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0. Motivation

1. Nonequilibrium quantum thermodynamics
- Time-dependent Hamiltonian should be considered.

2. Strong coupling view

external
agent W
interaction range---t----> ©s
B

QB

First laws AHs =W —Qs AHp=Qp— QsB

No unique definition of heat.
Usually, Q = AHp is used for
SR isolated system (Qsz=0)

QsB

preventing from indefinite heating

AHiot = AHg +AHp +AHr =W — Qsp

e AH;=Qs — QB

3. System point of view in terms of measurable quantities W, Qs, ps
- No relevant quantum master equation (Lindblad eq) for
time-dependent protocol except special cases included by this talk



l. Introduction

based on The theory of open quantum systems, Breuer and Petruccione, Oxford, 2002
1. A two-level system weakly coupled to optical bath via dipole interaction

Bath
huw
HO — 700'3 T

o1 = |e){g] + |g)lel, o2 = —i(le)(g] —|g)(el), o3 = [e){e] —[g){g]

1 1

o, = =(01 +1i03), 0 = =(01 — i02)

2 2

Dipole moment d = (g|Dle), assuming (g|Dl|g) = (e|Dle) =0
2. Lindblad equation in interaction picture H;=—-D-Eg

p L: dissipat
%p(t) = o(1 + N(wo)) (J_p(t)a+ — %{UJFU—,P(t)}) = Lo[p) (s?JpeIiSolgng’:or)

+30 N (wo) <0+,0(75)0— - %{U—U+7P(t>}>

where ,
Vo = ——= d N =
70 371(:‘ " Nlwo) ePhwo — 1
Yo = Yo(1 + 2N (wp)) = Ao coth(Bhwg/2) transition rate, dissipation rate
—BHo
t dr €
Formal solution p(t) = edo “op(0)  — Peq = as t — 00

Zo



ll. A simple Floguet system

1. A simple Floquet system by tuning a constant electric field piecewise and periodic in time

E(t)

T'/2 T 3T /2 2T 51 /2
For (2n—1)T/2<t<nT

H =Hy—D-E
hwo

= 03— (le){el + 9){gl)D(le){el + |g)(g]) - E
= "0 5 — d- E (e)g] + lg) el
:%( i —Cl ) where c:—J-E/(th/Z)



ll. A simple Floguet system

2. H,-basis




ll. A simple Floguet system

3. Lindblad equation in H; -basis

d . 1 ) 1
=0 =Fo(1+ N(w)) (0’_/)0; - 5lohol, p}) +95N (wi) <0’+P0’— - 5lolal, ﬂ}>

42 4w o
~/ 1 2 0 / t /\ |2 ~
— —21d — U DU =
’70 Shcl 1‘ SFLC |<€‘ - |g>‘, ,YO
=|d|?/a
N !
(W) = G =1

Y1 = ’3/0(1 —+ 2N(w1)) = Y0 COth(hwo\/a/Z)
a new dissipation rate for an external electric field



lll. Time evolution

1. Time evolution for an infinitesimal time

For a 2 X 2 hermitian matrix A

P A ~ (14 dtL)A

1 1
= A+dt | YN (A1 + Az2)oz — (2N + 1) (A1103 + §A120+ + §AT20_>

—~—~ ~
L 7 g |
_ [ (A —=~dt)Ay + At (1 — ~dt/2)Aqq )
(1 —~dt/2)AT, (1 —7di)Aze + (v — 7)(Ar1 + Ag2)dt
[eﬁdt]nA _ ( Ap (1 - ’Ydjf/2)nf412 )
(1 — ’7dt/2)nA>{2 A22

Apy = (1 —ydt)" Ay + 3dt(Arr + Aso) (14 (1 —ydt) + -+ + (1 — vdt)" )
1 — (1 —~dt)" 1
1 — (1 —~dt)
1 — (1 —~dt)~ 1
vdt

= (1 —vdt)" A1 + F(A11 + Ago)dt

Agy = (1 —ydt)" Ago + (v — 7)(A11 + Azo)dt




lll. Time evolution

n — 00, ndt — t
e Az (1= 3) (1= ) (An + Az) )

2. Time evolution for a finite time
G_VtAll -+ %(1 — G_Vt)<A11 -+ AQQ)
e 2 A,

efngﬁA: <

G—Bhw/Q

— eﬁhw/Q _|_€—Bhw/2

gl )
v 2N(w)+1

7 = 7o coth(Bhw/2)

3. Periodic Steady state A = p . (t) = ppss(t + T)

T/2 4
elo 0 p o (0) = ppss(T/2)

