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over fitting

Deep networks are typically over-parametrized. 

data size # of parameters
e.g.

Common sense

1. poor generalization

2. many local minimum  
learning is difficult 
(glassy dynamics)

Empirical observations 
on deep networks

1. generalization is not bad

2. learning is not too difficult 
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  G. Carleo, et. al, arXiv:1903.10563v1
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…  and back to p-spins… but with                  spin components
and without quenched disorder

H. Yoshino, SciPost Phys. 4 (6), 040 (2018)

S0
S1

S2

S3
S4

S0

S1

S2
S3

S4

S1
S2

S0

a) b) c)

M ! 1
<latexit sha1_base64="f6fwXjV2lpbD35eA2wSGmDwXznU="></latexit>

From spin glass  to structural glass

Kirkpatrick-Thirumalai Wolyness (1989) 

Franz-Parisi (1995), Monasson (1995), Mezard-Parisi (1999)

Parisi-Zamponi (2010), Charbonneau-Kurchan-Parisi-Urbani-Zamponi (2014)

Yoshino-Mezard (2010), Yoshino-Zamoponi (2014),  Rainone-Urbani-Yoshinno-Zamponi (2015)
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p-spin to RFOT

more on replicas

shear 

Using explicit RSB : Parisi-Virasoro (1989)

Jin-Yoshino (2017), Jin-Urbani-Zamponi-Yoshino (2018)



“Disorder-free” vector p-spin models 
on tree

“gap”
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N⌅ = Nc/p = NM↵/p < Np/p!# of factor nodes
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i , S

2
i , . . . , S

M
i )

continuous or Ising  Sµ
i = ±1

“Inter-mediate sparseness “:  high connectivity but not “global coupling” 

H. Yoshino, SciPost Phys. 4 (6), 040 (2018)



2. A Potts anti-ferromagnet on random graphs
It is immediate to realize that the q-coloring problem is equivalent to the question of determining
if the ground-state energy of a Potts anti-ferromagnet on a random graph is zero or not [8].
Consider indeed a graph G = (V, E) defined by its vertices V = {1, . . . , N} and edges (i, j) ∈ E
which connect pairs of vertices i, j ∈ V; and the Hamiltonian

H({s}) =
∑

(i,j)∈E

δ(si, sj) . (1)

With this choice there is no energy contribution for neighbors with different colors,
but a positive contribution otherwise. The ground state energy (the energy at zero
temperature) is thus zero if and only if the graph is q-colorable. This transforms the
coloring problem into a well-defined statistical physics model. Usually, two types of random
graphs are considered: in the c−regular ensemble all points are connected to exactly
c neighbors, while in the Erdős-Rényi case the connectivity has a Poisson distribution.

Figure 1. Example: a proper 3-
coloring of a small graph.

3. Cavity method: Warnings, Beliefs and Surveys
Over the last few years, a number of studies have
investigated CSPs following the adaptation of the so-called
cavity method [2] to random graphs [4, 9]. It is a powerful
heuristic tool —whose exactness is widely accepted but
has still to be rigorously demonstrated— equivalent to the
replica method of disordered systems [2]. Its main idea
lies in the fact that a large random graph is locally tree-
like, and that an iterative procedure known in physics as
the Bethe-Peirls method can solve exactly any model on
a tree (such models are often qualified as “mean field”
in physics). Interestingly, it was realized [10] that an
equivalent formalism has been developed independently in
computer science [11], where it is called Belief Propagation
(BP, which conveniently enough, may also stands for
Bethe-Peirls). Defining ψi→j

c (c = 1, .., q) as the probability that the spin i has color c in absence
of the spin j (the “belief” that the spin j has on the properties of the spin i), BP reads

ψi→j
c =

1

Zi→j
0

∏

k∈N(i)\{j}

(

1 − ψk→i
c

)

(2)

where Zi→j
0 is a normalization constant and the notation k ∈ N(i) \ {j} means the set of

neighbors of i except j. From a fixed point of these equations, the complete beliefs in presence
of all spins can be also computed. They give, for each vertex, the probability of each color from
which other quantities, as for instance the number of solutions, can be computed. A simpler
formalism, called Warning Propagation (WP), restricts itself to frozen variables (i.e. to variables
for which only one color can satisfy the constraints). However, WP does not allow to compute
the number of solutions, only their existence, but is definitely simpler to handle.

