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1. What are topology and geometry of band structures? 

2. How can we measure it? 

I. Quantum geometric tensor and topology 

II. Localization, many-body quantum metric, and fluctuation-dissipation theorem
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Bloch’s theorem and physics on a band

3

A particle (e.g. electrons) in a periodic potential

Ĥ =
p
2

2m
+ V (r)
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V (r+ ai) = V (r)
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Eigenstates are labeled by band index n and crystal momentum k

Ĥ n,k(r) = En(k) n,k(r)
<latexit sha1_base64="aR+WzNKtuoKsK9wRJriQgOVUx7k="></latexit><latexit sha1_base64="aR+WzNKtuoKsK9wRJriQgOVUx7k="></latexit><latexit sha1_base64="aR+WzNKtuoKsK9wRJriQgOVUx7k="></latexit><latexit sha1_base64="aR+WzNKtuoKsK9wRJriQgOVUx7k="></latexit>

Here  n,k(r) = eik·run,k(r)
<latexit sha1_base64="F3U6Hc5Z7y/9P3raiO53o/z53o0=">AAACR3icfVBLS8NAGNzUV62vqEcvi0WoICURQS9C0YvHCvYBTVo22027dLMJuxuhhPw7L169+Re8eFDEo5s2Um3FgYVhZj6+b8eLGJXKsp6NwtLyyupacb20sbm1vWPu7jVlGAtMGjhkoWh7SBJGOWkoqhhpR4KgwGOk5Y2uM791T4SkIb9T44i4ARpw6lOMlJZ6ZteJJO0l/MQJkBp6fjJK08o3F+kxvISkm9CZ6+B+qOAskcL4n/GeWbaq1gRwkdg5KYMc9Z755PRDHAeEK8yQlB3bipSbIKEoZiQtObEkEcIjNCAdTTkKiHSTSQ8pPNJKH/qh0I8rOFF/TiQokHIceDqZnSjnvUz8y+vEyr9wE8qjWBGOp4v8mEEVwqxU2KeCYMXGmiAsqL4V4iESCCtdfUmXYM9/eZE0T6u2VbVvz8q1q7yOIjgAh6ACbHAOauAG1EEDYPAAXsAbeDcejVfjw/icRgtGPrMPfqFgfAGbrbQb</latexit><latexit sha1_base64="F3U6Hc5Z7y/9P3raiO53o/z53o0=">AAACR3icfVBLS8NAGNzUV62vqEcvi0WoICURQS9C0YvHCvYBTVo22027dLMJuxuhhPw7L169+Re8eFDEo5s2Um3FgYVhZj6+b8eLGJXKsp6NwtLyyupacb20sbm1vWPu7jVlGAtMGjhkoWh7SBJGOWkoqhhpR4KgwGOk5Y2uM791T4SkIb9T44i4ARpw6lOMlJZ6ZteJJO0l/MQJkBp6fjJK08o3F+kxvISkm9CZ6+B+qOAskcL4n/GeWbaq1gRwkdg5KYMc9Z755PRDHAeEK8yQlB3bipSbIKEoZiQtObEkEcIjNCAdTTkKiHSTSQ8pPNJKH/qh0I8rOFF/TiQokHIceDqZnSjnvUz8y+vEyr9wE8qjWBGOp4v8mEEVwqxU2KeCYMXGmiAsqL4V4iESCCtdfUmXYM9/eZE0T6u2VbVvz8q1q7yOIjgAh6ACbHAOauAG1EEDYPAAXsAbeDcejVfjw/icRgtGPrMPfqFgfAGbrbQb</latexit><latexit sha1_base64="F3U6Hc5Z7y/9P3raiO53o/z53o0=">AAACR3icfVBLS8NAGNzUV62vqEcvi0WoICURQS9C0YvHCvYBTVo22027dLMJuxuhhPw7L169+Re8eFDEo5s2Um3FgYVhZj6+b8eLGJXKsp6NwtLyyupacb20sbm1vWPu7jVlGAtMGjhkoWh7SBJGOWkoqhhpR4KgwGOk5Y2uM791T4SkIb9T44i4ARpw6lOMlJZ6ZteJJO0l/MQJkBp6fjJK08o3F+kxvISkm9CZ6+B+qOAskcL4n/GeWbaq1gRwkdg5KYMc9Z755PRDHAeEK8yQlB3bipSbIKEoZiQtObEkEcIjNCAdTTkKiHSTSQ8pPNJKH/qh0I8rOFF/TiQokHIceDqZnSjnvUz8y+vEyr9wE8qjWBGOp4v8mEEVwqxU2KeCYMXGmiAsqL4V4iESCCtdfUmXYM9/eZE0T6u2VbVvz8q1q7yOIjgAh6ACbHAOauAG1EEDYPAAXsAbeDcejVfjw/icRgtGPrMPfqFgfAGbrbQb</latexit><latexit sha1_base64="F3U6Hc5Z7y/9P3raiO53o/z53o0=">AAACR3icfVBLS8NAGNzUV62vqEcvi0WoICURQS9C0YvHCvYBTVo22027dLMJuxuhhPw7L169+Re8eFDEo5s2Um3FgYVhZj6+b8eLGJXKsp6NwtLyyupacb20sbm1vWPu7jVlGAtMGjhkoWh7SBJGOWkoqhhpR4KgwGOk5Y2uM791T4SkIb9T44i4ARpw6lOMlJZ6ZteJJO0l/MQJkBp6fjJK08o3F+kxvISkm9CZ6+B+qOAskcL4n/GeWbaq1gRwkdg5KYMc9Z755PRDHAeEK8yQlB3bipSbIKEoZiQtObEkEcIjNCAdTTkKiHSTSQ8pPNJKH/qh0I8rOFF/TiQokHIceDqZnSjnvUz8y+vEyr9wE8qjWBGOp4v8mEEVwqxU2KeCYMXGmiAsqL4V4iESCCtdfUmXYM9/eZE0T6u2VbVvz8q1q7yOIjgAh6ACbHAOauAG1EEDYPAAXsAbeDcejVfjw/icRgtGPrMPfqFgfAGbrbQb</latexit>

un,k(r+ ai) = un,k(r)
<latexit sha1_base64="eA/szWIXvagiEV7WO+lK24m+Zpc=">AAACM3icfVDLSsNAFJ34rPUVdelmsAgtSklE0I1QdCOuKtgHtCFMppN26GQSZiZCCfknN/6IC0FcKOLWf3DSpqCteGDgzDn3cu89XsSoVJb1YiwsLi2vrBbWiusbm1vb5s5uU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzW/dESBryOzWKiBOgPqc+xUhpyTVvYjfhx90AqYHnJ8M0LU+5SOERnH5Q6tIKvID/VFdcs2RVrTHgPLFzUgI56q751O2FOA4IV5ghKTu2FSknQUJRzEha7MaSRAgPUZ90NOUoINJJxjen8FArPeiHQj+u4Fj92ZGgQMpR4OnKbEU562XiX14nVv65k1AexYpwPBnkxwyqEGYBwh4VBCs20gRhQfWuEA+QQFjpmIs6BHv25HnSPKnaVtW+PS3VLvM4CmAfHIAysMEZqIFrUAcNgMEDeAZv4N14NF6ND+NzUrpg5D174BeMr2/jrKum</latexit><latexit sha1_base64="eA/szWIXvagiEV7WO+lK24m+Zpc=">AAACM3icfVDLSsNAFJ34rPUVdelmsAgtSklE0I1QdCOuKtgHtCFMppN26GQSZiZCCfknN/6IC0FcKOLWf3DSpqCteGDgzDn3cu89XsSoVJb1YiwsLi2vrBbWiusbm1vb5s5uU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzW/dESBryOzWKiBOgPqc+xUhpyTVvYjfhx90AqYHnJ8M0LU+5SOERnH5Q6tIKvID/VFdcs2RVrTHgPLFzUgI56q751O2FOA4IV5ghKTu2FSknQUJRzEha7MaSRAgPUZ90NOUoINJJxjen8FArPeiHQj+u4Fj92ZGgQMpR4OnKbEU562XiX14nVv65k1AexYpwPBnkxwyqEGYBwh4VBCs20gRhQfWuEA+QQFjpmIs6BHv25HnSPKnaVtW+PS3VLvM4CmAfHIAysMEZqIFrUAcNgMEDeAZv4N14NF6ND+NzUrpg5D174BeMr2/jrKum</latexit><latexit sha1_base64="eA/szWIXvagiEV7WO+lK24m+Zpc=">AAACM3icfVDLSsNAFJ34rPUVdelmsAgtSklE0I1QdCOuKtgHtCFMppN26GQSZiZCCfknN/6IC0FcKOLWf3DSpqCteGDgzDn3cu89XsSoVJb1YiwsLi2vrBbWiusbm1vb5s5uU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzW/dESBryOzWKiBOgPqc+xUhpyTVvYjfhx90AqYHnJ8M0LU+5SOERnH5Q6tIKvID/VFdcs2RVrTHgPLFzUgI56q751O2FOA4IV5ghKTu2FSknQUJRzEha7MaSRAgPUZ90NOUoINJJxjen8FArPeiHQj+u4Fj92ZGgQMpR4OnKbEU562XiX14nVv65k1AexYpwPBnkxwyqEGYBwh4VBCs20gRhQfWuEA+QQFjpmIs6BHv25HnSPKnaVtW+PS3VLvM4CmAfHIAysMEZqIFrUAcNgMEDeAZv4N14NF6ND+NzUrpg5D174BeMr2/jrKum</latexit><latexit sha1_base64="eA/szWIXvagiEV7WO+lK24m+Zpc=">AAACM3icfVDLSsNAFJ34rPUVdelmsAgtSklE0I1QdCOuKtgHtCFMppN26GQSZiZCCfknN/6IC0FcKOLWf3DSpqCteGDgzDn3cu89XsSoVJb1YiwsLi2vrBbWiusbm1vb5s5uU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzW/dESBryOzWKiBOgPqc+xUhpyTVvYjfhx90AqYHnJ8M0LU+5SOERnH5Q6tIKvID/VFdcs2RVrTHgPLFzUgI56q751O2FOA4IV5ghKTu2FSknQUJRzEha7MaSRAgPUZ90NOUoINJJxjen8FArPeiHQj+u4Fj92ZGgQMpR4OnKbEU562XiX14nVv65k1AexYpwPBnkxwyqEGYBwh4VBCs20gRhQfWuEA+QQFjpmIs6BHv25HnSPKnaVtW+PS3VLvM4CmAfHIAysMEZqIFrUAcNgMEDeAZv4N14NF6ND+NzUrpg5D174BeMr2/jrKum</latexit>

En(k)
<latexit sha1_base64="HqCcdgwxdlbld0dB4R0Wp+MPgCc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWRgi6LIrisYB/QhjCZTtqhk0mYmRRK6J+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyV3ud6dUKhaLJz1LqBfhkWAhI1gbybfte1+g2iDCehyE2WR+6dtVp+4sgNaJW5AqFGj59tdgGJM0okITjpXqu06ivQxLzQin88ogVTTBZIJHtG+owBFVXrZIPkcXRhmiMJbmCY0W6u+NDEdKzaLATOYR1aqXi/95/VSHN17GRJJqKsjyUJhypGOU14CGTFKi+cwQTCQzWREZY4mJNmVVTAnu6pfXSeeq7jp197FRbd4WdZThDM6hBi5cQxMeoAVtIDCFZ3iFNyuzXqx362M5WrKKnVP4A+vzB6Aykv8=</latexit><latexit sha1_base64="HqCcdgwxdlbld0dB4R0Wp+MPgCc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWRgi6LIrisYB/QhjCZTtqhk0mYmRRK6J+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyV3ud6dUKhaLJz1LqBfhkWAhI1gbybfte1+g2iDCehyE2WR+6dtVp+4sgNaJW5AqFGj59tdgGJM0okITjpXqu06ivQxLzQin88ogVTTBZIJHtG+owBFVXrZIPkcXRhmiMJbmCY0W6u+NDEdKzaLATOYR1aqXi/95/VSHN17GRJJqKsjyUJhypGOU14CGTFKi+cwQTCQzWREZY4mJNmVVTAnu6pfXSeeq7jp197FRbd4WdZThDM6hBi5cQxMeoAVtIDCFZ3iFNyuzXqx362M5WrKKnVP4A+vzB6Aykv8=</latexit><latexit sha1_base64="HqCcdgwxdlbld0dB4R0Wp+MPgCc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWRgi6LIrisYB/QhjCZTtqhk0mYmRRK6J+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyV3ud6dUKhaLJz1LqBfhkWAhI1gbybfte1+g2iDCehyE2WR+6dtVp+4sgNaJW5AqFGj59tdgGJM0okITjpXqu06ivQxLzQin88ogVTTBZIJHtG+owBFVXrZIPkcXRhmiMJbmCY0W6u+NDEdKzaLATOYR1aqXi/95/VSHN17GRJJqKsjyUJhypGOU14CGTFKi+cwQTCQzWREZY4mJNmVVTAnu6pfXSeeq7jp197FRbd4WdZThDM6hBi5cQxMeoAVtIDCFZ3iFNyuzXqx362M5WrKKnVP4A+vzB6Aykv8=</latexit><latexit sha1_base64="HqCcdgwxdlbld0dB4R0Wp+MPgCc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWRgi6LIrisYB/QhjCZTtqhk0mYmRRK6J+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyV3ud6dUKhaLJz1LqBfhkWAhI1gbybfte1+g2iDCehyE2WR+6dtVp+4sgNaJW5AqFGj59tdgGJM0okITjpXqu06ivQxLzQin88ogVTTBZIJHtG+owBFVXrZIPkcXRhmiMJbmCY0W6u+NDEdKzaLATOYR1aqXi/95/VSHN17GRJJqKsjyUJhypGOU14CGTFKi+cwQTCQzWREZY4mJNmVVTAnu6pfXSeeq7jp197FRbd4WdZThDM6hBi5cQxMeoAVtIDCFZ3iFNyuzXqx362M5WrKKnVP4A+vzB6Aykv8=</latexit>

