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• Many-Body Localization (MBL) 
- Thermal. vs. Anderson Localization vs. MBL in disordered systems 
- How can we distinguish them? 
- One of the candidates: growth of OTOC


• Out-of-Time-Ordered Commutator / Correlator  
- A typical characteristic behavior of OTOC in MBL systems 

  Q. effective model vs. realistic quantum spin chain  

- It does exists but cannot survive in disorder averages.  
 
REF: J. Lee, D. Kim, and D.-H. Kim, PRB 99, 184202 (2019). 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• Disorders 
- onsite energy, hopping strength, quasi-periodicity 
- cf. MBL without disorder may need an effective disorder.


• Interactions 
- A naive version of MBL = Anderson localization + Interactions 
- What’s essential: “dephasing” -> Information spreading/scrambling
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“Usual” ingredients for MBL

Thermal MBL
η

ηc

Phase diagram of the disordered XXZ chain

Anderson Localization (non-interacting)

LIOM LIOM LIOM LIOM

Many-Body Localization (with interactions)

LIOM LIOM LIOM LIOM

dephasing
weakly all-to-all coupledJe↵

MBL ⇠ J0 exp(�l/⇠)
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the discussion in Section 4.2. However, explaining the rest of this table requires a little more
discussion, which we now provide.

Let us assume for specificity that we have a system of N-local, two-state degrees of freedom
fsig,whichwe refer to as the p-bits (p, physical). These couldbe the spins fromReference 9or, e.g.,
the occupation numbers of localized single-particle orbitals in a system of fermions in a random
potential. Ananalogous argument canbe constructed for objectswithmore than two states, butwe
stick to this two-state example for specificity. Let us further assume that the p-bits are governed by
a Hamiltonian with quenched disorder and strictly short-range interactions. For strong-enough
disorder, such a Hamiltonian can be in the fully many-body-localized (FMBL) regime, wherein all
the many-body eigenstates of the Hamiltonian are localized. It was argued in References 26–29
that in this FMBL regime, one can define a set of localized two-state degrees of freedom,with Pauli
operators ftig, henceforth called l-bits (l, localized) such that the Hamiltonian when written in
terms of these new variables takes the form

H ¼ E
0
þ
X

i

tz
i
þ
X

ij

J
ij
tz
i
tz
j
þ
X1

n¼1

X

i,j,fkg
KðnÞ
ifkgj

tz
i
tz
k1
. . . tz

kn
tz
j
, 6:

where the sums are restricted so that each term appears only once, andE0 is some constant energy
offset that may be zero and that has no relevance for the closed system’s dynamics. The typical
magnitudes of the interactions Jij and KðnÞ

ifkgj fall off exponentially with distance, as do their
probabilities of being large.

The intuition underlying this l-bit Hamiltonian (Equation 6) is that in the localized phase,
because there is no transport, there should be a set of localized conserved charges that are con-
stants of motion of the system. For example, for noninteracting particles moving in a disordered
potential, these constants of motion would be the occupation numbers of the localized single-
particle orbitals (Figure 3). For weakly interacting systems, the l-bits ti should have substantial
overlap with the bare p-bits si, and indeed may be viewed as dressed p-bits, with a dressing that
falls off exponentially in real space. The existence of long-range interactions between l-bits follows

Table 1 A list of some properties of the many-body-localized phase, contrasted with properties of the thermal and the
single-particle-localized phases

Thermal phase Single-particle localized Many-body localized

Memory of initial conditions hidden in
global operators at long times

Some memory of local initial conditions
preserved in local observables at long
times

Some memory of local initial conditions
preserved in local observables at long
times

Eigenstate thermalization hypothesis
(ETH) true

ETH false ETH false

May have nonzero DC conductivity Zero DC conductivity Zero DC conductivity

Continuous local spectrum Discrete local spectrum Discrete local spectrum

Eigenstates with volume-law
entanglement

Eigenstates with area-law entanglement Eigenstates with area-law entanglement

Power-law spreading of entanglement
from nonentangled initial condition

No spreading of entanglement Logarithmic spreading of entanglement
from nonentangled initial condition

Dephasing and dissipation No dephasing, no dissipation Dephasing but no dissipation
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R. Nandkishore and D. A. Huse, Annu. Rev. Condens. Matter Phys. 6, 15 (2015).

Thermal phase Anderson Localization Many-Body Localization

Phenomenological Comparisons

Only EE growth distinguishes MBL from AL in this table.
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Q. Can OTOC do the same thing?



Entanglement Entropy Growth: Thermal vs. MBL

2

spin in the bulk, from the applied longitudinal field and
its interactions with its neighbors, is 2h or 4J ± 2h. To
keep the end sites similar in this respect to the bulk, we
reduce the strength of the longitudinal field on the end
spins by J . This is to avoid having some slow low-energy
modes near the ends that introduced small additional
finite-size e↵ects when we applied the same magnitude of
longitudinal field also to the end spins.

