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** What is the Efimov effect?

O Solving bound states in three body system with only two-body potentials

Two-body system

[hz (1 2r2g — Lj) + V(T,Q)] ’QD(T, Q) = E¢(Ta9)-

1 v ) = Y 20y, @),

Im

[ R d2 RA(I+1)

_ﬁ d7=2 + 2,LL’T'2 - E_ UZm('r) + %ﬂ:’ Wm,l’m’('r)ul'mf('?") — 0,

Three-body system

Jacobi coordinates
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1 W(R,0) = B2 fu(R)B.(R; D).
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+* What is the Efimov effect?

Owhen 79 < R < |a]

2 s —1 4
Un(R) = 5l (52 = 1) = |~ dhr + 22| fu(R) = ZE [u(B)
® s, isreal: fn(R) = ARY/2tsn L BRY/2—5n

® s, = tis, IS pure imaginary :
fn(R) = ARY?%is0 1 BR1/27%0 o \/Rsin [so In (R%ﬂ
O Discrete scaling symmetry

R — AR, f(AR)mm{soln( )+soln)\}

® whentaking splnlg =7 — \g = e™/50 ~ 22.7
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** What is the Efimov effect?

O Efimov plot

E. Braaten, HWH, Phys. Rept. 428 259 (2006)

mBy" (a)
= — h2 .
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K = sgn(F) 2

a>0 for bound state

B =i = ——
> AD ma?

fBlzn: wmix(2n+1p), 211 ($89+2n)
v AEFZRGSLI  Nature 440, 315 (2016); Nat. Phys. 5, 227 (2009)
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* Efimov effect in momentum space

O Scale separation

Y= Kpg <A b M,

O Dimer-particle scattering

4 e 1+z+ 22
ap) = o [Taew (FEEEE) A, with g = p

T+

considering A(p) = ps~1 l+z+a’

4 o0
_— > 1= — dr2* 1ln
\/§7rf0 (1—3:—0—3:2

O RGI requires oscillating three-body force at LO

A(p) x %sin [30 In (%)} —> g(A) = —%H(A), H(A) =

H(MA) = H(A),

). —

Pionless EFT

1=

8 sin(ws/6)

N
Cd

V3 scos(mws/2)’

cos[sg In(A/A,) + arctan sq]

cos[so In(A/Ay) — arctan sg]

Ao = e™/% ~ 22.7.

s = +i1.00624



s* Hadronic Molecule: rla — 0

O Successful in deuteron description: the Weinberg compositeness criterion

S. Weinberg, Phys. Rev. 137 B672 (1965)

_( Aol ) _ 9 1-A2 (1 1
0= () T = ey o 2 (%) *O(B)
: 2 1 22 1 1
np scattering Tne(E) = —— S (_> L0 (_>
1/a+ (r/2)k? — ik’ —\2 :
a<0 for bound state podfak (r/2)k" =i I=A"\7 B
= —4.3(14) fm|—5.419(7)] r=0.0(14) fm[1.764(8)]
0 Emergence of near-threshold structures
S e N e
| 4 | Tee @202 i P.: @2015
E :Zi é E‘ftuy.,”l"‘ th +++ttﬁﬂ; D *+D O_D *OD+ E; 600:— 1 l"'l, D(*) Zg*)
2ol ﬁ ~ Fhaes L Cb Nature Commun. 13 3351 (2022) gﬁ_ﬂ . W
° N Mﬁm %H HH ++ wop ALLHCI) PRL 122 222001 (2019)
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+* Three-B-Mesons in Pionless EFT

O Zb(10610) and Zb ' (10650) are weak bound states of two B mesons

(BB* + BB*)/V?2 B*B*
EXp. E% = —3(2) MeV, Eg/ = —2.7(16) MeV  PDG, https://pdg.Ibl.gov
HQEFT E% =5.0(2.5)MeV, EZ = 1.0(0.5) MeV M. Cleven et al., EPJA 47 120 (2011)
1
Qy — 12(3) fm, Az — 27(07) fm, r = ﬁ = 14fm

O The leading order (LO) Lagrangian for three-B-meson dynamics

2 B 2 B E—%.E - . %.—ﬁ
=Bl (i +-Y)Bo+ Bi(i0+->)Ba (o) =) Mz sz, MzB* 2B,
2y 2l (o) g M
2 2 2m.  2m,
e R S A ) 2 ZB*—7'B, Mz'B* 7/ B
B (w* N QMB*) Bia + Bia (“)"' * 2MB*> Bia () 2 G

