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❖ An active particle as a Brownian particle driven by 
Gaussian colored noise

❖ Simple Markovian approximation: “UCNA”
❖ Application to motility-induced phase separation

❖ Systematic Markovian approximation
❖ Application to non-equilibrium currents and long-range effects

❖ Implications
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Passive vs. Active

Mechanical energy Heat/work

Passive particle Reservoir
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Fluctuation-Dissipation Theorem
(FDT)

Mechanical energy Heat/workAmbient/stored energy

Active particle Reservoir

No FDT �v̂(t)v̂(s)�
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A simple model of active particles
�v̂(t)v̂(s)�
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K(|t � s|)
<latexit sha1_base64="p2qYcqQW/HWP3CCQUSUp7Ug1k1M=">AAAB/XicdVDLSgMxFM34rPVVdekmWIS6cMgMrXY2UnAjuKng2EI7lEyaaUMzD5KMUKYFv8Gtrl2JW7/FpX9i+hCs6IELh3Pu5d57/IQzqRD6MJaWV1bX1nMb+c2t7Z3dwt7+nYxTQahLYh6Lpo8l5SyirmKK02YiKA59Thv+4HLiN+6pkCyObtUwoV6IexELGMFKS83r0kidytFJp1BEJrKrlbINkWlXkGM5mlSQ5ZyVoWWiKYpgjnqn8NnuxiQNaaQIx1K2LJQoL8NCMcLpON9OJU0wGeAebWka4ZBKL5veO4bHWunCIBa6IgWn6s+JDIdSDkNfd4ZY9eVvbyL+5bVSFVS9jEVJqmhEZouClEMVw8nzsMsEJYoPNcFEMH0rJH0sMFE6ooUtfjjWmXw/Dv8nrm06pnVTLtYu5uHkwCE4AiVggXNQA1egDlxAAAeP4Ak8Gw/Gi/FqvM1al4z5zAFYgPH+BdmVliA=</latexit><latexit sha1_base64="p2qYcqQW/HWP3CCQUSUp7Ug1k1M=">AAAB/XicdVDLSgMxFM34rPVVdekmWIS6cMgMrXY2UnAjuKng2EI7lEyaaUMzD5KMUKYFv8Gtrl2JW7/FpX9i+hCs6IELh3Pu5d57/IQzqRD6MJaWV1bX1nMb+c2t7Z3dwt7+nYxTQahLYh6Lpo8l5SyirmKK02YiKA59Thv+4HLiN+6pkCyObtUwoV6IexELGMFKS83r0kidytFJp1BEJrKrlbINkWlXkGM5mlSQ5ZyVoWWiKYpgjnqn8NnuxiQNaaQIx1K2LJQoL8NCMcLpON9OJU0wGeAebWka4ZBKL5veO4bHWunCIBa6IgWn6s+JDIdSDkNfd4ZY9eVvbyL+5bVSFVS9jEVJqmhEZouClEMVw8nzsMsEJYoPNcFEMH0rJH0sMFE6ooUtfjjWmXw/Dv8nrm06pnVTLtYu5uHkwCE4AiVggXNQA1egDlxAAAeP4Ak8Gw/Gi/FqvM1al4z5zAFYgPH+BdmVliA=</latexit><latexit sha1_base64="p2qYcqQW/HWP3CCQUSUp7Ug1k1M=">AAAB/XicdVDLSgMxFM34rPVVdekmWIS6cMgMrXY2UnAjuKng2EI7lEyaaUMzD5KMUKYFv8Gtrl2JW7/FpX9i+hCs6IELh3Pu5d57/IQzqRD6MJaWV1bX1nMb+c2t7Z3dwt7+nYxTQahLYh6Lpo8l5SyirmKK02YiKA59Thv+4HLiN+6pkCyObtUwoV6IexELGMFKS83r0kidytFJp1BEJrKrlbINkWlXkGM5mlSQ5ZyVoWWiKYpgjnqn8NnuxiQNaaQIx1K2LJQoL8NCMcLpON9OJU0wGeAebWka4ZBKL5veO4bHWunCIBa6IgWn6s+JDIdSDkNfd4ZY9eVvbyL+5bVSFVS9jEVJqmhEZouClEMVw8nzsMsEJYoPNcFEMH0rJH0sMFE6ooUtfjjWmXw/Dv8nrm06pnVTLtYu5uHkwCE4AiVggXNQA1egDlxAAAeP4Ak8Gw/Gi/FqvM1al4z5zAFYgPH+BdmVliA=</latexit><latexit sha1_base64="p2qYcqQW/HWP3CCQUSUp7Ug1k1M=">AAAB/XicdVDLSgMxFM34rPVVdekmWIS6cMgMrXY2UnAjuKng2EI7lEyaaUMzD5KMUKYFv8Gtrl2JW7/FpX9i+hCs6IELh3Pu5d57/IQzqRD6MJaWV1bX1nMb+c2t7Z3dwt7+nYxTQahLYh6Lpo8l5SyirmKK02YiKA59Thv+4HLiN+6pkCyObtUwoV6IexELGMFKS83r0kidytFJp1BEJrKrlbINkWlXkGM5mlSQ5ZyVoWWiKYpgjnqn8NnuxiQNaaQIx1K2LJQoL8NCMcLpON9OJU0wGeAebWka4ZBKL5veO4bHWunCIBa6IgWn6s+JDIdSDkNfd4ZY9eVvbyL+5bVSFVS9jEVJqmhEZouClEMVw8nzsMsEJYoPNcFEMH0rJH0sMFE6ooUtfjjWmXw/Dv8nrm06pnVTLtYu5uHkwCE4AiVggXNQA1egDlxAAAeP4Ak8Gw/Gi/FqvM1al4z5zAFYgPH+BdmVliA=</latexit>

K � ˙̂x = � V �(x̂) + v̂
<latexit sha1_base64="/PLSOJ2Km6S2E/iaIp+ukPZBN+o="></latexit><latexit sha1_base64="/PLSOJ2Km6S2E/iaIp+ukPZBN+o="></latexit><latexit sha1_base64="/PLSOJ2Km6S2E/iaIp+ukPZBN+o="></latexit><latexit sha1_base64="/PLSOJ2Km6S2E/iaIp+ukPZBN+o="></latexit>

=
D

�
e�|t�s|/�

<latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit>

= 2�(t � s)
<latexit sha1_base64="09b168O2TDsP9VFN5i+/c5WL6aw=">AAACA3icbVBNS8NAFNz4WetX1aOXxSLUgyUpgnpQCl48VjC20May2WzapbtJ2H0RSujV3+BVz57Eqz/Eo//EbZuDbR14MMy8xzzGTwTXYNvf1tLyyuraemGjuLm1vbNb2tt/0HGqKHNpLGLV8olmgkfMBQ6CtRLFiPQFa/qDm7HffGJK8zi6h2HCPEl6EQ85JWCkxytc6wRMAKnAqT7plsp21Z4ALxInJ2WUo9Et/XSCmKaSRUAF0brt2Al4GVHAqWCjYifVLCF0QHqsbWhEJNNeNvl6hI+NEuAwVmYiwBP170VGpNZD6ZtNSaCv572x+J/XTiG88DIeJSmwiE6DwlRgiPG4AhxwxSiIoSGEKm5+xbRPFKFgippJ8eXIdOLMN7BI3Fr1surcnZXr13k5BXSIjlAFOegc1dEtaiAXUaTQC3pFb9az9W59WJ/T1SUrvzlAM7C+fgEHz5fG</latexit><latexit sha1_base64="09b168O2TDsP9VFN5i+/c5WL6aw=">AAACA3icbVBNS8NAFNz4WetX1aOXxSLUgyUpgnpQCl48VjC20May2WzapbtJ2H0RSujV3+BVz57Eqz/Eo//EbZuDbR14MMy8xzzGTwTXYNvf1tLyyuraemGjuLm1vbNb2tt/0HGqKHNpLGLV8olmgkfMBQ6CtRLFiPQFa/qDm7HffGJK8zi6h2HCPEl6EQ85JWCkxytc6wRMAKnAqT7plsp21Z4ALxInJ2WUo9Et/XSCmKaSRUAF0brt2Al4GVHAqWCjYifVLCF0QHqsbWhEJNNeNvl6hI+NEuAwVmYiwBP170VGpNZD6ZtNSaCv572x+J/XTiG88DIeJSmwiE6DwlRgiPG4AhxwxSiIoSGEKm5+xbRPFKFgippJ8eXIdOLMN7BI3Fr1surcnZXr13k5BXSIjlAFOegc1dEtaiAXUaTQC3pFb9az9W59WJ/T1SUrvzlAM7C+fgEHz5fG</latexit><latexit sha1_base64="09b168O2TDsP9VFN5i+/c5WL6aw=">AAACA3icbVBNS8NAFNz4WetX1aOXxSLUgyUpgnpQCl48VjC20May2WzapbtJ2H0RSujV3+BVz57Eqz/Eo//EbZuDbR14MMy8xzzGTwTXYNvf1tLyyuraemGjuLm1vbNb2tt/0HGqKHNpLGLV8olmgkfMBQ6CtRLFiPQFa/qDm7HffGJK8zi6h2HCPEl6EQ85JWCkxytc6wRMAKnAqT7plsp21Z4ALxInJ2WUo9Et/XSCmKaSRUAF0brt2Al4GVHAqWCjYifVLCF0QHqsbWhEJNNeNvl6hI+NEuAwVmYiwBP170VGpNZD6ZtNSaCv572x+J/XTiG88DIeJSmwiE6DwlRgiPG4AhxwxSiIoSGEKm5+xbRPFKFgippJ8eXIdOLMN7BI3Fr1surcnZXr13k5BXSIjlAFOegc1dEtaiAXUaTQC3pFb9az9W59WJ/T1SUrvzlAM7C+fgEHz5fG</latexit><latexit sha1_base64="09b168O2TDsP9VFN5i+/c5WL6aw=">AAACA3icbVBNS8NAFNz4WetX1aOXxSLUgyUpgnpQCl48VjC20May2WzapbtJ2H0RSujV3+BVz57Eqz/Eo//EbZuDbR14MMy8xzzGTwTXYNvf1tLyyuraemGjuLm1vbNb2tt/0HGqKHNpLGLV8olmgkfMBQ6CtRLFiPQFa/qDm7HffGJK8zi6h2HCPEl6EQ85JWCkxytc6wRMAKnAqT7plsp21Z4ALxInJ2WUo9Et/XSCmKaSRUAF0brt2Al4GVHAqWCjYifVLCF0QHqsbWhEJNNeNvl6hI+NEuAwVmYiwBP170VGpNZD6ZtNSaCv572x+J/XTiG88DIeJSmwiE6DwlRgiPG4AhxwxSiIoSGEKm5+xbRPFKFgippJ8eXIdOLMN7BI3Fr1surcnZXr13k5BXSIjlAFOegc1dEtaiAXUaTQC3pFb9az9W59WJ/T1SUrvzlAM7C+fgEHz5fG</latexit>

(Self-propulsion as 
Gaussian colored noise)

(Fast reservoir at 
low temperature)



A simple model of active particles
�v̂(t)v̂(s)�

<latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit><latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit><latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit><latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit>

=
D

�
e�|t�s|/�

<latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit>

(Self-propulsion as 
Gaussian colored noise)

˙̂x = � V �(x̂) + v̂
<latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit><latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit><latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit><latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit>

Escherichia coli Light-activated colloidal surfers

[from Howard Berg’s lab webpage] [Palacci et. al., Science 339, 936 (2013)]



Run-and-tumble particles

A simple model of active particles
�v̂(t)v̂(s)�

<latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit><latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit><latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit><latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit>
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D

�
e�|t�s|/�

<latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit>

(Self-propulsion as 
Gaussian colored noise)

˙̂x = � V �(x̂) + v̂
<latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit><latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit><latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit><latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit>