This Hamiltonian has one symmetry, namely inverting
the chain about its center. We always work with even
L, so the center of the chain is on the bond between
sites L/2 and (L/2) + 1. This symmetry allows us to
separate the system’s state space into sectors that are
even and odd under this parity symmetry, and diagonal-
ize within each sector separately. Any mixed parity state
can be obtained from a linear combination of even and
odd parity states. The statistics of energy level spacings
within each parity sector of this nonintegrable Hamilto-
nian should follow Gaussian orthogonal ensemble (GOE)
statistics [19]. There are 32896 energy levels in the even
sector for L = 16, the largest system we have diagonal-
ized. Their level spacing statistics is in excellent agree-
ment with the “r test” introduced in Ref. [20] and the
Wigner-like surmise described in Ref. [21], as expected,
indicating that this is indeed a robustly nonintegrable
model with no extra symmetries (see Supplement).

First, we consider the time evolution of the bipar-
tite entanglement across the central bond between the
two halves of the chain. We quantify the entangle-
ment entropy in bits using the von Neumann entropy
S(t) = �tr [⇢A(t) log2 ⇢A(t)] = �tr [⇢B(t) log2 ⇢B(t)] of
the probability operators (as known as reduced density
matrices) at time t of either the left half (A) or the right
half (B) of the chain. As initial states, we consider ran-
dom product states (with thus zero initial entanglement),
| (0)i = |s1i|s2i...|sLi, where each spin at site i initially
points in a random direction on its Bloch sphere,

|sii = cos

✓
✓i

2

◆
| "ii+ e

i�i sin

✓
✓i

2

◆
| #ii , (2)

where ✓i 2 [0,⇡) and �i 2 [0, 2⇡). Such an initial state
is in general neither even nor odd, and thus explores the
entire Hilbert space of the pure states as it evolves with
unitary Hamiltonian dynamics. This ensemble of initial
states maximizes the thermodynamic entropy and thus
corresponds to infinite temperature. For each time t,
we generate 200 random initial product states, let them
evolve to time t, compute S(t) for each initial state, and
then average. By doing so, the standard error at each
time is uncorrelated. The results are shown in Fig. 1.
Ballistic linear growth of S(t) at early time is clearly seen,
and the growth rate before the saturation is independent
of L. [Note, there is an even earlier time regime at t ⌧ 1
where the entanglement initially grows as ⇠ t

2
| log t|; this

regime is just the initial development of some entangle-
ment between the two spins immediately adjacent to the
central bond.]

In the long time limit, the time evolved state, on aver-

FIG. 1: (color online) (a) Spreading of entanglement entropy
S(t) for chains of length L. Initially the entanglement grows
linearly with time for all cases, with the same speed v ⇠=
0.70. Then the entanglement saturates at long time. This
saturation begins earlier for smaller L, as expected. The linear
fit function is f(t) = 0.70t. Standard error is less than 0.04
for all points and thus the error bars are only visible at early
times. (b) Same data scaled by the infinite-time entropy for
each L. Note that we use logarithmic scales both here and in
Fig. 2.

age, should behave like a random pure state (a random
linear combination of product states) [22]. In Ref. [23],
it is shown that the average of the entanglement entropy
of random pure states is

S
R = log2 m�

m

2n ln 2
�O

✓
1

mn

◆
. (3)

where m and n are the dimension of the Hilbert space in
each subsystem, with m  n. Since m = n = 2L/2 in our
case, SR

'
L
2 in the large L limit. This limiting value

indicates that the entanglement spreads over the entire
subsystem of length L/2. Therefore, before saturation
begins, we can interpret S(t) (in bits) as a measure of
the distance over which entanglement has spread, and
its growth rate thus as the speed of the ballistic entan-
glement spreading. It is clear from figure 1(a) that at
long time (t > 20 ⇠ 100 depending on the system size)

subregions A and B. But the total amount of entanglement
entropy generated remains finite as t ! 1 (Fig. 1), and the
fluctuations of particle number eventually saturate as well
(see below). The entanglement entropy for the pure state
of the whole system is defined as the von Neumann entropy
S ¼ "tr!A log!A ¼ "tr!B log!B of the reduced density
matrix of either subsystem. We always form the two biparti-
tions by dividing the system at the center bond.

The type of evolution considered here can be viewed as a
‘‘global quench’’ in the language of Calabrese and Cardy
[14] as the initial state is the ground state of an artificial
Hamiltonian with local fields. Evolution from an initial
product state with zero entanglement can be studied effi-
ciently via time-dependent matrix product state methods
until a time where the entanglement becomes too large for
a fixed matrix dimension. Since entanglement cannot
increase purely by local operations within each subsystem,
its growth results only from propagation across the

subsystem boundary, even though there is no conserved
current of entanglement.
The first question we seek to answer is whether there is

any qualitatively different behavior of physical quantities
when a small interaction

