd3qWUC/CE8ECRrA20m14PipX7Krt1upNFxmyhCGuXWvYLnJypQI52qPy+3AckzSiQhOOlRo4dqK9DEvNCKfz0jBVNMEkxBM6MFTgiCovW146R2dGGaMglqaERkv1+0SGI6VmkW86I6yn6re3EP/yBqkOml7GRJJqKshqUZBypGO0eBuNmaRE85khmEhmbkVkiiUm2oRTMiF8fYr+J93LqlOvNm7qlVYzj6MIJ3AKF+CACy24hjZ0gEAAD/AEz1ZoPVov1uuqtWDlM8fwA9bbJ3yPjVE=</latexit>

P̂hT

<latexit sha1_base64="E+EpDDmVzXFcPqFN0Q/k8/ZJZes=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRSsceCF48V+gVNKJvtpl262YTdiVBC/oYXD4p49c9489+4bXPQ1gcDj/dmmJkXJIJrdJxvq7S1vbO7V96vHBweHZ9UT896Ok4VZV0ai1gNAqKZ4JJ1kaNgg0QxEgWC9YPZ/cLvPzGleSw7OE+YH5GJ5CGnBI3keVOCWTsfZdNOPqrWnLqzhL1J3ILUoEB7VP3yxjFNIyaRCqL10HUS9DOikFPB8oqXapYQOiMTNjRUkohpP1venNtXRhnbYaxMSbSX6u+JjERaz6PAdEYEp3rdW4j/ecMUw6afcZmkyCRdLQpTYWNsLwKwx1wximJuCKGKm1ttOiWKUDQxVUwI7vrLm6R3U3cb9dvHRq3VLOIowwVcwjW4cActeIA2dIFCAs/wCm9War1Y79bHqrVkFTPn8AfW5w9jTJHk</latexit>

q̂

<latexit sha1_base64="yrTEUtsVJCrMH9jJCf5B0ndhJtw=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgadnNO7eAF48RzAOSJcxOJsmQ2dl1ZlYISz7CiwdFvPo93vwbZ5MIKlrQUFR1093lR5wp7TgfVmZjc2t7J7ub29s/ODzKH590VBhLQtsk5KHs+VhRzgRta6Y57UWS4sDntOvPrlK/e0+lYqG41fOIegGeCDZmBGsjdQdTrJO7xTBfcGynXHLdInLsUqnSqLmGOE6x2qgi15AUBVijNcy/D0YhiQMqNOFYqb7rRNpLsNSMcLrIDWJFI0xmeEL7hgocUOUly3MX6MIoIzQOpSmh0VL9PpHgQKl54JvOAOup+u2l4l9eP9bjupcwEcWaCrJaNI450iFKf0cjJinRfG4IJpKZWxGZYomJNgnlTAhfn6L/Sadou2W7clMuNOvrOLJwBudwCS7UoAnX0II2EJjBAzzBsxVZj9aL9bpqzVjrmVP4AevtE/5dj/4=</latexit>

�̂h

<latexit sha1_base64="YMoG5Q/9s3zsXOM8B5ibwCMObaI=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFSbaYLMruHFZwT6gCWUynTRDJ5MwMxFK6G+4caGIW3/GnX/jpK2gogcuHM65l3vvCTPOlEbow6qsrW9sblW3azu7e/sH9cOjnkpzSWiXpDyVgxArypmgXc00p4NMUpyEnPbD6XXp9++pVCwVd3qW0SDBE8EiRrA2ku/HWBd+FrP5KB7VG8hGruc6CCLbRY53WRLPazVdFzo2WqABVuiM6u/+OCV5QoUmHCs1dFCmgwJLzQin85qfK5phMsUTOjRU4ISqoFjcPIdnRhnDKJWmhIYL9ftEgROlZkloOhOsY/XbK8W/vGGuo1ZQMJHlmgqyXBTlHOoUlgHAMZOUaD4zBBPJzK2QxFhiok1MNRPC16fwf9K7sJ2m7d42G+3WKo4qOAGn4Bw44Aq0wQ3ogC4gIAMP4Ak8W7n1aL1Yr8vWirWaOQY/YL19AtVHkjM=</latexit>

