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Doubly Heavy Exotic States
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A shallow state near DD* thr
LHCb Exp
many Lattice data

Some controversial results
(Shallow) bound states from FV spectra 

Only Lattice data
Alexandrou et al 2024; 
Padmanath et al 2024

Deeply bound states Only Lattice data

 Hoffmann et al.  2025Deeply virtual states from Born-Oppenheimer

−Predicted since 1980’s: Ader, Lipkin, Karliner, Eichten, Manohar, Wise, …     see reviews 

Francis  Prog. Part. Nucl. Phys.  (2025)

Bicudo et al.,  Phys. Rept.   (2023) 
Francis  Prog. Part. Nucl. Phys.  (2025)
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orange stars in Fig. 1 and agree well with the observed
energies.
The pole in the DD! scattering amplitude and Tcc.—

Before focusing on Tcc, let us briefly review the relation
between hadrons and poles. The existence a hadron state
and its mass is inferred from the pole in the scattering
amplitude tðEcmÞ. The bound state and the virtual bound
state have a pole at a real energy below threshold, and
therefore p2 < 0. A bound state has a pole at p ¼ ijpBj and
is an asymptotic state, e.g., deuteron. A virtual bound state
has a pole at p ¼ −ijpBj and is less familiar; it appears, for
example, in an 1S0 nucleon-nucleon channel [32,37,38].
Finally, the most common poles with Ecm away from the
real axis correspond to decaying resonances, e.g., ρ meson.
We find a virtual bound state pole in the DD! scatte-

ring amplitude tðJ¼1Þ
l¼0 at energy Ep

cm ¼ ðm2
D − jpBj2Þ1=2þ

ðm2
D! − jpBj2Þ1=2. It corresponds to the binding momentum

indicated by the magenta octagon in Fig. 2. We therefore
find evidence for the doubly charmed tetraquark as a virtual
bound state with binding energy

mðhÞ
c ∶δmTcc

¼ Ep
cm −mD −mD! ¼ −9.9þ3.6

−7.1 MeV: ð5Þ

It is situated slightly below DD! threshold, close to the
mass of the doubly charmed tetraquark Tcc discovered by
LHCb [1,2]. The state found on the lattice is strongly stable,
and the pole appears at real energy since D! → Dπ is not

kinematically allowed for mπ ≃ 280 MeV. The Tcc dis-
covered by LHCb decays to D0D0πþ, and the pole is
slightly imaginary, as shown in Fig. 3. The Tcc found in
experiment would be a bound state in the limit of stable
D!þ since the measured að1Þ0 is negative [2].
The quark mass dependence of Tcc and the notion of a

virtual bound state can be most easily illustrated for s-wave
scattering in a purely attractive potential VðrÞ within
quantum mechanics. Explicit toy-model examples are
given in Refs. [32]. The bound state occurs at
p ¼ ijpBj; its wave function falls as eipr ¼ e−jpBjr outside
the potential and is an asymptotic state. As the potential
depth is weakened, the bound state energy approaches
threshold. As the potential is weakened even further so that
it is not attractive enough to form a bound state, the s-wave
bound state typically becomes a virtual bound state. It
occurs at p ¼ −ijpBj, and its wave function eipr ¼ ejpBjr

outside V is not normalizable; therefore, it is not an
asymptotic state. Even so, it gives rise to an abrupt
enhancement in the scattering cross section above the
threshold when the pole is close below threshold. This
enhancement is shown in Fig. 2 for DD! scattering and
appears due to the virtual bound state Tcc in our study.
We expect that the virtual bound state pole found in our

lattice simulation at unphysical u=d masses is related to the
Tcc discovered by LHCb, as detailed in Sec. IVof Ref. [32].
The would-be LHCb bound state is expected to become a
virtual bound state with increasing mu=d. This is sketched
in Fig. 4 for a tetraquark with a significant molecular
DD! component attracted by the Yukawa-like potential

FIG. 3. Pole in the scattering amplitude related to Tcc in the
complex energy plane: our lattice result at the heavier charm
quark mass (magenta) and the LHCb result (orange).