Hint ¼ Jz
X

i

Szi S
z
iþ1 (2)

is added. With Heisenberg couplings between the spins
(Jz ¼ J?), the model is believed to have a dynamical tran-
sition as a function of the dimensionless disorder strength
"=Jz [4,5,7]. This transition is present in generic eigenstates
of the system and hence exists at infinite temperature at
some nonzero ". The spin conductivity, or equivalently
particle conductivity after the Jordan-Wigner transforma-
tion, is zero in the many-body localized phase and nonzero
for small enough"=Jz. However, with exact diagonalization
the system size is so limited that it has not been possible to
estimate the location in the thermodynamic limit of the
transition of eigenstates or conductivities.
We find that entanglement growth shows a qualitative

change inbehavior at infinitesimalJz. Instead of the expected
behavior that a small interaction strength leads to a small
delay in saturation and a small increase infinal entanglement,
we find that the increase of entanglement continues to times
orders of magnitude larger than the initial localization time
in the Jz ¼ 0 case (Fig. 1). This slowgrowth of entanglement
is consistent with prior observations for shorter times and
larger interactions Jz ¼ 0:5J? and Jz ¼ J? [12,13],
although the saturation behavior was unclear. Note that ob-
serving a sudden effect of turning on interactions requires
large systems, as a small change in the Hamiltonian applied
to the same initial state will take a long time to affect the
behavior significantly. We next explain briefly the methods
enabling large systems to be studied.
Numerical methodology.—To simulate the quench, we

use the time evolving block decimation (TEBD) [15,16]
method which provides an efficient method to perform a
time evolution of quantum states, jc ðtÞi ¼ UðtÞjc ð0Þi, in
one-dimensional systems. The TEBD algorithm can be seen
as a descendant of the density matrix renormalization group
[17] method and is based on a matrix product state (MPS)
representation [18,19] of the wave functions. We use a
second-order Trotter decomposition of the short time propa-
gator Uð!tÞ ¼ expð"i!tHÞ into a product of term which
acts only on two nearest-neighbor sites (two-site gates).After
each application, the dimension of the MPS increases. To
avoid an uncontrolled growth of the matrix dimensions,
the MPS is truncated by keeping only the states which have
the largest weight in a Schmidt decomposition.
In order to control the error, we check that the neglected

weight after each step is small (< 10"6). Algorithms of
this type are efficient because they exploit the fact that the
ground-state wave functions are only slightly entangled
which allows for an efficient truncation. Generally the
entanglement grows linearly as a function of time which

FIG. 1 (color online). (a) Entanglement growth after a quench
starting from a site factorized Sz eigenstate for different inter-
action strengths Jz (we consider a bipartition into two half chains
of equal size). All data are for " ¼ 5 and L ¼ 10, except for
Jz ¼ 0:1 where L ¼ 20 is shown for comparison. The inset
shows the same data but with a rescaled time axis and subtracted
Jz ¼ 0 values. (b) Saturation values of the entanglement entropy
as a function of L for different interaction strengths Jz. The inset
shows the approach to saturation.
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S(t) ⇠ t
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Thermal :
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MBL : S(t) ⇠ ln t
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c.f. AL: S(t) ~ constant
H. Kim and D. A. Huse, PRL 111, 127205 (2013) Bardarson, Pullman, Moore, PRL 109, 017202 (2012)

Jt ⇠ 1
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Time scale: Je↵
MBL ⇠ J0 exp(�l/⇠)
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Dephasing in MBL:



Experiment to measure EE (a sort of)
Lukin et. al., Science 364, 256 (2019).

[Aubry-Andre, boson (87Rb)]
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Probing entanglement in a
many-body–localized system
Alexander Lukin, Matthew Rispoli, Robert Schittko, M. Eric Tai, Adam M. Kaufman*,
Soonwon Choi†, Vedika Khemani, Julian Léonard, Markus Greiner‡

An interacting quantum system that is subject to disorder may cease to thermalize owing
to localization of its constituents, thereby marking the breakdown of thermodynamics.
The key to understanding this phenomenon lies in the system’s entanglement, which
is experimentally challenging to measure.We realize such a many-body–localized system in
a disordered Bose-Hubbard chain and characterize its entanglement properties through
particle fluctuations and correlations. We observe that the particles become localized,
suppressing transport and preventing the thermalization of subsystems. Notably, we
measure the development of nonlocal correlations, whose evolution is consistent with a
logarithmic growth of entanglement entropy, the hallmark of many-body localization.
Our work experimentally establishes many-body localization as a qualitatively distinct
phenomenon from localization in noninteracting, disordered systems.