un,k(r) = hr|un,ki
<latexit sha1_base64="DjS+UogBE/+f/9OWIFEgwWvQC1E=">AAACM3icbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYouhFXFewDmlAm00k7dDIJMxOhxPyTG3/EhSAuFHHrPzhJI2rrgYHDOecy9x4vYlQqy3o25uYXFpeWSyvl1bX1jU1za7slw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90kfntWyIkDfmNGkfEDdCAU59ipLTUM6/iXsIPnQCpoecnozStfnORHsAz6DDEB4zAH/UOTo84Is/0zIpVs3LAWWIXpAIKNHrmo9MPcRwQrjBDUnZtK1JugoSimJG07MSSRAiP0IB0NeUoINJN8ptTuK+VPvRDoR9XMFd/TyQokHIceDqZbSqnvUz8z+vGyj91E8qjWBGOJx/5MYMqhFmBsE8FwYqNNUFYUL0rxEMkEFa65rIuwZ4+eZa0jmq2VbOvjyv186KOEtgFe6AKbHAC6uASNEATYHAPnsAreDMejBfj3fiYROeMYmYH/IHx+QX/mKxb</latexit><latexit sha1_base64="DjS+UogBE/+f/9OWIFEgwWvQC1E=">AAACM3icbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYouhFXFewDmlAm00k7dDIJMxOhxPyTG3/EhSAuFHHrPzhJI2rrgYHDOecy9x4vYlQqy3o25uYXFpeWSyvl1bX1jU1za7slw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90kfntWyIkDfmNGkfEDdCAU59ipLTUM6/iXsIPnQCpoecnozStfnORHsAz6DDEB4zAH/UOTo84Is/0zIpVs3LAWWIXpAIKNHrmo9MPcRwQrjBDUnZtK1JugoSimJG07MSSRAiP0IB0NeUoINJN8ptTuK+VPvRDoR9XMFd/TyQokHIceDqZbSqnvUz8z+vGyj91E8qjWBGOJx/5MYMqhFmBsE8FwYqNNUFYUL0rxEMkEFa65rIuwZ4+eZa0jmq2VbOvjyv186KOEtgFe6AKbHAC6uASNEATYHAPnsAreDMejBfj3fiYROeMYmYH/IHx+QX/mKxb</latexit><latexit sha1_base64="DjS+UogBE/+f/9OWIFEgwWvQC1E=">AAACM3icbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYouhFXFewDmlAm00k7dDIJMxOhxPyTG3/EhSAuFHHrPzhJI2rrgYHDOecy9x4vYlQqy3o25uYXFpeWSyvl1bX1jU1za7slw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90kfntWyIkDfmNGkfEDdCAU59ipLTUM6/iXsIPnQCpoecnozStfnORHsAz6DDEB4zAH/UOTo84Is/0zIpVs3LAWWIXpAIKNHrmo9MPcRwQrjBDUnZtK1JugoSimJG07MSSRAiP0IB0NeUoINJN8ptTuK+VPvRDoR9XMFd/TyQokHIceDqZbSqnvUz8z+vGyj91E8qjWBGOJx/5MYMqhFmBsE8FwYqNNUFYUL0rxEMkEFa65rIuwZ4+eZa0jmq2VbOvjyv186KOEtgFe6AKbHAC6uASNEATYHAPnsAreDMejBfj3fiYROeMYmYH/IHx+QX/mKxb</latexit><latexit sha1_base64="DjS+UogBE/+f/9OWIFEgwWvQC1E=">AAACM3icbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYouhFXFewDmlAm00k7dDIJMxOhxPyTG3/EhSAuFHHrPzhJI2rrgYHDOecy9x4vYlQqy3o25uYXFpeWSyvl1bX1jU1za7slw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90kfntWyIkDfmNGkfEDdCAU59ipLTUM6/iXsIPnQCpoecnozStfnORHsAz6DDEB4zAH/UOTo84Is/0zIpVs3LAWWIXpAIKNHrmo9MPcRwQrjBDUnZtK1JugoSimJG07MSSRAiP0IB0NeUoINJN8ptTuK+VPvRDoR9XMFd/TyQokHIceDqZbSqnvUz8z+vGyj91E8qjWBGOJx/5MYMqhFmBsE8FwYqNNUFYUL0rxEMkEFa65rIuwZ4+eZa0jmq2VbOvjyv186KOEtgFe6AKbHAC6uASNEATYHAPnsAreDMejBfj3fiYROeMYmYH/IHx+QX/mKxb</latexit>

: Energy band structure : Bloch state
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A wavepacket constructed on a band has a group velocity:

ṙ =
@En(k)

~@k
<latexit sha1_base64="IDA4w2Y6RFewZBD7LIy2xk5+H2Y="></latexit>

In the presence of external fields:
~k̇ = �eE(r)� eṙ⇥B

<latexit sha1_base64="Co1hF+CmifTITTaWowKkqztoLnk="></latexit>

[Ashcroft & Mermin (1976), page 218]
— semiclassical equations of motion —  
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Geometric structure of bands

4

Geometric structure of band characterizes how much the Bloch state              changes 
within the Brillouin zone

Physically meaningful quantity should be invariant under the gauge transformation:

|un,ki �! ei✓(k)|un,ki
<latexit sha1_base64="Uhb1iedo63XSfbqVeT2GvkNw8+8="></latexit><latexit sha1_base64="Uhb1iedo63XSfbqVeT2GvkNw8+8="></latexit><latexit sha1_base64="Uhb1iedo63XSfbqVeT2GvkNw8+8="></latexit><latexit sha1_base64="Uhb1iedo63XSfbqVeT2GvkNw8+8="></latexit>

|un,ki
<latexit sha1_base64="HIXQ3hnPVYcBDQ+kdyBlggPqA60=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieJCSiKDHohePFewHNCFstpN26WYTdjdCifHiX/HiQRGv/gtv/hs3bQ7a+mDg8d4MM/OChFGpbPvbqCwtr6yuVddrG5tb2zvm7l5Hxqkg0CYxi0UvwBIY5dBWVDHoJQJwFDDoBuPrwu/eg5A05ndqkoAX4SGnISVYack3Dx5SP+OnboTVKAizcZ67AvMhA9+s2w17CmuROCWpoxIt3/xyBzFJI+CKMCxl37ET5WVYKEoY5DU3lZBgMsZD6GvKcQTSy6Yf5NaxVgZWGAtdXFlT9fdEhiMpJ1GgO4tL5bxXiP95/VSFl15GeZIq4GS2KEyZpWKriMMaUAFEsYkmmAiqb7XICAtMlA6tpkNw5l9eJJ2zhmM3nNvzevOqjKOKDtEROkEOukBNdINaqI0IekTP6BW9GU/Gi/FufMxaK0Y5s4/+wPj8AXG2l4M=</latexit><latexit sha1_base64="HIXQ3hnPVYcBDQ+kdyBlggPqA60=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieJCSiKDHohePFewHNCFstpN26WYTdjdCifHiX/HiQRGv/gtv/hs3bQ7a+mDg8d4MM/OChFGpbPvbqCwtr6yuVddrG5tb2zvm7l5Hxqkg0CYxi0UvwBIY5dBWVDHoJQJwFDDoBuPrwu/eg5A05ndqkoAX4SGnISVYack3Dx5SP+OnboTVKAizcZ67AvMhA9+s2w17CmuROCWpoxIt3/xyBzFJI+CKMCxl37ET5WVYKEoY5DU3lZBgMsZD6GvKcQTSy6Yf5NaxVgZWGAtdXFlT9fdEhiMpJ1GgO4tL5bxXiP95/VSFl15GeZIq4GS2KEyZpWKriMMaUAFEsYkmmAiqb7XICAtMlA6tpkNw5l9eJJ2zhmM3nNvzevOqjKOKDtEROkEOukBNdINaqI0IekTP6BW9GU/Gi/FufMxaK0Y5s4/+wPj8AXG2l4M=</latexit><latexit sha1_base64="HIXQ3hnPVYcBDQ+kdyBlggPqA60=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieJCSiKDHohePFewHNCFstpN26WYTdjdCifHiX/HiQRGv/gtv/hs3bQ7a+mDg8d4MM/OChFGpbPvbqCwtr6yuVddrG5tb2zvm7l5Hxqkg0CYxi0UvwBIY5dBWVDHoJQJwFDDoBuPrwu/eg5A05ndqkoAX4SGnISVYack3Dx5SP+OnboTVKAizcZ67AvMhA9+s2w17CmuROCWpoxIt3/xyBzFJI+CKMCxl37ET5WVYKEoY5DU3lZBgMsZD6GvKcQTSy6Yf5NaxVgZWGAtdXFlT9fdEhiMpJ1GgO4tL5bxXiP95/VSFl15GeZIq4GS2KEyZpWKriMMaUAFEsYkmmAiqb7XICAtMlA6tpkNw5l9eJJ2zhmM3nNvzevOqjKOKDtEROkEOukBNdINaqI0IekTP6BW9GU/Gi/FufMxaK0Y5s4/+wPj8AXG2l4M=</latexit><latexit sha1_base64="HIXQ3hnPVYcBDQ+kdyBlggPqA60=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieJCSiKDHohePFewHNCFstpN26WYTdjdCifHiX/HiQRGv/gtv/hs3bQ7a+mDg8d4MM/OChFGpbPvbqCwtr6yuVddrG5tb2zvm7l5Hxqkg0CYxi0UvwBIY5dBWVDHoJQJwFDDoBuPrwu/eg5A05ndqkoAX4SGnISVYack3Dx5SP+OnboTVKAizcZ67AvMhA9+s2w17CmuROCWpoxIt3/xyBzFJI+CKMCxl37ET5WVYKEoY5DU3lZBgMsZD6GvKcQTSy6Yf5NaxVgZWGAtdXFlT9fdEhiMpJ1GgO4tL5bxXiP95/VSFl15GeZIq4GS2KEyZpWKriMMaUAFEsYkmmAiqb7XICAtMlA6tpkNw5l9eJJ2zhmM3nNvzevOqjKOKDtEROkEOukBNdINaqI0IekTP6BW9GU/Gi/FufMxaK0Y5s4/+wPj8AXG2l4M=</latexit>

Then,

                  is not gauge invariant, so it is not a good quantity to characterize the change 
of the Bloch state
@kµ |un,ki

<latexit sha1_base64="6ECKgd0GEcJPVezqrINwjYFV270=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJKIoMuiG5cV7AOaECbTSTt0ZhJmJkKJ+QY3/oobF4q4deXOv3HSZqGtBy4czrmXe+8JE0aVdpxvq7K0vLK6Vl2vbWxube/Yu3sdFacSkzaOWSx7IVKEUUHammpGeokkiIeMdMPxdeF374lUNBZ3epIQn6OhoBHFSBspsE+8BElNEQuyceDxNIcPaZCJU48jPQqjbJznnkRiyEhg152GMwVcJG5J6qBEK7C/vEGMU06Exgwp1XedRPtZsQ4zkte8VJEE4TEakr6hAnGi/Gz6Ug6PjDKAUSxNCQ2n6u+JDHGlJjw0ncWlat4rxP+8fqqjSz+jIkk1EXi2KEoZ1DEs8oEDKgnWbGIIwpKaWyEeIYmwNinWTAju/MuLpHPWcJ2Ge3teb16VcVTBATgEx8AFF6AJbkALtAEGj+AZvII368l6sd6tj1lrxSpn9sEfWJ8/DXqe9Q==</latexit><latexit sha1_base64="6ECKgd0GEcJPVezqrINwjYFV270=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJKIoMuiG5cV7AOaECbTSTt0ZhJmJkKJ+QY3/oobF4q4deXOv3HSZqGtBy4czrmXe+8JE0aVdpxvq7K0vLK6Vl2vbWxube/Yu3sdFacSkzaOWSx7IVKEUUHammpGeokkiIeMdMPxdeF374lUNBZ3epIQn6OhoBHFSBspsE+8BElNEQuyceDxNIcPaZCJU48jPQqjbJznnkRiyEhg152GMwVcJG5J6qBEK7C/vEGMU06Exgwp1XedRPtZsQ4zkte8VJEE4TEakr6hAnGi/Gz6Ug6PjDKAUSxNCQ2n6u+JDHGlJjw0ncWlat4rxP+8fqqjSz+jIkk1EXi2KEoZ1DEs8oEDKgnWbGIIwpKaWyEeIYmwNinWTAju/MuLpHPWcJ2Ge3teb16VcVTBATgEx8AFF6AJbkALtAEGj+AZvII368l6sd6tj1lrxSpn9sEfWJ8/DXqe9Q==</latexit><latexit sha1_base64="6ECKgd0GEcJPVezqrINwjYFV270=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJKIoMuiG5cV7AOaECbTSTt0ZhJmJkKJ+QY3/oobF4q4deXOv3HSZqGtBy4czrmXe+8JE0aVdpxvq7K0vLK6Vl2vbWxube/Yu3sdFacSkzaOWSx7IVKEUUHammpGeokkiIeMdMPxdeF374lUNBZ3epIQn6OhoBHFSBspsE+8BElNEQuyceDxNIcPaZCJU48jPQqjbJznnkRiyEhg152GMwVcJG5J6qBEK7C/vEGMU06Exgwp1XedRPtZsQ4zkte8VJEE4TEakr6hAnGi/Gz6Ug6PjDKAUSxNCQ2n6u+JDHGlJjw0ncWlat4rxP+8fqqjSz+jIkk1EXi2KEoZ1DEs8oEDKgnWbGIIwpKaWyEeIYmwNinWTAju/MuLpHPWcJ2Ge3teb16VcVTBATgEx8AFF6AJbkALtAEGj+AZvII368l6sd6tj1lrxSpn9sEfWJ8/DXqe9Q==</latexit><latexit sha1_base64="6ECKgd0GEcJPVezqrINwjYFV270=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJKIoMuiG5cV7AOaECbTSTt0ZhJmJkKJ+QY3/oobF4q4deXOv3HSZqGtBy4czrmXe+8JE0aVdpxvq7K0vLK6Vl2vbWxube/Yu3sdFacSkzaOWSx7IVKEUUHammpGeokkiIeMdMPxdeF374lUNBZ3epIQn6OhoBHFSBspsE+8BElNEQuyceDxNIcPaZCJU48jPQqjbJznnkRiyEhg152GMwVcJG5J6qBEK7C/vEGMU06Exgwp1XedRPtZsQ4zkte8VJEE4TEakr6hAnGi/Gz6Ug6PjDKAUSxNCQ2n6u+JDHGlJjw0ncWlat4rxP+8fqqjSz+jIkk1EXi2KEoZ1DEs8oEDKgnWbGIIwpKaWyEeIYmwNinWTAju/MuLpHPWcJ2Ge3teb16VcVTBATgEx8AFF6AJbkALtAEGj+AZvII368l6sd6tj1lrxSpn9sEfWJ8/DXqe9Q==</latexit>