FIG. 2. Top: p cot δðJ¼1Þ
l¼0 for DD! scattering at the heavier

charm quark mass (red line) and ip ¼ þjpj (cyan line) versus p2,
all normalized to EDD! ≡mD þmD! . The virtual bound state
occurs at the momenta indicated by the magenta octagon, where
two curves intersect. Bottom: corresponding DD! scattering rate
N ∝ pjt0j2 above threshold along with the pole position.

FIG. 4. Sketch of the binding energy for the (virtual) bound
state dominated by the molecular component. It is based on a
purely attractive potential VðrÞ and partial wave l ¼ 0 within
quantum mechanics.

PHYSICAL REVIEW LETTERS 129, 032002 (2022)
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Tcc   is a DD* virtual state
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T+
cc ! D0D⇤+ ! D0D0⇡+/D0D+⇡0
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contribu-
tion of the non-D0 background has been statistically subtracted. The result of the fit described
in the text is overlaid.

The function is built under two assumptions. Firstly, that the newly observed state has
quantum numbers JP = 1+ and isospin I = 0 in accordance with the theoretical expecta-
tion for the T+

cc ground state. Secondly, that the T+
cc state is strongly coupled to the D⇤D

channel. The derivation of FU relies on the isospin symmetry for T+
cc! D⇤D decays

and explicitly accounts for the energy dependency of the T+
cc! D0D0⇡+, T+

cc! D0D+⇡0

and T+
cc! D0D+� decay widths as required by unitarity. Similarly to the FBW profile,

the FU function has two parameters: the peak locationmU, defined as the mass value where
the real part of the complex amplitude vanishes, and the absolute value of the coupling
constant g for the T+

cc! D⇤D decay.
The detector mass resolution, R, is modelled with the sum of two Gaussian functions

with a common mean, and parameters taken from simulation, see Methods. The widths
of the Gaussian functions are corrected by a factor of 1.05, that accounts for a small
residual di↵erence between simulation and data [39,104,105]. The root mean square of
the resolution function is around 400 keV/c2.

A study of the D0⇡+ mass distribution for selected D0D0⇡+ combinations in the region
above the D⇤0D+ mass threshold and below 3.9GeV/c2 shows that approximately 90% of all
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D⇤0D+

Doubly charmed tetraquark T+
cc

Unitarized and analytical model fit to the spectrum

LHCb, arXiv: 2109.01056
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�mpole = �360 ± 40+4
�0 keV

�pole = 48 ± 2+0
�14 keV

+ I = 0 : isoscalar

,! D+D0⇡+, D+D+ 7

+ Weinberg compositeness:

1 � Z =

s
1

1 + 2|r/<a|

a =
h
� (7.16 ± 0.51) + i(1.85 ± 0.28)

i
fm,

�r < 11.9(16.9) fm at 90 (95)% CL,

Z < 0.52(0.58) at 90 (95)% CL.

Z = 0 : composite,

Z = 1 : elementary.

+ Consistent with molecule
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LHCb Nature Physics, Nature Comm.(2022)

 from experiment and lattice
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Tcc

I =0, JP  = 1+
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T+
cc ! D0D⇤+ ! D0D0⇡+/D0D+⇡0

— Width: almost entirely from the only strong decay

   and  FV spectra (+ Lüscher + ERE):

Padmanath and  Prelovsek, PRL 129,  032002 (2022)
 HAL QCD , PRL 131  161901 (2023)

HadSpec: PRD 111, 034511 (2025)

CLQCD: PLB 833 2022

280 MeV, 350 MeV, 391 MeVmπ = 146 MeV,

Tcc’   is a D*D* resonance HadSpec

              Collins et al   PRD 109, 094509 (2024) 
              Prelovsek et al  PRD 112, 014507 (2025)

   see also more recent calculations 
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ccqq̄

: an ideal case for studying exotic properties  
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— No admixture of inelastic channels

—Expansion in !EFT : 
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�M = m(D+D⇤0)�m(D0D⇤+)
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contribu-
tion of the non-D0 background has been statistically subtracted. The result of the fit described
in the text is overlaid.