Active Brownian particles

Tumbling rate �
<latexit sha1_base64="bK3c8ZGVk4emgWDRfkvOiX3UoIs=">AAACDXicdVDLTgIxFO34RHyNmrhx0wgmrsgMPmB2JG5cYsIICRBypxRo6HQmbceEIP/gN7jVtSvj1m9w6Z9YYEzE6EmanJxzbu7tCWLOlHacD2tpeWV1bT2zkd3c2t7Ztff2b1WUSEJ9EvFINgJQlDNBfc00p41YUggDTuvB8Grq1++oVCwSNT2KaTuEvmA9RkAbqWMf1hKTZaKPJWiK8y3g8QDyHTvnFMolr3RWxk7BmcGQ8wvv0vWwmyo5lKLasT9b3YgkIRWacFCq6Tqxbo9BakY4nWRbiaIxkCH0adNQASFV7fHs/gk+MUoX9yJpntB4pv6cGEOo1CgMTDIEPVC/van4l9dMdK/cHjMRJ5oKMl/USzjWEZ6WgbtMUqL5yBAgkplbMRmABKJNZQtbgnBiOvn+OP6f+MWCV3BvirlKOS0ng47QMTpFLiqhCrpGVeQjgu7RI3pCz9aD9WK9Wm/z6JKVzhygBVjvX9HWnAk=</latexit><latexit sha1_base64="bK3c8ZGVk4emgWDRfkvOiX3UoIs=">AAACDXicdVDLTgIxFO34RHyNmrhx0wgmrsgMPmB2JG5cYsIICRBypxRo6HQmbceEIP/gN7jVtSvj1m9w6Z9YYEzE6EmanJxzbu7tCWLOlHacD2tpeWV1bT2zkd3c2t7Ztff2b1WUSEJ9EvFINgJQlDNBfc00p41YUggDTuvB8Grq1++oVCwSNT2KaTuEvmA9RkAbqWMf1hKTZaKPJWiK8y3g8QDyHTvnFMolr3RWxk7BmcGQ8wvv0vWwmyo5lKLasT9b3YgkIRWacFCq6Tqxbo9BakY4nWRbiaIxkCH0adNQASFV7fHs/gk+MUoX9yJpntB4pv6cGEOo1CgMTDIEPVC/van4l9dMdK/cHjMRJ5oKMl/USzjWEZ6WgbtMUqL5yBAgkplbMRmABKJNZQtbgnBiOvn+OP6f+MWCV3BvirlKOS0ng47QMTpFLiqhCrpGVeQjgu7RI3pCz9aD9WK9Wm/z6JKVzhygBVjvX9HWnAk=</latexit><latexit sha1_base64="bK3c8ZGVk4emgWDRfkvOiX3UoIs=">AAACDXicdVDLTgIxFO34RHyNmrhx0wgmrsgMPmB2JG5cYsIICRBypxRo6HQmbceEIP/gN7jVtSvj1m9w6Z9YYEzE6EmanJxzbu7tCWLOlHacD2tpeWV1bT2zkd3c2t7Ztff2b1WUSEJ9EvFINgJQlDNBfc00p41YUggDTuvB8Grq1++oVCwSNT2KaTuEvmA9RkAbqWMf1hKTZaKPJWiK8y3g8QDyHTvnFMolr3RWxk7BmcGQ8wvv0vWwmyo5lKLasT9b3YgkIRWacFCq6Tqxbo9BakY4nWRbiaIxkCH0adNQASFV7fHs/gk+MUoX9yJpntB4pv6cGEOo1CgMTDIEPVC/van4l9dMdK/cHjMRJ5oKMl/USzjWEZ6WgbtMUqL5yBAgkplbMRmABKJNZQtbgnBiOvn+OP6f+MWCV3BvirlKOS0ng47QMTpFLiqhCrpGVeQjgu7RI3pCz9aD9WK9Wm/z6JKVzhygBVjvX9HWnAk=</latexit><latexit sha1_base64="bK3c8ZGVk4emgWDRfkvOiX3UoIs=">AAACDXicdVDLTgIxFO34RHyNmrhx0wgmrsgMPmB2JG5cYsIICRBypxRo6HQmbceEIP/gN7jVtSvj1m9w6Z9YYEzE6EmanJxzbu7tCWLOlHacD2tpeWV1bT2zkd3c2t7Ztff2b1WUSEJ9EvFINgJQlDNBfc00p41YUggDTuvB8Grq1++oVCwSNT2KaTuEvmA9RkAbqWMf1hKTZaKPJWiK8y3g8QDyHTvnFMolr3RWxk7BmcGQ8wvv0vWwmyo5lKLasT9b3YgkIRWacFCq6Tqxbo9BakY4nWRbiaIxkCH0adNQASFV7fHs/gk+MUoX9yJpntB4pv6cGEOo1CgMTDIEPVC/van4l9dMdK/cHjMRJ5oKMl/USzjWEZ6WgbtMUqL5yBAgkplbMRmABKJNZQtbgnBiOvn+OP6f+MWCV3BvirlKOS0ng47QMTpFLiqhCrpGVeQjgu7RI3pCz9aD9WK9Wm/z6JKVzhygBVjvX9HWnAk=</latexit>

Angular di�usivity Dr
<latexit sha1_base64="ytNS8nyvk8HT07VvMOEs3NYvng4=">AAACEHicdVDLSsNAFJ34rPUVdSVuBlvBVUjqo8muoguXFYwttKVMppN26GQSZiaFUoof4Te41bUrcesfuPRPnLYRrOiBgcM593LnnCBhVCrb/jAWFpeWV1Zza/n1jc2tbXNn907GqcDExzGLRT1AkjDKia+oYqSeCIKigJFa0L+c+LUBEZLG/FYNE9KKUJfTkGKktNQ29y94N2VIwA4Nw1TSAVVDWLxqi2LbLNiWW/bKJy60LXsKTU7PvHPHg06mFECGatv8bHZinEaEK8yQlA3HTlRrhISimJFxvplKkiDcR13S0JSjiMjWaBphDI+00oFhLPTjCk7VnxsjFEk5jAI9GSHVk7+9ifiX10hV6LZGlCepIhzPDoUpgyqGkz50bkGwYkNNEBZU/xXiHhIIK93a3JUgGutOvoPD/4lfsjzLuSkVKm5WTg4cgENwDBxQBhVwDarABxjcg0fwBJ6NB+PFeDXeZqMLRrazB+ZgvH8BXE+dbA==</latexit><latexit sha1_base64="ytNS8nyvk8HT07VvMOEs3NYvng4=">AAACEHicdVDLSsNAFJ34rPUVdSVuBlvBVUjqo8muoguXFYwttKVMppN26GQSZiaFUoof4Te41bUrcesfuPRPnLYRrOiBgcM593LnnCBhVCrb/jAWFpeWV1Zza/n1jc2tbXNn907GqcDExzGLRT1AkjDKia+oYqSeCIKigJFa0L+c+LUBEZLG/FYNE9KKUJfTkGKktNQ29y94N2VIwA4Nw1TSAVVDWLxqi2LbLNiWW/bKJy60LXsKTU7PvHPHg06mFECGatv8bHZinEaEK8yQlA3HTlRrhISimJFxvplKkiDcR13S0JSjiMjWaBphDI+00oFhLPTjCk7VnxsjFEk5jAI9GSHVk7+9ifiX10hV6LZGlCepIhzPDoUpgyqGkz50bkGwYkNNEBZU/xXiHhIIK93a3JUgGutOvoPD/4lfsjzLuSkVKm5WTg4cgENwDBxQBhVwDarABxjcg0fwBJ6NB+PFeDXeZqMLRrazB+ZgvH8BXE+dbA==</latexit><latexit sha1_base64="ytNS8nyvk8HT07VvMOEs3NYvng4=">AAACEHicdVDLSsNAFJ34rPUVdSVuBlvBVUjqo8muoguXFYwttKVMppN26GQSZiaFUoof4Te41bUrcesfuPRPnLYRrOiBgcM593LnnCBhVCrb/jAWFpeWV1Zza/n1jc2tbXNn907GqcDExzGLRT1AkjDKia+oYqSeCIKigJFa0L+c+LUBEZLG/FYNE9KKUJfTkGKktNQ29y94N2VIwA4Nw1TSAVVDWLxqi2LbLNiWW/bKJy60LXsKTU7PvHPHg06mFECGatv8bHZinEaEK8yQlA3HTlRrhISimJFxvplKkiDcR13S0JSjiMjWaBphDI+00oFhLPTjCk7VnxsjFEk5jAI9GSHVk7+9ifiX10hV6LZGlCepIhzPDoUpgyqGkz50bkGwYkNNEBZU/xXiHhIIK93a3JUgGutOvoPD/4lfsjzLuSkVKm5WTg4cgENwDBxQBhVwDarABxjcg0fwBJ6NB+PFeDXeZqMLRrazB+ZgvH8BXE+dbA==</latexit><latexit sha1_base64="ytNS8nyvk8HT07VvMOEs3NYvng4=">AAACEHicdVDLSsNAFJ34rPUVdSVuBlvBVUjqo8muoguXFYwttKVMppN26GQSZiaFUoof4Te41bUrcesfuPRPnLYRrOiBgcM593LnnCBhVCrb/jAWFpeWV1Zza/n1jc2tbXNn907GqcDExzGLRT1AkjDKia+oYqSeCIKigJFa0L+c+LUBEZLG/FYNE9KKUJfTkGKktNQ29y94N2VIwA4Nw1TSAVVDWLxqi2LbLNiWW/bKJy60LXsKTU7PvHPHg06mFECGatv8bHZinEaEK8yQlA3HTlRrhISimJFxvplKkiDcR13S0JSjiMjWaBphDI+00oFhLPTjCk7VnxsjFEk5jAI9GSHVk7+9ifiX10hV6LZGlCepIhzPDoUpgyqGkz50bkGwYkNNEBZU/xXiHhIIK93a3JUgGutOvoPD/4lfsjzLuSkVKm5WTg4cgENwDBxQBhVwDarABxjcg0fwBJ6NB+PFeDXeZqMLRrazB+ZgvH8BXE+dbA==</latexit>
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<latexit sha1_base64="ztG2ZUPaH1N6PdEdi8de6XjVcN4=">AAACLHicbVDLSgMxFM3UV62vqks3wSK4kDJTFOtCKOjCZQWrhU4td9JMG5p5mGQKZZgv8SP8Bre6diHiwo3fYaYdxLYeCBzOOZd7c5yQM6lM893ILSwuLa/kVwtr6xubW8XtnVsZRILQBgl4IJoOSMqZTxuKKU6boaDgOZzeOYOL1L8bUiFZ4N+oUUjbHvR85jICSkud4sklPse2K4DEw/tKElds4GEfkiP7IYIuthVEvwEriTO3UyyZZXMMPE+sjJRQhnqn+GV3AxJ51FeEg5QtywxVOwahGOE0KdiRpCGQAfRoS1MfPCrb8fh7CT7QShe7gdDPV3is/p2IwZNy5Dk66YHqy1kvFf/zWpFyq+2Y+WGkqE8mi9yIYxXgtCvcZYISxUeaABFM34pJH3QVSjc6tcXx0k6s2QbmSaNSPitb18elWjUrJ4/20D46RBY6RTV0heqogQh6RM/oBb0aT8ab8WF8TqI5I5vZRVMwvn8ASBqoUQ==</latexit><latexit sha1_base64="ztG2ZUPaH1N6PdEdi8de6XjVcN4=">AAACLHicbVDLSgMxFM3UV62vqks3wSK4kDJTFOtCKOjCZQWrhU4td9JMG5p5mGQKZZgv8SP8Bre6diHiwo3fYaYdxLYeCBzOOZd7c5yQM6lM893ILSwuLa/kVwtr6xubW8XtnVsZRILQBgl4IJoOSMqZTxuKKU6boaDgOZzeOYOL1L8bUiFZ4N+oUUjbHvR85jICSkud4sklPse2K4DEw/tKElds4GEfkiP7IYIuthVEvwEriTO3UyyZZXMMPE+sjJRQhnqn+GV3AxJ51FeEg5QtywxVOwahGOE0KdiRpCGQAfRoS1MfPCrb8fh7CT7QShe7gdDPV3is/p2IwZNy5Dk66YHqy1kvFf/zWpFyq+2Y+WGkqE8mi9yIYxXgtCvcZYISxUeaABFM34pJH3QVSjc6tcXx0k6s2QbmSaNSPitb18elWjUrJ4/20D46RBY6RTV0heqogQh6RM/oBb0aT8ab8WF8TqI5I5vZRVMwvn8ASBqoUQ==</latexit><latexit sha1_base64="ztG2ZUPaH1N6PdEdi8de6XjVcN4=">AAACLHicbVDLSgMxFM3UV62vqks3wSK4kDJTFOtCKOjCZQWrhU4td9JMG5p5mGQKZZgv8SP8Bre6diHiwo3fYaYdxLYeCBzOOZd7c5yQM6lM893ILSwuLa/kVwtr6xubW8XtnVsZRILQBgl4IJoOSMqZTxuKKU6boaDgOZzeOYOL1L8bUiFZ4N+oUUjbHvR85jICSkud4sklPse2K4DEw/tKElds4GEfkiP7IYIuthVEvwEriTO3UyyZZXMMPE+sjJRQhnqn+GV3AxJ51FeEg5QtywxVOwahGOE0KdiRpCGQAfRoS1MfPCrb8fh7CT7QShe7gdDPV3is/p2IwZNy5Dk66YHqy1kvFf/zWpFyq+2Y+WGkqE8mi9yIYxXgtCvcZYISxUeaABFM34pJH3QVSjc6tcXx0k6s2QbmSaNSPitb18elWjUrJ4/20D46RBY6RTV0heqogQh6RM/oBb0aT8ab8WF8TqI5I5vZRVMwvn8ASBqoUQ==</latexit><latexit sha1_base64="ztG2ZUPaH1N6PdEdi8de6XjVcN4=">AAACLHicbVDLSgMxFM3UV62vqks3wSK4kDJTFOtCKOjCZQWrhU4td9JMG5p5mGQKZZgv8SP8Bre6diHiwo3fYaYdxLYeCBzOOZd7c5yQM6lM893ILSwuLa/kVwtr6xubW8XtnVsZRILQBgl4IJoOSMqZTxuKKU6boaDgOZzeOYOL1L8bUiFZ4N+oUUjbHvR85jICSkud4sklPse2K4DEw/tKElds4GEfkiP7IYIuthVEvwEriTO3UyyZZXMMPE+sjJRQhnqn+GV3AxJ51FeEg5QtywxVOwahGOE0KdiRpCGQAfRoS1MfPCrb8fh7CT7QShe7gdDPV3is/p2IwZNy5Dk66YHqy1kvFf/zWpFyq+2Y+WGkqE8mi9yIYxXgtCvcZYISxUeaABFM34pJH3QVSjc6tcXx0k6s2QbmSaNSPitb18elWjUrJ4/20D46RBY6RTV0heqogQh6RM/oBb0aT8ab8WF8TqI5I5vZRVMwvn8ASBqoUQ==</latexit>

