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Topological order defined globally 
No locally definable order!

Deconfined quantum criticality
Order-to-order transition 

= locally defined order parameter 
But defects play dominant role!



Motivation: DQC
Deconfined quantum criticality (DQC): 
Quantum Phase transition beyond Ginzburg-Landau paradigm

[T. Senthil et al., Science (2004)]
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Defects in one phase  
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      perturbation is (dangerously) 
irrelevant against U(1) symmetry✔ Z4
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DQC point is close to U(1) spin-liquid✔

Defects in one phase  
entails the order of the other phase✔

SpinonsSkyrmions

~n(r)
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Columnar-Plaquette “duality”
Two types of four-fold degenerate VBS states in square lattice!
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“Designer” Hamiltonians
Construct sign-free models for  
observing quantum many-body physics!

[R. K. Kaul et al., Ann. Rev. CMP (2013)]
[A. Sandvik, PRL (2007)]
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<latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit>

i12
<latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit>

J-term Q-terms

Induces correlated singlets!



“Designer” Hamiltonians
Construct sign-free models for  
observing quantum many-body physics!

[R. K. Kaul et al., Ann. Rev. CMP (2013)]
[A. Sandvik, PRL (2007)]

The original JQ model

H = �J

X

(i,j)2b

P̂ij �Q

X

(i,j,k,l)2p

⇣
P̂ijP̂kl + P̂ilP̂kj

⌘

<latexit sha1_base64="LpKwwwSM2vpN/GzSoggEl/qsNaU="></latexit><latexit sha1_base64="LpKwwwSM2vpN/GzSoggEl/qsNaU="></latexit><latexit sha1_base64="LpKwwwSM2vpN/GzSoggEl/qsNaU="></latexit><latexit sha1_base64="LpKwwwSM2vpN/GzSoggEl/qsNaU="></latexit>

i
<latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit><latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit><latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit><latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit>

j
<latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit><latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit><latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit><latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit>

i1
<latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit><latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit><latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit><latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit>

i2
<latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit><latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit><latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit><latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit>

i3
<latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit><latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit><latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit><latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit>

i4
<latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit><latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit><latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit><latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit>

i9
<latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit><latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit><latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit><latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit>

i10
<latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit><latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit><latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit><latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit>

i11
<latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit>

i12
<latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit>

J-term Q-terms

Induces correlated singlets!
The JQ6 model

i
<latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit><latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit><latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit><latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit>

j
<latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit><latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit><latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit><latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit>

i1
<latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit><latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit><latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit><latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit>

i2
<latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit><latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit><latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit><latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit>

i3
<latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit><latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit><latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit><latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit>

i4
<latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit><latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit><latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit><latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit>

i5
<latexit sha1_base64="sjmk5nCB7swS9PTij5HXvKUayP4="></latexit><latexit sha1_base64="sjmk5nCB7swS9PTij5HXvKUayP4="></latexit><latexit sha1_base64="sjmk5nCB7swS9PTij5HXvKUayP4="></latexit><latexit sha1_base64="sjmk5nCB7swS9PTij5HXvKUayP4="></latexit>

i6
<latexit sha1_base64="2Mp75WewZrt8X27qPwzstQVLPK4="></latexit><latexit sha1_base64="2Mp75WewZrt8X27qPwzstQVLPK4="></latexit><latexit sha1_base64="2Mp75WewZrt8X27qPwzstQVLPK4="></latexit><latexit sha1_base64="2Mp75WewZrt8X27qPwzstQVLPK4="></latexit>

i7
<latexit sha1_base64="UETbxROUx5Zs0NZAxhyEv8krS9U="></latexit><latexit sha1_base64="UETbxROUx5Zs0NZAxhyEv8krS9U="></latexit><latexit sha1_base64="UETbxROUx5Zs0NZAxhyEv8krS9U="></latexit><latexit sha1_base64="UETbxROUx5Zs0NZAxhyEv8krS9U="></latexit>

i8
<latexit sha1_base64="4hbocbdG7NSHL4rRyYIWTtyGWKE="></latexit><latexit sha1_base64="4hbocbdG7NSHL4rRyYIWTtyGWKE="></latexit><latexit sha1_base64="4hbocbdG7NSHL4rRyYIWTtyGWKE="></latexit><latexit sha1_base64="4hbocbdG7NSHL4rRyYIWTtyGWKE="></latexit>