I
solated quantum many-body systems main-
tain their initial global purity while under-
going unitary time evolution. However, the
presence of interactions drives local ther-
malization: The coupling between any sub-

system and its complement mimics the contact
with a bath. This causes the subsystem’s degrees
of freedom to be ultimately described by a ther-
mal ensemble, even if the full system is in a pure
state (1–3). A consequence of thermalization is
that local information about the initial state of
the subsystem gets scrambled and transferred
into nonlocal correlations that are only acces-
sible through global observables (4–6).
Disordered systems (7–18) can provide an

exception to this paradigm of quantum thermal-
ization. In such systems, particles can localize
and transport ceases, which prevents thermal-
ization. This phenomenon is called many-body
localization (MBL) (6, 7, 19–23). Experimental
studies have identified MBL through the per-
sistence of the initial density distribution (24–29)
and two-point correlation functions during tran-
sient dynamics (25). However, while particle
transport is frozen, the presence of interactions
gives rise to slow coherent many-body dynam-
ics that generate nonlocal correlations, which
are inaccessible to local observables (30–32).
These dynamics are considered to be the
hallmark of MBL and distinguish it from its
noninteracting counterpart, called Anderson
localization (7–11, 14, 15, 18). Their observation,

however, has remained elusive because it requires
exquisite control over the system’s coherence.
We study these many-body dynamics by probing

the entanglement properties of an MBL system
with a fixed particle number (30–34). We dis-
tinguish two types of entanglement that can
exist between a subsystem and its complement
(Fig. 1A): (i) Number entanglement implies that
the particle number in one subsystem is cor-
related with the particle number in the other.
This type of entanglement is generated through

tunneling across the boundary between the sub-
systems. (ii) Configurational entanglement im-
plies that the configuration of the particles in one
subsystem is correlated with the configuration of
the particles in the other. It therefore requires the
presence of at least one particle in each subsys-
tem. Tunneling alone does not generate config-
urational entanglement, as it acts individually
on each particle. Interactions, in contrast, can en-
tangle pairs of particles. As a result, the combi-
nation of tunneling and interactions can lead to
configurational entanglement at long distances.
The formation of particle and configurational

entanglement changes in the presence or absence
of interactions and disorder in the system (Fig. 1B).
In thermal systems without disorder, interact-
ing particles delocalize and rapidly create both
types of entanglement throughout the entire
system. In contrast, for Anderson localization,
number entanglement builds up only locally at
the boundary between the two subsystems.Here,
the lack of interactions prevents the formation of
a substantial amount of configurational entan-
glement. InMBL systems, number entanglement
builds up in a similarly local way as for Anderson
localization. However, notably, the presence of
interactions additionally enables the slow forma-
tion of configurational entanglement through-
out the entire system.
In this work, we realize an MBL system and

characterize its key properties: breakdown of
quantum thermalization, finite localization length
of the particles, area-law scaling of the number
entanglement, and slow growth of the config-
urational entanglement that ultimately results
in a volume-law scaling. The first three properties
are also present for an Anderson localized state;
the slowly growing configurational entanglement

RESEARCH
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Fig. 1. Entangle-
ment dynamics in
nonequilibrium
quantum systems.
(A) Subsystems
A and B of an isolated
system out of
equilibrium entangle
in two different
ways: Number entan-
glement stems from
a superposition of
states with different
particle numbers
in the subsystems and
is generated through
particle motion across
the boundary; config-
urational entangle-
ment stems from a superposition of states with different particle arrangement in the subsystems
and requires both particle motion and interactions. (B) In the absence of disorder, both types
of entanglement rapidly spread across the entire system owing to delocalization of particles
(left). The degree of entanglement and the time scales change drastically when applying disorder
(center): Particle localization spatially restricts number entanglement, yet interactions allow
configurational entanglement to form very slowly across the entire system. A disordered system
without interactions shows only local number entanglement, whereas the slow growth of
configurational entanglement is completely absent (right).
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entanglement through the deviation from sepa-
rability between A and B. In the MBL regime, for
sufficiently small amounts of entanglement, we
numerically findC to be proportional toSc; hence,
it inherits its scaling properties (38). Our mea-
surements lie within the numerically verified
parameter regime. Even for large systems, one
can find a regime of proportionality between
C and Sc by reducing the interaction strength,
the evolution time, or the subsystem size or by
increasing the disorder strength. This implies
that configurational correlations present a pow-
erful tool to study entanglement in many-body–
localized systems based on density correlations.
We study the time dynamics of Sn and C with

and without disorder (Fig. 4, B and C). Without
disorder, both Sn and C rapidly rise and reach a
stationary value within a few tunneling times
(insets). In the presence of strong disorder, we
find a qualitatively different behavior for the two
quantities: Sn reaches a stationary state within a
few tunneling times, although after a longer evo-
lution time than in the thermal case owing to
reduced effective tunneling. Additionally, the

stationary value is significantly reduced, indi-
cating suppressed particle transport through the
system. The correlator C, in contrast, shows a
persistent slow growth up to the longest evo-
lution times reached by our measurements. The
growth is consistent with logarithmic behavior
over two decades of time evolution. We conclude
that we observe interaction-induced dynamics
in the MBL regime that are consistent with the
phenomenological model (30–32). The agree-
ment of the long-term dynamics of Sn and C
with the numerical calculations in the MBL
regime confirms the unitary evolution of the
system over 100t. The system remains in the
finite-time limit, not in the finite-size limit,
because the spread of entanglement has not yet
stopped at the longest studied evolution times.
Considering the entropy in subsystems of

different sizes gives us insights into the spa-
tial distribution of entanglement in the system:
In a one-dimensional system, locally gener-
ated entanglement results in a subsystem-size-
independent entropy, whereas entanglement
from nonlocal correlations causes the entropy

to increase in proportion to the size of the sub-
system. In reference to the subsystem’s bound-
ary and volume, these scalings are called area
law and volume law. We find almost no change
in Sn for different subsystems of an MBL system
(Fig. 5A), indicating an area-law scaling con-
firming that particle transport is suppressed.
In contrast, the configurational correlations C
increase until the subsystem reaches half the
system size (Fig. 5B). Such a volume-law scaling
is also expected for the entanglement entropy
and demonstrates that the observed logarithmic
growth indeed stems from nonlocal correlations
across the entire system.