D =
v2

2Dr
, � =

1

Dr
<latexit sha1_base64="IsdN0e/SEg8ve6z84jizUHPwJIY=">AAACJnicbZDNSsNAFIUn9a/Wv6pLN4NFcCE1KYJ1IRTswmUFawtNDZPJpB06k8SZSaGEPIYP4TO41bUrEXf6Jk7aIrb1wsDhnHu5dz43YlQq0/w0ckvLK6tr+fXCxubW9k5xd+9OhrHApIlDFoq2iyRhNCBNRRUj7UgQxF1GWu7gKstbQyIkDYNbNYpIl6NeQH2KkdKWUzytw0to+wLhZHhfSZNK3RHpif0QIw/aCsW/qZUmWeQUS2bZHBdcFNZUlMC0Gk7x2/ZCHHMSKMyQlB3LjFQ3QUJRzEhasGNJIoQHqEc6WgaIE9lNxh9L4ZF2POiHQr9AwbH7dyJBXMoRd3UnR6ov57PM/C/rxMqvdhMaRLEiAZ4s8mMGVQgzStCjgmDFRlogLKi+FeI+0hyUZjmzxeUZE2uewKJoVsoXZevmrFSrTuHkwQE4BMfAAuegBq5BAzQBBo/gGbyAV+PJeDPejY9Ja86YzuyDmTK+fgDgcqV7</latexit><latexit sha1_base64="IsdN0e/SEg8ve6z84jizUHPwJIY=">AAACJnicbZDNSsNAFIUn9a/Wv6pLN4NFcCE1KYJ1IRTswmUFawtNDZPJpB06k8SZSaGEPIYP4TO41bUrEXf6Jk7aIrb1wsDhnHu5dz43YlQq0/w0ckvLK6tr+fXCxubW9k5xd+9OhrHApIlDFoq2iyRhNCBNRRUj7UgQxF1GWu7gKstbQyIkDYNbNYpIl6NeQH2KkdKWUzytw0to+wLhZHhfSZNK3RHpif0QIw/aCsW/qZUmWeQUS2bZHBdcFNZUlMC0Gk7x2/ZCHHMSKMyQlB3LjFQ3QUJRzEhasGNJIoQHqEc6WgaIE9lNxh9L4ZF2POiHQr9AwbH7dyJBXMoRd3UnR6ov57PM/C/rxMqvdhMaRLEiAZ4s8mMGVQgzStCjgmDFRlogLKi+FeI+0hyUZjmzxeUZE2uewKJoVsoXZevmrFSrTuHkwQE4BMfAAuegBq5BAzQBBo/gGbyAV+PJeDPejY9Ja86YzuyDmTK+fgDgcqV7</latexit><latexit sha1_base64="IsdN0e/SEg8ve6z84jizUHPwJIY=">AAACJnicbZDNSsNAFIUn9a/Wv6pLN4NFcCE1KYJ1IRTswmUFawtNDZPJpB06k8SZSaGEPIYP4TO41bUrEXf6Jk7aIrb1wsDhnHu5dz43YlQq0/w0ckvLK6tr+fXCxubW9k5xd+9OhrHApIlDFoq2iyRhNCBNRRUj7UgQxF1GWu7gKstbQyIkDYNbNYpIl6NeQH2KkdKWUzytw0to+wLhZHhfSZNK3RHpif0QIw/aCsW/qZUmWeQUS2bZHBdcFNZUlMC0Gk7x2/ZCHHMSKMyQlB3LjFQ3QUJRzEhasGNJIoQHqEc6WgaIE9lNxh9L4ZF2POiHQr9AwbH7dyJBXMoRd3UnR6ov57PM/C/rxMqvdhMaRLEiAZ4s8mMGVQgzStCjgmDFRlogLKi+FeI+0hyUZjmzxeUZE2uewKJoVsoXZevmrFSrTuHkwQE4BMfAAuegBq5BAzQBBo/gGbyAV+PJeDPejY9Ja86YzuyDmTK+fgDgcqV7</latexit><latexit sha1_base64="IsdN0e/SEg8ve6z84jizUHPwJIY=">AAACJnicbZDNSsNAFIUn9a/Wv6pLN4NFcCE1KYJ1IRTswmUFawtNDZPJpB06k8SZSaGEPIYP4TO41bUrEXf6Jk7aIrb1wsDhnHu5dz43YlQq0/w0ckvLK6tr+fXCxubW9k5xd+9OhrHApIlDFoq2iyRhNCBNRRUj7UgQxF1GWu7gKstbQyIkDYNbNYpIl6NeQH2KkdKWUzytw0to+wLhZHhfSZNK3RHpif0QIw/aCsW/qZUmWeQUS2bZHBdcFNZUlMC0Gk7x2/ZCHHMSKMyQlB3LjFQ3QUJRzEhasGNJIoQHqEc6WgaIE9lNxh9L4ZF2POiHQr9AwbH7dyJBXMoRd3UnR6ov57PM/C/rxMqvdhMaRLEiAZ4s8mMGVQgzStCjgmDFRlogLKi+FeI+0hyUZjmzxeUZE2uewKJoVsoXZevmrFSrTuHkwQE4BMfAAuegBq5BAzQBBo/gGbyAV+PJeDPejY9Ja86YzuyDmTK+fgDgcqV7</latexit>



A simple model of active particles
�v̂(t)v̂(s)�

<latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit><latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit><latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit><latexit sha1_base64="dP+4oZsm3wRw6N/pLmNcVNPH+lw=">AAACJHicdVDLSgMxFM34rO9Rl26CRWgXlhnxuZGCG5cVrAqdUjLpnTaYyQzJHaEM/Qo/wm9wq2tX4sKN4J+YPhQVPRA4nHMuN/eEqRQGPe/VmZicmp6ZLczNLywuLa+4q2sXJsk0hzpPZKKvQmZACgV1FCjhKtXA4lDCZXh9MvAvb0Abkahz7KXQjFlHiUhwhlZquduBhAgDyVRHQtBlmN/0S1j+ZKYcaNHpYqCHgZZb9Cp7nn+071Ov4g1BvxR/rBTJGLWW+x60E57FoJBLZkzD91Js5kyj4BL680FmIGX8mnWgYaliMZhmPjyrT7es0qZRou1TSIfq94mcxcb04tAmY4Zd89sbiH95jQyjw2YuVJohKD5aFGWSYkIHHdG20MBR9ixhXAv7V8q7TDOOtskfW8K4bzv5PJz+T+o7laOKf7ZbrB6PyymQDbJJSsQnB6RKTkmN1Aknt+SePJBH5855cp6dl1F0whnPrJMfcN4+ALgiprs=</latexit>

=
D

�
e�|t�s|/�

<latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit><latexit sha1_base64="Luv3dD0NHb1r2Yc4ZhRZIzrCf/I=">AAACIXicbZDNSsNAFIUn9b/+VV26GSyCiK2JCOpCEXThUsFqoYllMp3UwZkkzNwIJeYdfAifwa2uXYk7ceWbOGmzsNYLA4dz7uXe+fxYcA22/WmVxsYnJqemZ8qzc/MLi5Wl5SsdJYqyBo1EpJo+0UzwkDWAg2DNWDEifcGu/buTPL++Z0rzKLyEXsw8SbohDzglYKx2ZfMQu4EiND3NUhdIkrlbriRwq2TKspu09gA1/bDdT9qVql23+4VHhVOIKirqvF35djsRTSQLgQqidcuxY/BSooBTwbKym2gWE3pHuqxlZEgk017a/1OG143TwUGkzAsB993fEymRWvekbzrze/XfLDf/y1oJBPteysM4ARbSwaIgERginAPCHa4YBdEzglDFza2Y3hKDCAzGoS2+zJk4fwmMisZO/aDuXOxWj48KONNoFa2hDeSgPXSMztA5aiCKHtEzekGv1pP1Zr1bH4PWklXMrKChsr5+AJ85pRI=</latexit>

˙̂x = � V �(x̂) + v̂
<latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit><latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit><latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit><latexit sha1_base64="HWyBhd8nDccfzqc2TN+QFggGlBc="></latexit>

(reduces to EQ dynamics)

����
��0

2D�(t � s)
<latexit sha1_base64="i7TIj1ipPRRjmSSBzP+2rsFxxQc="></latexit><latexit sha1_base64="i7TIj1ipPRRjmSSBzP+2rsFxxQc="></latexit><latexit sha1_base64="i7TIj1ipPRRjmSSBzP+2rsFxxQc="></latexit><latexit sha1_base64="i7TIj1ipPRRjmSSBzP+2rsFxxQc="></latexit>

NEQ driving at the level of each particle for nonzero � .
<latexit sha1_base64="UCPuVRoXgsscuDVrrBVwqffqsRc="></latexit><latexit sha1_base64="UCPuVRoXgsscuDVrrBVwqffqsRc="></latexit><latexit sha1_base64="UCPuVRoXgsscuDVrrBVwqffqsRc="></latexit><latexit sha1_base64="UCPuVRoXgsscuDVrrBVwqffqsRc="></latexit>

❖ Objective: identify the NEQ features of active particles by 
studying the effects of small but nonzero   through 
a Markovian approximation.

�
<latexit sha1_base64="qBM+H+hlgvrksP0PYhvdo5Mhqjo="></latexit><latexit sha1_base64="qBM+H+hlgvrksP0PYhvdo5Mhqjo="></latexit><latexit sha1_base64="qBM+H+hlgvrksP0PYhvdo5Mhqjo="></latexit><latexit sha1_base64="qBM+H+hlgvrksP0PYhvdo5Mhqjo="></latexit>



Phase separation
❖ Phase separation at EQ 

requires attractions.
❖ Short-range repulsion 

+ Self-propelled particles 
⟹ Phase separation 
(No attraction needed!)