i9
<latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit><latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit><latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit><latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit>

i10
<latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit><latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit><latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit><latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit>

i11
<latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit>

i12
<latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit>

Q-termsJ-terms

i0
<latexit sha1_base64="vbVPeoK9eOimw38hW6NFPOTKWlk="></latexit><latexit sha1_base64="vbVPeoK9eOimw38hW6NFPOTKWlk="></latexit><latexit sha1_base64="vbVPeoK9eOimw38hW6NFPOTKWlk="></latexit><latexit sha1_base64="vbVPeoK9eOimw38hW6NFPOTKWlk="></latexit>

j0
<latexit sha1_base64="MgoNW617ivFgnrxrfmOZbVa4uBw="></latexit><latexit sha1_base64="MgoNW617ivFgnrxrfmOZbVa4uBw="></latexit><latexit sha1_base64="MgoNW617ivFgnrxrfmOZbVa4uBw="></latexit><latexit sha1_base64="MgoNW617ivFgnrxrfmOZbVa4uBw="></latexit>

i01
<latexit sha1_base64="9X2S6u7M/pMT/YYwcqXAJ/Y3+14="></latexit><latexit sha1_base64="9X2S6u7M/pMT/YYwcqXAJ/Y3+14="></latexit><latexit sha1_base64="9X2S6u7M/pMT/YYwcqXAJ/Y3+14="></latexit><latexit sha1_base64="9X2S6u7M/pMT/YYwcqXAJ/Y3+14="></latexit>

i03
<latexit sha1_base64="YEK6z83K0havB8dCdehG3GtcBQo="></latexit><latexit sha1_base64="YEK6z83K0havB8dCdehG3GtcBQo="></latexit><latexit sha1_base64="YEK6z83K0havB8dCdehG3GtcBQo="></latexit><latexit sha1_base64="YEK6z83K0havB8dCdehG3GtcBQo="></latexit>

i04
<latexit sha1_base64="AhdXpVK5XR1EFoRA0xgS/gfbFZs="></latexit><latexit sha1_base64="AhdXpVK5XR1EFoRA0xgS/gfbFZs="></latexit><latexit sha1_base64="AhdXpVK5XR1EFoRA0xgS/gfbFZs="></latexit><latexit sha1_base64="AhdXpVK5XR1EFoRA0xgS/gfbFZs="></latexit>

i05
<latexit sha1_base64="rgHwHJmfvQGg1y06JvClT2F0AQA="></latexit><latexit sha1_base64="rgHwHJmfvQGg1y06JvClT2F0AQA="></latexit><latexit sha1_base64="rgHwHJmfvQGg1y06JvClT2F0AQA="></latexit><latexit sha1_base64="rgHwHJmfvQGg1y06JvClT2F0AQA="></latexit>

i07
<latexit sha1_base64="eqSTOu/68CDk93lGPyUQmlLChAg="></latexit><latexit sha1_base64="eqSTOu/68CDk93lGPyUQmlLChAg="></latexit><latexit sha1_base64="eqSTOu/68CDk93lGPyUQmlLChAg="></latexit><latexit sha1_base64="eqSTOu/68CDk93lGPyUQmlLChAg="></latexit>

i08
<latexit sha1_base64="gk6jdX67FrSg45I2ISHVZqJxgtc="></latexit><latexit sha1_base64="gk6jdX67FrSg45I2ISHVZqJxgtc="></latexit><latexit sha1_base64="gk6jdX67FrSg45I2ISHVZqJxgtc="></latexit><latexit sha1_base64="gk6jdX67FrSg45I2ISHVZqJxgtc="></latexit>

i09
<latexit sha1_base64="d04ShcU9uJuqY8nB8k6NZoblxcQ="></latexit><latexit sha1_base64="d04ShcU9uJuqY8nB8k6NZoblxcQ="></latexit><latexit sha1_base64="d04ShcU9uJuqY8nB8k6NZoblxcQ="></latexit><latexit sha1_base64="d04ShcU9uJuqY8nB8k6NZoblxcQ="></latexit>