Conclusion

Our method, which is based on measurements
of the particle number fluctuations and their
configurations, can be generalized to higher di-
mensions and different experimental platforms,
where a direct measurement of entanglement
entropy remains challenging (e.g., trapped ions,
neutral atoms, and superconducting circuits). In
the future, experiments at larger system sizes
will be of interest to shed light on the critical

Lukin et al., Science 364, 256–260 (2019) 19 April 2019 4 of 5

Fig. 4. Dynamics of
number and configura-
tional entanglement.
(A) The von Neumann
entanglement entropy is
the sum of the number
entropy and the configu-
rational entropy, whose
dynamics in an MBL
system occur over differ-
ent time scales (38).
(B) We probe the config-
urational entropy with
the correlator C. At
strong disorder, it shows
a persistent slow
increase that is
consistent with a loga-
rithmic growth in time
until the longest evolu-
tion times covered by our
measurements. (C) The
number entropySn reaches
a stationary value
within a few tunneling
times. Without disorder,
the entanglement
dynamics change: Both
Sn and C quickly reach
a stationary value
(insets). The solid lines
show the prediction of
exact diagonalization
calculations without any
free parameters (38).
The above data were
taken on a six-site
system and averaged
over four disorder
realizations. Error bars
denote the SEM.

Fig. 5. Spatial distribution of the entangle-
ment. Number entropy and configurational
correlator in the eight-site MBL system
(W ¼ 8:9 J) after an evolution time of 100t.
(A) The number entropy Sn barely depends on
the subsystem size (i.e., follows an area law).
(B) The configurational correlator C increases
almost linearly with the subsystem size,
showing a volume-law behavior. The solid lines
show the prediction of exact diagonalization
calculations without any free parameters (38).
The above data were averaged over four
disorder realizations. Error bars denote the SEM
and are below the marker size if hidden.
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FIG. 3. Spatial localization of particles. (A) The
density-density correlations G(2)(d) as a function of distance
d at weak and strong disorder after an evolution time of 100⌧ .
The alternating nature of the density-density correlations
stems from the autocorrelation function of the quasiperiodic
potential. (B) Subtracting the influence of the quasiperiodic
potential (SI) reveals the exponential decay of the correlation
function. (C) Particle motion is confined within the correla-
tion length ⇠. We use a fit to extract ⇠ for di↵erent disorder
strengths. The fit function is a product of an exponential
decay with the autocorrelation function of the quasiperiodic
potential (SI). Each measurement is sampled from 197 disor-
der realizations (SI). The solid lines show the prediction of
exact diagonalization—calculated without any free parame-
ters. Error bars denote the s.e.m in (A-B), and the fit error
in (C).

tion [26–28]. This model was initially formulated for
MBL in a spin system, but can be extended to lattice
bosons. It describes the global eigenstates as product
states of exponentially localized orbitals. The corre-
lation length extracted from our data is a measure of
the size of these orbitals. Since the latter form a com-
plete set of locally conserved quantities, this picture con-
nects the breakdown of thermalization in MBL with non-

thermalizing, integrable systems.

DYNAMICS AND SPREADING OF
ENTANGLEMENT

We now turn to a characterization of the entanglement
properties of larger subsystems, starting with a subsys-
tem covering half the system size. As for the case of a sin-
gle lattice site, the particle number in the subsystem can
become entangled with the number in the remaining sys-
tem through tunneling dynamics, resulting in the num-
ber entropy Sn = �

P
n pn log (pn). However, subsys-

tems which extend over several lattice sites, with a given
particle number, o↵er the particle configuration as an
additional degree of freedom for the entanglement. Con-
figurational entanglement only builds up substantially in
interacting systems, since configurational correlations re-
quire several particles. The associated configurational
entropy Sc, together with the number entropy, forms the
von Neumann entropy, SvN = Sn + Sc (SI). An analo-
gous relation exists for spin systems with conserved total
magnetization instead of the particle number.
The dynamics of Sn and Sc in the MBL regime can be

understood in the picture of localized orbitals. Since the
localized orbitals restrict the particle motion, the number
entropy can only develop within the localization length
and hence Sn saturates at a lower value than for the
thermal case. In the MBL regime, disorder suppresses
the tunneling. Therefore, saturation is reached at a later
time. However, the dynamics of Sc are strikingly dif-
ferent. The bare on-site interaction and particle tun-
neling combine into an e↵ective interaction among local-
ized orbitals, which decays exponentially with the dis-
tance between them. As a consequence, entanglement
between distant orbitals forms slowly, causing a logarith-
mic growth of Sc, even after Sn has saturated [26–30].
In our experiment, we can independently probe both

types of entanglement. We obtain the number entropy
Sn through the probabilities pn by counting the atom
number in the subsystem in di↵erent experimental real-
izations. The configurational entropy Sc, in contrast, is
challenging to measure in a many-body system since it
requires experimental access to the coherences between a
large number of quantum states [34, 35]. Here we choose
a complementary approach to probe the configurational
entanglement in the system. It exploits the configura-
tional correlations between the subsystems, quantified by
the correlator (SI):