❖ Motility-Induced Phase 
Separation (MIPS): phase 
separation due to reduced 
motility in high-density 
regions [Redner, Hagan, & Baskaran, PRL (2013)]

2D lattice model of bacteria



Unified Colored-Noise Approximation (UCNA)

�v̂(t) v̂(s)� =
D

�
e�|t�s|/�

<latexit sha1_base64="Vm6jn0SNMIjm7IPAS9QgUmpLEp4="></latexit><latexit sha1_base64="Vm6jn0SNMIjm7IPAS9QgUmpLEp4="></latexit><latexit sha1_base64="Vm6jn0SNMIjm7IPAS9QgUmpLEp4="></latexit><latexit sha1_base64="Vm6jn0SNMIjm7IPAS9QgUmpLEp4="></latexit>

˙̂x = �V �(x̂) + v̂
<latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit>

�v̂� = 0
<latexit sha1_base64="oxftKG2lowjjY6BQVnGeC62Byhg=">AAACEHicbVDLSsNAFJ34rPUVdSVuBovgqiQiqAul4MZlBWMLTSiT6aQdOjMJM5NCCcGP8Bvc6tqVuPUPXPonTtMsbOuBC2fOuZc794QJo0o7zre1tLyyurZe2ahubm3v7Np7+48qTiUmHo5ZLNshUoRRQTxNNSPtRBLEQ0Za4fB24rdGRCoaiwc9TkjAUV/QiGKkjdS1D32GRJ8Rf4B0Nsp9WbzgNXS6ds2pOwXgInFLUgMlml37x+/FOOVEaMyQUh3XSXSQIakpZiSv+qkiCcJD1CcdQwXiRAVZcUIOT4zSg1EsTQkNC/XvRIa4UmMemk6O9EDNexPxP6+T6ugyyKhIUk0Eni6KUgZ1DCd5wB6VBGs2NgRhSc1fIR4gibA2qc1sCXluMnHnE1gk3ln9qu7en9caN2U4FXAEjsEpcMEFaIA70AQewOAJvIBX8GY9W+/Wh/U5bV2yypkDMAPr6xdPzp1j</latexit><latexit sha1_base64="oxftKG2lowjjY6BQVnGeC62Byhg=">AAACEHicbVDLSsNAFJ34rPUVdSVuBovgqiQiqAul4MZlBWMLTSiT6aQdOjMJM5NCCcGP8Bvc6tqVuPUPXPonTtMsbOuBC2fOuZc794QJo0o7zre1tLyyurZe2ahubm3v7Np7+48qTiUmHo5ZLNshUoRRQTxNNSPtRBLEQ0Za4fB24rdGRCoaiwc9TkjAUV/QiGKkjdS1D32GRJ8Rf4B0Nsp9WbzgNXS6ds2pOwXgInFLUgMlml37x+/FOOVEaMyQUh3XSXSQIakpZiSv+qkiCcJD1CcdQwXiRAVZcUIOT4zSg1EsTQkNC/XvRIa4UmMemk6O9EDNexPxP6+T6ugyyKhIUk0Eni6KUgZ1DCd5wB6VBGs2NgRhSc1fIR4gibA2qc1sCXluMnHnE1gk3ln9qu7en9caN2U4FXAEjsEpcMEFaIA70AQewOAJvIBX8GY9W+/Wh/U5bV2yypkDMAPr6xdPzp1j</latexit><latexit sha1_base64="oxftKG2lowjjY6BQVnGeC62Byhg=">AAACEHicbVDLSsNAFJ34rPUVdSVuBovgqiQiqAul4MZlBWMLTSiT6aQdOjMJM5NCCcGP8Bvc6tqVuPUPXPonTtMsbOuBC2fOuZc794QJo0o7zre1tLyyurZe2ahubm3v7Np7+48qTiUmHo5ZLNshUoRRQTxNNSPtRBLEQ0Za4fB24rdGRCoaiwc9TkjAUV/QiGKkjdS1D32GRJ8Rf4B0Nsp9WbzgNXS6ds2pOwXgInFLUgMlml37x+/FOOVEaMyQUh3XSXSQIakpZiSv+qkiCcJD1CcdQwXiRAVZcUIOT4zSg1EsTQkNC/XvRIa4UmMemk6O9EDNexPxP6+T6ugyyKhIUk0Eni6KUgZ1DCd5wB6VBGs2NgRhSc1fIR4gibA2qc1sCXluMnHnE1gk3ln9qu7en9caN2U4FXAEjsEpcMEFaIA70AQewOAJvIBX8GY9W+/Wh/U5bV2yypkDMAPr6xdPzp1j</latexit><latexit sha1_base64="oxftKG2lowjjY6BQVnGeC62Byhg=">AAACEHicbVDLSsNAFJ34rPUVdSVuBovgqiQiqAul4MZlBWMLTSiT6aQdOjMJM5NCCcGP8Bvc6tqVuPUPXPonTtMsbOuBC2fOuZc794QJo0o7zre1tLyyurZe2ahubm3v7Np7+48qTiUmHo5ZLNshUoRRQTxNNSPtRBLEQ0Za4fB24rdGRCoaiwc9TkjAUV/QiGKkjdS1D32GRJ8Rf4B0Nsp9WbzgNXS6ds2pOwXgInFLUgMlml37x+/FOOVEaMyQUh3XSXSQIakpZiSv+qkiCcJD1CcdQwXiRAVZcUIOT4zSg1EsTQkNC/XvRIa4UmMemk6O9EDNexPxP6+T6ugyyKhIUk0Eni6KUgZ1DCd5wB6VBGs2NgRhSc1fIR4gibA2qc1sCXluMnHnE1gk3ln9qu7en9caN2U4FXAEjsEpcMEFaIA70AQewOAJvIBX8GY9W+/Wh/U5bV2yypkDMAPr6xdPzp1j</latexit>

Colored noise = Ornstein–Uhlenbeck process

˙̂x = �V �(x̂) + v̂
<latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit>

˙̂v = �1

�
v̂ + �̂

<latexit sha1_base64="j9PCCAV/s5BVxDOd4D6dbsHrR90=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiCWBIR1IVScOOygrGFppTJdNIOnTyYuSmWkN/wI/wGt7p2Jbrsnzhps7CtBwYO59zLuXO8WHAFlvVjLC2vrK6tlzbKm1vbO7vm3v6TihJJmUMjEcmmRxQTPGQOcBCsGUtGAk+whje4y/3GkEnFo/ARRjFrB6QXcp9TAlrqmJbbjSB1+wTSYZbhG3zm+pLQ1M5SF0iSFQ4+xTlzn3nHrFhVawK8SOyCVFCBescc6wiaBCwEKohSLduKoZ0SCZwKlpXdRLGY0AHpsZamIQmYaqeTn2X4WCtd7EdSvxDwRP27kZJAqVHg6cmAQF/Ne7n4n9dKwL9qpzyME2AhnQb5icAQ4bwm3OWSURAjTQiVXN+KaZ/oZkCXOZPiBZnuxJ5vYJE459Xrqv1wUandFuWU0CE6QifIRpeohu5RHTmIohf0ht7Rh/FqfBpfxvd0dMkodg7QDIzxL/++p0Q=</latexit><latexit sha1_base64="j9PCCAV/s5BVxDOd4D6dbsHrR90=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiCWBIR1IVScOOygrGFppTJdNIOnTyYuSmWkN/wI/wGt7p2Jbrsnzhps7CtBwYO59zLuXO8WHAFlvVjLC2vrK6tlzbKm1vbO7vm3v6TihJJmUMjEcmmRxQTPGQOcBCsGUtGAk+whje4y/3GkEnFo/ARRjFrB6QXcp9TAlrqmJbbjSB1+wTSYZbhG3zm+pLQ1M5SF0iSFQ4+xTlzn3nHrFhVawK8SOyCVFCBescc6wiaBCwEKohSLduKoZ0SCZwKlpXdRLGY0AHpsZamIQmYaqeTn2X4WCtd7EdSvxDwRP27kZJAqVHg6cmAQF/Ne7n4n9dKwL9qpzyME2AhnQb5icAQ4bwm3OWSURAjTQiVXN+KaZ/oZkCXOZPiBZnuxJ5vYJE459Xrqv1wUandFuWU0CE6QifIRpeohu5RHTmIohf0ht7Rh/FqfBpfxvd0dMkodg7QDIzxL/++p0Q=</latexit><latexit sha1_base64="j9PCCAV/s5BVxDOd4D6dbsHrR90=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiCWBIR1IVScOOygrGFppTJdNIOnTyYuSmWkN/wI/wGt7p2Jbrsnzhps7CtBwYO59zLuXO8WHAFlvVjLC2vrK6tlzbKm1vbO7vm3v6TihJJmUMjEcmmRxQTPGQOcBCsGUtGAk+whje4y/3GkEnFo/ARRjFrB6QXcp9TAlrqmJbbjSB1+wTSYZbhG3zm+pLQ1M5SF0iSFQ4+xTlzn3nHrFhVawK8SOyCVFCBescc6wiaBCwEKohSLduKoZ0SCZwKlpXdRLGY0AHpsZamIQmYaqeTn2X4WCtd7EdSvxDwRP27kZJAqVHg6cmAQF/Ne7n4n9dKwL9qpzyME2AhnQb5icAQ4bwm3OWSURAjTQiVXN+KaZ/oZkCXOZPiBZnuxJ5vYJE459Xrqv1wUandFuWU0CE6QifIRpeohu5RHTmIohf0ht7Rh/FqfBpfxvd0dMkodg7QDIzxL/++p0Q=</latexit><latexit sha1_base64="j9PCCAV/s5BVxDOd4D6dbsHrR90=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiCWBIR1IVScOOygrGFppTJdNIOnTyYuSmWkN/wI/wGt7p2Jbrsnzhps7CtBwYO59zLuXO8WHAFlvVjLC2vrK6tlzbKm1vbO7vm3v6TihJJmUMjEcmmRxQTPGQOcBCsGUtGAk+whje4y/3GkEnFo/ARRjFrB6QXcp9TAlrqmJbbjSB1+wTSYZbhG3zm+pLQ1M5SF0iSFQ4+xTlzn3nHrFhVawK8SOyCVFCBescc6wiaBCwEKohSLduKoZ0SCZwKlpXdRLGY0AHpsZamIQmYaqeTn2X4WCtd7EdSvxDwRP27kZJAqVHg6cmAQF/Ne7n4n9dKwL9qpzyME2AhnQb5icAQ4bwm3OWSURAjTQiVXN+KaZ/oZkCXOZPiBZnuxJ5vYJE459Xrqv1wUandFuWU0CE6QifIRpeohu5RHTmIohf0ht7Rh/FqfBpfxvd0dMkodg7QDIzxL/++p0Q=</latexit>

�
�̂(t)�̂(s)

�
=

2D

�2
�(t � s)

<latexit sha1_base64="WXizhxl5GJ81mEgqxr17NS756ZE="></latexit><latexit sha1_base64="WXizhxl5GJ81mEgqxr17NS756ZE="></latexit><latexit sha1_base64="WXizhxl5GJ81mEgqxr17NS756ZE="></latexit><latexit sha1_base64="WXizhxl5GJ81mEgqxr17NS756ZE="></latexit>

�
�̂
�

= 0
<latexit sha1_base64="21kugI9/o/2UqGjMyssgAjWqP5w=">AAACG3icbVA9SwNBEN3zM8avqKXNYhSswp0IaqEEbCwjGBPIhbC3mUuW7O0du3NiCPkD/gh/g63WVmJrYek/cXNJYRIfDDzem2FmXpBIYdB1v52FxaXlldXcWn59Y3Nru7Cze2/iVHOo8ljGuh4wA1IoqKJACfVEA4sCCbWgdz3yaw+gjYjVHfYTaEaso0QoOEMrtQqHvoQQfclUR4LfZeg/Cl+LThd9nWn0krqtQtEtuRnoPPEmpEgmqLQKP3475mkECrlkxjQ8N8HmgGkUXMIw76cGEsZ7rAMNSxWLwDQH2TdDemSVNg1jbUshzdS/EwMWGdOPAtsZMeyaWW8k/uc1UgzPmwOhkhRB8fGiMJUUYzqKhraFBo6ybwnjWthbKe8yzTjaAKe2BNHQZuLNJjBPqieli5J3e1osX03CyZF9ckCOiUfOSJnckAqpEk6eyAt5JW/Os/PufDif49YFZzKzR6bgfP0CM7WiIQ==</latexit><latexit sha1_base64="21kugI9/o/2UqGjMyssgAjWqP5w=">AAACG3icbVA9SwNBEN3zM8avqKXNYhSswp0IaqEEbCwjGBPIhbC3mUuW7O0du3NiCPkD/gh/g63WVmJrYek/cXNJYRIfDDzem2FmXpBIYdB1v52FxaXlldXcWn59Y3Nru7Cze2/iVHOo8ljGuh4wA1IoqKJACfVEA4sCCbWgdz3yaw+gjYjVHfYTaEaso0QoOEMrtQqHvoQQfclUR4LfZeg/Cl+LThd9nWn0krqtQtEtuRnoPPEmpEgmqLQKP3475mkECrlkxjQ8N8HmgGkUXMIw76cGEsZ7rAMNSxWLwDQH2TdDemSVNg1jbUshzdS/EwMWGdOPAtsZMeyaWW8k/uc1UgzPmwOhkhRB8fGiMJUUYzqKhraFBo6ybwnjWthbKe8yzTjaAKe2BNHQZuLNJjBPqieli5J3e1osX03CyZF9ckCOiUfOSJnckAqpEk6eyAt5JW/Os/PufDif49YFZzKzR6bgfP0CM7WiIQ==</latexit><latexit sha1_base64="21kugI9/o/2UqGjMyssgAjWqP5w=">AAACG3icbVA9SwNBEN3zM8avqKXNYhSswp0IaqEEbCwjGBPIhbC3mUuW7O0du3NiCPkD/gh/g63WVmJrYek/cXNJYRIfDDzem2FmXpBIYdB1v52FxaXlldXcWn59Y3Nru7Cze2/iVHOo8ljGuh4wA1IoqKJACfVEA4sCCbWgdz3yaw+gjYjVHfYTaEaso0QoOEMrtQqHvoQQfclUR4LfZeg/Cl+LThd9nWn0krqtQtEtuRnoPPEmpEgmqLQKP3475mkECrlkxjQ8N8HmgGkUXMIw76cGEsZ7rAMNSxWLwDQH2TdDemSVNg1jbUshzdS/EwMWGdOPAtsZMeyaWW8k/uc1UgzPmwOhkhRB8fGiMJUUYzqKhraFBo6ybwnjWthbKe8yzTjaAKe2BNHQZuLNJjBPqieli5J3e1osX03CyZF9ckCOiUfOSJnckAqpEk6eyAt5JW/Os/PufDif49YFZzKzR6bgfP0CM7WiIQ==</latexit><latexit sha1_base64="21kugI9/o/2UqGjMyssgAjWqP5w=">AAACG3icbVA9SwNBEN3zM8avqKXNYhSswp0IaqEEbCwjGBPIhbC3mUuW7O0du3NiCPkD/gh/g63WVmJrYek/cXNJYRIfDDzem2FmXpBIYdB1v52FxaXlldXcWn59Y3Nru7Cze2/iVHOo8ljGuh4wA1IoqKJACfVEA4sCCbWgdz3yaw+gjYjVHfYTaEaso0QoOEMrtQqHvoQQfclUR4LfZeg/Cl+LThd9nWn0krqtQtEtuRnoPPEmpEgmqLQKP3475mkECrlkxjQ8N8HmgGkUXMIw76cGEsZ7rAMNSxWLwDQH2TdDemSVNg1jbUshzdS/EwMWGdOPAtsZMeyaWW8k/uc1UgzPmwOhkhRB8fGiMJUUYzqKhraFBo6ybwnjWthbKe8yzTjaAKe2BNHQZuLNJjBPqieli5J3e1osX03CyZF9ckCOiUfOSJnckAqpEk6eyAt5JW/Os/PufDif49YFZzKzR6bgfP0CM7WiIQ==</latexit>