�̂S

<latexit sha1_base64="bZMicIK4yZB1WltBgnfvademfc4=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFSYxxXRXcOOyon1AE8pkOmmHTiZhZiKU0N9w40IRt/6MO//G6UNQ0QMXDufcy733RBlnSiP0YZXW1jc2t8rblZ3dvf2D6uFRR6W5JLRNUp7KXoQV5UzQtmaa014mKU4iTrvR5Grud++pVCwVd3qa0TDBI8FiRrA2UhCMsS6CbMxmg9tBtYbsRgN5Xh0iu45c1/UNQReu33CgY6MFamCF1qD6HgxTkidUaMKxUn0HZTossNSMcDqrBLmiGSYTPKJ9QwVOqAqLxc0zeGaUIYxTaUpouFC/TxQ4UWqaRKYzwXqsfntz8S+vn+vYDwsmslxTQZaL4pxDncJ5AHDIJCWaTw3BRDJzKyRjLDHRJqaKCeHrU/g/6bi249n1G6/W9FdxlMEJOAXnwAGXoAmuQQu0AQEZeABP4NnKrUfrxXpdtpas1cwx+AHr7ROvC5IZ</latexit>

SIDIS with Collinear Factorized QED
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q̂ = ⇠`� 1

⇣
`0 6= `� `0

<latexit sha1_base64="/oUCaxDn8xMOCqYDmIh3amTeYy8="></latexit>

E`0EPh

d6�`(�`)P (S)!`0PhX

d3`0d3Ph

⇡
X

i,j,�k

Z 1

⇣min

d⇣

⇣2
De/j(⇣)

Z 1

⇠min

d⇠fi(�k)/e(�`)(⇠)

⇥

Ek0EPh

d6�̂k(�k)P (S)!k0PhX

d3k0d3Ph

�

k=⇠`,k0=`0/⇣

<latexit sha1_base64="Lxum23maPmp9kbm/xlbmr8ZrUfM="></latexit>

Ek0EPh

d6�̂k(�k)P (S)!k0PhX

d3k0d3Ph
=

 
4x̂B

bQ2

r
ẑ2 �

⇣
�̂ bPhT / bQ

⌘2
!

d6�̂k(�k)P (S)!k0PhX

dx̂B dŷ d�̂Sdẑ d�̂h d bP 2
hT

<latexit sha1_base64="TVKujpR9eD1yU1Z36ik5B9sNJW8="></latexit>

True photon-hadron frame:
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p
s = 4.64GeV, xB = 0.2, Q = 2GeV,

zh = 0.5, PhT = 0.2GeV ⇣ = 1

<latexit sha1_base64="lWdNedJ1DbRnKdxFcG0Aj+ShirA="></latexit>

�h =
⇡

4

<latexit sha1_base64="Uz9qMb2w9pi3i6dzkLtEaswERK0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKp6EYounFZwT6gCWEynTRDJ5NhZiLUEPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee0LBqNKO820tLa+srq1XNqqbW9s7u/befkelmcSkjVOWyl6IFGGUk7ammpGekAQlISPdcHQz8bsPRCqa8ns9FsRP0JDTiGKkjRTYh56IaRBfeZFEOPcELfJGEdg1p+5MAReJW5IaKNEK7C9vkOIsIVxjhpTqu47Qfo6kppiRoupligiER2hI+oZylBDl59PrC3hilAGMUmmKazhVf0/kKFFqnISmM0E6VvPeRPzP62c6uvRzykWmCcezRVHGoE7hJAo4oJJgzcaGICypuRXiGJkctAmsakJw519eJJ2zutuon981as3rMo4KOALH4BS44AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwB9bnD79TlW0=</latexit>