+ ZLAZip + 2N 7L,

= = + —(I\ ,\)— + —‘\’\ )— /‘J— + ...
— Q[ZjA (Bj(z 52'_-‘;(7'27',4)&3 Bﬁ + Ba, 62’3’(7'27'/4)&.6 B;B) + h.C.] ~-- ~-
.aD . 2T 1
/ ZIT B* U:). B* h Zsij (po’ﬁ) = _ZQQMDSDCD - ’
-4 { iA ja( 1)3&'(727';4)&:3 ks T C} T 1 —p + \/—2HD (PO — m) — e



<+ Dimer-particle scattering

S-wave ZB : (I,S)=(3/2,1),(1/2,1)

O The single-channel integral equations
S-wave ZB* : (I,5) = (3/2,0),(3/2,2)

iA jB
5--@__5 - S-wave Z'B* :
(I,5) = (3/2,1),(3/2,1),(1/2,0)
A
T (B, k,p) = CECE Mo(k, p) +/O dg C§C5 Ma(p, )Ty (B, k. q) (1/2,1),(1/2,2)
(3/2,0)

O The coupled-channel integral equations

S-wave ZB* — Z7'B :
(1,S)=1(1/2,1),(3/2,1)




<+ Dimer-particle scattering

—14.87¢5 5 fm

603” "‘Z‘bB‘Scét'téring"
40/ ]
. §
= 20 |
o) |
O n _
=200 e 200 . (1,9)=1/500)
00 02 04 k‘/’f/[ 68 10 12 00 02 04 06 08 10 12
R k/M; 0.615% fm

(I,5) = (3/2,1(2)),(1/2,0)

40; 39 5+13 . fm Hints that no Efimove state emerges in these ZB
= 20, _ channels:
= 0; (1.8) = (1/2,12) g fm ® Convergence achieves as cutoff grows to infinity
-20- il ® [ arge positive phase shift but associated with
40, (1,8) = (3/2,0) : +1.4 . negative scattering length
0T 0r 03 04 o5 No three body force in LO pioneless EFT

k/M;
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** Three-D-Mesons in Pionless EFT

O 7..D* scattering with
(I

s [deg]

O 7..D* scattering with T, binding energy artificially set for illustration
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** Three-D-Mesons in Pionless EFT

O Coupled channel effects

40 1 Siﬂ%Si _ _ _ 3v3
1= has imaginary solution when A; > 4. = — ~ (0.827
V3 8; cos Ts; ginary (7 T
7 2 7
(1,.J) A Ai
(1/2,0) ~1 -1
(3/2,0)
(1/2,1) 1 1 _¥E 2,—1,—1
_V5 Vs 1
3 2 6
(3/2,1) 2. —1
2B 1
3 3
(1/2,2) (2 2) 2. -1
3 3

Matrix index of various dimer with quant. Num. (1,0), (0,1), (1,2)



** Two-body interaction in three-body dynamics

O Unparticle Phenomenon: Power-law behavior of short-range production rates

® Large scattering length: |a|>>r L S

® Approximate nonrelativistic conformal symmetry ; > :
§ (w— 52—, A=3, SL g . 05 -
Im Gy (w, p) ~ { ( pQQMuzsg 2 A z §— e e— B3
— 2 — 2 = . . .
(“’ 2Mu) (‘“" 2Mu)’ 72 £ Free region <> Scaling region :
w r 1
S = '.f-"r — 2n 3
® Universal power-law behavior of cross section of short- S | & — o
range production ] g%
do ~ (Ey — E)A—g_ o 1 Ele "
z2 E. Braaten, HWH, PRD 107 034017 (2023)

e Example:
v multi-neutron system  HWH, D. T. Son, PNAS 118 (2021)

v multi-neutral charm mesons E. Braaten, HWH, PRL 128 032002 (2022)
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< Short-range production of three B mesons

O Short-range production of ZB dimer-particle and 3B channels

(Ia S) - (1/27 1)7 (3/27 1)

BBB* E./‘\ A
BB*B* E{+ E/<

- ‘ ZB* - Z'B
B*BB* EK\ + EK\
B*B* B E<< ; E.<< Z'B

Symmetrization procedure
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< Short-range production of three B mesons

O The single ZB dimer-particle channel < < ( \
= +

—2uE+q°+p” )