i010
<latexit sha1_base64="jST8t50ttuOGhH36n7v5bhgewHw="></latexit><latexit sha1_base64="jST8t50ttuOGhH36n7v5bhgewHw="></latexit><latexit sha1_base64="jST8t50ttuOGhH36n7v5bhgewHw="></latexit><latexit sha1_base64="jST8t50ttuOGhH36n7v5bhgewHw="></latexit>

i012
<latexit sha1_base64="cdQ1Cqmhj5QKRajTOW4MV0n9oes="></latexit><latexit sha1_base64="cdQ1Cqmhj5QKRajTOW4MV0n9oes="></latexit><latexit sha1_base64="cdQ1Cqmhj5QKRajTOW4MV0n9oes="></latexit><latexit sha1_base64="cdQ1Cqmhj5QKRajTOW4MV0n9oes="></latexit>

i02
<latexit sha1_base64="uO1URkZ5we72+AnBS4+ynD3ZyrY="></latexit><latexit sha1_base64="uO1URkZ5we72+AnBS4+ynD3ZyrY="></latexit><latexit sha1_base64="uO1URkZ5we72+AnBS4+ynD3ZyrY="></latexit><latexit sha1_base64="uO1URkZ5we72+AnBS4+ynD3ZyrY="></latexit>

i06
<latexit sha1_base64="D+41FAiGmG75U3Qaf3xI9H6fRZM="></latexit><latexit sha1_base64="D+41FAiGmG75U3Qaf3xI9H6fRZM="></latexit><latexit sha1_base64="D+41FAiGmG75U3Qaf3xI9H6fRZM="></latexit><latexit sha1_base64="D+41FAiGmG75U3Qaf3xI9H6fRZM="></latexit>

i011
<latexit sha1_base64="ce8IN2GVWdhLamoZaQ6VrvNRAN0="></latexit><latexit sha1_base64="ce8IN2GVWdhLamoZaQ6VrvNRAN0="></latexit><latexit sha1_base64="ce8IN2GVWdhLamoZaQ6VrvNRAN0="></latexit><latexit sha1_base64="ce8IN2GVWdhLamoZaQ6VrvNRAN0="></latexit>

Induces correlated plaquette singlets, 
while avoiding columnar VBS!

H = �J

X

(i,j)2b

P̂ij �Q

<latexit sha1_base64="uFH/SZ7fsduVYwl0UcoKmw82Sag="></latexit><latexit sha1_base64="uFH/SZ7fsduVYwl0UcoKmw82Sag="></latexit><latexit sha1_base64="uFH/SZ7fsduVYwl0UcoKmw82Sag="></latexit><latexit sha1_base64="uFH/SZ7fsduVYwl0UcoKmw82Sag="></latexit>

X

(i,j,k,l)2p
(m,n,o,p)2p0

(q,r,s,t)2p00

(p,p0,p00)2row,column
<latexit sha1_base64="ZkRQlFA09eaZrHGwUPUtt7JhohM="></latexit><latexit sha1_base64="ZkRQlFA09eaZrHGwUPUtt7JhohM="></latexit><latexit sha1_base64="ZkRQlFA09eaZrHGwUPUtt7JhohM="></latexit><latexit sha1_base64="ZkRQlFA09eaZrHGwUPUtt7JhohM="></latexit>

⇣
P̂ijP̂klP̂mpP̂onP̂qrP̂st + P̂ilP̂kjP̂mnP̂opP̂qtP̂sr

⌘

<latexit sha1_base64="vQalPhZsUbWsxlteME/NSG77Isw="></latexit><latexit sha1_base64="vQalPhZsUbWsxlteME/NSG77Isw="></latexit><latexit sha1_base64="vQalPhZsUbWsxlteME/NSG77Isw="></latexit><latexit sha1_base64="vQalPhZsUbWsxlteME/NSG77Isw="></latexit>



Direct Néel-to-plqVBS transition
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Binder parameter crossings
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Emergent Symmetries

-0.2 -0.1  0  0.1  0.2

-0.2

-0.1

 0

 0.1

 0.2

 0

 0.01

 0.02

 0.03-0.2 -0.1  0  0.1  0.2

-0.2

-0.1

 0

 0.1

 0.2

 0
 0.01
 0.02
 0.03
 0.04
 0.05
 0.06
 0.07
 0.08

-0.2 -0.1  0  0.1  0.2

-0.2

-0.1

 0

 0.1

 0.2

 0
 0.005
 0.01
 0.015
 0.02
 0.025
 0.03
 0.035
 0.04
 0.045

-0.2 -0.1  0  0.1  0.2

-0.2

-0.1

 0

 0.1

 0.2

 0

 0.005

 0.01

 0.015

 0.02

 0.025

 0.03

(a) (b)

(c) (d)

Paramagnetic

Néel

PSS AVBS

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

T
Q

The plaquette order parameter’s histogram 
shows emergent U(1) symmetry!