�h = �S =
⇡

4

<latexit sha1_base64="aCWbqpGt+2eWGgBW9+niPu/iyuY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclUQquikU3bisaB/QhDCZTpqhk0mYmQglZOHGX3HjQhG3foQ7/8ZpmoW2Hrjcwzn3MnOPnzAqlWV9Gyura+sbm5Wt6vbO7t6+eXDYk3EqMOnimMVi4CNJGOWkq6hiZJAIgiKfkb4/uZ75/QciJI35vZomxI3QmNOAYqS05Jk1JwmpF7aKdtdyAoFw5iQ0z5q5Z9athlUALhO7JHVQouOZX84oxmlEuMIMSTm0rUS5GRKKYkbyqpNKkiA8QWMy1JSjiEg3K47I4YlWRjCIhS6uYKH+3shQJOU08vVkhFQoF72Z+J83TFVw6WaUJ6kiHM8fClIGVQxnicARFQQrNtUEYUH1XyEOkc5B6dyqOgR78eRl0jtr2M3G+W2z3r4q46iAGjgGp8AGF6ANbkAHdAEGj+AZvII348l4Md6Nj/noilHuHIE/MD5/ANvemD8=</latexit>

�S = 0

�S = ⇡/4

�S = ⇡/3

<latexit sha1_base64="hcIIpjAYf+B9hfcvBfSiCIYG9t4=">AAACOXicbZDLSsNAFIYn9VbrLerSTbAIrmqiFd0IRTcuK9oLNCFMpqft0MkkzEyEEvJabnwLd4IbF4q49QWc3qC2Hhj4+b9z5sz8QcyoVLb9auSWlldW1/LrhY3Nre0dc3evLqNEEKiRiEWiGWAJjHKoKaoYNGMBOAwYNIL+zZA3HkFIGvEHNYjBC3GX0w4lWGnLN6upO7okDVgCmRv3qH9/ZWeuW5gCAe2p78b0pDzLugKAz9KzzDeLdskelbUonIkooklVffPFbUckCYErwrCULceOlZdioShhkBXcREKMSR93oaUlxyFILx3tz6wj7bStTiT04coaubMTKQ6lHISB7gyx6sl5NjT/Y61EdS69lPI4UcDJeFEnYZaKrGGMVpsKIIoNtMBEUP1Wi/SwwETpsAs6BGf+y4uiflpyyqXzu3Kxcj2JI48O0CE6Rg66QBV0i6qohgh6Qm/oA30az8a78WV8j1tzxmRmH/0p4+cXmNGujw==</latexit>
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p
s = 140GeV, xB = 0.02, Q = 5GeV,

zh = 0.4, PhT = 0.2GeV ⇣ = 1

<latexit sha1_base64="3CIb+Qhm8H5cqAhSptVUOndsxvI="></latexit>
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�h =
⇡

4

<latexit sha1_base64="Uz9qMb2w9pi3i6dzkLtEaswERK0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKp6EYounFZwT6gCWEynTRDJ5NhZiLUEPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee0LBqNKO820tLa+srq1XNqqbW9s7u/befkelmcSkjVOWyl6IFGGUk7ammpGekAQlISPdcHQz8bsPRCqa8ns9FsRP0JDTiGKkjRTYh56IaRBfeZFEOPcELfJGEdg1p+5MAReJW5IaKNEK7C9vkOIsIVxjhpTqu47Qfo6kppiRoupligiER2hI+oZylBDl59PrC3hilAGMUmmKazhVf0/kKFFqnISmM0E6VvPeRPzP62c6uvRzykWmCcezRVHGoE7hJAo4oJJgzcaGICypuRXiGJkctAmsakJw519eJJ2zutuon981as3rMo4KOALH4BS44AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFrXbLKmQPwB9bnD79TlW0=</latexit>

�h = �S =
⇡

4

<latexit sha1_base64="aCWbqpGt+2eWGgBW9+niPu/iyuY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclUQquikU3bisaB/QhDCZTpqhk0mYmQglZOHGX3HjQhG3foQ7/8ZpmoW2Hrjcwzn3MnOPnzAqlWV9Gyura+sbm5Wt6vbO7t6+eXDYk3EqMOnimMVi4CNJGOWkq6hiZJAIgiKfkb4/uZ75/QciJI35vZomxI3QmNOAYqS05Jk1JwmpF7aKdtdyAoFw5iQ0z5q5Z9athlUALhO7JHVQouOZX84oxmlEuMIMSTm0rUS5GRKKYkbyqpNKkiA8QWMy1JSjiEg3K47I4YlWRjCIhS6uYKH+3shQJOU08vVkhFQoF72Z+J83TFVw6WaUJ6kiHM8fClIGVQxnicARFQQrNtUEYUH1XyEOkc5B6dyqOgR78eRl0jtr2M3G+W2z3r4q46iAGjgGp8AGF6ANbkAHdAEGj+AZvII348l4Md6Nj/noilHuHIE/MD5/ANvemD8=</latexit>

