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Motivation

* A unified theory of thermodynamics and information
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Information geometry (1943-) Differential geometry
Ruppeiner geometry(1979)
Thermodynamic length (2007)

Ruppeiner, G. (1979). Thermodynamics: A Riemannian geometric model. Physical Review A, 20(4), 1608.
Crooks, G. E. (2007). Measuring thermodynamic length. Physical Review Letters, 99(10), 100602.
Amari, S. I. (2016). Information geometry and its applications. Springer Japan.



Background

* Differential geometry of thermodynamics

+ Ruppeiner geometry (1979) Dif";erential geometry\
d82 — Zgzjdé’zdej
N " J
S : Entropy (Thermodynamics) ds : Line element
gi; : Metric

0; :i-th parameter
of thermodynamics

Ruppeiner, G. (1979). Thermodynamics: A Riemannian geometric model. Physical Review A, 20(4), 1608.



Background

* Differential geometry of thermodynamics

+ Ruppeiner geometry (1979) Dif";erential geometry\
_ ) /
S : Entropy (Thermodynamics) ds : Line element
gi; : Metric
* Thermodynamic length (2007) §; :i-th parameter

Pcan : GIbbs ensemble (Statistical physics)

of thermodynamics

% Expected value

Ruppeiner, G. (1979). Thermodynamics: A Riemannian geometric model. Physical Review A, 20(4), 1608.

Crooks, G. E. (2007). Measuring thermodynamic length. Physical Review Letters, 99(10), 100602.
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Information geometry

* Differential geometry of probability

05 = 3" guodydd, ((5) 5. 0)

TNZ
Juv = — @[8% Oy, In p| : Fisher information matrix
P :probability

0. : U-th parameter of probability

Textbook; Amari, S. |. (2016). Information geometry and its applications. Springer Japan.



Thermodynamics of
iInformation geometry

( )
Information geometry
N Y
( )
Stochastic process
- D
(" )
Thermodynamics of information geometry
- Y

Sosuke lto, Phys. Rev. Lett. 121, 030605 (2018)

As a generalization of differential geometry of thermodynamics




Thermodynamic Interpretations
of Information geometry

* Near-equilibrium condition

exp(—BU(x, t))

Canonical distribution: p(z,t) =

= 6° [E[(0:U)7] — (

2 exp(=pU (x,1))

80, U])°]

Variance of work



Thermodynamic Interpretations
of Information geometry

Sosuke lto, Phys. Rev. Lett. 121, 030605 (2018).

* Non-equilibrium condition

dp; .
CZ — Z[Wijpj _ sz’pi] — Z Jij -Master equation
J j
i,j)i>j
Stochastic entropy production:  F;; = In Wiip;
W;ipi
Wi;

Entropy change of the heat bath:  Ag*" =In



Thermodynamic uncertainty relationships (TURS)
from thermodynamics of information geometry

* Trade-off relationship between (ds/dt)2 and other quantities
ds 2 2
mit: T — | dt > ds
Speed limit: /(dt) 2 (/ )

Geodesic: /ds > 2cos ™ (Z Vpi(t =0)1/pi(t = T))

As a thermodynamic generalization of the quantum speed limit

Trade-off relationship between thermodynamic cost and speed

Sosuke lto, Phys. Rev. Lett. 121, 030605 (2018), Sosuke Ito and Andreas Dechant, arXiv:1810.06832 (2018).




Thermodynamic uncertainty relationships (TURS)
from thermodynamics of information geometry

* Trade-off relationship between (ds/dt)2 and other quantities

Crameéer-Rao Inequality: var|R| ds\* > 1
(for any observable R) (dE[R)/dt)? \ dt ) =

var[R] = E[R?] - (E[R])’

Trade-off relationship between
thermodynamic cost and a variance of any observable

Sosuke Ito and Andreas Dechant, arXiv:1810.06832 (2018).

cf.) Thermodynamic uncertainty

Dy : diffusion coefficient of R
Otot . €Ntropy production

Dgr
(dE [R] /dt)”

Otot = 1

See also [A. Dechant, Journal of Physics A 52(3), 035001 (2018).]



Relaxation (Monotonicity)

* A law of relaxation to the steady state

/

/ / Relaxation process:

//\ AW,

i D
Steady state
[(t) =)
| & ] e i i
Monotonicity

d,I(t) <0

2
ds
Sosuke Ito and Andreas Dechant, arXiv:1810.06832 (2018).