00 I't(F,q)QrL
dq qM LA 21pq/ M,
[L(E,p) = AL(E,p) + (-1)"Cs1 / ALk ( i £
o T pup —1/a+ \/—2,LLE—|—(M/LL)Q — 1€

E — §(x—1),
q=V20(E+6) = 20z,

v o . (1 N )2 QL ((1+r)2(2y_|ii)_§i}}-£r)(m—l)>
T (x,2) = gr, (206)/% 222 1 (—1)EC / . - VY Ir(z,y).
r(z, z) = gr (216) (—1)"Csi o 2mVzry1+2r —1+1—x+y—ie £(@y)
Line shape of I'. only depends on mass ratio r and partial-wave factor Cs
M MM 1 1 1 2 2 2
TE—ZMLL: Lk — i Mh’T: + 7E:p_~_l:p_~_6
M, M; + My, r+1 W M; + My, M, 201 2 201
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< Short-range production of three B mesons

O The single ZB dimer-particle channel .( < i

+1
R(x):/ dwﬁ Z(2L+1)PL(2)FL( )
| as) =2

vz, starts from ZB threshold

! . - o
7 B — — S-wave
sl S HA7 B .
4
. )
\\ //'/'//
/'/—
q "\ —
N AN - i i
- N L~ Scaling regipn
~ _‘_'_,4-"
1630 | b
E0-095214 rv1 —r2|= (On) sin (s arcsinr)
Am  scos(sm/2)
107° T 1077 107" 10° 10" 10? 10° 10’
B/ Epl +1

28.2keV ~ 5.6e-3



< Short-range production of three B mesons

O A model-independent binding energy extraction by measuring the short-range
production rate

r=10 080 ¢
,/ 7 \\ -=Tr = 09
— — / \ ——r = 07
v _lg 2.0 /, \\\ —=r =05 /' 0.75 |
c c /] N r=0.3 %
- > ',’ /’, \:\\ r=201
a a ’,’ /’I ’—\\‘\‘ =
© © / ro R < 0.70
-b .b / / //I \\ )
- — - — /
e S0} /) +
. . ! [
© S, T 0.65 |
= @ |/
/ / / /
, L O =1)2
,”. | | '/ ] . / / 2 0.60
0.5 [ 1 1 1 1 1 1 1 1 1
—4 -3 —2 -1 0 1 2 _ _ _
10 10 10 10 10 10 10 10 4 10 3 10 2 10 1 100 101 102 0.2 04 06 08 1.0
xr T T
ESTP
ex di
ESP = §(zaip — 1) [zaip = 0.23087 + 0.5729 §— __dip
—0.1983
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< Short-range production of three B mesons

O Finite-range corrections

(147)2 (y+2)—(14+2r)(z—1)
* dy (1+47r)? QL( gr(l—l—r)\/y_z

27Tﬁm/1—|—2r —1+V1—x+y—ie

kcotdo(k) = —v + p(k2‘|"Y) l

) Lp(z,y).

Tp(r,2) = g1 (28)"/2 2/ 4 (~1)*Cs /

2

U (z,2) = g (206)"/% 212 4 (=1)FCg; /
0

Xl—l—T 147 ( 1 >
roNV2r+ 1\ -1+ -ty —ie+ B (v —y)

> dy 0 ((1+r)2(y+z)—(1+2r)(:v—1)

271_\/5 L 27’(1—|—T‘)\/ﬁ )FL(xay)

O The troublesome unphysical pole whenr, =p > 0

. 2m 2/r dr—1 re 1 1
T(k‘:lp):_ . e —, ZZ*‘E—E :’u_ —e——|———Te>
H (p - E)(p - E) dFE —Fpole 2m 2a DPon Pon
a2 - 77 = ) > Ofor bound s
Pon = 7y Pon = positive 7, Z 2 (a Te ) > 0 for bound states negative re pl. T 27 (CL - Te) > Ufor bound states
a Te —_— 2
Zp; = —5-"= < Ounphysical pole Zpgl = —5-% > Ofor virtual states
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< Short-range production of three B mesons

O Finite-range corrections

Py S 0.3

] Z} X (3872)

| bieas vation VTt oL () Vit o
0 |0.2308r +0.5729  —E5P/0.1983 ~E5P/0.2126
~0.05/0.2699r +0.4603  —E$P /0.2721 —E$P/0.2889
~0.1 |0.3175r +0.3487  —E5*/0.3365 ~E$P/0.3563
0.05 |0.21917 +0.6631  —E$/0.1197 —E$P /0.1333
0.1 0.2342r +0.7502  —E3P/0.0176 ~E$P/0.0322