�S = 0

�S = ⇡/4

�S = ⇡/3

<latexit sha1_base64="hcIIpjAYf+B9hfcvBfSiCIYG9t4=">AAACOXicbZDLSsNAFIYn9VbrLerSTbAIrmqiFd0IRTcuK9oLNCFMpqft0MkkzEyEEvJabnwLd4IbF4q49QWc3qC2Hhj4+b9z5sz8QcyoVLb9auSWlldW1/LrhY3Nre0dc3evLqNEEKiRiEWiGWAJjHKoKaoYNGMBOAwYNIL+zZA3HkFIGvEHNYjBC3GX0w4lWGnLN6upO7okDVgCmRv3qH9/ZWeuW5gCAe2p78b0pDzLugKAz9KzzDeLdskelbUonIkooklVffPFbUckCYErwrCULceOlZdioShhkBXcREKMSR93oaUlxyFILx3tz6wj7bStTiT04coaubMTKQ6lHISB7gyx6sl5NjT/Y61EdS69lPI4UcDJeFEnYZaKrGGMVpsKIIoNtMBEUP1Wi/SwwETpsAs6BGf+y4uiflpyyqXzu3Kxcj2JI48O0CE6Rg66QBV0i6qohgh6Qm/oA30az8a78WV8j1tzxmRmH/0p4+cXmNGujw==</latexit>
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[

]
⌦fe/e(⇠)⌦De/e(⇣)

<latexit sha1_base64="FkREW/Qy9+uzypduIUZwikuIDig=">AAACFXicdZBNSwMxEIazftb6VfXoJViEFqTuaqv1VtSDxwpWhbaUbDprQ7MfJLNiXfonvPhXvHhQxKvgzX9jWltQ0RcCL8/MMJnXjaTQaNsf1sTk1PTMbGouPb+wuLScWVk912GsONR4KEN16TINUgRQQ4ESLiMFzHclXLjdo0H94hqUFmFwhr0Imj67CoQnOEODWpmtRojCB029VgLb0M81bkSejuHxGN4CsjxtZbJ2oWQ7B3s2tQv2UENTdnYd6oxIloxUbWXeG+2Qxz4EyCXTuu7YETYTplBwCf10I9YQMd5lV1A3NmBmaTMZXtWnm4a0qRcq8wKkQ/p9ImG+1j3fNZ0+w47+XRvAv2r1GL1yMxFBFCME/GuRF0uKIR1ERNtCAUfZM4ZxJcxfKe8wxTiaINMmhPGl9H9zvlNwioXSaTFbORzFkSLrZIPkiEP2SYWckCqpEU7uyAN5Is/WvfVovVivX60T1mhmjfyQ9fYJD7meIA==</latexit>

lepton plane

hadron plane

x

z

y

P

<latexit sha1_base64="+Uot2iFp4qxoeVAnPLE7YuRstBI=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIxS4Lbly2YB/QDpJJ77SxmcyQZIQy9AvcuFDErZ/kzr8xbWehrQcCh3POJfeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPJ7dzvPqHSPJb3ZpqgH9GR5CFn1Fip1XwoV9yquwBZJ15OKpDD5r8Gw5ilEUrDBNW677mJ8TOqDGcCZ6VBqjGhbEJH2LdU0gi1ny0WnZELqwxJGCv7pCEL9fdERiOtp1FgkxE1Y73qzcX/vH5qwrqfcZmkBiVbfhSmgpiYzK8mQ66QGTG1hDLF7a6EjamizNhuSrYEb/XkddK5qnq16nWrVmnU8zqKcAbncAke3EAD7qAJbWCA8Ayv8OY8Oi/Ou/OxjBacfOYU/sD5/AGpL4zS</latexit>