L = 48
<latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit><latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit><latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit><latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit>

Néel Critical

pVBS deeper pVBS



Emergent Symmetries
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The plaquette order parameter’s histogram 
shows emergent U(1) symmetry!

L = 48
<latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit><latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit><latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit><latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit>

Néel Critical

pVBS deeper pVBS



Emergent Symmetries
We further observe possible emergent SO(5) 
among the Néel and plaquette order parameters

L = 48
<latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit><latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit><latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit><latexit sha1_base64="YmzMv2iJUjCdJlHZV6Rxc7slHlg=">AAACaHichVFNLwNBGH66vqq+igPiIhri1LwrEo1E0nBxcGhVkSCyuwYT293N7rZJNf6AiyPiRCIifoaLP+DQn4AjiYuDd7ebCIJ3MjPPPPM+7zwzozum9Hyiekxpam5pbYu3Jzo6u7p7kr19K55ddg1RNGzTdtd0zROmtETRl74p1hxXaCXdFKv6/nywv1oRridta9mvOmKzpO1ackcams9UcXF2KpPYSqYoTWGM/ARqBFKIIm cnr7GBbdgwUEYJAhZ8xiY0eNzWoYLgMLeJGnMuIxnuCxwiwdoyZwnO0Jjd53GXV+sRa/E6qOmFaoNPMbm7rBzBGD3QDb3QPd3SI73/WqsW1gi8VHnWG1rhbPUcDRbe/lWVePax96n607OPHWRCr5K9OyET3MJo6CsHJy+FmaWx2jhd0jP7v6A63fENrMqrcZUXS+cIPkD9/tw/wcpkWqW0mp9KZeeir4hjGKOY4PeeRhYLyKHI50oc4xRnsSclqQwoQ41UJRZp+vEllNEPnH2Kpw==</latexit>

Néel Critical

pVBS deeper pVBS
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<latexit sha1_base64="HtS6/2cEFialU/z71z5upF2vHVc="></latexit><latexit sha1_base64="HtS6/2cEFialU/z71z5upF2vHVc="></latexit><latexit sha1_base64="HtS6/2cEFialU/z71z5upF2vHVc="></latexit><latexit sha1_base64="HtS6/2cEFialU/z71z5upF2vHVc="></latexit>

Néel order has  
3 components 
for SO(3)

Plaquette order 
has 2 components 
forming Z4

May form a 5 component  
order parameter unifying the  

Néel & VBS orders!
[A. Nahum et al., PRL (2015)]
[B. Zhao, P. Weinberg & A.W. Sandvik, Nat.Phys. (2018)]



Order parameters show FOT!
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Possible reason for FOT
i

<latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit><latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit><latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit><latexit sha1_base64="7Rk3/Bcln6/AtiT1Y3oZZhbTDsE="></latexit>

j
<latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit><latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit><latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit><latexit sha1_base64="KChQMptnbsVvJy6kKLaaARe7qjI="></latexit>

i1
<latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit><latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit><latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit><latexit sha1_base64="1gMzCLLAJMnvBw+UKxIB+mBOLt0="></latexit>

i2
<latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit><latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit><latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit><latexit sha1_base64="MAxDzjrXBUwHXZ7vVscTIbKo8/Q="></latexit>

i3
<latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit><latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit><latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit><latexit sha1_base64="t9TQ+JfMfN91LB5Am7UAzjFLD7w="></latexit>

i4
<latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit><latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit><latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit><latexit sha1_base64="9KuziUMIwLHA+qDpKYQu5oYtsJs="></latexit>

i5
<latexit sha1_base64="sjmk5nCB7swS9PTij5HXvKUayP4="></latexit><latexit sha1_base64="sjmk5nCB7swS9PTij5HXvKUayP4="></latexit><latexit sha1_base64="sjmk5nCB7swS9PTij5HXvKUayP4="></latexit><latexit sha1_base64="sjmk5nCB7swS9PTij5HXvKUayP4="></latexit>