< Short-range production of three B mesons

O Short-range production of ZB dimer-particle channels F5i—3

ZB single channel ZB"-Z B coupled channel
6 64 i
10 ---S-wave _-"_ 10 ---S-wave 2 4619 EO 093750‘ ._.I'
--P-wave 1D 2. 569 d ---P-wave B~ / [T T T n e e """"'.J"” _,"'
D-WilVe ..‘: D-wave .,"i ) — | /," E 0.093657 7 y
) ‘- tota .- /S = O N e L i ”",‘""
2 101 F RS [ z 19718 A | |
SR S PR - 10 E- 10*
R A= £ A 3 S 4
£ 0.095214 e E E 1.4399 i
= 107 & w0 B ! ‘440%/;‘ o 7 [2-3260
E o Yy R i A/ 24614
N / VRN 0 .
= / S EO 68288 N E e | B EEE R
: ( R = 4 |---S-wave B S-wave
0] E 1,.7 6286 5 ,_;,«T:'.?’f»g-“"/ 1072 ---P-wave || 10 * ' |---P-wave
10 : / 1077 —_j‘.fj’f D-wave D-wave
i/ -+~ total --- total
O g 0 10 100 10 10 0 100 1 10t 107 10' 10t 10°
’ E/|Bsl +1 E/|Eg| +1 B/|Eg| +1
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< Short-range production of three B mesons

O Short-range production of 3B mesons channels

E*

(11‘59 = (3/231)

(£8)=(1/2,1)

k

d®p
] o

(1,5) = (3/2,1)

412
DB, )| 26 (B - By~ By~ By),

starts from 3B threshold

(1,S) =(1/2,1)

|77 S-wave / 10*1|---S-wave 2.9618, --py=0 . --py=0 N
10*4|---P-wave E3'069§; ---P-wave E S { 9401104- ----- 0.1 i 10%4]..... 0.1 7*
- D-wave K D-wave | AR ---—0.1 i ---—0.1 \ |
'E --- total _,-.’_.3.;-—""— L --- total K .g Y \\(f
= o O . 5 95 2,1,,2 /, - ::‘) g ) ” ¢ 1 OO | F—
b 10 E’l"t l’l :;:;,-, b 10[] i '-‘.0' ,f/ l"!/
g ’ '/- . _’v P S . o’ * ’/ ”‘;f
= e P —4 A = o e '
2, ’ 10 o a 10 *A B
— 10 i o -4 - ' .
= i 12,1286 R 10T 7
|§ ’t E /(..:‘ L ::g / ;_\
< L 10784 7 2
. T e = \ ot | 107%1
10 ;,’;, 10 s "g\/ ’.»'
0w 104101120'/44: 10° 100 10° ; ' L ' '
E/|E,| B)|E,) 10°* 10 10° 10 107 10 10° 10
? E/|Ey E/|Eg|
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Summary

O Two-body hadronic molecule leaves imprints in corresponding 3body
observables

® Direct evidence by confirmation of Efimov effects

1,5)=(1/2,1(2))

No Efimove effects in ZB scattering 0

® Observation of power-law behavior consistent with prediction of :680 - ]
nonrelativistic conformal symmetry e

Predictions of the short-range production rates are given for
both ZB and 3B channels

(1.5) = (3/2,0)

O A model independent mass determination for a wide range of near-
threshold states from the short-range production of dlmer-partlcle final
states

6= EP/—-0.1983 forZ/Z

dip

A
/
wp ;o
F

Iy
7
[
;o
[
.
0.5
1074 107% 10?2 1070 10° 1t 16
T

R [arbitrary units]

§ = ESXP/—0.2126  for X(3872)

dip




O Difficulty in meauring 3body observables, especially for heavy quark
sectors

® To study the Efimov effects in ZB/XD scattering in a box

If the pion mass dependence of dimer-particle scattering can serve as
benchmark test for hadronic molecule picture?

O More elegant treatment for the finite range corrections

Thank you for your attention!
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  q = p x


  A  ( p ) =  p  s − 1


  s = ± i 1 . 00624


   T  c c ∗  D ∗


   T  c c ∗


   T  c c ∗  D ∗


   T  c c ∗


   𝜆 i >  𝜆 c =   3  3  2 𝜋 ≈ 0 . 827


  ( 1 , 0 )


   r e ≡ 𝜌 > 0

