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Introduction
• I am talking on geometric pumping 

proposed by D. Thouless (1983) who got 
the Nobel prize in 2016 and passed away 
recently. 

• The essence of Thouless pumping is 
Berry’s phase proposed by M. Berry 
(1984). 

•  The idea by two big shots can be applied 
to non-equilibrium driven systems. 

• Non-Gaussian fluctuations play important 
roles.
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Previous studies 
• Experiments  

• Pothier et al. (1992) get a classical pumping for a mesoscopic 
system. 

• Switkes et al. (1999) control the gate voltage and get 20 electrons 
current per a cycle in a quantum dot system. 
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Previous theoretical studies
• Adiabatic geometric pumping (theories) 

• Thouless (1983) for a closed system 
• Open quantum system (P. W. Brower, (1998)). 

• Sintsyin & Nemenman (2007) indicated that Berry’s phase 
can be used to nonequilibrium stochastic processes. 

• Ren-Hänggi-Li (2010) analyzed a spin-boson system and 
to clarify the role of Berry’s phase.
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Fluctuation theorem (FT)

• Fluctuation theorem gives the basis of non-equilibrium 
processes. 
• It was proposed by Evans & Morriss (1993), Galavotti & Cohen 

(1995) et al, and is related to Jarzynski equality (1997). 
• We can derive the fluctuation-dissipation theorem, 

Onsager-Casimir relation, and Green-Kubo formula as well 
as 2nd law of thermodynamics. 

• How can we apply systems far from equilibrium such as 
geometric pumping?  
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Steady Fluctuation Theorem
2019/10/22

𝛼𝐿 𝛼𝑅

Parameters: Constant

Steady Current 𝑱

:affinity

Fluctuation Dissipation Theorem

Other nonlinear relations

Integral FT

Reciprocal relation
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Motivation of our study
• To demonstrate adiabatic pumping by controlling 
the bias such as chemical potentials. 

• To get the extended fluctuation theorem in 
geometrical pumping  
• This is an example of the fluctuation theorem for 
systems with non-Gaussian fluctuations. 

• How can we extend adiabatic pumping to 
non-adiabatic processes?
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Geometric contribution
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Large deviation theory
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Current probability distribution
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Spin-boson system
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BSN curvatures
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Case A Case B
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Cyclic FT for case B
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Nonadiabatic control of geometric current
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current in terms of the master equation
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Nonadiabatic current
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Shortcuts to adiabacity
• The counterdiabatic term helps us to get the large current 

in non-adiabatic region.
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Summary 
• We have formulated the description of geometrical 

pumping processes in terms of master equation. 
• We formulate the non-trivial fluctuation theorem including 

the effects of geometric current. 
• The non-trivial FT is governed by non-Gaussian 

fluctuations. 
• FDR and reciprocal relation are violated in this system. 
• Non-adiabatic current can be obtained, at least, for two-

level systems. 
• We obtain large currents with the aid of shortcuts to 

adiabaticity.
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