¨̂x = �1

�
[1 + �V ��(x̂)] � ˙̂x � 1

�
V �(x̂) + �̂

<latexit sha1_base64="t0rzDo+c7xSPmGuoMfJxMMfcS8I="></latexit><latexit sha1_base64="t0rzDo+c7xSPmGuoMfJxMMfcS8I="></latexit><latexit sha1_base64="t0rzDo+c7xSPmGuoMfJxMMfcS8I="></latexit><latexit sha1_base64="t0rzDo+c7xSPmGuoMfJxMMfcS8I="></latexit>

Elimination of v̂
<latexit sha1_base64="qimzaPkBWSZ4+A8tf+YokYaLyUA=">AAAB/HicdVBNS8NAEN34WetX1aOXxSJ4CklpbOup4MVjBWMLbSib7aZdursJu5tCCcXf4FXPnsSr/8Wj/8RNW8GKPhh4vDfDzLwwYVRpx/mw1tY3Nre2CzvF3b39g8PS0fG9ilOJiY9jFstOiBRhVBBfU81IJ5EE8ZCRdji+zv32hEhFY3GnpwkJOBoKGlGMtJHavRHS2WTWL5Udu+5cel4NOrbreY2ql5NKvVppQNd25iiDJVr90mdvEOOUE6ExQ0p1XSfRQYakppiRWbGXKpIgPEZD0jVUIE5UkM3PncFzowxgFEtTQsO5+nMiQ1ypKQ9NJ0d6pH57ufiX1011VA8yKpJUE4EXi6KUQR3D/Hc4oJJgzaaGICypuRXiEZIIa5PQypaQ55l8Pw7/J37FbtjubbXcvFqGUwCn4AxcABfUQBPcgBbwAQZj8AiewLP1YL1Yr9bbonXNWs6cgBVY719dUpZ/</latexit><latexit sha1_base64="qimzaPkBWSZ4+A8tf+YokYaLyUA=">AAAB/HicdVBNS8NAEN34WetX1aOXxSJ4CklpbOup4MVjBWMLbSib7aZdursJu5tCCcXf4FXPnsSr/8Wj/8RNW8GKPhh4vDfDzLwwYVRpx/mw1tY3Nre2CzvF3b39g8PS0fG9ilOJiY9jFstOiBRhVBBfU81IJ5EE8ZCRdji+zv32hEhFY3GnpwkJOBoKGlGMtJHavRHS2WTWL5Udu+5cel4NOrbreY2ql5NKvVppQNd25iiDJVr90mdvEOOUE6ExQ0p1XSfRQYakppiRWbGXKpIgPEZD0jVUIE5UkM3PncFzowxgFEtTQsO5+nMiQ1ypKQ9NJ0d6pH57ufiX1011VA8yKpJUE4EXi6KUQR3D/Hc4oJJgzaaGICypuRXiEZIIa5PQypaQ55l8Pw7/J37FbtjubbXcvFqGUwCn4AxcABfUQBPcgBbwAQZj8AiewLP1YL1Yr9bbonXNWs6cgBVY719dUpZ/</latexit><latexit sha1_base64="qimzaPkBWSZ4+A8tf+YokYaLyUA=">AAAB/HicdVBNS8NAEN34WetX1aOXxSJ4CklpbOup4MVjBWMLbSib7aZdursJu5tCCcXf4FXPnsSr/8Wj/8RNW8GKPhh4vDfDzLwwYVRpx/mw1tY3Nre2CzvF3b39g8PS0fG9ilOJiY9jFstOiBRhVBBfU81IJ5EE8ZCRdji+zv32hEhFY3GnpwkJOBoKGlGMtJHavRHS2WTWL5Udu+5cel4NOrbreY2ql5NKvVppQNd25iiDJVr90mdvEOOUE6ExQ0p1XSfRQYakppiRWbGXKpIgPEZD0jVUIE5UkM3PncFzowxgFEtTQsO5+nMiQ1ypKQ9NJ0d6pH57ufiX1011VA8yKpJUE4EXi6KUQR3D/Hc4oJJgzaaGICypuRXiEZIIa5PQypaQ55l8Pw7/J37FbtjubbXcvFqGUwCn4AxcABfUQBPcgBbwAQZj8AiewLP1YL1Yr9bbonXNWs6cgBVY719dUpZ/</latexit><latexit sha1_base64="qimzaPkBWSZ4+A8tf+YokYaLyUA=">AAAB/HicdVBNS8NAEN34WetX1aOXxSJ4CklpbOup4MVjBWMLbSib7aZdursJu5tCCcXf4FXPnsSr/8Wj/8RNW8GKPhh4vDfDzLwwYVRpx/mw1tY3Nre2CzvF3b39g8PS0fG9ilOJiY9jFstOiBRhVBBfU81IJ5EE8ZCRdji+zv32hEhFY3GnpwkJOBoKGlGMtJHavRHS2WTWL5Udu+5cel4NOrbreY2ql5NKvVppQNd25iiDJVr90mdvEOOUE6ExQ0p1XSfRQYakppiRWbGXKpIgPEZD0jVUIE5UkM3PncFzowxgFEtTQsO5+nMiQ1ypKQ9NJ0d6pH57ufiX1011VA8yKpJUE4EXi6KUQR3D/Hc4oJJgzaaGICypuRXiEZIIa5PQypaQ55l8Pw7/J37FbtjubbXcvFqGUwCn4AxcABfUQBPcgBbwAQZj8AiewLP1YL1Yr9bbonXNWs6cgBVY719dUpZ/</latexit>

[Jung & Hänggi, PRA 35, 44464 (1987)], [Hänggi & Jung, Adv. Chem. Phys. (1994)]

¨̂x = 0
<latexit sha1_base64="+ltml6VsQc7iZ3KMk+flPpaeLIc=">AAACCXicdVDLSgNBEJyNrxhfMR69DAbB07IbsiYRhIAXjxGMCSQhzM5OkiGzD2Z6JWHZP/AbvOrZk3j1Kzz6J04eghEtaCiquunuciPBFVjWh5FZW9/Y3Mpu53Z29/YP8oeFOxXGkrImDUUo2y5RTPCANYGDYO1IMuK7grXc8dXMb90zqXgY3MI0Yj2fDAM+4JSAlvr5QtfzQki6IwLJJE3xJbb6+aJlVq1zx6lgy7Qdp1Z2ZqRULZdq2DatOYpoiUY//9n1Qhr7LAAqiFId24qglxAJnAqW5rqxYhGhYzJkHU0D4jPVS+a3p/hUKx4ehFJXAHiu/pxIiK/U1Hd1p09gpH57M/EvrxPDoNpLeBDFwAK6WDSIBYYQz4LAHpeMgphqQqjk+lZMR0QSCjqulS2un+pMvh/H/5NmyayZ9k25WL9YhpNFx+gEnSEbVVAdXaMGaiKKJugRPaFn48F4MV6Nt0VrxljOHKEVGO9fbDGazA==</latexit><latexit sha1_base64="+ltml6VsQc7iZ3KMk+flPpaeLIc=">AAACCXicdVDLSgNBEJyNrxhfMR69DAbB07IbsiYRhIAXjxGMCSQhzM5OkiGzD2Z6JWHZP/AbvOrZk3j1Kzz6J04eghEtaCiquunuciPBFVjWh5FZW9/Y3Mpu53Z29/YP8oeFOxXGkrImDUUo2y5RTPCANYGDYO1IMuK7grXc8dXMb90zqXgY3MI0Yj2fDAM+4JSAlvr5QtfzQki6IwLJJE3xJbb6+aJlVq1zx6lgy7Qdp1Z2ZqRULZdq2DatOYpoiUY//9n1Qhr7LAAqiFId24qglxAJnAqW5rqxYhGhYzJkHU0D4jPVS+a3p/hUKx4ehFJXAHiu/pxIiK/U1Hd1p09gpH57M/EvrxPDoNpLeBDFwAK6WDSIBYYQz4LAHpeMgphqQqjk+lZMR0QSCjqulS2un+pMvh/H/5NmyayZ9k25WL9YhpNFx+gEnSEbVVAdXaMGaiKKJugRPaFn48F4MV6Nt0VrxljOHKEVGO9fbDGazA==</latexit><latexit sha1_base64="+ltml6VsQc7iZ3KMk+flPpaeLIc=">AAACCXicdVDLSgNBEJyNrxhfMR69DAbB07IbsiYRhIAXjxGMCSQhzM5OkiGzD2Z6JWHZP/AbvOrZk3j1Kzz6J04eghEtaCiquunuciPBFVjWh5FZW9/Y3Mpu53Z29/YP8oeFOxXGkrImDUUo2y5RTPCANYGDYO1IMuK7grXc8dXMb90zqXgY3MI0Yj2fDAM+4JSAlvr5QtfzQki6IwLJJE3xJbb6+aJlVq1zx6lgy7Qdp1Z2ZqRULZdq2DatOYpoiUY//9n1Qhr7LAAqiFId24qglxAJnAqW5rqxYhGhYzJkHU0D4jPVS+a3p/hUKx4ehFJXAHiu/pxIiK/U1Hd1p09gpH57M/EvrxPDoNpLeBDFwAK6WDSIBYYQz4LAHpeMgphqQqjk+lZMR0QSCjqulS2un+pMvh/H/5NmyayZ9k25WL9YhpNFx+gEnSEbVVAdXaMGaiKKJugRPaFn48F4MV6Nt0VrxljOHKEVGO9fbDGazA==</latexit><latexit sha1_base64="+ltml6VsQc7iZ3KMk+flPpaeLIc=">AAACCXicdVDLSgNBEJyNrxhfMR69DAbB07IbsiYRhIAXjxGMCSQhzM5OkiGzD2Z6JWHZP/AbvOrZk3j1Kzz6J04eghEtaCiquunuciPBFVjWh5FZW9/Y3Mpu53Z29/YP8oeFOxXGkrImDUUo2y5RTPCANYGDYO1IMuK7grXc8dXMb90zqXgY3MI0Yj2fDAM+4JSAlvr5QtfzQki6IwLJJE3xJbb6+aJlVq1zx6lgy7Qdp1Z2ZqRULZdq2DatOYpoiUY//9n1Qhr7LAAqiFId24qglxAJnAqW5rqxYhGhYzJkHU0D4jPVS+a3p/hUKx4ehFJXAHiu/pxIiK/U1Hd1p09gpH57M/EvrxPDoNpLeBDFwAK6WDSIBYYQz4LAHpeMgphqQqjk+lZMR0QSCjqulS2un+pMvh/H/5NmyayZ9k25WL9YhpNFx+gEnSEbVVAdXaMGaiKKJugRPaFn48F4MV6Nt0VrxljOHKEVGO9fbDGazA==</latexit>

˙̂x = � V �(x̂)

1 + �V ��(x̂)
+

�

1 + �V ��(x̂)
� �̂

<latexit sha1_base64="Q5Ur7ZBOOM/HOPlGnsQPCQG7CEQ="></latexit><latexit sha1_base64="Q5Ur7ZBOOM/HOPlGnsQPCQG7CEQ="></latexit><latexit sha1_base64="Q5Ur7ZBOOM/HOPlGnsQPCQG7CEQ="></latexit><latexit sha1_base64="Q5Ur7ZBOOM/HOPlGnsQPCQG7CEQ="></latexit>