C =
NX

n=0

pn
X

{An},{Bn}

|p(An ⌦Bn)� p(An)p(Bn)| , (2)

where {An} ({Bn}) is the set of all possible configu-
rations of n particles in subsystem A (N � n in B),
and N is total number of particles in the system. All

Entanglement  Correlation
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Quantum Chaos: C(t)摆exp[𝛌Lt]

MBL: slow growth/spreading

An alternative measure of MBL
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unitary “local” operators
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Experiments : NMR, trapped ions, ultracold gases

C(t) =
1

2

⌦
[Ŵ (t), V̂ ]†[Ŵ (t), V̂ ]

↵
= 1� Re[F (t)]
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OTO “commutator”
F (t) = hŴ †(t)V̂ †Ŵ (t)V̂ i
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Ŵ (t)
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Heisenberg XXZ chain in a thermal phase
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builds up a rigorous connection between these two. We should
emphasize that, although the insight comes from the explicit calcu-
lation in the MBL phase, the theorem holds for any quantum sys-
tem. Various implications of this theorem are also discussed.

2. Phenomenological model

A one-dimensional model with local two-state degrees of free-
dom was proposed as a phenomenological model for an MBL phase
[24,23,25]

Ĥ ¼
X

i

hiŝ z
i þ

X

ij

Jijŝ z
i ŝ z

j þ . . . ; ð2Þ

where ŝi are local Pauli operators for the ‘‘l-bit” and denote the local
integrals of motion within a localization length n. hi are random
Zeeman field uniformly distributed between ½&h;h'. Jij ¼
eJ ij expð&ji& jj=nÞ describes interaction between different l-bits,

and eJ ij are uniformly distributed between ½&J; J'. Each eigenstate of
this Hamiltonian can be written as jni ¼ js z

1s z
2 . . .i, where s z

i ¼" or
#. Since this model has effectively considered the physics within a
localization length by a local integral of motion and the detailed
process within a localization length has been ignored, for our
analysis below, the initial time t ¼ 0 should be interpreted in a real
model as some finite time when the initial process within a localiza-
tion length is completed.

Let us consider the infinite temperature case where we can sim-
ply sum over all the states with equal weight in calculating FðtÞ.
Here we choose Ŵ ¼ ŝ x

i ; V̂ ¼ ŝ x
j so the OTOC is given by

FðtÞ ¼ 1
2D

X

n

hnjÛyŝ x
i Ûŝ x

j Û
yŝ x

i Ûŝ x
j jni; ð3Þ

where Û ¼ e&iĤt and D is the number of sites. It is straightforward to
show that hnjÛyŝ x

i Ûŝ x
j Û

yŝ x
i Ûŝ x

j jni ¼ e(i4Jijt , where þ (&) is taken
when the spins on i- and j-sites are parallel (anti-parallel). Averag-
ing over jni leads to

FðtÞ ¼ cos 4Jijt
! "

: ð4Þ

Further averaging over all random configurations results in

FðtÞ ¼
sinð4J expð&ji& jj=nÞtÞ

4J expð&ji& jj=nÞt : ð5Þ

Before proceeding, we would like to make a few comments on
the result Eq. (5). (1) Eq. (5) can be expanded as 1þ at2 for the
early-time behavior. The absence of linear t term means that at
early time the OTOC deviates from unity in power law instead of
exponentially. This shows the difference in the OTOC between an
MBL state and a thermalized state. When the distribution function
of eJ ij changes or higher order terms in the Hamiltonian Eq. (2) are
included, this power law behavior is quite robust while a is a non-
universal value and will change correspondingly. (2) J ¼ 0
describes the AL limit where FðtÞ becomes a constant. This shows
that the OTOC can also distinguish the MBL phase from the AL
phase. (3) The typical time scale of the decay time is given by

t0 ¼ p
4J

eji&jj=n; ð6Þ

which increases exponentially as the distance between i- and j-sites
increases.

3. Random-field XXZ model

We now come to a more microscopic model for MBL, that is the
one-dimensional XXZ model in a random magnetic field [26,27,34]

Ĥ ¼
X

i

J?ðŝ xi ŝ
x
iþ1 þ ŝ yi ŝ

y
iþ1Þ þ Jzŝ

z
i ŝ

z
iþ1 þ hiŝ zi : ð7Þ

Here ŝx;y;zi are three spin operators at site-i; J? and Jz are both
constants, and hi are random fields uniformly distributed among
½&h;h'. Using a Jordan-Wigner transformation to map this model
into a spinless fermion model, ŝ zi ŝ

z
iþ1 gives a nearest neighbor inter-

action between fermions. Thus in this model, Jz represents the
interaction effect.