It was soon realized, however, that these methods developed for trees could not be
used straightforwardly on all random graphs because of a non-trivial phenomenon called
clustering [9, 12] (for which rigorous results are now available, see [13]). Indeed, while for
graphs with very low connectivities all solutions are “connected” —in the sense that it is easy
with a local dynamics to move from one solution to another— they regroup into a large number

standard discrete coloring
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Figure 6: The phase diagram of the p = 2 body hardcore model within the replica
symmetric (RS) ansatz: q > 0 RS solution emerges continuously at the lower curve
which represents ↵ = ↵c(�) given by Eq. (235). The value of the order parameter
saturates q! 1 approaching the upper solid line ↵= ↵j(�) given by Eq. (237), which
is the jamming line within the RS ansatz. The lower curve coincides with the AT line
above which the RS solution becomes unstable. The dotted line is the jamming line
obtained by the continuous RSB solution which is discussed later.

function G(q) for the hardcore model is given by Eq. (230). Expanding G(q) up to order O(q2)
we find,

0= G(q) = 1� ↵

↵c(�)
⇥
1� 2q+ (2� 2x0 � r0)q2

⇤
+O(q4) (313)
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Thus we find that q 6= 0 solution emerges at the critical point ↵ = ↵c(�), where the q = 0
solution becomes unstable, and the EA order parameter q grows continuously increasing ↵.

In Fig. 6 we show the phase diagram for the p = 2 hardcore model within the RS ansatz.
The glass transition line ↵= ↵c(�) is given by Eq. (235). The jamming line ↵= ↵j(�) is given
by Eq. (237).

In Fig. 7, we display an example of a set of solutions of the RS saddle point equation given
by Eq. (135) with Eq. (230) for a↵= 4 with varying�. As shown in the panel a), the glass order
parameter q emerges continuously at the critical point �c ⇠ 0.51 (determined by ↵c(�c) = 4,
see Fig. 6) and increases by decreasing � and saturates to q = 1 approaching the jamming
point �j ⇠ �0.47065 (determined by ↵j(�) = 4, see Fig. 6) There we also show the behavior
of the pressure given by Eq. (238) which diverges approaching the jamming and evolution of
g(r) given by Eq. (239) which develops a diverging contact peak at r = 0 approaching the
jamming.
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continuous RSB:
hierarchical clustering of solutions

H. Yoshino, SciPost Phys. 4 (6), 040 (2018)

M ! 1
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Figure 9: The q(x) function of the hardcore model with p = 2,
� = 0 for which ↵c = 1.5708.. and ↵j = 6.732... a)
↵ = 1.6,1.8, 2.0,2.2, 2.4,2.6, 2.8,3.0, 4.0,5.0, 6.0,6.5, 6.6,6.7 from the bottom
to the top. b) The straight line represents the power law fit ax� with  = 1.4157,
the same exponent as that for the hardspheres [16].

at T = 0 (hardcore limit). We obtained the result using the scheme explained in sec. 8.4.3
together with the inputs for the hardcore case shown in sec. 10.2.1. As can be seen in Fig. 9
a), we found the continuous RSB solution with nonzero q(x) function emerges continuously
starting from the AT line ↵= ↵c(�) as expected.

Using the scheme explained in sec. 10.2.4 we obtained the jamming line ↵ = ↵j(�) of the
hardcore model and the result is displayed in Fig. 8 at the bottom. It is also shown in Fig. 6
where we can see that the RS ansatz overestimates the jamming line. Quite interestingly we
find in Fig. 8 that the two Gardner planes ’G1’ and ’G2’ merges onto the the jamming line in the
zero temperature limit. The geometry of the phase diagram is very different from that of the
hardspheres [68] where there is only one Gardner line. We analyzed the criticality of jamming
q(x1)! 1 of the hardcore model (✏!1), i. e. ↵! ↵�J (�) at T = 0. As shown in Fig. 9 b),
we find power law behavior 1� q(x)/ x� with the expected exponent  = 1.4157... This
confirms the scaling argument presented in sec. 10.3.1 establishing that the jamming of the
present model belong to the same universality class as that of the hardspheres [16].