Stratonovich product



Unified Colored-Noise Approximation (UCNA)

[Jung & Hänggi, PRA 35, 44464 (1987)], [Hänggi & Jung, Adv. Chem. Phys. (1994)]

Colored noise = Ornstein–Uhlenbeck process

�v̂(t) v̂(s)� =
D

�
e�|t�s|/�

<latexit sha1_base64="Vm6jn0SNMIjm7IPAS9QgUmpLEp4="></latexit><latexit sha1_base64="Vm6jn0SNMIjm7IPAS9QgUmpLEp4="></latexit><latexit sha1_base64="Vm6jn0SNMIjm7IPAS9QgUmpLEp4="></latexit><latexit sha1_base64="Vm6jn0SNMIjm7IPAS9QgUmpLEp4="></latexit>

˙̂x = �V �(x̂) + v̂
<latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit>

�v̂� = 0
<latexit sha1_base64="oxftKG2lowjjY6BQVnGeC62Byhg=">AAACEHicbVDLSsNAFJ34rPUVdSVuBovgqiQiqAul4MZlBWMLTSiT6aQdOjMJM5NCCcGP8Bvc6tqVuPUPXPonTtMsbOuBC2fOuZc794QJo0o7zre1tLyyurZe2ahubm3v7Np7+48qTiUmHo5ZLNshUoRRQTxNNSPtRBLEQ0Za4fB24rdGRCoaiwc9TkjAUV/QiGKkjdS1D32GRJ8Rf4B0Nsp9WbzgNXS6ds2pOwXgInFLUgMlml37x+/FOOVEaMyQUh3XSXSQIakpZiSv+qkiCcJD1CcdQwXiRAVZcUIOT4zSg1EsTQkNC/XvRIa4UmMemk6O9EDNexPxP6+T6ugyyKhIUk0Eni6KUgZ1DCd5wB6VBGs2NgRhSc1fIR4gibA2qc1sCXluMnHnE1gk3ln9qu7en9caN2U4FXAEjsEpcMEFaIA70AQewOAJvIBX8GY9W+/Wh/U5bV2yypkDMAPr6xdPzp1j</latexit><latexit sha1_base64="oxftKG2lowjjY6BQVnGeC62Byhg=">AAACEHicbVDLSsNAFJ34rPUVdSVuBovgqiQiqAul4MZlBWMLTSiT6aQdOjMJM5NCCcGP8Bvc6tqVuPUPXPonTtMsbOuBC2fOuZc794QJo0o7zre1tLyyurZe2ahubm3v7Np7+48qTiUmHo5ZLNshUoRRQTxNNSPtRBLEQ0Za4fB24rdGRCoaiwc9TkjAUV/QiGKkjdS1D32GRJ8Rf4B0Nsp9WbzgNXS6ds2pOwXgInFLUgMlml37x+/FOOVEaMyQUh3XSXSQIakpZiSv+qkiCcJD1CcdQwXiRAVZcUIOT4zSg1EsTQkNC/XvRIa4UmMemk6O9EDNexPxP6+T6ugyyKhIUk0Eni6KUgZ1DCd5wB6VBGs2NgRhSc1fIR4gibA2qc1sCXluMnHnE1gk3ln9qu7en9caN2U4FXAEjsEpcMEFaIA70AQewOAJvIBX8GY9W+/Wh/U5bV2yypkDMAPr6xdPzp1j</latexit><latexit sha1_base64="oxftKG2lowjjY6BQVnGeC62Byhg=">AAACEHicbVDLSsNAFJ34rPUVdSVuBovgqiQiqAul4MZlBWMLTSiT6aQdOjMJM5NCCcGP8Bvc6tqVuPUPXPonTtMsbOuBC2fOuZc794QJo0o7zre1tLyyurZe2ahubm3v7Np7+48qTiUmHo5ZLNshUoRRQTxNNSPtRBLEQ0Za4fB24rdGRCoaiwc9TkjAUV/QiGKkjdS1D32GRJ8Rf4B0Nsp9WbzgNXS6ds2pOwXgInFLUgMlml37x+/FOOVEaMyQUh3XSXSQIakpZiSv+qkiCcJD1CcdQwXiRAVZcUIOT4zSg1EsTQkNC/XvRIa4UmMemk6O9EDNexPxP6+T6ugyyKhIUk0Eni6KUgZ1DCd5wB6VBGs2NgRhSc1fIR4gibA2qc1sCXluMnHnE1gk3ln9qu7en9caN2U4FXAEjsEpcMEFaIA70AQewOAJvIBX8GY9W+/Wh/U5bV2yypkDMAPr6xdPzp1j</latexit><latexit sha1_base64="oxftKG2lowjjY6BQVnGeC62Byhg=">AAACEHicbVDLSsNAFJ34rPUVdSVuBovgqiQiqAul4MZlBWMLTSiT6aQdOjMJM5NCCcGP8Bvc6tqVuPUPXPonTtMsbOuBC2fOuZc794QJo0o7zre1tLyyurZe2ahubm3v7Np7+48qTiUmHo5ZLNshUoRRQTxNNSPtRBLEQ0Za4fB24rdGRCoaiwc9TkjAUV/QiGKkjdS1D32GRJ8Rf4B0Nsp9WbzgNXS6ds2pOwXgInFLUgMlml37x+/FOOVEaMyQUh3XSXSQIakpZiSv+qkiCcJD1CcdQwXiRAVZcUIOT4zSg1EsTQkNC/XvRIa4UmMemk6O9EDNexPxP6+T6ugyyKhIUk0Eni6KUgZ1DCd5wB6VBGs2NgRhSc1fIR4gibA2qc1sCXluMnHnE1gk3ln9qu7en9caN2U4FXAEjsEpcMEFaIA70AQewOAJvIBX8GY9W+/Wh/U5bV2yypkDMAPr6xdPzp1j</latexit>

˙̂x = �V �(x̂) + v̂
<latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit><latexit sha1_base64="65fwopXcfXL08WMsQ4b+XU2JfZI=">AAACDnicbVDLSgMxFM3UV62vUZdugkWtiGVGBHWhFNy4rODUQltKJk3b0MyD5E6xDPMHbvwVNy5U3Lp259+YTmehrQcCJ+fce5N73FBwBZb1beTm5hcWl/LLhZXVtfUNc3OrpoJIUubQQASy7hLFBPeZAxwEq4eSEc8V7N4dXI/9+yGTigf+HYxC1vJIz+ddTgloqW3uNzsBxM0+gfghSfAlPq4dlLLrIT7CKR0mbbNola0UeJbYGSmiDNW2+aUH08hjPlBBlGrYVgitmEjgVLCk0IwUCwkdkB5raOoTj6lWnO6T4D2tdHA3kPr4gFP1d0dMPKVGnqsrPQJ9Ne2Nxf+8RgTd81bM/TAC5tPJQ91IYAjwOBzc4ZJRECNNCJVc/xXTPpGEgo6woEOwp1eeJc5J+aJs354WK1dZGnm0g3ZRCdnoDFXQDaoiB1H0iJ7RK3oznowX4934mJTmjKxnG/2B8fkD/0Gbjg==</latexit>

˙̂v = �1

�
v̂ + �̂

<latexit sha1_base64="j9PCCAV/s5BVxDOd4D6dbsHrR90=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiCWBIR1IVScOOygrGFppTJdNIOnTyYuSmWkN/wI/wGt7p2Jbrsnzhps7CtBwYO59zLuXO8WHAFlvVjLC2vrK6tlzbKm1vbO7vm3v6TihJJmUMjEcmmRxQTPGQOcBCsGUtGAk+whje4y/3GkEnFo/ARRjFrB6QXcp9TAlrqmJbbjSB1+wTSYZbhG3zm+pLQ1M5SF0iSFQ4+xTlzn3nHrFhVawK8SOyCVFCBescc6wiaBCwEKohSLduKoZ0SCZwKlpXdRLGY0AHpsZamIQmYaqeTn2X4WCtd7EdSvxDwRP27kZJAqVHg6cmAQF/Ne7n4n9dKwL9qpzyME2AhnQb5icAQ4bwm3OWSURAjTQiVXN+KaZ/oZkCXOZPiBZnuxJ5vYJE459Xrqv1wUandFuWU0CE6QifIRpeohu5RHTmIohf0ht7Rh/FqfBpfxvd0dMkodg7QDIzxL/++p0Q=</latexit><latexit sha1_base64="j9PCCAV/s5BVxDOd4D6dbsHrR90=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiCWBIR1IVScOOygrGFppTJdNIOnTyYuSmWkN/wI/wGt7p2Jbrsnzhps7CtBwYO59zLuXO8WHAFlvVjLC2vrK6tlzbKm1vbO7vm3v6TihJJmUMjEcmmRxQTPGQOcBCsGUtGAk+whje4y/3GkEnFo/ARRjFrB6QXcp9TAlrqmJbbjSB1+wTSYZbhG3zm+pLQ1M5SF0iSFQ4+xTlzn3nHrFhVawK8SOyCVFCBescc6wiaBCwEKohSLduKoZ0SCZwKlpXdRLGY0AHpsZamIQmYaqeTn2X4WCtd7EdSvxDwRP27kZJAqVHg6cmAQF/Ne7n4n9dKwL9qpzyME2AhnQb5icAQ4bwm3OWSURAjTQiVXN+KaZ/oZkCXOZPiBZnuxJ5vYJE459Xrqv1wUandFuWU0CE6QifIRpeohu5RHTmIohf0ht7Rh/FqfBpfxvd0dMkodg7QDIzxL/++p0Q=</latexit><latexit sha1_base64="j9PCCAV/s5BVxDOd4D6dbsHrR90=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiCWBIR1IVScOOygrGFppTJdNIOnTyYuSmWkN/wI/wGt7p2Jbrsnzhps7CtBwYO59zLuXO8WHAFlvVjLC2vrK6tlzbKm1vbO7vm3v6TihJJmUMjEcmmRxQTPGQOcBCsGUtGAk+whje4y/3GkEnFo/ARRjFrB6QXcp9TAlrqmJbbjSB1+wTSYZbhG3zm+pLQ1M5SF0iSFQ4+xTlzn3nHrFhVawK8SOyCVFCBescc6wiaBCwEKohSLduKoZ0SCZwKlpXdRLGY0AHpsZamIQmYaqeTn2X4WCtd7EdSvxDwRP27kZJAqVHg6cmAQF/Ne7n4n9dKwL9qpzyME2AhnQb5icAQ4bwm3OWSURAjTQiVXN+KaZ/oZkCXOZPiBZnuxJ5vYJE459Xrqv1wUandFuWU0CE6QifIRpeohu5RHTmIohf0ht7Rh/FqfBpfxvd0dMkodg7QDIzxL/++p0Q=</latexit><latexit sha1_base64="j9PCCAV/s5BVxDOd4D6dbsHrR90=">AAACJ3icbVDLSsNAFJ34rPUVdelmsAiCWBIR1IVScOOygrGFppTJdNIOnTyYuSmWkN/wI/wGt7p2Jbrsnzhps7CtBwYO59zLuXO8WHAFlvVjLC2vrK6tlzbKm1vbO7vm3v6TihJJmUMjEcmmRxQTPGQOcBCsGUtGAk+whje4y/3GkEnFo/ARRjFrB6QXcp9TAlrqmJbbjSB1+wTSYZbhG3zm+pLQ1M5SF0iSFQ4+xTlzn3nHrFhVawK8SOyCVFCBescc6wiaBCwEKohSLduKoZ0SCZwKlpXdRLGY0AHpsZamIQmYaqeTn2X4WCtd7EdSvxDwRP27kZJAqVHg6cmAQF/Ne7n4n9dKwL9qpzyME2AhnQb5icAQ4bwm3OWSURAjTQiVXN+KaZ/oZkCXOZPiBZnuxJ5vYJE459Xrqv1wUandFuWU0CE6QifIRpeohu5RHTmIohf0ht7Rh/FqfBpfxvd0dMkodg7QDIzxL/++p0Q=</latexit>
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�̂(t)�̂(s)

�
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2D

�2
�(t � s)

<latexit sha1_base64="WXizhxl5GJ81mEgqxr17NS756ZE="></latexit><latexit sha1_base64="WXizhxl5GJ81mEgqxr17NS756ZE="></latexit><latexit sha1_base64="WXizhxl5GJ81mEgqxr17NS756ZE="></latexit><latexit sha1_base64="WXizhxl5GJ81mEgqxr17NS756ZE="></latexit>