S

<latexit sha1_base64="e69eSSJWoSUuppx92UZ9BDHLVew=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZkNiSa3gBePCZoHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/4yRZQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Grhd++ZVDwKb/UsZm5AxiH3OSXaSK2bYbGE7Sp26hcOwjZewpByFddrGDmZUoIMzWHxfTCKaBKwUFNBlOo7ONZuSqTmVLB5YZAoFhM6JWPWNzQkAVNuujx0js6MMkJ+JE2FGi3V7xMpCZSaBZ7pDIieqN/eQvzL6yfar7kpD+NEs5CuFvmJQDpCi6/RiEtGtZgZQqjk5lZEJ0QSqk02BRPC16fof9Ip207FrrYqpUYtiyMPJ3AK5+DAJTTgGprQBgoMHuAJnq0769F6sV5XrTkrmzmGH7DePgHwNY0D</latexit>

Ph

<latexit sha1_base64="i9KG+BYIMKxzoVqd1/lzuINoZDQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD83BeFCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophnU/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvql6ten1fqzTqeRxFOINzuAQPbqABd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AEhso2t</latexit>

`
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Lorentz transform from experimental “photon-hadron frame” to the true photon-hadron frame 
(It is a rotation in target rest frame)

The rotation effect is huge.



Tianbo Liu

Impact of QED Effects: PhT Distribution

32

Radiative correction factor depends on the hadronic physics we want to extract.
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FIG. 15. Input FUU from one of the JAM20 MC replicas. We design a power law modification for

the large transverse momentum region in order to test RC e↵ects with di↵erent choices of FUU .

FIG. 16. RC e↵ects for di↵erent choices of FUU .

By integrating the cross section over �h and �S with each of the phases it is expected

that in the absence of RC one can isolate the associated structure functions. In Fig. 17

we show the integrated cross section for the 3 phases using F
sin(�h��S)
UT and F

sin(�h+�S)
UT

from JAM3D(20) and F
sin(3�h��S)
UT = 0 for

p
s = 140GeV, x = 0.01 Q

2 = 25, 100 GeV2.

z = 0.5, |S|? = 1 as a function of qh? = Ph?/z. As expected in all cases the LO QED

calculations isolates only the structure function associated with the phase. However with

36

FIG. 15. Input FUU from one of the JAM20 MC replicas. We design a power law modification for

the large transverse momentum region in order to test RC e↵ects with di↵erent choices of FUU .

0.5 1.0 1.5

qT/Q

0.0

0.5

1.0

1.5

2.0

�
n
o

R
C
/
�

R
C

Original FUU

0.5 1.0 1.5

qT/Q

�
s = 140 GeV

y = 0.4
z = 0.5

Modified FUU

Q = 3 GeV

Q = 10 GeV

RC + rot

RC

FIG. 16. RC e↵ects for di↵erent choices of FUU .

By integrating the cross section over �h and �S with each of the phases it is expected

that in the absence of RC one can isolate the associated structure functions. In Fig. 17

we show the integrated cross section for the 3 phases using F
sin(�h��S)
UT and F

sin(�h+�S)
UT

from JAM3D(20) and F
sin(3�h��S)
UT = 0 for

p
s = 140GeV, x = 0.01 Q

2 = 25, 100 GeV2.

z = 0.5, |S|? = 1 as a function of qh? = Ph?/z. As expected in all cases the LO QED

calculations isolates only the structure function associated with the phase. However with

36



Tianbo Liu 33

Impact of QED Effects: Azimuthal Asymmetries

Asymmetry amplitude is affected by QED radiation.
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FIG. 17. RC e↵ects in SIDIS with LT UT

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (118)

C
(0)
D (⌘) = �(1 � ⌘). (119)
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FIG. 17. RC e↵ects in SIDIS with LT UT . ...[EXPAND]...

structure function associated with the phase. In the presence of radiative e↵ects, however,

this is not longer true, and we generally find “leakage” of the signal from the dominant

contributions to the subdominant ones.

In our setup we have contributions ordered as �sin(�h��S) > �sin(�h+�S) > �sin(3�h��S).