Instead, we need to consider the covariant derivative:

Dkµ |un,ki ! ei✓(k)Dkµ |un,ki
<latexit sha1_base64="O/jA3K8B/OavKhjwyoDCSHMOK+k="></latexit><latexit sha1_base64="O/jA3K8B/OavKhjwyoDCSHMOK+k="></latexit><latexit sha1_base64="O/jA3K8B/OavKhjwyoDCSHMOK+k="></latexit><latexit sha1_base64="O/jA3K8B/OavKhjwyoDCSHMOK+k="></latexit>

Its inner product is gauge invariant, and thus physically meaningful

�n
µ⌫(k) ⌘

�
Dkµhun,k|

�
(Dk⌫ |un,ki)

<latexit sha1_base64="/d/oPFtJHVogAimQBTGex4dILjU="></latexit><latexit sha1_base64="/d/oPFtJHVogAimQBTGex4dILjU="></latexit><latexit sha1_base64="/d/oPFtJHVogAimQBTGex4dILjU="></latexit><latexit sha1_base64="/d/oPFtJHVogAimQBTGex4dILjU="></latexit>

Quantum geometric tensor

Dkµ |un,ki ⌘ (@kµ + iAn
µ(k))|un,ki

An
µ(k) ⌘ ihun,k|@kµ |un,ki

<latexit sha1_base64="y5DDRov2jsQ5L7gPATUNdETEDLE="></latexit><latexit sha1_base64="y5DDRov2jsQ5L7gPATUNdETEDLE="></latexit><latexit sha1_base64="y5DDRov2jsQ5L7gPATUNdETEDLE="></latexit><latexit sha1_base64="y5DDRov2jsQ5L7gPATUNdETEDLE="></latexit>

: Berry connection
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Quantum geometric tensor & Topology
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Quantum geometric tensor:

: quantum metric tensor, Fubini-Study metric
: Berry curvature

gnµ⌫(k)
<latexit sha1_base64="b/HkcUCB/+/4OI3L0y/lG2WPfTM=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQNyURQZdFNy4r2Ac0MUymk3bozCTMTIQSght/xY0LRdz6Fe78GydtFtp64MLhnHu5954wYVRpx/m2lpZXVtfWKxvVza3tnV17b7+j4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+LvzuA5GKxuJOTxLiczQUNKIYaSMF9uEwyDyeQk+k+b2oexzpURhl4/w0sGtOw5kCLhK3JDVQohXYX94gxiknQmOGlOq7TqL9DElNMSN51UsVSRAeoyHpGyoQJ8rPpi/k8MQoAxjF0pTQcKr+nsgQV2rCQ9NZnKjmvUL8z+unOrr0MyqSVBOBZ4uilEEdwyIPOKCSYM0mhiAsqbkV4hGSCGuTWtWE4M6/vEg6Zw3Xabi357XmVRlHBRyBY1AHLrgATXADWqANMHgEz+AVvFlP1ov1bn3MWpescuYA/IH1+QM6eZdO</latexit><latexit sha1_base64="b/HkcUCB/+/4OI3L0y/lG2WPfTM=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQNyURQZdFNy4r2Ac0MUymk3bozCTMTIQSght/xY0LRdz6Fe78GydtFtp64MLhnHu5954wYVRpx/m2lpZXVtfWKxvVza3tnV17b7+j4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+LvzuA5GKxuJOTxLiczQUNKIYaSMF9uEwyDyeQk+k+b2oexzpURhl4/w0sGtOw5kCLhK3JDVQohXYX94gxiknQmOGlOq7TqL9DElNMSN51UsVSRAeoyHpGyoQJ8rPpi/k8MQoAxjF0pTQcKr+nsgQV2rCQ9NZnKjmvUL8z+unOrr0MyqSVBOBZ4uilEEdwyIPOKCSYM0mhiAsqbkV4hGSCGuTWtWE4M6/vEg6Zw3Xabi357XmVRlHBRyBY1AHLrgATXADWqANMHgEz+AVvFlP1ov1bn3MWpescuYA/IH1+QM6eZdO</latexit><latexit sha1_base64="b/HkcUCB/+/4OI3L0y/lG2WPfTM=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQNyURQZdFNy4r2Ac0MUymk3bozCTMTIQSght/xY0LRdz6Fe78GydtFtp64MLhnHu5954wYVRpx/m2lpZXVtfWKxvVza3tnV17b7+j4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+LvzuA5GKxuJOTxLiczQUNKIYaSMF9uEwyDyeQk+k+b2oexzpURhl4/w0sGtOw5kCLhK3JDVQohXYX94gxiknQmOGlOq7TqL9DElNMSN51UsVSRAeoyHpGyoQJ8rPpi/k8MQoAxjF0pTQcKr+nsgQV2rCQ9NZnKjmvUL8z+unOrr0MyqSVBOBZ4uilEEdwyIPOKCSYM0mhiAsqbkV4hGSCGuTWtWE4M6/vEg6Zw3Xabi357XmVRlHBRyBY1AHLrgATXADWqANMHgEz+AVvFlP1ov1bn3MWpescuYA/IH1+QM6eZdO</latexit><latexit sha1_base64="b/HkcUCB/+/4OI3L0y/lG2WPfTM=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQNyURQZdFNy4r2Ac0MUymk3bozCTMTIQSght/xY0LRdz6Fe78GydtFtp64MLhnHu5954wYVRpx/m2lpZXVtfWKxvVza3tnV17b7+j4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+LvzuA5GKxuJOTxLiczQUNKIYaSMF9uEwyDyeQk+k+b2oexzpURhl4/w0sGtOw5kCLhK3JDVQohXYX94gxiknQmOGlOq7TqL9DElNMSN51UsVSRAeoyHpGyoQJ8rPpi/k8MQoAxjF0pTQcKr+nsgQV2rCQ9NZnKjmvUL8z+unOrr0MyqSVBOBZ4uilEEdwyIPOKCSYM0mhiAsqbkV4hGSCGuTWtWE4M6/vEg6Zw3Xabi357XmVRlHBRyBY1AHLrgATXADWqANMHgEz+AVvFlP1ov1bn3MWpescuYA/IH1+QM6eZdO</latexit>

⌦n
µ⌫(k) = (rk ⇥An(k))µ⌫

<latexit sha1_base64="SJDMaDf9FKBiRROsjXdTRI51x5o="></latexit><latexit sha1_base64="SJDMaDf9FKBiRROsjXdTRI51x5o="></latexit><latexit sha1_base64="SJDMaDf9FKBiRROsjXdTRI51x5o="></latexit><latexit sha1_base64="SJDMaDf9FKBiRROsjXdTRI51x5o="></latexit>

�n
µ⌫(k) ⌘

⌧
@un,k

@kµ

����
@un,k

@k⌫

�
�

⌧
@un,k

@kµ

����un,k

�⌧
un,k

����
@un,k

@k⌫

�

=
X

n0 6=n

⌧
@un,k

@kµ

����un0,k

�⌧
un0,k

����
@un,k

@k⌫

�

⌘ gnµ⌫(k)� i⌦n
µ⌫(k)/2

<latexit sha1_base64="XHf1AFxzVTXBN/3F0yqbe/RQkt8="></latexit>

In 2D,
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Semiclassical equation of motion, geometry, & topology

6

Taking the geometry into account, the correct semiclassical equations of motion is:

ṙ =
@En(k)

~@k � k̇⇥⌦n(k)

~k̇ = �eE� eṙ⇥B
<latexit sha1_base64="jWSQHzbaNHM/E/1WfKZaotrLePw="></latexit>

where 
Looks like a Lorentz force

(ordinary) Lorentz force⌦n ⌘ (⌦n
yz,⌦

n
zx,⌦

n
xy) = rk ⇥An(k)

<latexit sha1_base64="zX6iW6BXNceIRN0puTF5f+hUOLQ="></latexit>

Chern number (topological) Berry curvature (geometrical)

Topological invariant is an integer which characterizes the entire system

Cn =
1
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xy(k)
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Number of edge states within a gap = Sum of Chern number of bands under the gap
Bulk-edge correspondence:

Geometric property is locally defined in each point in k-space 
Topology is a global property of k-space
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1. What are topology and geometry of band structures? 

2. How can we measure it? 

I. Quantum geometric tensor and topology 

II. Localization, many-body quantum metric, and fluctuation-dissipation theorem

Outline

7
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Measuring geometry of bands through spectroscopy

8

We propose to measure the geometry through excitation rate upon periodic modulation

Ĥ(t) = Ĥlattice + 2E cos(!t)x̂
<latexit sha1_base64="db6hUMnyC8ukjocA+U0WjDLYvn8="></latexit>

We are interested in the geometry of this Hamiltonian

To probe the geometry, we add this perturbation

1. Prepare the system in a Bloch state (or a superposition of Bloch states) 
2. Add the perturbation 
3. Measure the excitation rate 
4. Integrate over the perturbation frequency ω 
5. Then we get the quantum metric        !!gnµ⌫

<latexit sha1_base64="MiqaH7SHuJYe0crSUobbK/hUF0Y=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAdk1zA7mSRDZmaXeQhhyW948aCIV3/Gm3/jJNmDJhY0FFXddHfFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdGGvKmaRNwwynnVRRLGJO2/H4dua3n6jSLJEPZpLSSOChZANGsHFSOOxlobChtNNH2StX/Ko/B1olQU4qkKPRK3+F/YRYQaUhHGvdDfzURBlWhhFOp6XQappiMsZD2nVUYkF1lM1vnqIzp/TRIFGupEFz9fdEhoXWExG7ToHNSC97M/E/r2vN4DrKmEytoZIsFg0sRyZBswBQnylKDJ84goli7lZERlhhYlxMJRdCsPzyKmnVqsFFtXZ/Wanf5HEU4QRO4RwCuII63EEDmkAghWd4hTfPei/eu/exaC14+cwx/IH3+QOCTpH9</latexit>

Steps:

Ozawa & Goldman, PRB 97, 201117(R) (2018)
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exists between the Floquet and spectroscopic drives, ω ω≫Fl sp. In 
our setting, this separation is obtained through the choice of a large 
energy offset ωΔ ≈ ℏ ≫ JAB Fl , noting that the tunnelling ω~ ℏJ sp sets 
the energy scale of the probed Floquet bands. We have validated this 
approach through a numerical study of the interplay between the 
two drives, in particular, the role of micromotion (Supplementary 
Information). We find that the separation of timescales indeed sup-
presses micro-motion effects and that, for our parameters, they 
can lead to an error of the integrated depletion rates of about 0.1. 
While the spectroscopy drive commutes with the Floquet drive in 
our experiment, our numerical analysis also indicates that special 
care is required whenever this commutation relation is not satis-
fied, which could be the case in other Floquet-based settings. In 
particular, we find that additional effects, such as a renormalization 
of the observed coupling strengths, can appear in these situations 
(Supplementary Information).

Our measurements start with spin-polarized fermions filling 
up the lowest band of the bare lattice. We adiabatically prepare the 
atoms in the lowest Floquet band by ramping the Floquet amplitude 
and frequency (Fig. 2). We then resonantly couple the two lowest 
Floquet bands via a spectroscopy pulse realized by an additional 
lattice shaking, which is either circular (with chirality + or −) or, 
for comparison, linear (along the x or y directions). The spectros-
copy drive has varying frequency ωsp and forcing amplitude Esp 
(Methods). We monitor the transfer between the Floquet bands 
by adiabatically mapping the Floquet bands onto the bare bands, 
and subsequently onto the first and second Brillouin zones using 
adiabatic band mapping28. The populations in the Floquet bands 
η1,2 = N1,2/[N1 + N2] are obtained by counting the atoms N1 and N2 in 
the respective Brillouin zones (Fig. 2). We note that the experimen-
tal depletion rates Γ reflect the change in the fractional population 
dη1/dt rather than a change in the total atom number (as in refs. 4,5,7). 
This motivates the normalization used in equation (1) in terms of 
Acell (with λ= ∕A 2 3 3cell

2 ), instead of the two-dimensional (2D) 
system size Asyst (Methods).