In Fig. 1, we show the von Neumann entropy, the second Rényi
entropy (RE) and the OTOC for both the MBL case and the AL case.
For the entropy calculation, the system is divided into two parts A

Fig. 1. (Color online) The calculation of the von Neumann entropy, the second Rényi entropy and the OTOC for the MBL and the AL cases in random-field XXZ model Eq. (7).
The OTOC has been rescaled to drop from unity. The horizontal axis is tJ? in the logarithmic scale. The calculation is done for on an 8-site model with open boundary
condition, and is averaged over 103 disorder configurations. Here J? > 0; hi=J? is uniformly distributed between ½&5;5'. For the MBL case Jz=J? ¼ 0:2 where the system is
known to be fully localized [34]. For the AL case Jz ¼ 0.

708 R. Fan et al. / Science Bulletin 62 (2017) 707–711

R. Fan, P. Zhang, H. Shen, H. Zhai, Sci. Bull. 62, 707 (2017).

OTO Correlator
AL vs. MBL: The OTO correlator would work like EE.
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Chaotic vs. MBL vs. AL in OTOC
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But, No t2 growth in the XXZ?
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in any quantum spin models.

Fan et al., Sci. Bull. (2017)

Chen et al., Ann. Phys. (2017)

He and Lu, PRB (2017)

Huang et al., Ann. Phys. (2017)

The t2 behavior is derived  
in the l-bit model:

and more.

Swingle and Chowdhury, PRB (2017)

MBL studies with OTOC:
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OTOC growth: the effective l-bit model of MBL

R. Fan, P. Zhang, H. She, H. Zhai, Sci. Bull. 62, 707 (2017).Fully MBL
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For a given disorder realization,
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At very early times,

The t2 behavior occurs at any disorder and any state preparation.

Measured with an eigenstate, C(t) ' 1� cos
�
4thĴe↵

ab i
�

<latexit sha1_base64="0ejGHAtd7+oYn2m6EGvxMwKKTzk="></latexit><latexit sha1_base64="0ejGHAtd7+oYn2m6EGvxMwKKTzk="></latexit><latexit sha1_base64="0ejGHAtd7+oYn2m6EGvxMwKKTzk="></latexit><latexit sha1_base64="0ejGHAtd7+oYn2m6EGvxMwKKTzk="></latexit>

Quadratic Growth form of OTOC in the l-bit model

F (t) =
⌦
exp

�
it · 4Ĵe↵
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OTO correlator

OTO “commutator”
Fan et al., Sci. Bull. (2017)
Swingle and Chowdhury, PRB (2017)



Disorder average?
The distribution of C(t) looks like this:
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Time-evolving distribution of OTOC: Thermal vs. MBL

⌘ = 1
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Thermal MBL

Unimodal distribution Bimodal distribution

c.f. l-bit model: It’s Gaussian (CLT).
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A double-peak distribution appears in the MBL phase.

The average is meaningless in the MBL phase.

Time-evolving distribution of OTOC: Thermal vs. MBL

Q. How can we understand the discrepancy? Q. How can we use this?
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Unimodal vs. Bimodal: thermal-to-MBL transition
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A possible indicator of the MBL transition?

P (C)
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Is the t2 growth gone, really?

Let’s look an individual disorder realization.

0.0

0.5

1.0

1.5

100 101 102 103 104 107

0.0

1.0

2.0

100 101 102 103 104 105 106 107

10−5

10−4

10−3

10−2

10−1

100
101

100 101 102 103 104 105 106 107

(a)

(b)

(c)

10−4

10−2

100

100 102 104

C(t)

0 2.5 >5

C
(t
)

XXZ (MBL)

C
(t
)

C
(t
)

t

Department of Physics & Photon Science



∼ t2r

∼ t
α

10−14

10−12

10−10

10−8

10−6

10−2 10−1 100

∼ t6

10−5

10−4

10−3

10−2

10−1

100

101

100 101 102 103 104 105 106 107

∼ t2

10−4

10−2

100

100 102 104

C(t)

0

10

20

0 2 4 6

C(t∗) = 0.5

0

20

40

1.0 1.2 1.4 1.6 1.8 2.0 2.2

(a) (b)

(c)

(d) (e)

ln
C
(t
)

ln t

C
(t
)

t

C
(t
)

t

o
cc

u
re

n
ce

[%
]

log10 t∗

o
cc

u
re

n
ce

[%
]

α

Department of Physics & Photon Science

Perturbative regime

No disorder contribution!

Interacton is not essential.

Nothing to do with MBL

Disorder dependent

Exponent is about 2 
(a power-law fit)

MBL-related ↵ ⇡ 2
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Observation at an individual disorder realization
Large deviations in time scales between different disorder realizations 

At a given time, one is at stage 1 while the other is stage 2.