While the leak e↵ect is not present for the case of �sin(�h��S), since it is significantly larger

than the other asymmetries, the cross sections �sin(�h+�S) and �sin(3�h��S) receive sizeable

contributions from larger asymmetries leaking into the smaller ones.

...[FURTHER OBSERVATIONS? / CONCLUSIONS?]...

37

Sivers asymmetry:
input Sivers asymmetry (i.e. without QED radiation)

extracted asymmetry with QED radiation
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structure function associated with the phase. In the presence of radiative e↵ects, however,

this is not longer true, and we generally find “leakage” of the signal from the dominant

contributions to the subdominant ones.

In our setup we have contributions ordered as �sin(�h��S) > �sin(�h+�S) > �sin(3�h��S).

While the leak e↵ect is not present for the case of �sin(�h��S), since it is significantly larger

than the other asymmetries, the cross sections �sin(�h+�S) and �sin(3�h��S) receive sizeable

contributions from larger asymmetries leaking into the smaller ones.

...[FURTHER OBSERVATIONS? / CONCLUSIONS?]...
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Impact of QED Effects: Azimuthal Asymmetries

Azimuthal modulations mix with each other.
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FIG. 17. RC e↵ects in SIDIS with LT UT

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (118)

C
(0)
D (⌘) = �(1 � ⌘). (119)
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As a natural choice, we set
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f (�) = �(1 � �), (118)

C
(0)
D (⌘) = �(1 � ⌘). (119)

38

Collins asymmetry:
input Collins asymmetry (i.e. without QED radiation)

 extracted Collins asymmetry
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FIG. 17. RC e↵ects in SIDIS with LT UT . ...[EXPAND]...

structure function associated with the phase. In the presence of radiative e↵ects, however,

this is not longer true, and we generally find “leakage” of the signal from the dominant

contributions to the subdominant ones.

In our setup we have contributions ordered as �sin(�h��S) > �sin(�h+�S) > �sin(3�h��S).

While the leak e↵ect is not present for the case of �sin(�h��S), since it is significantly larger

than the other asymmetries, the cross sections �sin(�h+�S) and �sin(3�h��S) receive sizeable

contributions from larger asymmetries leaking into the smaller ones.

...[FURTHER OBSERVATIONS? / CONCLUSIONS?]...
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Collins asymmetry with QED radiation
leakage from Sivers asymmetry
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structure function associated with the phase. In the presence of radiative e↵ects, however,

this is not longer true, and we generally find “leakage” of the signal from the dominant

contributions to the subdominant ones.

In our setup we have contributions ordered as �sin(�h��S) > �sin(�h+�S) > �sin(3�h��S).

While the leak e↵ect is not present for the case of �sin(�h��S), since it is significantly larger

than the other asymmetries, the cross sections �sin(�h+�S) and �sin(3�h��S) receive sizeable

contributions from larger asymmetries leaking into the smaller ones.
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Impact of QED Effects: Azimuthal Asymmetries

Mixing effect could be a disaster for pretzelosity measurement.
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FIG. 17. RC e↵ects in SIDIS with LT UT

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (118)

C
(0)
D (⌘) = �(1 � ⌘). (119)

38

Input pretzelosity is zero. Extracted pretzelosity asymmetry is all from the leakage of 
other asymmetries (Sivers, Collins).

Pretzelosity asymmetry:



Tianbo Liu

Summary
• QED radiation effects are important in SIDIS, and hence precise extractions of 

TMDs. 
• Experimental “photon-hadron frame” does not coincide with the true 

photon hadron frame, where the factorization works. 
• Almost impossible to determine/reconstruct the true photon hadron frame 

event by event. 
• Challenge to match to Born kinematics without introducing model/theory 

bias. 
• We propose a factorized approach to treat QED radiations. 

• Treat QED radiation as a part of the production cross section. 
• Generalize QCD factorization to include QED. All perturbatively calculable 

hard parts are IR safe. 
• Transverse momentum generated by QED shower is small, and one can 

apply collinear factorization for the leptonic tensor. 
• Huge and nontrivial effects on PhT dependence and azimuthal modulations.
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Thank you!