i6
<latexit sha1_base64="2Mp75WewZrt8X27qPwzstQVLPK4="></latexit><latexit sha1_base64="2Mp75WewZrt8X27qPwzstQVLPK4="></latexit><latexit sha1_base64="2Mp75WewZrt8X27qPwzstQVLPK4="></latexit><latexit sha1_base64="2Mp75WewZrt8X27qPwzstQVLPK4="></latexit>

i7
<latexit sha1_base64="UETbxROUx5Zs0NZAxhyEv8krS9U="></latexit><latexit sha1_base64="UETbxROUx5Zs0NZAxhyEv8krS9U="></latexit><latexit sha1_base64="UETbxROUx5Zs0NZAxhyEv8krS9U="></latexit><latexit sha1_base64="UETbxROUx5Zs0NZAxhyEv8krS9U="></latexit>

i8
<latexit sha1_base64="4hbocbdG7NSHL4rRyYIWTtyGWKE="></latexit><latexit sha1_base64="4hbocbdG7NSHL4rRyYIWTtyGWKE="></latexit><latexit sha1_base64="4hbocbdG7NSHL4rRyYIWTtyGWKE="></latexit><latexit sha1_base64="4hbocbdG7NSHL4rRyYIWTtyGWKE="></latexit>

i9
<latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit><latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit><latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit><latexit sha1_base64="yR4q7LBaKQ5SjnTKwQqnuVZuZ+Y="></latexit>

i10
<latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit><latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit><latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit><latexit sha1_base64="DFiiw9ZrJPN5C6JWviVxdwottVM="></latexit>

i11
<latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit><latexit sha1_base64="Z3dru2HoEkaq1NcfG6S0GQ/iRtI="></latexit>

i12
<latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit><latexit sha1_base64="pTGeJSEG0echfF8BtPRYqJ4iH80="></latexit>

Q-termsJ-terms

i0
<latexit sha1_base64="vbVPeoK9eOimw38hW6NFPOTKWlk="></latexit><latexit sha1_base64="vbVPeoK9eOimw38hW6NFPOTKWlk="></latexit><latexit sha1_base64="vbVPeoK9eOimw38hW6NFPOTKWlk="></latexit><latexit sha1_base64="vbVPeoK9eOimw38hW6NFPOTKWlk="></latexit>

j0
<latexit sha1_base64="MgoNW617ivFgnrxrfmOZbVa4uBw="></latexit><latexit sha1_base64="MgoNW617ivFgnrxrfmOZbVa4uBw="></latexit><latexit sha1_base64="MgoNW617ivFgnrxrfmOZbVa4uBw="></latexit><latexit sha1_base64="MgoNW617ivFgnrxrfmOZbVa4uBw="></latexit>

i01
<latexit sha1_base64="9X2S6u7M/pMT/YYwcqXAJ/Y3+14="></latexit><latexit sha1_base64="9X2S6u7M/pMT/YYwcqXAJ/Y3+14="></latexit><latexit sha1_base64="9X2S6u7M/pMT/YYwcqXAJ/Y3+14="></latexit><latexit sha1_base64="9X2S6u7M/pMT/YYwcqXAJ/Y3+14="></latexit>

i03
<latexit sha1_base64="YEK6z83K0havB8dCdehG3GtcBQo="></latexit><latexit sha1_base64="YEK6z83K0havB8dCdehG3GtcBQo="></latexit><latexit sha1_base64="YEK6z83K0havB8dCdehG3GtcBQo="></latexit><latexit sha1_base64="YEK6z83K0havB8dCdehG3GtcBQo="></latexit>

i04
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“Blame” the 12-body interaction  
for the first order transition
When we add many-body interactions  
to a classical Ising model,  
the transition becomes first-order 
due to induced nucleation process.

columnar Q6

Columnar JQ6 model

For example, if we study the JQ model with 
columnar Q6 pattern, it also shows a  
similar weak first-order transition.

However, similar terms with fewer body 
interactions do not realize plaquette VBS, 
and ends up in columnar VBS instead. Q4 term-0.2
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with columnar VBS
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Outline
1. Background: Deconfined Quantum Criticality

2. Construction of our model and DQC

3. Finite temperature “vestigial order”

4. Conclusion and discussions



Low T, not so different
For relatively lower temperature, the 
histogram is similar to T=0. 
 