The liquid phase q = 0 at T = 0 can be regarded as an easy SAT region where the space of
the solutions to satisfy the hard constraints (✏!1), i. e. the manifold of the ground states
are continuously connected. The glass phase at T = 0 with 0 < q(x1) < 1 can be regarded as
hard SAT phase where the manifold of the ground states splits into clusters. The major differ-
ence with respect to the case of usual discrete coloring [32] is that the transition is continuous
and the clustering is hierarchical reflecting the continuous RSB. The region ↵ > ↵j(�) is the
UNSAT region where the hard constraint cannot be satisfied.

11 Conclusions

In the present paper we developed a family of exactly solvable large M -component vectorial
Ising/continuous spin systems with p-body interactions which exhibit glass transitions by the
self-generated randomness. We also established a connection between the disorder-free model
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1� q(x) = x�

 = 1.415726...

Same jamming criticality 
as hard spheres 

and perceptron (p=1) 

Franz-Parisi (2016), 
Franz-Parisi-Sevlev-

Urbani-Zamponi (2017)



Replica symmetry braking and ultra-metricity

a

a b c

距離

Q(a, b) = min(Q(a, c), Q(b, c))

similarity Q

Q̂
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overlap matrix

G. Parisi (1979) 

first found in the 
SK model for spin glass

Rigorous proof: M. Talagrand, (2003)



 Multi-layer Neural Network

input outputhidden
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Design weights to satisfy boundary conditions



 Random inputs/random outpus

random 
input

random 
output

Jij

synaptic weights

machine

Q: How may different ways the machine 
can be designed to satisfy the  

imposed random inputs/outputs ?

a constraint satisfaction problem (CSP)



activation function
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Perceptron
（McCulloch-Pitts model)

fixed point patterns µ = 1, 2, . . . ,M

Statistical mechanics on the “ensemble of fixed points”

Elisabeth Gardner 
(1957-1988)

Gardner volume

“Gap”e��V (h) = ✓(h)

“Hardcore” constraint

M ! 1 with fixed ↵
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Gardner volume generalized for a multi-layer network

“Gap”

(c.f. ) internal representation (2-layer): R. Monasson and R. Zecchina (1995)

Hamiltonian with 
“short-ranged” interactions

trace over hidden variables
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Replicated Gardner volume

qab(0) = qab(L) = 1

Replicated free-energy

Glass order parameters
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quenched random input/output

replicas: machines learning in parallel
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 Parisi's RSB ansatz

SciPost Physics Submission

The order parameters must verify saddle point equations

@

@Qab(l)
@nSn[{Q̂(l), q̂(l)}]

���
n=0

= 0 l = 1, 2, . . . , L (17)

@

@qab(l)
@nSn[{Q̂(l), q̂(l)}]

���
n=0

= 0 l = 1, 2, . . . , L � 1 (18)

The values of qab(0) in the inputs and qab(L) in the outputs are determined in several
ways. In the simplest case of random inputs/outputs, we simply impose qab(0) = qab(L) =
1.

3.3 Parisi’s ansatz

We consider the generic Parisi’s ansatz with k-step RSB (including RS as k = 0) [10] (See
Fig. 2),

Qab(l) =
k+1X

i=0

Qi(l)(I
mi
ab � I

mi+1

ab ) l = 1, 2, . . . , L (19)

qab(l) =
k+1X

i=0

qi(l)(I
mi
ab � I

mi+1

ab ) l = 1, 2, . . . , L � 1 (20)

"ab(l) =
kX

i=0

"i(l)(I
mi
ab � I

mi+1

ab ) l = 1, 2, . . . , L � 1 (21)

where qk+1(l) = Qk+1(l) = 1 and I
m
ab being a generalized (’fat’) Identity matrix of size

n ⇥ n composed of blocks of size m ⇥ m. In the Parisi’s ansatz one considers

1 = mk+1 < mk < ... < m1 < m0 = n (22)

which becomes
0 = m0 < m1 < . . . < mk < mk+1 = 1 (23)

in the n ! 0 limit. In the k ! 1 limit, the matrix elements can be parametrized by
functions q(x, l), Q(x, l) and ✏(x, l) defined in the range 0  x  1 (See Fig. 2 d)).