The spectroscopy drive couples the two Floquet bands and 
leads to a depletion of the lower band, characterized by the rate Γ. 
We start with an initial population fraction in the lower band of 
η1(0) = 60–75%, due to the compromise between adiabaticity and 
Floquet heating during the preparation ramp29. Due to dephasing in 
the inhomogeneous system, the population of the upper band can be 
described as completely incoherent28; therefore, the excess popula-
tion of the lower band Δη(t) = η1(t) − η2(t) decays to zero with time t. 
We fit Δη(t)/Δη(0) with an exponential decay − Γ ∕E E texp( 2 ( ) )sp sp

ref 2 ,  
and we obtain the desired depletion rate Γ at a spectroscopy ampli-

tude of = . ∕E E a0 006sp
ref

r lat (Methods); see Fig. 3a. We choose a fixed 
duration for the rectangular spectroscopy pulse of t = 5 ms, as a 
compromise between frequency resolution and pulse duration, and 
we vary the spectroscopy amplitude Esp. To obtain a good signal-to-
noise ratio, we probe at driving amplitudes beyond linear response. 
However, the procedure of fitting the exponential decay allows 
one to obtain the slope in the linear response regime, described by 
Fermi’s golden rule (dashed line in Fig. 3a).

The spectra Γ±(ωsp) resulting from the circular-driving probe 
are shown in Fig. 3b,c. As expected, these spectra strongly depend 
on the chirality of the spectroscopy drive. Specifically, the over-
all signal is larger when the Floquet and spectroscopy drives have 
opposite chirality (the Floquet drive has negative chirality through-
out the manuscript). These absorption spectra offer a unique 
characterization of our Floquet band structure and signal the chi-
ral (time-reversal-symmetry-breaking) nature of the engineered 
Haldane model20. We fit the spectra with a heuristic function, 

ωΓ = + +γ ω ω γ ω± π + − ∕
c( ) a b

sp
1

1 [( ) ]sp 0
2

sp
, composed of a Lorentzian peak 

of width γ at ω0 and a 1/ωsp term, which captures an additional heat-
ing feature at low frequencies. We attribute this heating to the initial 
jump in the lattice velocity on switching on/off the spectroscopy 
pulse; it is independent of the chirality of the spectroscopy drive 
and hence does not affect the topological response. Introducing the 
differential rate ΔΓ± = (Γ+ − Γ−)/2, our data in Fig. 3b,c can also be 
interpreted as a measurement of the dissipative (that is, imaginary) 
part of the antisymmetric optical conductivity4,13

σ ω ω ω= ℏ ΔΓ ∕± A E( ) ( ) 4 (2)xy
I cell sp

2

The corresponding curves obtained by multiplying the dif-
ferential rate by ω are shown in Fig. 3d. We note that the optical 
conductivity of a neutral gas30 was also recently measured in a non-
topological system31.

The topological response in equation (1) becomes vis-
ible when evaluating the frequency-integrated differential rate 

∫ ω ω ωΔΓ = Γ −Γ ∕± + −d [ ( ) ( )] 2p
int

sp sp s ; this integration is taken 
over the Lorentzian part of the fit to the spectra (Supplementary 
Information). We evaluate ΔΓ ∕± Aint

cell in units of ∕ℏE( )sp
2, which, 

according to the prediction in equation (1), should be quantized in 
terms of the Chern number C. As the central result of these studies, 
we find a value 0.92(12), very close to the predicted value of C = 1, in 
the centre of the non-trivial topological region (Fig. 3b); this value 
of the extracted Chern number is comparable to those reported in 
recent cold-atom experiments28,32,33. In the trivial region (C = 0), far 
away from the topological phase transition, we measure a value of 
0.12(4) (Fig. 3c). Our measurements thus demonstrate a first exper-
imental manifestation of quantized circular dichroism.

Furthermore, we analysed the behaviour of the circular dichroic 
signal across the topological phase transition, which can be mapped 
out by changing the Floquet frequency (Fig. 4a). Instead of mea-
suring a sharp transition, we obtain a smooth falloff of the signal 
ΔΓ ∕± Aint

cell, a behaviour that is found to be generic in cold-atom 
studies of topological phase transitions28,32. Beyond the effects due 
to finite size, temperature and inhomogeneity caused by the har-
monic trap, which are all inherent to current cold-atom settings, the 
absence of a sharp jump can also be attributed to a series of addi-
tional effects that are specific to our spectroscopic measurement 
(Supplementary Information). First of all, our spectra are affected 
by a Fourier broadening of 200 Hz. Then, close to the phase transi-
tions, the small bandgap leads to a breakdown of the rotating-wave 
approximation on which the theory of ref. 4 relies. Finally, while  
the predicted detrimental effect of edge states4 does not seem to  
contribute to our central dichroic signal (which we attribute to  
the spatial separation of bulk and edge states in our harmonically 

Quantized transport Quantized depletionba
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Fig. 1 | Quantized responses in topological matter. Topological invariants, 
such as the Chern number, can be revealed via a quantized response to 
a drive. a, In the quantum (anomalous) Hall effect, the Hall conductance 
relating the transverse current density j⊥ to the applied electric field E 
follows a quantization law dictated by the Chern number C of the populated 
Bloch band1,9. b, Our experiment studies a distinct quantization law4, which 
involves the depletion rates Γ± of a Bloch band (inset) on circular shaking, 
where (±) refer to the drive orientation. The differential integrated rate 
ΔΓ±

int also reveals the Chern number C, but is quadratic with respect to the 
driving strength Esp, reflecting its dissipative (interband) nature.
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exists between the Floquet and spectroscopic drives, ω ω≫Fl sp. In 
our setting, this separation is obtained through the choice of a large 
energy offset ωΔ ≈ ℏ ≫ JAB Fl , noting that the tunnelling ω~ ℏJ sp sets 
the energy scale of the probed Floquet bands. We have validated this 
approach through a numerical study of the interplay between the 
two drives, in particular, the role of micromotion (Supplementary 
Information). We find that the separation of timescales indeed sup-
presses micro-motion effects and that, for our parameters, they 
can lead to an error of the integrated depletion rates of about 0.1. 
While the spectroscopy drive commutes with the Floquet drive in 
our experiment, our numerical analysis also indicates that special 
care is required whenever this commutation relation is not satis-
fied, which could be the case in other Floquet-based settings. In 
particular, we find that additional effects, such as a renormalization 
of the observed coupling strengths, can appear in these situations 
(Supplementary Information).

Our measurements start with spin-polarized fermions filling 
up the lowest band of the bare lattice. We adiabatically prepare the 
atoms in the lowest Floquet band by ramping the Floquet amplitude 
and frequency (Fig. 2). We then resonantly couple the two lowest 
Floquet bands via a spectroscopy pulse realized by an additional 
lattice shaking, which is either circular (with chirality + or −) or, 
for comparison, linear (along the x or y directions). The spectros-
copy drive has varying frequency ωsp and forcing amplitude Esp 
(Methods). We monitor the transfer between the Floquet bands 
by adiabatically mapping the Floquet bands onto the bare bands, 
and subsequently onto the first and second Brillouin zones using 
adiabatic band mapping28. The populations in the Floquet bands 
η1,2 = N1,2/[N1 + N2] are obtained by counting the atoms N1 and N2 in 
the respective Brillouin zones (Fig. 2). We note that the experimen-
tal depletion rates Γ reflect the change in the fractional population 
dη1/dt rather than a change in the total atom number (as in refs. 4,5,7). 
This motivates the normalization used in equation (1) in terms of 
Acell (with λ= ∕A 2 3 3cell

2 ), instead of the two-dimensional (2D) 
system size Asyst (Methods).

The spectroscopy drive couples the two Floquet bands and 
leads to a depletion of the lower band, characterized by the rate Γ. 
We start with an initial population fraction in the lower band of 
η1(0) = 60–75%, due to the compromise between adiabaticity and 
Floquet heating during the preparation ramp29. Due to dephasing in 
the inhomogeneous system, the population of the upper band can be 
described as completely incoherent28; therefore, the excess popula-
tion of the lower band Δη(t) = η1(t) − η2(t) decays to zero with time t. 
We fit Δη(t)/Δη(0) with an exponential decay − Γ ∕E E texp( 2 ( ) )sp sp

ref 2 ,  
and we obtain the desired depletion rate Γ at a spectroscopy ampli-

tude of = . ∕E E a0 006sp
ref

r lat (Methods); see Fig. 3a. We choose a fixed 
duration for the rectangular spectroscopy pulse of t = 5 ms, as a 
compromise between frequency resolution and pulse duration, and 
we vary the spectroscopy amplitude Esp. To obtain a good signal-to-
noise ratio, we probe at driving amplitudes beyond linear response. 
However, the procedure of fitting the exponential decay allows 
one to obtain the slope in the linear response regime, described by 
Fermi’s golden rule (dashed line in Fig. 3a).

The spectra Γ±(ωsp) resulting from the circular-driving probe 
are shown in Fig. 3b,c. As expected, these spectra strongly depend 
on the chirality of the spectroscopy drive. Specifically, the over-
all signal is larger when the Floquet and spectroscopy drives have 
opposite chirality (the Floquet drive has negative chirality through-
out the manuscript). These absorption spectra offer a unique 
characterization of our Floquet band structure and signal the chi-
ral (time-reversal-symmetry-breaking) nature of the engineered 
Haldane model20. We fit the spectra with a heuristic function, 

ωΓ = + +γ ω ω γ ω± π + − ∕
c( ) a b

sp
1

1 [( ) ]sp 0
2

sp
, composed of a Lorentzian peak 

of width γ at ω0 and a 1/ωsp term, which captures an additional heat-
ing feature at low frequencies. We attribute this heating to the initial 
jump in the lattice velocity on switching on/off the spectroscopy 
pulse; it is independent of the chirality of the spectroscopy drive 
and hence does not affect the topological response. Introducing the 
differential rate ΔΓ± = (Γ+ − Γ−)/2, our data in Fig. 3b,c can also be 
interpreted as a measurement of the dissipative (that is, imaginary) 
part of the antisymmetric optical conductivity4,13

σ ω ω ω= ℏ ΔΓ ∕± A E( ) ( ) 4 (2)xy
I cell sp

2

The corresponding curves obtained by multiplying the dif-
ferential rate by ω are shown in Fig. 3d. We note that the optical 
conductivity of a neutral gas30 was also recently measured in a non-
topological system31.

The topological response in equation (1) becomes vis-
ible when evaluating the frequency-integrated differential rate 

∫ ω ω ωΔΓ = Γ −Γ ∕± + −d [ ( ) ( )] 2p
int

sp sp s ; this integration is taken 
over the Lorentzian part of the fit to the spectra (Supplementary 
Information). We evaluate ΔΓ ∕± Aint

cell in units of ∕ℏE( )sp
2, which, 

according to the prediction in equation (1), should be quantized in 
terms of the Chern number C. As the central result of these studies, 
we find a value 0.92(12), very close to the predicted value of C = 1, in 
the centre of the non-trivial topological region (Fig. 3b); this value 
of the extracted Chern number is comparable to those reported in 
recent cold-atom experiments28,32,33. In the trivial region (C = 0), far 
away from the topological phase transition, we measure a value of 
0.12(4) (Fig. 3c). Our measurements thus demonstrate a first exper-
imental manifestation of quantized circular dichroism.

Furthermore, we analysed the behaviour of the circular dichroic 
signal across the topological phase transition, which can be mapped 
out by changing the Floquet frequency (Fig. 4a). Instead of mea-
suring a sharp transition, we obtain a smooth falloff of the signal 
ΔΓ ∕± Aint

cell, a behaviour that is found to be generic in cold-atom 
studies of topological phase transitions28,32. Beyond the effects due 
to finite size, temperature and inhomogeneity caused by the har-
monic trap, which are all inherent to current cold-atom settings, the 
absence of a sharp jump can also be attributed to a series of addi-
tional effects that are specific to our spectroscopic measurement 
(Supplementary Information). First of all, our spectra are affected 
by a Fourier broadening of 200 Hz. Then, close to the phase transi-
tions, the small bandgap leads to a breakdown of the rotating-wave 
approximation on which the theory of ref. 4 relies. Finally, while  
the predicted detrimental effect of edge states4 does not seem to  
contribute to our central dichroic signal (which we attribute to  
the spatial separation of bulk and edge states in our harmonically 
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Fig. 1 | Quantized responses in topological matter. Topological invariants, 
such as the Chern number, can be revealed via a quantized response to 
a drive. a, In the quantum (anomalous) Hall effect, the Hall conductance 
relating the transverse current density j⊥ to the applied electric field E 
follows a quantization law dictated by the Chern number C of the populated 
Bloch band1,9. b, Our experiment studies a distinct quantization law4, which 
involves the depletion rates Γ± of a Bloch band (inset) on circular shaking, 
where (±) refer to the drive orientation. The differential integrated rate 
ΔΓ±

int also reveals the Chern number C, but is quadratic with respect to the 
driving strength Esp, reflecting its dissipative (interband) nature.
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Fermi’s golden rule

9

1. Prepare the system in a Bloch state (or a superposition of Bloch states)

2. Add a perturbation

At t = 0, we start from a state 

2E cos(!t)x̂ = Ex̂ei!t
+H.c.