�
�̂
�

= 0
<latexit sha1_base64="21kugI9/o/2UqGjMyssgAjWqP5w=">AAACG3icbVA9SwNBEN3zM8avqKXNYhSswp0IaqEEbCwjGBPIhbC3mUuW7O0du3NiCPkD/gh/g63WVmJrYek/cXNJYRIfDDzem2FmXpBIYdB1v52FxaXlldXcWn59Y3Nru7Cze2/iVHOo8ljGuh4wA1IoqKJACfVEA4sCCbWgdz3yaw+gjYjVHfYTaEaso0QoOEMrtQqHvoQQfclUR4LfZeg/Cl+LThd9nWn0krqtQtEtuRnoPPEmpEgmqLQKP3475mkECrlkxjQ8N8HmgGkUXMIw76cGEsZ7rAMNSxWLwDQH2TdDemSVNg1jbUshzdS/EwMWGdOPAtsZMeyaWW8k/uc1UgzPmwOhkhRB8fGiMJUUYzqKhraFBo6ybwnjWthbKe8yzTjaAKe2BNHQZuLNJjBPqieli5J3e1osX03CyZF9ckCOiUfOSJnckAqpEk6eyAt5JW/Os/PufDif49YFZzKzR6bgfP0CM7WiIQ==</latexit><latexit sha1_base64="21kugI9/o/2UqGjMyssgAjWqP5w=">AAACG3icbVA9SwNBEN3zM8avqKXNYhSswp0IaqEEbCwjGBPIhbC3mUuW7O0du3NiCPkD/gh/g63WVmJrYek/cXNJYRIfDDzem2FmXpBIYdB1v52FxaXlldXcWn59Y3Nru7Cze2/iVHOo8ljGuh4wA1IoqKJACfVEA4sCCbWgdz3yaw+gjYjVHfYTaEaso0QoOEMrtQqHvoQQfclUR4LfZeg/Cl+LThd9nWn0krqtQtEtuRnoPPEmpEgmqLQKP3475mkECrlkxjQ8N8HmgGkUXMIw76cGEsZ7rAMNSxWLwDQH2TdDemSVNg1jbUshzdS/EwMWGdOPAtsZMeyaWW8k/uc1UgzPmwOhkhRB8fGiMJUUYzqKhraFBo6ybwnjWthbKe8yzTjaAKe2BNHQZuLNJjBPqieli5J3e1osX03CyZF9ckCOiUfOSJnckAqpEk6eyAt5JW/Os/PufDif49YFZzKzR6bgfP0CM7WiIQ==</latexit><latexit sha1_base64="21kugI9/o/2UqGjMyssgAjWqP5w=">AAACG3icbVA9SwNBEN3zM8avqKXNYhSswp0IaqEEbCwjGBPIhbC3mUuW7O0du3NiCPkD/gh/g63WVmJrYek/cXNJYRIfDDzem2FmXpBIYdB1v52FxaXlldXcWn59Y3Nru7Cze2/iVHOo8ljGuh4wA1IoqKJACfVEA4sCCbWgdz3yaw+gjYjVHfYTaEaso0QoOEMrtQqHvoQQfclUR4LfZeg/Cl+LThd9nWn0krqtQtEtuRnoPPEmpEgmqLQKP3475mkECrlkxjQ8N8HmgGkUXMIw76cGEsZ7rAMNSxWLwDQH2TdDemSVNg1jbUshzdS/EwMWGdOPAtsZMeyaWW8k/uc1UgzPmwOhkhRB8fGiMJUUYzqKhraFBo6ybwnjWthbKe8yzTjaAKe2BNHQZuLNJjBPqieli5J3e1osX03CyZF9ckCOiUfOSJnckAqpEk6eyAt5JW/Os/PufDif49YFZzKzR6bgfP0CM7WiIQ==</latexit><latexit sha1_base64="21kugI9/o/2UqGjMyssgAjWqP5w=">AAACG3icbVA9SwNBEN3zM8avqKXNYhSswp0IaqEEbCwjGBPIhbC3mUuW7O0du3NiCPkD/gh/g63WVmJrYek/cXNJYRIfDDzem2FmXpBIYdB1v52FxaXlldXcWn59Y3Nru7Cze2/iVHOo8ljGuh4wA1IoqKJACfVEA4sCCbWgdz3yaw+gjYjVHfYTaEaso0QoOEMrtQqHvoQQfclUR4LfZeg/Cl+LThd9nWn0krqtQtEtuRnoPPEmpEgmqLQKP3475mkECrlkxjQ8N8HmgGkUXMIw76cGEsZ7rAMNSxWLwDQH2TdDemSVNg1jbUshzdS/EwMWGdOPAtsZMeyaWW8k/uc1UgzPmwOhkhRB8fGiMJUUYzqKhraFBo6ybwnjWthbKe8yzTjaAKe2BNHQZuLNJjBPqieli5J3e1osX03CyZF9ckCOiUfOSJnckAqpEk6eyAt5JW/Os/PufDif49YFZzKzR6bgfP0CM7WiIQ==</latexit>

¨̂x = �1

�
[1 + �V ��(x̂)] � ˙̂x � 1

�
V �(x̂) + �̂

<latexit sha1_base64="t0rzDo+c7xSPmGuoMfJxMMfcS8I="></latexit><latexit sha1_base64="t0rzDo+c7xSPmGuoMfJxMMfcS8I="></latexit><latexit sha1_base64="t0rzDo+c7xSPmGuoMfJxMMfcS8I="></latexit><latexit sha1_base64="t0rzDo+c7xSPmGuoMfJxMMfcS8I="></latexit>

Elimination of v̂
<latexit sha1_base64="qimzaPkBWSZ4+A8tf+YokYaLyUA=">AAAB/HicdVBNS8NAEN34WetX1aOXxSJ4CklpbOup4MVjBWMLbSib7aZdursJu5tCCcXf4FXPnsSr/8Wj/8RNW8GKPhh4vDfDzLwwYVRpx/mw1tY3Nre2CzvF3b39g8PS0fG9ilOJiY9jFstOiBRhVBBfU81IJ5EE8ZCRdji+zv32hEhFY3GnpwkJOBoKGlGMtJHavRHS2WTWL5Udu+5cel4NOrbreY2ql5NKvVppQNd25iiDJVr90mdvEOOUE6ExQ0p1XSfRQYakppiRWbGXKpIgPEZD0jVUIE5UkM3PncFzowxgFEtTQsO5+nMiQ1ypKQ9NJ0d6pH57ufiX1011VA8yKpJUE4EXi6KUQR3D/Hc4oJJgzaaGICypuRXiEZIIa5PQypaQ55l8Pw7/J37FbtjubbXcvFqGUwCn4AxcABfUQBPcgBbwAQZj8AiewLP1YL1Yr9bbonXNWs6cgBVY719dUpZ/</latexit><latexit sha1_base64="qimzaPkBWSZ4+A8tf+YokYaLyUA=">AAAB/HicdVBNS8NAEN34WetX1aOXxSJ4CklpbOup4MVjBWMLbSib7aZdursJu5tCCcXf4FXPnsSr/8Wj/8RNW8GKPhh4vDfDzLwwYVRpx/mw1tY3Nre2CzvF3b39g8PS0fG9ilOJiY9jFstOiBRhVBBfU81IJ5EE8ZCRdji+zv32hEhFY3GnpwkJOBoKGlGMtJHavRHS2WTWL5Udu+5cel4NOrbreY2ql5NKvVppQNd25iiDJVr90mdvEOOUE6ExQ0p1XSfRQYakppiRWbGXKpIgPEZD0jVUIE5UkM3PncFzowxgFEtTQsO5+nMiQ1ypKQ9NJ0d6pH57ufiX1011VA8yKpJUE4EXi6KUQR3D/Hc4oJJgzaaGICypuRXiEZIIa5PQypaQ55l8Pw7/J37FbtjubbXcvFqGUwCn4AxcABfUQBPcgBbwAQZj8AiewLP1YL1Yr9bbonXNWs6cgBVY719dUpZ/</latexit><latexit sha1_base64="qimzaPkBWSZ4+A8tf+YokYaLyUA=">AAAB/HicdVBNS8NAEN34WetX1aOXxSJ4CklpbOup4MVjBWMLbSib7aZdursJu5tCCcXf4FXPnsSr/8Wj/8RNW8GKPhh4vDfDzLwwYVRpx/mw1tY3Nre2CzvF3b39g8PS0fG9ilOJiY9jFstOiBRhVBBfU81IJ5EE8ZCRdji+zv32hEhFY3GnpwkJOBoKGlGMtJHavRHS2WTWL5Udu+5cel4NOrbreY2ql5NKvVppQNd25iiDJVr90mdvEOOUE6ExQ0p1XSfRQYakppiRWbGXKpIgPEZD0jVUIE5UkM3PncFzowxgFEtTQsO5+nMiQ1ypKQ9NJ0d6pH57ufiX1011VA8yKpJUE4EXi6KUQR3D/Hc4oJJgzaaGICypuRXiEZIIa5PQypaQ55l8Pw7/J37FbtjubbXcvFqGUwCn4AxcABfUQBPcgBbwAQZj8AiewLP1YL1Yr9bbonXNWs6cgBVY719dUpZ/</latexit><latexit sha1_base64="qimzaPkBWSZ4+A8tf+YokYaLyUA=">AAAB/HicdVBNS8NAEN34WetX1aOXxSJ4CklpbOup4MVjBWMLbSib7aZdursJu5tCCcXf4FXPnsSr/8Wj/8RNW8GKPhh4vDfDzLwwYVRpx/mw1tY3Nre2CzvF3b39g8PS0fG9ilOJiY9jFstOiBRhVBBfU81IJ5EE8ZCRdji+zv32hEhFY3GnpwkJOBoKGlGMtJHavRHS2WTWL5Udu+5cel4NOrbreY2ql5NKvVppQNd25iiDJVr90mdvEOOUE6ExQ0p1XSfRQYakppiRWbGXKpIgPEZD0jVUIE5UkM3PncFzowxgFEtTQsO5+nMiQ1ypKQ9NJ0d6pH57ufiX1011VA8yKpJUE4EXi6KUQR3D/Hc4oJJgzaaGICypuRXiEZIIa5PQypaQ55l8Pw7/J37FbtjubbXcvFqGUwCn4AxcABfUQBPcgBbwAQZj8AiewLP1YL1Yr9bbonXNWs6cgBVY719dUpZ/</latexit>

¨̂x = 0
<latexit sha1_base64="+ltml6VsQc7iZ3KMk+flPpaeLIc=">AAACCXicdVDLSgNBEJyNrxhfMR69DAbB07IbsiYRhIAXjxGMCSQhzM5OkiGzD2Z6JWHZP/AbvOrZk3j1Kzz6J04eghEtaCiquunuciPBFVjWh5FZW9/Y3Mpu53Z29/YP8oeFOxXGkrImDUUo2y5RTPCANYGDYO1IMuK7grXc8dXMb90zqXgY3MI0Yj2fDAM+4JSAlvr5QtfzQki6IwLJJE3xJbb6+aJlVq1zx6lgy7Qdp1Z2ZqRULZdq2DatOYpoiUY//9n1Qhr7LAAqiFId24qglxAJnAqW5rqxYhGhYzJkHU0D4jPVS+a3p/hUKx4ehFJXAHiu/pxIiK/U1Hd1p09gpH57M/EvrxPDoNpLeBDFwAK6WDSIBYYQz4LAHpeMgphqQqjk+lZMR0QSCjqulS2un+pMvh/H/5NmyayZ9k25WL9YhpNFx+gEnSEbVVAdXaMGaiKKJugRPaFn48F4MV6Nt0VrxljOHKEVGO9fbDGazA==</latexit><latexit sha1_base64="+ltml6VsQc7iZ3KMk+flPpaeLIc=">AAACCXicdVDLSgNBEJyNrxhfMR69DAbB07IbsiYRhIAXjxGMCSQhzM5OkiGzD2Z6JWHZP/AbvOrZk3j1Kzz6J04eghEtaCiquunuciPBFVjWh5FZW9/Y3Mpu53Z29/YP8oeFOxXGkrImDUUo2y5RTPCANYGDYO1IMuK7grXc8dXMb90zqXgY3MI0Yj2fDAM+4JSAlvr5QtfzQki6IwLJJE3xJbb6+aJlVq1zx6lgy7Qdp1Z2ZqRULZdq2DatOYpoiUY//9n1Qhr7LAAqiFId24qglxAJnAqW5rqxYhGhYzJkHU0D4jPVS+a3p/hUKx4ehFJXAHiu/pxIiK/U1Hd1p09gpH57M/EvrxPDoNpLeBDFwAK6WDSIBYYQz4LAHpeMgphqQqjk+lZMR0QSCjqulS2un+pMvh/H/5NmyayZ9k25WL9YhpNFx+gEnSEbVVAdXaMGaiKKJugRPaFn48F4MV6Nt0VrxljOHKEVGO9fbDGazA==</latexit><latexit sha1_base64="+ltml6VsQc7iZ3KMk+flPpaeLIc=">AAACCXicdVDLSgNBEJyNrxhfMR69DAbB07IbsiYRhIAXjxGMCSQhzM5OkiGzD2Z6JWHZP/AbvOrZk3j1Kzz6J04eghEtaCiquunuciPBFVjWh5FZW9/Y3Mpu53Z29/YP8oeFOxXGkrImDUUo2y5RTPCANYGDYO1IMuK7grXc8dXMb90zqXgY3MI0Yj2fDAM+4JSAlvr5QtfzQki6IwLJJE3xJbb6+aJlVq1zx6lgy7Qdp1Z2ZqRULZdq2DatOYpoiUY//9n1Qhr7LAAqiFId24qglxAJnAqW5rqxYhGhYzJkHU0D4jPVS+a3p/hUKx4ehFJXAHiu/pxIiK/U1Hd1p09gpH57M/EvrxPDoNpLeBDFwAK6WDSIBYYQz4LAHpeMgphqQqjk+lZMR0QSCjqulS2un+pMvh/H/5NmyayZ9k25WL9YhpNFx+gEnSEbVVAdXaMGaiKKJugRPaFn48F4MV6Nt0VrxljOHKEVGO9fbDGazA==</latexit><latexit sha1_base64="+ltml6VsQc7iZ3KMk+flPpaeLIc=">AAACCXicdVDLSgNBEJyNrxhfMR69DAbB07IbsiYRhIAXjxGMCSQhzM5OkiGzD2Z6JWHZP/AbvOrZk3j1Kzz6J04eghEtaCiquunuciPBFVjWh5FZW9/Y3Mpu53Z29/YP8oeFOxXGkrImDUUo2y5RTPCANYGDYO1IMuK7grXc8dXMb90zqXgY3MI0Yj2fDAM+4JSAlvr5QtfzQki6IwLJJE3xJbb6+aJlVq1zx6lgy7Qdp1Z2ZqRULZdq2DatOYpoiUY//9n1Qhr7LAAqiFId24qglxAJnAqW5rqxYhGhYzJkHU0D4jPVS+a3p/hUKx4ehFJXAHiu/pxIiK/U1Hd1p09gpH57M/EvrxPDoNpLeBDFwAK6WDSIBYYQz4LAHpeMgphqQqjk+lZMR0QSCjqulS2un+pMvh/H/5NmyayZ9k25WL9YhpNFx+gEnSEbVVAdXaMGaiKKJugRPaFn48F4MV6Nt0VrxljOHKEVGO9fbDGazA==</latexit>
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<latexit sha1_base64="UnHNWX1akGPsUk81L9vTaRKD80k="></latexit><latexit sha1_base64="UnHNWX1akGPsUk81L9vTaRKD80k="></latexit><latexit sha1_base64="UnHNWX1akGPsUk81L9vTaRKD80k="></latexit><latexit sha1_base64="UnHNWX1akGPsUk81L9vTaRKD80k="></latexit>