The order parameter functions encode characteristics of the complex free-energy landspace
[14]. For example the distribution functions of the overlaps between two replicas (two in-
dependent machines) can be related to the order parameter functions as,

P (q, l) =
dx(q, l)

dq
x(q, l) =

Z q

0
dq

0
P (q0, l) (24)

P (Q, l) =
dx(Q, l)

dQ
x(Q, l) =

Z Q

0
dQ

0
P (Q0

, l) (25)

Thus x(q, l) (x(Q, l)) is the probability that the mutual overlap of the spin (bond) patterns
at l-th layer between two machine are smaller than q (Q). Equivlently 1�x(q, l) (1�x(Q, l))
is the probability that the mutual overlap of the spin (bond) patterns at l-th layer between
two machine are larger than q (Q).

Furthermore, ultrametricity [14]....
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Figure 2: Parametrization of the Parisi’s matrix a) the ’fat’ identity matrix I
mi
ab b) Parisi’s

matrix given by Eq. (20) (Eq. (19) and Eq. (21) have the same strucutre with qi’s replaced
by Qi’s and ✏i’s.) c) the hierarchy of the sizes mi of the sub-matrices d) the q(x) function
with 0 < n < 1 (Q(x),✏(x) functions have the same structure).

Figure 3: Quenched boundary

4 Quenched boudary

Now we analyze the case of quenched boundary with randomly chosen inputs and outputs
(Fig. 3). It amounts to choose ’replica symmetric’ boundaries,

qab(0) = 1 qab(L) = 1 (26)

or

q0(0) = q0(L) = 1 (27)

qi(0) = qi(L) = 0 (i = 1, 2, . . . , k) (28)

in terms of the Parisi’s matrix Eq. (20).
We analyze the saddle point solutions numerically as described in sec. B.3.3. In the

following we present results using k = 100 step RSB and the depth of the system L = 5�20.
Because of the choice of the boundary condition, the system becomes symmetric with
respect to reflections at the center. We confirmed that the solutions satisfy qi(l) = qi(L�l)
and Qi(l) = Qi(L � l).
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3.2 Replicated Gardner volume

The replicated Gardner volume can be written as,

V
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(9)

where we introduced a Fourier representation,

e
��V (r) =

Z
d⌘p
2⇡

W⌘e
�i⌘r (10)

Then we find (see appendix),

��F (S0,SL)

NM
=

@nV
n(S0,SL)

��
n=0

NM
= @nSn[{Q̂(l), q̂(l)}]

���
n=0

(11)

with

Sn[{Q̂(l), q̂(l)}] =
1

↵

LX

l=1

Sent[Q̂(l)] +
L�1X

l=1

Sent[q̂(l)]

�
LX

l0=1

Fint[q̂(l
0 � 1), Q̂(l0), q̂(l0)] (12)

Here the entropic part of the free-energy due to the ’bonds’ Sent[Q̂] reads as,

Sent[Q̂] =
1

2
ln detQ̂ (13)

and that due to the ’spins’ Sent[q̂] reads as,

Sent[q̂] =
X

a<b

ln e
�

P
a<b "

⇤
ab

@2

@ha@hb

Y

a

2 cosh(ha)

�����
{ha=0}

. (14)

with "
⇤
ab = "

⇤
ab[q̂] determined through,

qab = � �

�"ab
ln e

�
P

a<b "ab
@2

@ha@hb

Y

a

2 cosh(ha)

�����
{ha=0}

������
"ab="⇤ab[q̂]

(15)

Finally the interaction part of the free-energy reads as,

�Fint[q̂(l � 1), Q̂(l), q̂(l)] = e

1
2

P
ab qab(l�1)Qab(l)qab(l)

@2

@ha@hb

nY

a=1

e
��V (ha)

���
ha=0

(16)
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4.1 Liquid phase

For small ↵ we find the whole system is in the liquid phase where the glass order parameters
are all zero: for i = 1, 2, . . . , k qi(l) = 0 (l = 1, 2, . . . , L�1) and Qi(l) = 0 (l = 1, 2, . . . , L).
This simply means that the parameter space is so large compared with the number of
imposed constraits so that the system can very easily satisfy the constrains.