<latexit sha1_base64="ft5/9Mus1awUtFazO0JLrO1gxBU="></latexit>

3. Measure the excitation rate
Probability of finding the system in a state different from the original state is (Fermi’s golden rule):

eik·r|un,ki
<latexit sha1_base64="KYnVb1TSd2UytJ2B/OBlwDW2Slg=">AAACIHicbVDLSgMxFM34rPU16tJNsAgupMxUoS6LblxWsA/o1JJJ77ShmcyQZIQyzqe48VfcuFBEd/o1pg9RWw8ETs65l3vv8WPOlHacD2thcWl5ZTW3ll/f2Nzatnd26ypKJIUajXgkmz5RwJmAmmaaQzOWQEKfQ8MfXIz8xi1IxSJxrYcxtEPSEyxglGgjdewy3KTMC4nu+0E6yDzajTT+/sssu0s6qTj+Kcg8SUSPQ8cuOEVnDDxP3CkpoCmqHfvd60Y0CUFoyolSLdeJdTslUjPKIct7iYKY0AHpQctQQUJQ7XR8YIYPjdLFQSTNExqP1d8dKQmVGoa+qRxtqma9kfif10p0cNZOmYgTDYJOBgUJxzrCo7Rwl0mgmg8NIVQysyumfSIJ1SbTvAnBnT15ntRLRfekWLo6LVTOp3Hk0D46QEfIRWVUQZeoimqIonv0iJ7Ri/VgPVmv1tukdMGa9uyhP7A+vwAldqVw</latexit>

nex(!, t) =
2⇡t

~ E2
X

|un0,k0 i6=|un,ki

|hun0,k0 |e�ik0·rx̂eik·r|un,ki|2�(t)(En0(k0)� En(k)� ~!)
<latexit sha1_base64="JR2yWf6wDVYUEHSx8c0ClBQ4Zmw="></latexit>

where �(t)(✏) ⌘ (2~/⇡t) sin2(✏t/2~)/✏2 �! �(✏)
<latexit sha1_base64="EjeYLvTYWA1+QAoG5qiswqYjOpY="></latexit>

at large t 

hun0,k0 |e�ik0·rx̂eik·r|un,ki = i�k0,khun0,k|@kxun,ki
<latexit sha1_base64="er66FBbQaV0EhbU4MOVqKJnJquk="></latexit>

The matrix element is (Karplus & Luttinger, 1954):
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Excitation rate
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4. Integrate over the perturbation frequency ω

Excitation rate is

�(!) ⌘ nex(!, t)

t
=

2⇡E2

~
X

n0 6=n

|hun0,k|@kxun,ki|2�(t)(En0(k)� En(k)� ~!)
<latexit sha1_base64="6LU4njNgjOJRj8Su1/Ga5K7iG/8="></latexit>

Integrating over the frequency, we obtain the quantum metric!!

�int ⌘
Z 1

0
�(!)d! =

2⇡E2

~2
X

n0 6=n

|hun0,k|@kxun,ki|2 =
2⇡E2

~2 gnxx(k)

<latexit sha1_base64="wkv+ZE32+OAFweCVcCCMMkFktmE="></latexit>

Ozawa & Goldman, PRB 97, 201117(R) (2018)

If the initial state is fermions (partially) filling the band with density 

�int =
2⇡E2

~2
X

k

⇢(k)gnxx(k)
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exists between the Floquet and spectroscopic drives, ω ω≫Fl sp. In 
our setting, this separation is obtained through the choice of a large 
energy offset ωΔ ≈ ℏ ≫ JAB Fl , noting that the tunnelling ω~ ℏJ sp sets 
the energy scale of the probed Floquet bands. We have validated this 
approach through a numerical study of the interplay between the 
two drives, in particular, the role of micromotion (Supplementary 
Information). We find that the separation of timescales indeed sup-
presses micro-motion effects and that, for our parameters, they 
can lead to an error of the integrated depletion rates of about 0.1. 
While the spectroscopy drive commutes with the Floquet drive in 
our experiment, our numerical analysis also indicates that special 
care is required whenever this commutation relation is not satis-
fied, which could be the case in other Floquet-based settings. In 
particular, we find that additional effects, such as a renormalization 
of the observed coupling strengths, can appear in these situations 
(Supplementary Information).

Our measurements start with spin-polarized fermions filling 
up the lowest band of the bare lattice. We adiabatically prepare the 
atoms in the lowest Floquet band by ramping the Floquet amplitude 
and frequency (Fig. 2). We then resonantly couple the two lowest 
Floquet bands via a spectroscopy pulse realized by an additional 
lattice shaking, which is either circular (with chirality + or −) or, 
for comparison, linear (along the x or y directions). The spectros-
copy drive has varying frequency ωsp and forcing amplitude Esp 
(Methods). We monitor the transfer between the Floquet bands 
by adiabatically mapping the Floquet bands onto the bare bands, 
and subsequently onto the first and second Brillouin zones using 
adiabatic band mapping28. The populations in the Floquet bands 
η1,2 = N1,2/[N1 + N2] are obtained by counting the atoms N1 and N2 in 
the respective Brillouin zones (Fig. 2). We note that the experimen-
tal depletion rates Γ reflect the change in the fractional population 
dη1/dt rather than a change in the total atom number (as in refs. 4,5,7). 
This motivates the normalization used in equation (1) in terms of 
Acell (with λ= ∕A 2 3 3cell

2 ), instead of the two-dimensional (2D) 
system size Asyst (Methods).

The spectroscopy drive couples the two Floquet bands and 
leads to a depletion of the lower band, characterized by the rate Γ. 
We start with an initial population fraction in the lower band of 
η1(0) = 60–75%, due to the compromise between adiabaticity and 
Floquet heating during the preparation ramp29. Due to dephasing in 
the inhomogeneous system, the population of the upper band can be 
described as completely incoherent28; therefore, the excess popula-
tion of the lower band Δη(t) = η1(t) − η2(t) decays to zero with time t. 
We fit Δη(t)/Δη(0) with an exponential decay − Γ ∕E E texp( 2 ( ) )sp sp

ref 2 ,  
and we obtain the desired depletion rate Γ at a spectroscopy ampli-

tude of = . ∕E E a0 006sp
ref

r lat (Methods); see Fig. 3a. We choose a fixed 
duration for the rectangular spectroscopy pulse of t = 5 ms, as a 
compromise between frequency resolution and pulse duration, and 
we vary the spectroscopy amplitude Esp. To obtain a good signal-to-
noise ratio, we probe at driving amplitudes beyond linear response. 
However, the procedure of fitting the exponential decay allows 
one to obtain the slope in the linear response regime, described by 
Fermi’s golden rule (dashed line in Fig. 3a).

The spectra Γ±(ωsp) resulting from the circular-driving probe 
are shown in Fig. 3b,c. As expected, these spectra strongly depend 
on the chirality of the spectroscopy drive. Specifically, the over-
all signal is larger when the Floquet and spectroscopy drives have 
opposite chirality (the Floquet drive has negative chirality through-
out the manuscript). These absorption spectra offer a unique 
characterization of our Floquet band structure and signal the chi-
ral (time-reversal-symmetry-breaking) nature of the engineered 
Haldane model20. We fit the spectra with a heuristic function, 

ωΓ = + +γ ω ω γ ω± π + − ∕
c( ) a b
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sp
, composed of a Lorentzian peak 

of width γ at ω0 and a 1/ωsp term, which captures an additional heat-
ing feature at low frequencies. We attribute this heating to the initial 
jump in the lattice velocity on switching on/off the spectroscopy 
pulse; it is independent of the chirality of the spectroscopy drive 
and hence does not affect the topological response. Introducing the 
differential rate ΔΓ± = (Γ+ − Γ−)/2, our data in Fig. 3b,c can also be 
interpreted as a measurement of the dissipative (that is, imaginary) 
part of the antisymmetric optical conductivity4,13
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The corresponding curves obtained by multiplying the dif-
ferential rate by ω are shown in Fig. 3d. We note that the optical 
conductivity of a neutral gas30 was also recently measured in a non-
topological system31.

The topological response in equation (1) becomes vis-
ible when evaluating the frequency-integrated differential rate 

∫ ω ω ωΔΓ = Γ −Γ ∕± + −d [ ( ) ( )] 2p
int

sp sp s ; this integration is taken 
over the Lorentzian part of the fit to the spectra (Supplementary 
Information). We evaluate ΔΓ ∕± Aint

cell in units of ∕ℏE( )sp
2, which, 

according to the prediction in equation (1), should be quantized in 
terms of the Chern number C. As the central result of these studies, 
we find a value 0.92(12), very close to the predicted value of C = 1, in 
the centre of the non-trivial topological region (Fig. 3b); this value 
of the extracted Chern number is comparable to those reported in 
recent cold-atom experiments28,32,33. In the trivial region (C = 0), far 
away from the topological phase transition, we measure a value of 
0.12(4) (Fig. 3c). Our measurements thus demonstrate a first exper-
imental manifestation of quantized circular dichroism.

Furthermore, we analysed the behaviour of the circular dichroic 
signal across the topological phase transition, which can be mapped 
out by changing the Floquet frequency (Fig. 4a). Instead of mea-
suring a sharp transition, we obtain a smooth falloff of the signal 
ΔΓ ∕± Aint

cell, a behaviour that is found to be generic in cold-atom 
studies of topological phase transitions28,32. Beyond the effects due 
to finite size, temperature and inhomogeneity caused by the har-
monic trap, which are all inherent to current cold-atom settings, the 
absence of a sharp jump can also be attributed to a series of addi-
tional effects that are specific to our spectroscopic measurement 
(Supplementary Information). First of all, our spectra are affected 
by a Fourier broadening of 200 Hz. Then, close to the phase transi-
tions, the small bandgap leads to a breakdown of the rotating-wave 
approximation on which the theory of ref. 4 relies. Finally, while  
the predicted detrimental effect of edge states4 does not seem to  
contribute to our central dichroic signal (which we attribute to  
the spatial separation of bulk and edge states in our harmonically 
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In fact, the proposal to measure the Berry curvature existed earlier: 
Tran, Dauphin, Grushin, Zoller, & Goldman, Science Advances 3, e1701207 (2017)

Here, one adds circular shakings and take a difference

Ĥ(t) = Ĥlattice + 2E (x̂ cos(!t)± ŷ sin(!t))
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exists between the Floquet and spectroscopic drives, ω ω≫Fl sp. In 
our setting, this separation is obtained through the choice of a large 
energy offset ωΔ ≈ ℏ ≫ JAB Fl , noting that the tunnelling ω~ ℏJ sp sets 
the energy scale of the probed Floquet bands. We have validated this 
approach through a numerical study of the interplay between the 
two drives, in particular, the role of micromotion (Supplementary 
Information). We find that the separation of timescales indeed sup-
presses micro-motion effects and that, for our parameters, they 
can lead to an error of the integrated depletion rates of about 0.1. 
While the spectroscopy drive commutes with the Floquet drive in 
our experiment, our numerical analysis also indicates that special 
care is required whenever this commutation relation is not satis-
fied, which could be the case in other Floquet-based settings. In 
particular, we find that additional effects, such as a renormalization 
of the observed coupling strengths, can appear in these situations 
(Supplementary Information).
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lattice shaking, which is either circular (with chirality + or −) or, 
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tal depletion rates Γ reflect the change in the fractional population 
dη1/dt rather than a change in the total atom number (as in refs. 4,5,7). 
This motivates the normalization used in equation (1) in terms of 
Acell (with λ= ∕A 2 3 3cell

2 ), instead of the two-dimensional (2D) 
system size Asyst (Methods).
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ref 2 ,  
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tude of = . ∕E E a0 006sp
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r lat (Methods); see Fig. 3a. We choose a fixed 
duration for the rectangular spectroscopy pulse of t = 5 ms, as a 
compromise between frequency resolution and pulse duration, and 
we vary the spectroscopy amplitude Esp. To obtain a good signal-to-
noise ratio, we probe at driving amplitudes beyond linear response. 
However, the procedure of fitting the exponential decay allows 
one to obtain the slope in the linear response regime, described by 
Fermi’s golden rule (dashed line in Fig. 3a).

The spectra Γ±(ωsp) resulting from the circular-driving probe 
are shown in Fig. 3b,c. As expected, these spectra strongly depend 
on the chirality of the spectroscopy drive. Specifically, the over-
all signal is larger when the Floquet and spectroscopy drives have 
opposite chirality (the Floquet drive has negative chirality through-
out the manuscript). These absorption spectra offer a unique 
characterization of our Floquet band structure and signal the chi-
ral (time-reversal-symmetry-breaking) nature of the engineered 
Haldane model20. We fit the spectra with a heuristic function, 
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of width γ at ω0 and a 1/ωsp term, which captures an additional heat-
ing feature at low frequencies. We attribute this heating to the initial 
jump in the lattice velocity on switching on/off the spectroscopy 
pulse; it is independent of the chirality of the spectroscopy drive 
and hence does not affect the topological response. Introducing the 
differential rate ΔΓ± = (Γ+ − Γ−)/2, our data in Fig. 3b,c can also be 
interpreted as a measurement of the dissipative (that is, imaginary) 
part of the antisymmetric optical conductivity4,13

σ ω ω ω= ℏ ΔΓ ∕± A E( ) ( ) 4 (2)xy
I cell sp

2

The corresponding curves obtained by multiplying the dif-
ferential rate by ω are shown in Fig. 3d. We note that the optical 
conductivity of a neutral gas30 was also recently measured in a non-
topological system31.
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we find a value 0.92(12), very close to the predicted value of C = 1, in 
the centre of the non-trivial topological region (Fig. 3b); this value 
of the extracted Chern number is comparable to those reported in 
recent cold-atom experiments28,32,33. In the trivial region (C = 0), far 
away from the topological phase transition, we measure a value of 
0.12(4) (Fig. 3c). Our measurements thus demonstrate a first exper-
imental manifestation of quantized circular dichroism.