T/2 gr
elr' "k Ppss(T'/2) = ppss(0)



0.3

0.2

0.1}

-0.1

lll. Time evolution

Density matrix for periodic steady state

[Ppss]11
T/2 T
1 i i I i i i i 1 |
0.5 1.0 1.5 2.0
[Pp88]12



IV. Fluctuation theorem (within Lindblad)

1. For an isolated system H = Hgs(t) + Hp + H; AH =W
- Gallavotti-Cohen symmetry G(\) = (e7MH (t) ABH (0)> IC: equilibrium
G(\) = Ggr(1 — \)ePAT detailed fluctuation theorem

- Generalized Jarzynski relation

" Opss T\ _ BF() ,~BH()
T exp dr Pss =1, pss=ce e
0 87-

- Entropy production S=—Ilnps+ BHp IC: product state pg ® pg

—~S(t) S
(e e (0)> =1 integral fluctuation theorem

Proof of generalized Jarzynski relation

U(t,t — dt) = ettEt—dl)

Note: £<t — dt>p58<t — dt, Ot dt ) =0 or U(t, t — dt)pss (t — dt, at—dt) = Pss (t, th_dt)
N——

protocol

where  pgss(t, ap) = eBF (o) p—BH (or)

1 ="1r--- [105_31 (ta at—dt)u<t7t o dt)pss <t B dt’ Olt—dt):
o [pag (2dt, g U(2dt, dt) pss (dt, )]
: [ps_sl (dt, ag)U(dt,0)pss(0, O‘O):




IV. Fluctuation theorem (within Lindblad)

Rearranging

1="Tr [pss(t, ) poy (tyr—ar) | U, t — db) - - U2dE, dt) [pss(dt, aar) psy (dt, ao)] U(dL, 0)pss (0, )

A\ 4
/

d .0 _
Pss (ta Oét)ﬂsgl (tv at—dt) — [pss (ta at—dt) + oy 87/088 (t7 Oét—dt)] 10.931 (t7 Ozt—dt)
t

0 _
=14 dtapss (ta at—dt) ) 10881 (t7 Oét—dt)

~ exp [dt

General Jarzynski equality

. t
Therefore 1 = <T exp [/ dr 8528 p;81]> + <eXP lﬁAF — 5/ CZTH]>
0 0

— P oL 3(F — 9H/dt)ePF—1)




IV. Fluctuation theorem (within Lindblad)

2. FT for a Floquet system driven by a piecewise constant protocol within the Lindblad equation

{Hy, Lo} — {Hy, L1} — {Hy, Lo} — {Hy, L1}, — -

Un(' 1) = e a0 1y (¢, 1) = e ares

Work W:H1—H0 att:T/Q, 3T/2, 5T/2,
W:Ho—Hl att:T, 2T, 3T,

Generating function for work

G_BHO

G(A\) = Tr- .- e MWHoA gy (T T /2)e =1 APHog 4 (T/9,0) cof. (e W)

0

Jarzynski equality holds in the original form.

—BHo
G(1) = Tr---e PPy (T, T/2)e PHr P Ho Z/IO(T/Q,O)6 7
\ . ~~ 7 O
6—,3H1 N —~ _
6_/8H0/ZO



IV. Fluctuation theorem (within Lindblad)

E(t)
o .
forward process ju====- == - :
reverse process |« - o Rpa—— : : : :
T2 T 3T/2 3T 51/2 >
G(A)
o C‘r (A)
Zy
T Gr ( 1 _1\)
z, %o

GC-symmetry holds! G\ =G,.(1 —\)—=



IV. Fluctuation theorem (within Lindblad)

Work distribution

P(W) = /OO %eMWG(i)\)

— o0

Bhwo/2 =1, ¢ = —E - d/(hw/2) = 1

Delta peaks at W/(hwo/2) =1+ (1+V2) for T/2<t<T

P(W)I.O
08
0.6
0.4
D.2
5 2 o‘H 1 .;.H 3 W lfwo /2]

More delta peaks as t increases.
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Many peaks with small weights are not shown.
It is hard to find rigorous P(W) at large t.



V. Summary

1. A nonequilibrium for a simple Floquet system is studied
by using the Lindblad equation.

2. GC-symmetry is shown to hold rigorously.

3. The generating function for work is obtained and can be used
to find work distribution function. Similarly, heat distribution
can be found.

4. Not shown In the talk, it is observed for our specific case

(—Alnp+ Q) >0 (Q) =TrH(¢)Lp
but the corresponding FT is not found.

5. The strong coupling theory for general time-protocol will be
investigated.