At T=0.5 for example, one finds an 
approximately U(1) symmetric histogram 
possibly because the Néel order is still 
slightly present.

There seems to be NO coexistence, and a little bit of a remainder of U(1) symmetry
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Strongly first-order for high T
L = 32
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As we go to higher temperature, the 
rising of the VBS order parameter at the 
transition becomes sharper and transition 
becomes more strongly first-order!

Possibly explained by either… 
(1) “Fluctuation-induced first-order transition” 
(2) Vestigial phase

We see a very clear coexistence at the transition points strongly suggesting FOT
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Binder and the phase diagram
We can see that the dip of the Binder 
parameter (= clear sign of FOT) becomes 
stronger as we go to higher temperature. 
 
E.g. the dip for T=0.75 is HUGE compared 
to others.

The expected phase diagram is topologically 
the same with that of the “strongly 2D” case 
of vestigial phase analysis

[R. M. Fernandes et. al., PRB 85, 024532 (2012)]
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2-step symmetry breaking
Structure and relation of the eight degenerate states 

Thick bonds represent fluctuation around 
the plaquette (or equivalently, 2-step shifts)
All thin bonds represent 1-step shifting in the 
x or y direction
Any two states without bonds have 
physically the same relations to each other

Automorphism group of the graph is D4 ⌦ Z4
2
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Phases: Disordered Plaquette VBS Alternating VBS

Automorphism group:

Macro-state graph:
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Other paths to alternating VBS

The phase diagram cannot have adjacent 
regions breaking Z2 before Z4. 
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Thus, the phase diagram simply has two 
lines clashing, forming a FOT line segment.

Then, the increase of “first-orderness” is 
naturally explained to connect 2 edges.



Other paths to alternating VBS

The phase diagram cannot have adjacent 
regions breaking Z2 before Z4. 
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Conclusions + Overview
We constructed the first explicit model that clearly has this direct QPT!✔

Néel-to-plaqVBS quantum phase transition

The QPT is a very weak FOT with possible emergent U(1) and SO(5) symmetry.✔

Similar FOT with emergent SO(4) symmetry has been observed before. 
Is this UNIVERSAL??✔

New phase transition with additional Z2 symmetry breaking
The alternating VBS phase breaks additional Z2 symmetry, and is eight-fold.✔

This suggests that the plaquette VBS phase can be understood as an intermediate 
phase when we add quantum fluctuation to the alternating VBS phase.✔

We observe “fluctuation-induced” strong first-order transitions, 
which is explained compactly using graph-theoretic analysis✔

Thank you!

Takahashi & Sandvik [arXiv:19**.*****] in preparation…

[B. Zhao, P. Weinberg & A.W. Sandvik, Nat. Phys. (2019)]

✔ Possibly, in plaqVBS, spinons are actually fractons?? [Y. You, et al., 1908.08540 (2019) ]
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Variety of possible “DQC” (補足)
In 2+1d Honeycomb lattice

Plaquette singlet phase breaking Z2 symmetry [B. Zhao et al., Nat. Phys. (2019)]

[K. Harada, T. Okubo, N. Kawashima, S. Todo, et al., PRB (2013)]
[S. Pujari et al., PRB (2015)]

Néel VBS

Defect in VBS phase is spinon as well✔

However, this VBS is 3-fold degenerate:✔

      perturbation is probably 
relevant against U(1) symmetry
Z3
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Shastry-Sutherland Checker-board JQ

Reproduces the two-fold plaquette 
singlet phase in the SS model!✔

First order transition (FOT) with  
emergent SO(4) symmetry is found!✔

Possibly explained by DQC theory as well✔

[J. Y. Lee et al., arXiv:1904.07266]

For SU(N) with higher N, continuous!✔
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[K. Harada, T. Okubo, N. Kawashima, S. Todo, et al., PRB (2013)]
[S. Pujari et al., PRB (2015)]

Néel VBS

Defect in VBS phase is spinon as well✔

However, this VBS is 3-fold degenerate:✔

      perturbation is probably 
relevant against U(1) symmetry
Z3
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Shastry-Sutherland Checker-board JQ

Reproduces the two-fold plaquette 
singlet phase in the SS model!✔

First order transition (FOT) with  
emergent SO(4) symmetry is found!✔

Possibly explained by DQC theory as well✔

[J. Y. Lee et al., arXiv:1904.07266]

For SU(N) with higher N, continuous!✔
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