Furthermore, we analysed the behaviour of the circular dichroic 
signal across the topological phase transition, which can be mapped 
out by changing the Floquet frequency (Fig. 4a). Instead of mea-
suring a sharp transition, we obtain a smooth falloff of the signal 
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cell, a behaviour that is found to be generic in cold-atom 
studies of topological phase transitions28,32. Beyond the effects due 
to finite size, temperature and inhomogeneity caused by the har-
monic trap, which are all inherent to current cold-atom settings, the 
absence of a sharp jump can also be attributed to a series of addi-
tional effects that are specific to our spectroscopic measurement 
(Supplementary Information). First of all, our spectra are affected 
by a Fourier broadening of 200 Hz. Then, close to the phase transi-
tions, the small bandgap leads to a breakdown of the rotating-wave 
approximation on which the theory of ref. 4 relies. Finally, while  
the predicted detrimental effect of edge states4 does not seem to  
contribute to our central dichroic signal (which we attribute to  
the spatial separation of bulk and edge states in our harmonically 
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We experimentally implemented the protocol using ultracold K (potassium) atoms

Asteria, Tran, TO, et al., Nature Physics 15, 449–454 (2019)
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depletion-rate measurements as a versatile probe for the geometric 
and topological properties of quantum systems. A fully momen-
tum-resolved spectroscopy would allow one to access the Berry 
curvature4 and quantum metric tensor7 in ultracold atoms. Besides, 
time-resolved chiral spectroscopy could be used to reveal the out-
of-equilibrium evolution of topological states under a quench34. 
Finally, the quantized circular dichroism studied in this work could 
be generalized in view of probing the topological order of strongly 
interacting systems35, such as the fractional nature of the Hall con-
ductivity in fractional Chern insulators8.

Online content
Any methods, additional references, Nature Research reporting 
summaries, source data, statements of data availability and asso-
ciated accession codes are available at https://doi.org/10.1038/
s41567-019-0417-8.
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We change the system parameter and observed topological phase transitions 
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curvature4 and quantum metric tensor7 in ultracold atoms. Besides, 
time-resolved chiral spectroscopy could be used to reveal the out-
of-equilibrium evolution of topological states under a quench34. 
Finally, the quantized circular dichroism studied in this work could 
be generalized in view of probing the topological order of strongly 
interacting systems35, such as the fractional nature of the Hall con-
ductivity in fractional Chern insulators8.

Online content
Any methods, additional references, Nature Research reporting 
summaries, source data, statements of data availability and asso-
ciated accession codes are available at https://doi.org/10.1038/
s41567-019-0417-8.

Received: 9 October 2018; Accepted: 25 December 2018;  
Published: xx xx xxxx

References
 1. Thouless, D. J., Kohmoto, M., Nightingale, M. P. & Nijs, M. D. Quantized 

Hall conductance in a two-dimensional periodic potential. Phys. Rev. Lett. 49, 
405–408 (1982).

 2. Hasan, M. Z. & Kane, C. L. Colloquium: topological insulators. Rev. Mod. 
Phys. 82, 3045–3067 (2010).

 3. Qi, X.-L. & Zhang, S.-C. Topological insulators and superconductors. Rev. 
Mod. Phys. 83, 1057–1110 (2011).

 4. Tran, D. T., Dauphin, A., Grushin, A. G., Zoller, P. & Goldman, N. Probing 
topology by ‘heating’: quantized circular dichroism in ultracold atoms. Sci. 
Adv. 3, e1701207 (2017).

 5. Tran, D. T., Cooper, N. R. & Goldman, N. Quantized Rabi oscillations  
and circular dichroism in quantum Hall systems. Phys. Rev. A 97,  
061602(R) (2018).

 6. Marzari, N. & Vanderbilt, D. Maximally localized generalized Wannier 
functions for composite energy bands. Phys. Rev. B 56, 12847 (1997).

 7. Ozawa, T. & Goldman, N. Extracting the quantum metric tensor through 
periodic driving. Phys. Rev. B 97, 201117(R) (2018).

 8. Neupert, T., Chamon, C., Iadecola, T., Santos, L. H. & Mudry, C. Fractional 
(Chern and topological) insulators. Phys. Scr. T164, 014005 (2015).

 9. Xiao, D., Chang, M.-C. & Niu, Q. Berry phase effects on electronic properties. 
Rev. Mod. Phys. 82, 1959–2007 (2010).

 10. Chang, C.-Z. et al. Experimental observation of the quantum anomalous Hall 
effect in a magnetic topological insulator. Science 340, 167–170 (2013).

 11. Fläschner, N. et al. High-precision multiband spectroscopy of ultracold 
fermions in a nonseparable optical lattice. Phys. Rev. A 97, 051601(R) (2018).

 12. Souza, I. & Vanderbilt, D. Dichroic f-sum rule and the orbital magnetization 
of crystals. Phys. Rev. B 77, 054438 (2008).

 13. Bennett, H. S. & Stern, E. A. Faraday effect in solids. Phys. Rev. 137, 
A448–A461 (1965).

 14. Wu, L. et al. Quantized Faraday and Kerr rotation and axion electrodynamics 
of a 3D topological insulator. Science 354, 1124–1127 (2016).

5.5 6.0 6.5 7.0 7.5

0

0.2

0.4

0.6

0.8

1.0

5.5 6.0 6.5 7.0 7.5
0

1

P
opulation low

er band

0.6

0.7

0.8

C = 1 C = 0C = 0

b

a

Floquet frequency ωFI/2 π (kHz)

∆Г
in

t  /A
ce

ll (
(E

sp
/ħ)

2 )

x,
y

ΣГ
in

t  /A
ce

ll (
(E

sp
/ħ)

2 )

Fig. 4 | Spectroscopic signals across the topological phase diagram. Spectroscopic signals reveal the two topological phase transitions, which are controlled 
via the Floquet shaking frequency. a, Circular dichroism measured via ΔΓ ∕± Aint

cell (filled magenta circles) in units of !∕E( )sp
2 as a function of the Floquet 

frequency. The signal is obtained by integrating the Lorentzian parts of the fits to the differential rate spectra in Fig. 3. The signal reaches 0.92(12), which 
is close to the predicted value of 1 (magenta line), in the centre of the C!=!1 region. The solid line shows the Chern number as obtained from a numerical 
calculation for the independently determined lattice parameters. In contrast, the linear dichroism ΔΓ ∕Axy

int
cell (open green circles) is constant and weak, in the 

range of 0.2(1). b, Linear spectroscopic signal ΣΓ ∕Axy
int

cell (open green circles) measured via the sum of spectra resulting from linear shaking, as a function of 
the Floquet frequency. The signal provides an estimation of the Wannier-spread functional. The signal ΣΓ ∕Axy

int
cell, as well as the initial population in the lowest 

band η1(0) (filled magenta circles), shows a change of behaviour across the topologically non-trivial region. The grey area (6.1!kHz–6.8!kHz) marks the region 
with C!=!1. All error bars denote the statistical uncertainty obtained by numerical propagation of the error on the depletion rates.

NATURE PHYSICS | www.nature.com/naturephysics

More quantitative measurement in progress in collaboration with Y. Takahashi group in Kyoto
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FIG. 3. Extraction of the complete quantum geometric tensor. (A)
shows the Fubini-Study metric measured experimentally as compared
with the theoretical values ��� = 0 (green curve), ��� = sin2

�0/4
(red curve) and��� = 1/4 (blue curve). (B) The measured local Berry
curvature F�� shows good agreement with the theoretical values
F�� = sin�0/2. The experimental parameters are the same as Fig. 2.

��� and ��� ; see Refs. [28, 38]. In particular, when mod-
ulating a single parameter, i.e. a� = 0 or a� = 0, Eq. (10)
reduces to �l (a� , 0) = a��c/2 and �l (0,a� ) = a��c sin�0/2.
Fig. 2(D) shows the measured Rabi frequencies together with
their theoretical predictions, demonstrating good agreement;
this agreement can be improved by increasing the measurement
time, which allows for a better determination of the oscillation
frequency.

We proceed by applying a more general linear mod-
ulation with a� ,a� , 0. The induced Rabi oscilla-
tion has contributions from the individual parametric mod-
ulations, but also from their interference captured by
Re{hm |a� @�H(� ,�)|nihn |a�@�H(� ,�)|mi}; see Eq.(10); the
latter are found to be related to the o�-diagonal elements [28,
38] of the Fubini-Study metric ��� . Fig. 2(E) displays the
observed Rabi frequency for a� = ±a� , which demonstrate
good agreement with the theoretical values �l (a� ,a� ) =

(a
2
� + a

2
� sin2

�0)
1/2

�c/2; see Ref. [38]. Similarly, the res-
onant elliptical parametric modulation �t = �0 + a� sin(�t),
�t = �0 + a� cos(�t), induces a coherent transition, with a
Rabi frequency given by

�c (a� ,a� ) = |hm |a� @�H(� ,�) � ia�@�H(� ,�)|ni |. (11)

By exploiting the interference of the two individual paramet-
ric modulations, one can extract the local Berry curvature
through F�� ⇠ Im{hm |a� @�H(� ,�)|nihn |a�@�H(� ,�)|mi}.
In Fig.2(F), we plot the observed Rabi frequencies for a� =
±a� , which show good agreement with the theoretical values
�c (a� ,a� ) = |a� + a� sin� |�c/2 [38].

As a central result, we show in Fig.3 the experimental ex-
traction of the full QGT, which is based on our Rabi-oscillation
measurements. This demonstrates how the coherent response
upon parametric modulations provides a powerful tool to ac-
cess the complete geometry of a discrete quantum system. We
point out that the present method, which measures all the ele-
ments of the QGT, is based on coherent dynamical responses
upon periodic parametric modulations, and in this sense, it
does not rely on any adiabaticity constraints (i.e. small mod-
ulation velocity [29, 30])). Furthermore, in contrast with the

(A) (B)
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FIG. 4. Berry curvature measurement across the topological

transition. (A-B) show the measured local Berry curvature F�� for
the Hamiltonian Eq.(12) describing a Dirac monopole located inside
(A, r = 0.5) and outside (B, r = 1.5) the sphere. The curves represent
the corresponding theoretical values.

excitation-rate measurement of Refs. [27, 28, 34], the QGT is
extracted from Rabi oscillations [32], where the initial state
is recovered after each Rabi period; in principle, this allows
for the detection of geometry and topology through a non-
destructive measurement.

Besides, our quantum-geometry measurement can also be
used to characterize the topology of the underlying system.
For this analysis, we extend the Hamiltonian to the form

H(� ,�) =
A

2

✓
cos� + r sin�e�i�
sin�ei� � cos� � r

◆
, (12)

where r is a tunable parameter. As for Eq. (5), the geom-
etry of the Hamiltonian in Eq. (12) is that of a fictitious
monopole located close to a sphere S

2, whose position in
parametric space depends on r . The topology of the sys-
tem then relies on whether this fictitious monopole is located
inside the sphere or not, as captured by the Chern number
C = 1

2�

Ø
S2 F��d�d�. Fig. 4 shows the Berry-curvature mea-

surement in two distinct topological phases, and demonstrate
good agreement with the theoretical predictions. In the non-
trivial regime, the Chern number can equally be determined
from the metric C = 1

2�

Ø
S2

�
2
p
�̄
�
d�d� = 1

2�

Ø
S2 |F�� |d�d�,

where �̄ = ������ � �
2
�� is the determinant of the QGT [19].

Altogether, these results indicate that topology can indeed be
finely analyzed based on our geometric-detection scheme.