Relaxation (Monotonicity)

Sosuke Ito and Andreas Dechant, arXiv:1810.06832 (2018). [resubmitted in 2019]

For the Fokker-Planck equation

atp — :c]

v == = u(f — kT, lnp)
P A tighter bound

2 1 . 1d|/ds\?
» <?>ZkB—T<f”>‘m (a)_zo

cf.) the 2nd law of thermodynamics

P2 1 d
Ssys . Shannon entropy <;> = kB—T<fl/> + - Ssys 2 0
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Glansdorff-Prigogine
criterion for stability (1970)

* Criterion for stability of a steady state

6% 1 Excess entropy production
(2nd order difference from
the entropy production In a steady state)

520' > () :this steady state is STABLE

520' < () :this steady state is UNSTABLE

Glansdorff, B, & Prigogine, |. Non-equilibrium stability theory. Physica, 46, 344-366 (1970).
Glansdorft, R, & Prigogine, I. Thermodynamic theory of structure, stability and fluctuations. (Wiley, 1971)



The excess entropy production
INn the master equatlon

Schnakenberg, J. (1976). Network theory of microscopic and macroscopic behavior of master equation systems. Reviews of Modern physics, 48(4), 571.

. . dpi
Master equation: = ;[Wijpj Wiipi] = Z Jij

Excess entropy production: | 00 = > 0Jij0F;

6,J1>]
J.o=Win: — Wi, Fo. —1 Wiip; .
i] ij D3 jiPi  Fi; = In W, cf.) entropy production:
11 M1
0Jij = Jij = Jijlp—p  OFy = Fyj - Fijlp=p Otot = Z 15 Ji;
dﬁz 1,7[1>7
Stationary state (fixed point) P =0



The Lyapunov function and the Lyapunov
stablility for the linear master equation

* For the linear master equation (W does not depend on p)

d 5D: = D: — DB
52 _ — — 52 p’l T pZ pZ
o dt[ L]
1 (5pi)2
2 —_— —
Lyapunov function: 0°L = 9 Z D

1

The Glansdorft-Prigogine criterion is a Lyapunov stability criterion.

%52£ <0 :Lyapunov stable Lyapunov function
; 5L >0,
EéQﬁ > 0 :Lyapunov unstable FL=0 iff p=9p



The Lyapunov function
and Information geometry

* Around the steady state (the linear master equation)

B function: 60°L = =
yapunov function 5 E 2

1

The line element:
- - ds* = E —
(Information geometry)

L,V

_ [ dWy; 2 1d 2
~ ’ — 5 ~ d
p—p,(dpk ) * 0~ —5—ds]

Based on this relationship,
we generalize the Glansdorfi-Prigogine criterion.

dp; )?
“3[89M69V lnp]dﬁudﬁ,, = Z ( ]ZZ)

1




A generalization of the Glansdorftf-
Prigogine criterion for stability

Sosuke lIto, arXiv, 1908.09446 (2019).

« Schematic of our criterion
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Supremacy of our information geometric
criterion compared to the Glansdorft-
Prigogine criterion

Our criterion does work even for the non-linear master
equation

Applicable for any non-stationary dynamics

Based on thermodynamic uncertainty (TURs)

Moreover, our result gives the relationship between the Onsager coefficient
Lyv and the Fisher information matrix gy v around the equilibrium state.

» L, :Onsager coefficient

> L6yt =—=— | gl ,6J.0J, ﬂ
— I v 2 dt = H H _ g/{ﬂ/ — 41[8JM8JV lnp]

J,. : Y-th mode of flow



Example : Autocatalytic reaction

The Cramér-Rao inequality

Autocatalytic reaction

var|R) ) 1
NrR = 5 2N =
X+Y =2X aE[R] ds )2
dt (E)
10000 i ((13 \)
““"_E/,d"///Unstable Stable\\ ///4’_\\\§
"o s 10 7l |
—_— Tme il () -
74 "dIE[dy
. 5 o VVe can discuss
Time O ' '
i — stability guantitatively
/?/"‘? based on TUREs.
) { s i
1 % 10 ,'// \..(“.i(g'\,', (5}.1.] —
1 x 16 r/ var|dy; —




Schematic of
our geometric criterion for stability

™ The speed (ds/dt)? in information geometry tell us
stability of the system.

2VPY

D’y :Unstable
2

4

d <ds)2 2
dt |\ di -

Information geometry
= Geometry of a circle

ds* = (d[2/px])° + (d[2y/py])?
(VPx)*+ (Vpy)? =1

px =2 0,py >0

X+Y=2X




Summary

An information geometric theory of thermodynamics

We found a new thermodynamic interpretation of
information geometry.

We obtain several TURs from this framework.

Our framework can be regarded as a generalization
of the Glansdorff-Prigogine criterion for stability.

Sosuke lto, Phys. Rev. Lett. 121, 030605 (2018), :Thermodynamic interpretation, Speed limit
Sosuke Ito and Andreas Dechant, arXiv:1810.06832 (2018).  :TURs, Cramer-Rao, Monotonicity

Sosuke lto, arXiv, 1908.09446 (2019). :The Glansdorff-Prigogine criterion for stability