4.2 1st glass transition

Figure 4: Glass order parameters close to the 1st glass transition: a) spatial profile of
the Edwards-Anderson (EA) order parameter for spins qEA(l) and bonds QEA(l) slightly
before ↵ = 2.0 (empty symbols)/after ↵ = 3.125 (filled symbols) the 1st glass transition.
The depth is L = 10 in this example. b) Variation of the EA order parameters qEA(1) =
qk(1) and QEA(1) = Qk(1) at the 1st layer after passing the critical point of the 1st
glass transition ↵g(1) ' 2.03. c),d) Glass order parameter function q(x, l) for spins and
Q(x, l) for bonds at the 1st layer l = 1 at around the 1st glasstransition. Here 1/↵ =
0.32, 0.34, 0.36, 0.38, 0.40, 0.42 from the top to the bottom. e),f) the overlap distribution
function of spins P (q) = dx(q)/dq and bonds P (Q) = dx(Q)/dQ Eq. (25).

With increasing ↵ Eq. (3), the system becomes more constrained. We find a continuous
glass transition at ↵g(1) ' 2.03 on the two layers l = 1, L � 1 just beside the quenched
input/output boundaries as shown in Fig. 4 a). The rest of the system (l = 2, 3, . . . , L�2)
remains in the liquid phase qEA(l) = QEA(l) = 0 during the 1st glass transition. As shown
in Fig. 4 b) the Edwards-Anderson (EA) order parameters of the spins qEA(l) = qk(l) and
bonds QEA(l) = Qk(l) at the 1st layer l = 1 grow continuously across the critical point
↵g(1). Exactly the same happens at the last layer l = L � 1.

As shown in Fig. 4 c),d), the functions q(x, l) an Q(x, l) at the 1st layer l = 1 (and
the same for l = L � 1) are continuous functions of x with plateaus at qEA and QEA for
some range x1(↵) < x < 1 with x1(↵) decreasing with ↵. Thus the replica symmetry is
fully broken much as in the SK model for spinglasses [10]. Correspondingly the overlap
distribution functions Eq. (25) P (q) = dx(q)/dq and P (Q) = dx(Q)/dQ shown in Fig. 4
e),f), exhibit delta peaks at q = qEA, Q = QEA plus non-trivial continuous parts extending
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2nd Glass transition

at 2nd & (L-2) th layer

continuous transition to full RSB glass phase

which also induce 2nd glass transitions at 1st and L-th layer
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to q = 0 and Q = 0.

4.3 2nd glasstransition

Figure 5: Glass order parameters close to the 2nd glass transition: a) spatial profile of
the Edwards-Anderson (EA) order parameter for spins qEA(l) and bonds QEA(l) slightly
before ↵ = 15.38 (empty symbols)/after ↵ = 25 (filled symbols) the 2nd glass tran-
sition. The depth is L = 10 in this example. b) Variation of the EA order param-
eters qEA(2) and QEA(2) at the 2nd layer after passing the critical point of the 2nd
glass transition ↵g(2) ' 15.9. c),d) Glass order parameter function q(x, l) for spins
and Q(x, l) for bonds at the 1st layer l = 2 at around the 2nd glasstransition. Here
1/↵ = 0.04, 0.045, 0.05, 0.055, 0.06, 0.065 from the top to the bottom. e),f) the overlap
distribution function of spins P (q) = dx(q)/dq and bonds P (Q) = dx(Q)/dQ Eq. (25).

Increasing ↵ further we find 2nd glass transition at ↵g(2) ' 15.9 by which two layers
l = 2, L�2 become included in the glass phase while the rest of the system l = 3, 4, . . . , L�3
still remains in the liquid phase as shown in Fig. 5 a). The glass phase has grown a step
further into the interior. The transition is again a continuous one as can be seen in Fig. 5
b) where we display the EA order parameters qEA(l) = qk(l) and QEA(l) = Qk(l) at l = 2.
Exactly the same happens on the other side at l = L � 2.

As shown in Fig. 5 c),d), the functions q(x, l) an Q(x, l) at the 2nd layer l = 2 (and
the same for l = L� 2) are continuous functions of x with plateaus at qEA(2) and QEA(2)
in some range x2(↵) < x < 1 with x2(↵) decreasing with ↵. A marked di↵erence with
respect to the 1st glass transition which happend at l = 1 (and l = L � 1) is that the
order parameters becomes finite only in some range x2(↵) / x < 1. As the result it looks
approximately like a step function with the step located at x2(↵). As shown in Fig. 5 e),f),
this amount to induce a delta peak not only at qEA(2) (QEA(2)) but also at q = Q = 0 in
the distribution of the overlaps.