Conclusion & outlook.— To summarize, we have experi-
mentally demonstrated a powerful connection between coher-
ent excitations upon parametric modulations and the quantum
geometric tensor. Based on such a fundamental relation, we
have extracted the complete quantum geometric tensor of a
quantum system, which includes all the components of the
Fubini-Study metric and those of the local Berry curvature.
The method is readily applicable to observe other intriguing
topological defects, such as tensor monopoles defined in 4D
parameter spaces [19], and could also be further extended to
two coupled qubits. The results demonstrate that coherent dy-
namical response can serve as a powerful tool to access the
geometric and topological properties of quantum systems, and
opens a way to explore the fundamental role of the quantum ge-
ometric tensor in various scenarios, ranging from many-body

Experiment (diamond NV Center @ Wuhan)
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To measure it, we now modulate parameters in time �1(t) = �0
1 + 2(E/~!) cos(!t)

<latexit sha1_base64="B8TrDiMfK7Kx3yay0wsj5eVgJfw=">AAACJ3icbVDLSgNBEJyN7/UV9ehlMAgJQtyNgl4UUQSPEYwJZGPonUySwdmdZaZXCMG/8eKveBFURI/+iZMH4qtgoLqqm56uMJHCoOe9O5mJyanpmdk5d35hcWk5u7J6aVSqGa8wJZWuhWC4FDGvoEDJa4nmEIWSV8Prk4FfveHaCBVfYC/hjQg6sWgLBmilZvYwkLa5BU0/jwX3wP0qrzy6RUv50+2gG4KmgYp4Bwo0YMrQ/KiiWGhmc17RG4L+Jf6Y5MgY5Wb2KWgplkY8RibBmLrvJdjog0bBJL91g9TwBNg1dHjd0hgibhr94Z23dNMqLdpW2r4Y6VD9PtGHyJheFNrOCLBrfnsD8T+vnmJ7v9EXcZIij9loUTuVFBUdhEZbQnOGsmcJMC3sXynrggaGNlrXhuD/PvkvuSwV/Z1i6Xw3d3Q8jmOWrJMNkic+2SNH5IyUSYUwckceyDN5ce6dR+fVeRu1ZpzxzBr5AefjEwybomQ=</latexit>

Starting from an eigenstate           of the Hamiltonian| inii
<latexit sha1_base64="XI291Z1N+1aAxbDF8FYyqfkNo4E=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUmqoMuiG5cV7AOaECbTaTt0MgkzE6HE4sZfceNCEbd+hTv/xkmbhbYeGDiccy9zzwkTzpR2nG9raXlldW29tFHe3Nre2bX39lsqTiWhTRLzWHZCrChngjY105x2EklxFHLaDkfXud++p1KxWNzpcUL9CA8E6zOCtZEC+/DBSxQLvAjroYwyJtjEk1gMOA3silN1pkCLxC1IBQo0AvvL68UkjajQhGOluq6TaD/DUjPC6aTspYommIzwgHYNFTiiys+mESboxCg91I+leUKjqfp7I8ORUuMoNJP5qWrey8X/vG6q+5e+yZWkmgoy+6ifcqRjlPeBekxSovnYEEwkM7ciMsQSE21aK5sS3PnIi6RVq7pn1drteaV+VdRRgiM4hlNw4QLqcAMNaAKBR3iGV3iznqwX6936mI0uWcXOAfyB9fkDelOYHg==</latexit>

Ĥ(�0)
<latexit sha1_base64="GxuXR9g8OiMUkVHx6nx+70kNS9E=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFVSkGCsYOlYJPqQmlA5jtNadZzIdpCqKCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude+97jxYxKZVnfRmlldW19o7xZ2dre2d0z9w+6MkoEJh0csUj0PSQJo5x0FFWM9GNBUOgx0vMmN7nfeyBC0ojfqWlM3BCNOA0oRkpLQ/PYGSOVtrKa40XMl9NQX6nD9AM+yu6ts6FZterWDHCZ2AWpggLtofnl+BFOQsIVZkjKgW3Fyk2RUBQzklWcRJIY4QkakYGmHIVEuulskQyeasWHQST04QrO1N8dKQplPqOuDJEay0UvF//zBokKrtyU8jhRhOP5R0HCoIpgngr0qSBYsakmCAuqZ4V4jATCSmdX0SHYiysvk26jbp/XG7cX1eZ1EUcZHIETUAM2uARN0AJt0AEYPIJn8ArejCfjxXg3PualJaPoOQR/YHz+AOsnmeU=</latexit>

, the integrated excitation rate is then

Ozawa & Goldman, PRB 97, 201117(R) (2018)

With qubits in diamond NV centers, the Hamiltonian Ĥ(✓,�) = H0

✓
cos ✓ sin ✓e�i�

sin ✓ei� � cos ✓

◆

<latexit sha1_base64="X2SES6KDvk5/oyapTZYhSc8NiuI="></latexit>

�int =
2⇡E2

~2 g�1�1(�
0)

<latexit sha1_base64="ThsqPaYhWXLZhSq+xmomZjFMdbA="></latexit>

� = (�1,�2, · · · )
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Suppose Hamiltonian           and its eigenstates           depends on parameters: 

Quantum geometric tensor can also be defined in this general parameters space:

Is realized and the quantum geometric tensor is quantitatively measured for the first time

Yu, et al., arXiv:1811.12840

cf. superconducting qubit: Tan, et al. (Nanjing), Phys. Rev. Lett. 122, 210401 (2019)
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1. What are topology and geometry of band structures? 

2. How can we measure it? 

I. Quantum geometric tensor and topology 

II. Localization, many-body quantum metric, and fluctuation-dissipation theorem

Outline
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Reconsider the argument

15

What we had was a time periodic modulation of the following form:

We started from a Bloch state and looked at the excitation rate. 
Now, assume that the Hamiltonian is the many-body Hamiltonian, and we start from an 
arbitrary eigenstate 

nex(!, t) =
2⇡E2t

~
X

� 6=↵

|h�|x̂|↵i|2�(t)(✏� � ✏↵ � ~!)
<latexit sha1_base64="wN8tIrdfxLP8SH/tYmrLaiZzQWg="></latexit>

The probability of the system being excited is:

And thus the integrated excitation rate is:

X

� 6=↵

|h�|x̂|↵i|2 =
X

� 6=↵

h↵|x̂|�ih�|x̂|↵i = h↵|x̂2|↵i � h↵|x̂|↵i2 ⌘ Var(x̂)

<latexit sha1_base64="qpRzuJGLGF204CucgXJ+0m+Hr6k="></latexit>

Ozawa & Goldman, arXiv:1904.11764
Variance of position!

�int ⌘
Z 1

0

nex(!, t)

t
d! =

2⇡E2

~2
X

� 6=↵

|h�|x̂|↵i|2

<latexit sha1_base64="9lTXaLPY05ftFyjM4XPFLFEXDM0="></latexit>
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Fluctuation-dissipation theorem
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We can derive the same formula from the fluctuation-dissipation theorem
Upon adding a modulation                           , the fluctuation-dissipation theorem tells that2E cos(!t)x̂

<latexit sha1_base64="NLaXmt62/d6CudQiOGjrlIH75LQ=">AAACA3icbVBNS8NAEN3Ur1q/ot70sliEeilJFfRYFMFjBfsBTSib7bZdusmG3YlYQsGLf8WLB0W8+ie8+W/ctjlo64OBx3szzMwLYsE1OM63lVtaXlldy68XNja3tnfs3b2GlomirE6lkKoVEM0Ej1gdOAjWihUjYSBYMxheTfzmPVOay+gORjHzQ9KPeI9TAkbq2AeVa+xRqXHJkyHrEwwn2BsQSB/GHbvolJ0p8CJxM1JEGWod+8vrSpqELAIqiNZt14nBT4kCTgUbF7xEs5jQIemztqERCZn20+kPY3xslC7uSWUqAjxVf0+kJNR6FAamMyQw0PPeRPzPayfQu/BTHsUJsIjOFvUSgUHiSSC4yxWjIEaGEKq4uRXTAVGEgomtYEJw519eJI1K2T0tV27PitXLLI48OkRHqIRcdI6q6AbVUB1R9Iie0St6s56sF+vd+pi15qxsZh/9gfX5AwC2ln4=</latexit>

Landau-Lifshitz “Statistical Physics” eq. (124.10)
Imaginary part of the generalized susceptibility

On the other hand, the rate of energy absorption by the system is P (!) = 2!E2↵00(!)
<latexit sha1_base64="VxElNzl6njIHda1gTwHIQeRyaf0=">AAACH3icbVDLSgMxFM34tr6qLt0Ei1A3ZaaKuhFEEVxWsK3Qacud9LYNTWaGJCOUoX/ixl9x40IRcde/MX0Iaj0QcjjnXJJ7glhwbVx36MzNLywuLa+sZtbWNza3sts7FR0limGZRSJS9wFoFDzEsuFG4H2sEGQgsBr0rkZ+9QGV5lF4Z/ox1iV0Qt7mDIyVmtmTUt6PJHbgkJ7T4oTS60aR+iDiLjRSP1ZcIp1cg+9wM5tzC+4YdJZ4U5IjU5Sa2U+/FbFEYmiYAK1rnhubegrKcCZwkPETjTGwHnSwZmkIEnU9He83oAdWadF2pOwJDR2rPydSkFr3ZWCTEkxX//VG4n9eLTHts3rKwzgxGLLJQ+1EUBPRUVm0xRUyI/qWAFPc/pWyLihgxlaasSV4f1eeJZViwTsqFG+PcxeX0zpWyB7ZJ3nikVNyQW5IiZQJI4/kmbySN+fJeXHenY9JdM6ZzuySX3CGX4h5oXo=</latexit>

Landau-Lifshitz “Statistical Physics” eq. (123.11)

The rate of exciting the system is then                                   and thus�(!) = P (!)/~!
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In the limit of T = 0, we re-obtain

�int =

Z 1

0
�(!)d! =

2⇡E2

~2 hx̂2i = 2⇡E2

~2 Var(x̂)
<latexit sha1_base64="A8ukDiOXnFSzo6vMHjsIJIgmxmc="></latexit>
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Z 1
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d!
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d!
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Many-body quantum geometric tensor

17

We can connect the variance of the position and geometry by introducing the concept of 
many-body quantum geometric tensor
Historically, Berry curvature was extended to many-body cases by Niu-Thouless-Wu (1985) 
by defining the Berry curvature in the parameter space of twisted boundary condition

 ({ra})
<latexit sha1_base64="hgtMspv+qLyQDexkSkt6Jy5wjPM=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8Ei1E1JqqDLohuXFewDmhAm00k7dPJgZiKUmIW/4saFIm79DXf+jdM2C209MHA4517umeMnnEllWd9GaWV1bX2jvFnZ2t7Z3TP3DzoyTgWhbRLzWPR8LClnEW0rpjjtJYLi0Oe0649vpn73gQrJ4uheTRLqhngYsYARrLTkmUdOS7KakzkhViM/yETuYSc/88yqVbdmQMvELkgVCrQ888sZxCQNaaQIx1L2bStRboaFYoTTvOKkkiaYjPGQ9jWNcEilm83y5+hUKwMUxEK/SKGZ+nsjw6GUk9DXk9OYctGbiv95/VQFV27GoiRVNCLzQ0HKkYrRtAw0YIISxSeaYCKYzorICAtMlK6sokuwF7+8TDqNun1eb9xdVJvXRR1lOIYTqIENl9CEW2hBGwg8wjO8wpvxZLwY78bHfLRkFDuH8AfG5w/vbpYM</latexit>

Here, we consider a many-body wave function                 with

 ({xa + Lx, ya, · · · }) = ei✓x ({xa, ya, · · · })
<latexit sha1_base64="KdWShJl/rqKk8RQDd73MxDq54bM="></latexit>

✓x
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Many-body quantum geometric tensor is defined in this twist space as
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Meaning of the many-body quantum geometry

18

Niu-Thouless-Wu (1985): Many-body Berry curvature is related to the many-body Chern number

CMB =
1

2⇡

Z
d✓xd✓y⌦xy(✓x, ✓y)

<latexit sha1_base64="BIwHngCBWrk35U6fB3tEIGIaarg="></latexit>

This integer enters the Hall conductance 
If there is a degeneracy of states, it can signal fractional quantum Hall effect

Souza-Wilkens-Martin (2000): Many-body quantum metric is related to the localization

Matrix element of the (properly defined) position operator satisfies h↵|x̂|�i = �iLxh@✓x↵|�i
<latexit sha1_base64="xRJrxLyb3t+XQafRyI14p6/M7QA="></latexit>

gxx = h@✓x↵|@✓x↵i � h@✓x↵|↵ih↵|@✓x↵i

=
X

� 6=↵

h@✓x↵|�ih�|@✓x↵i =
X

� 6=↵

h↵|x̂|�ih�|x̂|↵i/L2
x

=
�
h↵|x̂2|↵i � h↵|x̂|↵i2

�
/L2

x = Var(x̂)/L2
x
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And thus

�int =
2⇡E2

~2 Var(x̂) =
2⇡E2

~2 L2
xgxx
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Example I: Anderson model
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We theoretically apply our method to the one-dimensional Anderson model

Ozawa & Goldman, arXiv:1904.11764

4

FIG. 1. The spatial variance Var(x̂) of zero-energy eigen-
states as a function of the disorder strength W , as extracted
from excitation-rate measurements [Eq. (11)]. Blue dots are
numerical results obtained from 300 sites and twenty disor-
der realizations (for each W ); we used a modulation strength
E=0.001J , and an observation time of t=5~/J ; the excita-
tion rates were integrated over ! up to the value 5J/~, us-
ing discrete steps of 0.01J/~. The scaling-theory prediction,
Var(x̂)⇡4608J4/W 4, is also displayed [green curve].

results are shown in Fig. 1, for various values of the disor-
der strength W , together with the scaling-theory predic-
tion. Fitting the estimated variance with a power law,
one obtains Var(x̂) ⇡ 4700/W 3.4, which is indeed very
close to the prediction ⇠ 1/W 4; the main discrepancy
is attributed to the finer structure of the wavefunction
inside the envelop function e

�|x|/⇠.

We note that the eigenstate considered in these calcu-
lations is not isolated in energy (there is no spectral gap
in the thermodynamic limit); however, states with simi-
lar energies are well separated spatially, and hence they
do not contribute to the excitation rate [72].

Topological edges modes – As a second example, we
consider the celebrated Su-Schrie↵er-Heeger model, a
model exhibiting symmetry-protected topological edge
modes [2, 5]. We consider the situation where this 1D
lattice model is split into two connected regions, associ-
ated with di↵erent topological invariants [62]. The result-
ing interface hosts a localized (topological) zero-energy
mode, whose localization length depends on the model
parameters. As shown in Ref. [58], the localized nature
of this topological mode can be precisely extracted from
excitation-rate measurements through Eq. (11).