Equilibrium-like solutions

❖ Detailed balance holds in the steady state.

❖ Even repulsive walls can be effectively attractive, 
allowing high-density clusters to form. 
⟹ Equilibrium-like mechanism of MIPS

has a zero-current steady-state solution
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P
<latexit sha1_base64="UnHNWX1akGPsUk81L9vTaRKD80k="></latexit><latexit sha1_base64="UnHNWX1akGPsUk81L9vTaRKD80k="></latexit><latexit sha1_base64="UnHNWX1akGPsUk81L9vTaRKD80k="></latexit><latexit sha1_base64="UnHNWX1akGPsUk81L9vTaRKD80k="></latexit>
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<latexit sha1_base64="lduKuVUhhsGs1qk9ep4sdXtDFJs="></latexit><latexit sha1_base64="lduKuVUhhsGs1qk9ep4sdXtDFJs="></latexit><latexit sha1_base64="lduKuVUhhsGs1qk9ep4sdXtDFJs="></latexit><latexit sha1_base64="lduKuVUhhsGs1qk9ep4sdXtDFJs="></latexit>

Effective attraction if V �� > 0
<latexit sha1_base64="xFsnJ2UZD1FYE7tswcL1YnEgoPI=">AAAB+nicdVBNS8NAEN3Ur1q/qh69LBapp5CUxrYepODFYwVTC20om+2mXbqbhN2NUEJ+g1c9exKv/hmP/hM3bQUr+mDg8d4MM/P8mFGpLOvDKKytb2xuFbdLO7t7+wflw6OujBKBiYsjFomejyRhNCSuooqRXiwI4j4j9/70OvfvH4iQNArv1CwmHkfjkAYUI6Ult1utXlnDcsUym9aF4zSgZdqO06o7Oak167UWtE1rjgpYojMsfw5GEU44CRVmSMq+bcXKS5FQFDOSlQaJJDHCUzQmfU1DxIn00vmxGTzTyggGkdAVKjhXf06kiEs5477u5EhN5G8vF//y+okKml5KwzhRJMSLRUHCoIpg/jkcUUGwYjNNEBZU3wrxBAmElc5nZYvPM53J9+Pwf+LWzJZp39Yr7ctlOEVwAk7BObBBA7TBDegAF2BAwSN4As9GZrwYr8bborVgLGeOwQqM9y/6Q5R2</latexit><latexit sha1_base64="xFsnJ2UZD1FYE7tswcL1YnEgoPI=">AAAB+nicdVBNS8NAEN3Ur1q/qh69LBapp5CUxrYepODFYwVTC20om+2mXbqbhN2NUEJ+g1c9exKv/hmP/hM3bQUr+mDg8d4MM/P8mFGpLOvDKKytb2xuFbdLO7t7+wflw6OujBKBiYsjFomejyRhNCSuooqRXiwI4j4j9/70OvfvH4iQNArv1CwmHkfjkAYUI6Ult1utXlnDcsUym9aF4zSgZdqO06o7Oak167UWtE1rjgpYojMsfw5GEU44CRVmSMq+bcXKS5FQFDOSlQaJJDHCUzQmfU1DxIn00vmxGTzTyggGkdAVKjhXf06kiEs5477u5EhN5G8vF//y+okKml5KwzhRJMSLRUHCoIpg/jkcUUGwYjNNEBZU3wrxBAmElc5nZYvPM53J9+Pwf+LWzJZp39Yr7ctlOEVwAk7BObBBA7TBDegAF2BAwSN4As9GZrwYr8bborVgLGeOwQqM9y/6Q5R2</latexit><latexit sha1_base64="xFsnJ2UZD1FYE7tswcL1YnEgoPI=">AAAB+nicdVBNS8NAEN3Ur1q/qh69LBapp5CUxrYepODFYwVTC20om+2mXbqbhN2NUEJ+g1c9exKv/hmP/hM3bQUr+mDg8d4MM/P8mFGpLOvDKKytb2xuFbdLO7t7+wflw6OujBKBiYsjFomejyRhNCSuooqRXiwI4j4j9/70OvfvH4iQNArv1CwmHkfjkAYUI6Ult1utXlnDcsUym9aF4zSgZdqO06o7Oak167UWtE1rjgpYojMsfw5GEU44CRVmSMq+bcXKS5FQFDOSlQaJJDHCUzQmfU1DxIn00vmxGTzTyggGkdAVKjhXf06kiEs5477u5EhN5G8vF//y+okKml5KwzhRJMSLRUHCoIpg/jkcUUGwYjNNEBZU3wrxBAmElc5nZYvPM53J9+Pwf+LWzJZp39Yr7ctlOEVwAk7BObBBA7TBDegAF2BAwSN4As9GZrwYr8bborVgLGeOwQqM9y/6Q5R2</latexit><latexit sha1_base64="xFsnJ2UZD1FYE7tswcL1YnEgoPI=">AAAB+nicdVBNS8NAEN3Ur1q/qh69LBapp5CUxrYepODFYwVTC20om+2mXbqbhN2NUEJ+g1c9exKv/hmP/hM3bQUr+mDg8d4MM/P8mFGpLOvDKKytb2xuFbdLO7t7+wflw6OujBKBiYsjFomejyRhNCSuooqRXiwI4j4j9/70OvfvH4iQNArv1CwmHkfjkAYUI6Ult1utXlnDcsUym9aF4zSgZdqO06o7Oak167UWtE1rjgpYojMsfw5GEU44CRVmSMq+bcXKS5FQFDOSlQaJJDHCUzQmfU1DxIn00vmxGTzTyggGkdAVKjhXf06kiEs5477u5EhN5G8vF//y+okKml5KwzhRJMSLRUHCoIpg/jkcUUGwYjNNEBZU3wrxBAmElc5nZYvPM53J9+Pwf+LWzJZp39Yr7ctlOEVwAk7BObBBA7TBDegAF2BAwSN4As9GZrwYr8bborVgLGeOwQqM9y/6Q5R2</latexit>



Generalizations to higher dimensions

[Maggi et al., Sci. Rep. 5, 042601 (2015)], [Marconi & Maggi, Soft Matter 11, 8768 (2015)]

UCNA

Two particles in 1D Radial potential



Density gradients & currents

❖ Asymmetric obstacles 
+ Self-propelled particles 
⟹ Rectified currents & 
Density gradients

❖ Micromotors

[Galajda et. al., J. Bacteriol. 189, 8704 (2007)]

Density gradients of E. coli

[Di Leonardo et. al., 
PNAS 107, 9541 (2010)]

E. coli-driven ratchet



But the UCNA can only yield equilibrium-like solutions.

Why do we fail to identify any rectified currents?

Artifact of the approximation? Shortcoming of the model?

Need for a systematic small-τ expansion.



Small-τ expansion
˙̂x = �V �(x̂) + v̂
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�t �(x̂(t) � x) = [�xV � � v̂ �x] �(x̂(t) � x)
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= T exp

� ��

n=1

1

n!

��� t

0
ds L̂(s)

�n
�

c

�
�(x̂(0) � x0)

<latexit sha1_base64="DyEsm3I5WDILwhPjT1mmsLVkLUM="></latexit><latexit sha1_base64="DyEsm3I5WDILwhPjT1mmsLVkLUM="></latexit><latexit sha1_base64="DyEsm3I5WDILwhPjT1mmsLVkLUM="></latexit><latexit sha1_base64="DyEsm3I5WDILwhPjT1mmsLVkLUM="></latexit>

Time-ordered cumulants
n-th order contributes to O(�n/2)
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Time-ordering operator

P (x, t)
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P (x, t)
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M’s can be calculated using the method of 
van Kampen, Physica 74, 239 (1974)
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UCNA

Small-τ expansion

❖ The UCNA is equivalent to the small-τ expansion only at the zeroth order.

❖ At first order, self-propulsion modifies the diffusion coefficient. 
(may induce effective attraction if the potential is convex)

❖ Up to the second order, the effect of the Gaussian colored noise is 
equivalent to that of a non-Gaussian white noise with small but nonzero 
skewness.



❖ Current

❖ Particle distribution

NEQ steady state on a ring
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Nonzero if the potential is asymmetric
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Nonlocal effects

Generic long-range interactions 
mediated by active particles 

[YB et al. PRL (2018)]

Agreement with 
the UCNA 
only up to 
first order



Steady-state current & density
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Second-order correction: 
nonvanishing long-range effects
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Modified Arrhenius Law
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Mean escape time:

Contributed by steady-state current
Requires non-Gaussian effects

Same result also obtained by calculations based on path integrals
Refs: [Bray, McKane, Newman, PRA (1990)] [Luckock, McKane, PRA (1990)]
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Contributed by effective attraction



Generalization to higher dimensions
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Change of effective diffusivity

Non-Gaussian effects
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Steady-state current on 2-d tori
Asymmetric obstacle (dipole) Elliptical obstacle (quadrupole) Square obstacle (octopole)

❖ At second order, asymmetric objects behave like a 
multipole source generating long-range currents.



Bonus: Irreversibility

❖ Before Markovian approximation

❖ After Markovian approximation

R̂[x] � ln
P[x]

P[xR]
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Negative “hidden entropy” production!



Summary
❖ The UCNA correctly captures the first-order effects of 

colored noise in the steady state but is unreliable for 
higher-order properties.

❖ A systematic small-τ expansion shows that, up to second 
order, the Gaussian colored noise is equivalent to the non-
Gaussian white noise with nonzero skewness.

❖ The phase separation is described by an effective attraction 
at first order (EQ-like regime).

❖ Second-order corrections (non-Gaussian noise) are crucial 
for describing rectified currents and long-range effects.



Implication for active field theory

Particle 
dynamics Field theory Macroscopic 

order/structure

Energy influx Symmetry & 
conservation

Easy, but 
unsystematic

Difficult, but 
systematic

Active Model B+
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A field theory with non-Gaussian noise 
determined by particle interactions?

cf. Case of constant noise cumulants: 
[Fodor, Hayakawa, Tailleur, van Wijland, PRE (2018)]



Application to empirical models
Confined cell dynamics

x
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Extra time scale can be estimated by examining the third cumulant