Remarkably, the 2nd glass transition induce another continuous glass transition within
the glass phase on the 1st layer l = 1 (and l = L � 1). As can be seen in Fig. 5 c),d), an
internal step like structure emerge continuously within the region where the glass order
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Figure 8: Glass order parameter functions under stronger constraints ↵ = 4000. In this
example L = 20 and the centeral layers at l = 8, 9 still remain in the liquid phase. a),b)
3 dimensinoal plots of q(x, l) and Q(x, l). c),d) the same in 2 dimensional plots. e,f)
the corresponding overlap distribution functions Eq. (25) at l = 1, 2 (for clarity others at
l = 3, 4, . . . are not shown).

x means hierarchical organization of clusters at each layer l: clusters of replicas which are
close to each other are enclosed in a meta-cluster of replicas at lower x in which replicas
can be a bit more separated from each other, and so on.

To understand meaning of the hierarchical clustering of replicas along the x-axis, it is
useful to consider two independent machines subjected to the same inputs/outputs which
can be regarded as two replicas. Recalling that x has a probablistic meaning as given in
Eq. (25), we notice that the two macines at a given layer l belong to the same cluster at
level x with the probability 1� x which is larger for smaller x. Therefore, even if the two
machines do not belong to the same cluster at a given level x with some overlap q, they
may still belong to a common cluster at some lower x with lower overlap q. The hierarhical
organization of clusters imply the hierahircal free-energy landscape as shown in panel c):
small valleys are group into meta-valleys. The free-energies of the vallyes within the same
meta-valley are correlated [14]. The strength of fluctuation 1 � q(x, l) at di↵erent level
x can be understood as e↵ective ’flattness’ of the free-energy landscape at corresponding
levels.

The most important feature of our result is that the glass order parameter function
q(x, l) evolves in space in such a way that it progressively become less complex and flatter
as we go deeper into the interior. For a given ↵, the penetration depth ⇠glass(↵) ⇠ ln ↵ is
finite. So that in deep enough network L/2 > ⇠glass(↵), the interior remains in the liquid
phase. Moreover the river terraces at di↵erent layers are synchronized to each other with
common positions of steps at x1 < x2 . . ., suggesting that basic hierarhical structure and
that of the free-energy landscape is preserved across the glass phases at di↵erent layers.
For example, consider again two replicas, i. e. two independent machines subjected to
the same inputs/outputs represented by two ’stars’ in the panels b) and c). For a given
level, say n of the hierarchy, associated with the step at xn, the probability that the two
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 Summary: depth dependent free-energy landscape
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Figure 9: River terrace like glass order parameter and its implications: a) schematic picture
of the river terace like glass order parameter q(x) (or Q(x)) b) hierarhical clustering of
replicas c) shcematic free-energy landscape and trees representing ultrametric organization
of overlaps between metastable states.

replicas sit in the common valley at level n is 1� xn which is the same at all layers up to
the boundary l = n, n � 1, n � 2, . . . , 2, 1. It is tempting to speculate that these features
have important conseuqences on learning in deep neural networks. We discuss possible
implications of these in the last section.

5 Fluctuating boundary

Figure 10: Fluctuating input layer with hierarhical overlap structure

Now we analyze the case of fluctuating boundary: spin configuration on the boundaries
are allowed to fluctuate during learning following certain probability distributions. Here

14
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1. Learning : “Liquid phase”  helps equilibration

The solution space of over-parametrized DNN  
exhibit “solid-liquid-solid” structure

Summary

2.  Generalization: “crystal phase” enables generalization. 
Remanent bias field in the liquid phase plays the role of 
symmetry breaking field by which “hidden” crystal 
is selected out of may glass solutions.

3.  Space evolution of the hierarchal free-energy landscape: 
DNN naturally has the power of renormalization: classification,  
feature detection

input outputliquidsolid solid



Outlook

student machine

input output

Various statistical inference problems

Theories in
Like “Landau to Ginzburg-Landau” but more microscopic

d = 1 +1

Complex systems with heterogeneity

ultra-stable glass, rheology

gene regulatory network,…
functionality vs robustness in biology

Numerical simulations to test theoretical predctions

allostericity