Interacting particles in a harmonic trap – We now con-
sider a system of two particles of mass m, moving in
a one-dimensional harmonic trap of frequency ⌦; see
Ref. [58] for the single-particle case. We assume that
the two particles are distinguishable, and that they in-
teract via a repulsive contact interaction U�(x̂1 � x̂2),
with U > 0. The interaction spreads out the ground-
state wavefunction, as can be seen in the density distri-
butions n(x) depicted in Fig. 2(a); see Ref. [63] for exact
solutions. This spreading is experimentally relevant in

ultracold-atom experiments realizing bosonic Mott insu-
lators, where it was shown to a↵ect the e↵ective onsite
interaction [64]. We now describe how this “delocaliza-
tion through interactions” could be finely resolved using
excitation-rate measurements.

First, we note that the two-body Schrödinger equa-
tion can be decomposed in terms of the center-of-mass
and relative motions. The center-of-mass is known to be
independent of the inter-particle interactions [63], and
hence, the related variance Var(x̂) = Var(x̂1+ x̂2) does
not depend on U . In contrast, the density spread in
Fig. 2(a) is accurately captured by the relevant quantity
Var(x̂1)+Var(x̂2)= (1/2) [Var(x̂1 � x̂2) + Var(x̂)], which
is associated with the relative motion and depends on U .
While Var(x̂) is directly accessible through the driving
protocol described above [Eqs. (4)-(11)], the detection of
Var(x̂1 � x̂2) requires a particle-dependent modulation
of the form V̂ (t) = 2E(x̂1 � x̂2) cos(!t). Such a drive
can be realized by considering two atomic internal states
with opposite magnetic moments subjected to an oscil-
lating magnetic field [65, 66]. We describe below how this
modification of the driving scheme allows for an accurate
evaluation of the two-particle wavefunction spreading.

We have numerically calculated the integrated excita-
tion rates �int

x̂1�x̂2
(resp. �int

x̂1+x̂2
), by subjecting the two-

particle system to the particle-dependent (resp. indepen-
dent) modulations. According to Eq. (11), these results
provide an estimation of Var(x̂1 � x̂2) and Var(x̂1 + x̂2),
respectively. We then take the sum of these results to
obtain the aforementioned quantity Var(x̂1)+Var(x̂2) =
(1/2) [Var(x̂1 � x̂2) + Var(x̂)]. The numerical results

(a) (b)

FIG. 2. Two interacting particles in a harmonic trap. (a) The
density distribution n(x) in the ground state, for increasing
values of the interaction strength U (in units of ~⌦

p
~/m⌦);

the position x is expressed in units of
p

~/m⌦. (b) Spa-
tial variances as extracted from integrated excitation rates
(dots), and compared to their exact values (full lines). The
“center-of-mass” variance, Var(x̂), is independent of the inter-
action strength U (horizontal line). In contrast, the quantity
Var(x̂1)+Var(x̂2) well captures the spreading of the wave-
function upon increasing the repulsive interaction U (tilted
line). Simulations were performed with a modulation strength
E=0.01

p
m~⌦3 and an observation time t=5/⌦; the excita-

tion rates were integrated over ! up to the value 10⌦, using
discrete steps of 0.05⌦.

The measurement of the many-body quantum metric can be used to detect the localization 
without directly looking at real-space wave function

One dimensional lattice with uniform hopping 
and random onsite energy

Eigenstates are localized (Anderson localization)

We try to detect the variance of the localized 
eigenstates through excitation rate simulation

Strength of the 
random onsite energy 

W
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Example II: two particles in a harmonic trap
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We consider two interacting particles in a harmonic trap

Ozawa & Goldman, arXiv:1904.11764
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FIG. 1. The spatial variance Var(x̂) of zero-energy eigen-
states as a function of the disorder strength W , as extracted
from excitation-rate measurements [Eq. (11)]. Blue dots are
numerical results obtained from 300 sites and twenty disor-
der realizations (for each W ); we used a modulation strength
E=0.001J , and an observation time of t=5~/J ; the excita-
tion rates were integrated over ! up to the value 5J/~, us-
ing discrete steps of 0.01J/~. The scaling-theory prediction,
Var(x̂)⇡4608J4/W 4, is also displayed [green curve].

results are shown in Fig. 1, for various values of the disor-
der strength W , together with the scaling-theory predic-
tion. Fitting the estimated variance with a power law,
one obtains Var(x̂) ⇡ 4700/W 3.4, which is indeed very
close to the prediction ⇠ 1/W 4; the main discrepancy
is attributed to the finer structure of the wavefunction
inside the envelop function e

�|x|/⇠.

We note that the eigenstate considered in these calcu-
lations is not isolated in energy (there is no spectral gap
in the thermodynamic limit); however, states with simi-
lar energies are well separated spatially, and hence they
do not contribute to the excitation rate [72].

Topological edges modes – As a second example, we
consider the celebrated Su-Schrie↵er-Heeger model, a
model exhibiting symmetry-protected topological edge
modes [2, 5]. We consider the situation where this 1D
lattice model is split into two connected regions, associ-
ated with di↵erent topological invariants [62]. The result-
ing interface hosts a localized (topological) zero-energy
mode, whose localization length depends on the model
parameters. As shown in Ref. [58], the localized nature
of this topological mode can be precisely extracted from
excitation-rate measurements through Eq. (11).

Interacting particles in a harmonic trap – We now con-
sider a system of two particles of mass m, moving in
a one-dimensional harmonic trap of frequency ⌦; see
Ref. [58] for the single-particle case. We assume that
the two particles are distinguishable, and that they in-
teract via a repulsive contact interaction U�(x̂1 � x̂2),
with U > 0. The interaction spreads out the ground-
state wavefunction, as can be seen in the density distri-
butions n(x) depicted in Fig. 2(a); see Ref. [63] for exact
solutions. This spreading is experimentally relevant in

ultracold-atom experiments realizing bosonic Mott insu-
lators, where it was shown to a↵ect the e↵ective onsite
interaction [64]. We now describe how this “delocaliza-
tion through interactions” could be finely resolved using
excitation-rate measurements.

First, we note that the two-body Schrödinger equa-
tion can be decomposed in terms of the center-of-mass
and relative motions. The center-of-mass is known to be
independent of the inter-particle interactions [63], and
hence, the related variance Var(x̂) = Var(x̂1+ x̂2) does
not depend on U . In contrast, the density spread in
Fig. 2(a) is accurately captured by the relevant quantity
Var(x̂1)+Var(x̂2)= (1/2) [Var(x̂1 � x̂2) + Var(x̂)], which
is associated with the relative motion and depends on U .
While Var(x̂) is directly accessible through the driving
protocol described above [Eqs. (4)-(11)], the detection of
Var(x̂1 � x̂2) requires a particle-dependent modulation
of the form V̂ (t) = 2E(x̂1 � x̂2) cos(!t). Such a drive
can be realized by considering two atomic internal states
with opposite magnetic moments subjected to an oscil-
lating magnetic field [65, 66]. We describe below how this
modification of the driving scheme allows for an accurate
evaluation of the two-particle wavefunction spreading.

We have numerically calculated the integrated excita-
tion rates �int

x̂1�x̂2
(resp. �int

x̂1+x̂2
), by subjecting the two-

particle system to the particle-dependent (resp. indepen-
dent) modulations. According to Eq. (11), these results
provide an estimation of Var(x̂1 � x̂2) and Var(x̂1 + x̂2),
respectively. We then take the sum of these results to
obtain the aforementioned quantity Var(x̂1)+Var(x̂2) =
(1/2) [Var(x̂1 � x̂2) + Var(x̂)]. The numerical results

(a) (b)

FIG. 2. Two interacting particles in a harmonic trap. (a) The
density distribution n(x) in the ground state, for increasing
values of the interaction strength U (in units of ~⌦

p
~/m⌦);

the position x is expressed in units of
p

~/m⌦. (b) Spa-
tial variances as extracted from integrated excitation rates
(dots), and compared to their exact values (full lines). The
“center-of-mass” variance, Var(x̂), is independent of the inter-
action strength U (horizontal line). In contrast, the quantity
Var(x̂1)+Var(x̂2) well captures the spreading of the wave-
function upon increasing the repulsive interaction U (tilted
line). Simulations were performed with a modulation strength
E=0.01

p
m~⌦3 and an observation time t=5/⌦; the excita-

tion rates were integrated over ! up to the value 10⌦, using
discrete steps of 0.05⌦.

In the presence of repulsive interactions, the wavefunction 
becomes a bit spread

We try to detect this spread through simulating periodic 
modulation and looking at the excitation rate
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FIG. 1. The spatial variance Var(x̂) of zero-energy eigen-
states as a function of the disorder strength W , as extracted
from excitation-rate measurements [Eq. (11)]. Blue dots are
numerical results obtained from 300 sites and twenty disor-
der realizations (for each W ); we used a modulation strength
E=0.001J , and an observation time of t=5~/J ; the excita-
tion rates were integrated over ! up to the value 5J/~, us-
ing discrete steps of 0.01J/~. The scaling-theory prediction,
Var(x̂)⇡4608J4/W 4, is also displayed [green curve].

results are shown in Fig. 1, for various values of the disor-
der strength W , together with the scaling-theory predic-
tion. Fitting the estimated variance with a power law,
one obtains Var(x̂) ⇡ 4700/W 3.4, which is indeed very
close to the prediction ⇠ 1/W 4; the main discrepancy
is attributed to the finer structure of the wavefunction
inside the envelop function e

�|x|/⇠.

We note that the eigenstate considered in these calcu-
lations is not isolated in energy (there is no spectral gap
in the thermodynamic limit); however, states with simi-
lar energies are well separated spatially, and hence they
do not contribute to the excitation rate [72].

Topological edges modes – As a second example, we
consider the celebrated Su-Schrie↵er-Heeger model, a
model exhibiting symmetry-protected topological edge
modes [2, 5]. We consider the situation where this 1D
lattice model is split into two connected regions, associ-
ated with di↵erent topological invariants [62]. The result-
ing interface hosts a localized (topological) zero-energy
mode, whose localization length depends on the model
parameters. As shown in Ref. [58], the localized nature
of this topological mode can be precisely extracted from
excitation-rate measurements through Eq. (11).

Interacting particles in a harmonic trap – We now con-
sider a system of two particles of mass m, moving in
a one-dimensional harmonic trap of frequency ⌦; see
Ref. [58] for the single-particle case. We assume that
the two particles are distinguishable, and that they in-
teract via a repulsive contact interaction U�(x̂1 � x̂2),
with U > 0. The interaction spreads out the ground-
state wavefunction, as can be seen in the density distri-
butions n(x) depicted in Fig. 2(a); see Ref. [63] for exact
solutions. This spreading is experimentally relevant in

ultracold-atom experiments realizing bosonic Mott insu-
lators, where it was shown to a↵ect the e↵ective onsite
interaction [64]. We now describe how this “delocaliza-
tion through interactions” could be finely resolved using
excitation-rate measurements.

First, we note that the two-body Schrödinger equa-
tion can be decomposed in terms of the center-of-mass
and relative motions. The center-of-mass is known to be
independent of the inter-particle interactions [63], and
hence, the related variance Var(x̂) = Var(x̂1+ x̂2) does
not depend on U . In contrast, the density spread in
Fig. 2(a) is accurately captured by the relevant quantity
Var(x̂1)+Var(x̂2)= (1/2) [Var(x̂1 � x̂2) + Var(x̂)], which
is associated with the relative motion and depends on U .
While Var(x̂) is directly accessible through the driving
protocol described above [Eqs. (4)-(11)], the detection of
Var(x̂1 � x̂2) requires a particle-dependent modulation
of the form V̂ (t) = 2E(x̂1 � x̂2) cos(!t). Such a drive
can be realized by considering two atomic internal states
with opposite magnetic moments subjected to an oscil-
lating magnetic field [65, 66]. We describe below how this
modification of the driving scheme allows for an accurate
evaluation of the two-particle wavefunction spreading.

We have numerically calculated the integrated excita-
tion rates �int

x̂1�x̂2
(resp. �int

x̂1+x̂2
), by subjecting the two-

particle system to the particle-dependent (resp. indepen-
dent) modulations. According to Eq. (11), these results
provide an estimation of Var(x̂1 � x̂2) and Var(x̂1 + x̂2),
respectively. We then take the sum of these results to
obtain the aforementioned quantity Var(x̂1)+Var(x̂2) =
(1/2) [Var(x̂1 � x̂2) + Var(x̂)]. The numerical results
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FIG. 2. Two interacting particles in a harmonic trap. (a) The
density distribution n(x) in the ground state, for increasing
values of the interaction strength U (in units of ~⌦

p
~/m⌦);

the position x is expressed in units of
p

~/m⌦. (b) Spa-
tial variances as extracted from integrated excitation rates
(dots), and compared to their exact values (full lines). The
“center-of-mass” variance, Var(x̂), is independent of the inter-
action strength U (horizontal line). In contrast, the quantity
Var(x̂1)+Var(x̂2) well captures the spreading of the wave-
function upon increasing the repulsive interaction U (tilted
line). Simulations were performed with a modulation strength
E=0.01

p
m~⌦3 and an observation time t=5/⌦; the excita-

tion rates were integrated over ! up to the value 10⌦, using
discrete steps of 0.05⌦.

As a function of the repulsive interaction U, 
we can estimate the spread via excitation rate simulation
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• Quantum geometric tensor characterizes the gauge invariant structure of a quantum state 
on a parameter space, and it is made of two parts: Quantum metric and Berry curvature 

• Quantum geometric tensor can be extracted through excitation rate upon periodic modulation 

• In many-body or disordered situation, fluctuation-dissipation theorem relates excitation 
rate and the fluctuation of position, which in turn is related to quantum metric in twist-
boundary condition space
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