Any relevance to 
the l-bit model?



Early-time growth
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This is an intrinsic property of the XXZ model!

No influence of disorder

Interaction is not essential.
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Intermediate-time behavior
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Some disorder realizations give a power-law behavior very close to t2.

Early-time non-MBL part 1-cos(𝝎t) activated with a delay time

(from the fixed-point H)DISORDER-DEPENDENT OFFSET!
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FIG. 2. OTO commutator distribution around the localization transi-
tion in the XXZ chain. (a) Distribution P(C) measured at C(t)⇡ 0.6
with the infinite-temperature state. (b) Average gap ratio computed
for eigenvalues E within the distance De = 0.1 from the spectrum
center e = 0.5, where e ⌘ (E �Emin)/(Emax �Emin), and Emax(min)
is the largest (smallest) eigenvalue.

order to address these questions, we look into the growth be-
havior of C(t) at the level of individual disorder realizations.
It turns out that the early-time stage of C(t) is distinguished
from the main growth stage, giving a waiting period at a very
small C after which the main growth starts to become visi-
ble. The time period of each growth stage shows large de-
viations between different disorder realizations, contributing
to the slowly decreasing population at C ⇡ 0 and the broad
distribution over intermediate values of C with another peak
appearing due to the saturation around C ⇡ 1.

While the disorder average at a given time is largely influ-
enced by the populations of C ⇡ 0 and C ⇡ 1, the main growth
behavior observed at an individual disorder realization shows
the characteristic feature expected from the effective model.
Figure 3(a) schematically describes the behavior observed at
each stage. At very early times, C(t) shows the initial power-
law growth behavior of t

6 for our choice of the two local oper-
ators with distance r = 3. The initial growth is relaxed shortly
at the level of small C, leading to the oscillatory relaxation
plateau. The main growth emerges with another yet character-
istic power-law type behavior, which becomes saturated with
long-period oscillations at late times.

The initial power-law growth is an intrinsic feature of the
base spin model and is not related to many-body localization.
The early-time behavior can be easily understood from the se-
ries expansion of the commutator [ŝ x

r+1(t), ŝ x

1 ]. Following the
same procedures of Ref. [34], the Baker-Campbell-Hausdorff
expansion of ŝ x
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r+1+ it[H, ŝ x
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FIG. 3. Growth of the OTO commutator in the MBL phase of the
XXZ chain. (a) Schematic of the power-law behaviors (solid lines)
and oscillatory relaxations (dotted lines) observed at an individual
disorder realization. Examples of five selected disorder realizations
are shown for (b) the early-time and (c) intermediate-time growth of
C(t) at h = 10 measured with the infinite-temperature state in the
system of L = 12. The inset of (c) shows the disorder average C(t).
The distributions of (d) e and (e) c0 from the fits of C(t) = c0+et

2 to
the main growth parts are compared with the log-normal ones (dotted
lines) having the same averages and variances. (f) Examples of C(t)
at h = 1 in the ergodic phase given for comparison.

with ŝ x

1 is associated with t
r, and therefore, the squared com-

mutator grows as t
2r at very early times. While this initial

power-law form has been derived and discussed previously as
a general property of spin chains [29, 34, 48], it is still impor-
tant to recall that the leading-order t

2r term is independent of
the disorders and can appear without any contribution of the
interaction that is essential to the MBL phase.

The second growth behavior of a power-law type that leads
to a main increase in C becomes visible after the plateau
of oscillatory relaxations that suppress the initial t

2r growth.
Figure 3(c) shows typical examples of the intermediate-time
quadratic growth behavior at individual disorder realizations
that are drastically different from the behavior of the disor-
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Measured at an eigenstate
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4thĴe↵

ab i
�

<latexit sha1_base64="0ejGHAtd7+oYn2m6EGvxMwKKTzk="></latexit><latexit sha1_base64="0ejGHAtd7+oYn2m6EGvxMwKKTzk="></latexit><latexit sha1_base64="0ejGHAtd7+oYn2m6EGvxMwKKTzk="></latexit><latexit sha1_base64="0ejGHAtd7+oYn2m6EGvxMwKKTzk="></latexit>

l-bit:

fast components
slow components
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Finite-size effects?
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No systematic tests available, but it is the same in a larger system.

 Disordered XXZ model
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Doubly peaked distribution t2 growth!



• Out-of-time-ordered commutator is examined as a measure of MBL.


• Beyond the effective l-bit model 
- characteristic quadratic growth in the MBL phase 
  : Go for an individual disorder realization!  
    Do not try disorder-averaging. 
- unimodal-to-flat-to-bimodal distribution 
  : a possible indicator of the ergodic-MBL transition.


• Spectral characteristics of OTOC (on-going) 
- A single dominant frequency mode exists.  
  Perturbation calculations may explain larger deviations.


• Future works: finite-size effects, more systematic analysis of the 
OTOC spectrum, different settings of disorders, a more experiment-
friendly OTOC, … 
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