The function is built under two assumptions. Firstly, that the newly observed state has
quantum numbers JP = 1+ and isospin I = 0 in accordance with the theoretical expecta-
tion for the T+

cc ground state. Secondly, that the T+
cc state is strongly coupled to the D⇤D

channel. The derivation of FU relies on the isospin symmetry for T+
cc! D⇤D decays

and explicitly accounts for the energy dependency of the T+
cc! D0D0⇡+, T+

cc! D0D+⇡0

and T+
cc! D0D+� decay widths as required by unitarity. Similarly to the FBW profile,

the FU function has two parameters: the peak locationmU, defined as the mass value where
the real part of the complex amplitude vanishes, and the absolute value of the coupling
constant g for the T+

cc! D⇤D decay.
The detector mass resolution, R, is modelled with the sum of two Gaussian functions

with a common mean, and parameters taken from simulation, see Methods. The widths
of the Gaussian functions are corrected by a factor of 1.05, that accounts for a small
residual di↵erence between simulation and data [39,104,105]. The root mean square of
the resolution function is around 400 keV/c2.

A study of the D0⇡+ mass distribution for selected D0D0⇡+ combinations in the region
above the D⇤0D+ mass threshold and below 3.9GeV/c2 shows that approximately 90% of all
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D⇤0D+ I =0, JP  = 1+

Aaij et al [LHCb] Nature Physics (2022)  

Tcc+"+D0D0 D0D*+ "-D+D+

0-0.36-5.9

D+D*0

1.4 E2 MeV3.8

"0D0D+

-5.6
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T+
cc ! D0D⇤+ ! D0D0⇡+/D0D+⇡0

— Width: almost entirely from the only strong decay

Nature Comm.(2022)

— first exotic doubly charm state: 
<latexit sha1_base64="oWHrIjLhFd6oyRiplfI1Nz+mlIk="></latexit>

ccūd̄
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�mBW = �273± 61± 5+11
�14 keV

�BW = 410± 165± 43+18
�38 keV

—  D" spectra: ~ 90% of the D0D0"+ events contain a genuine D*+ meson ⇒ JP  = 1+
S-wave

DD*  framework is justified
our LO EFT with full DD𝜋:  Du, VB, et al.  PRD 105, 014024 (2022)

Alharazin et al arXiv:2602.17204v1 (2026)

neglecting long-range effect



𝜒EFT  in the infinite and finite volumes

— Phase shifts 
— ERE parameters 
— Pole positionsD D⋆

D⋆ D

D D⋆

D⋆ D

π

D D⋆

D⋆ D

V

Chiral EFT Infinite volumeFinite volume

✓ left-hand
cuts

✓ range cor-
rections

✓partial wave
mixing

EFV

App II:   !EFT  as an alternative to Lüscher

<latexit sha1_base64="1qcuc04/LrpxQhQA1M1zDcMLYmk="></latexit>

V = V (0)

OPE
+ V (0)

cont
+ V (2)

cont
+ ...

—  Calculate

—  Adjust LEC’s  C’s  from best fits to EFV :  C’s are independent of the volume size L

—  Employ the EFT potential to calculate infinite volume (IFV) amplitudes using LSE

<latexit sha1_base64="8xcBBLmvpv2X4/HKDBYq5TQ6Deo="></latexit>

V (0)+(2)
cont [3S1] =

⇣
C(0)

3S1
+ C(2)

3S1
(p2 + p02)

⌘
(~✏ · ~✏ 0⇤)
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V (2)
cont[

3P0] = C(2)
3P0

(~p 0 · ~✏ 0⇤)(~p · ~✏)
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det
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G�1(E)� V(E)

⇤
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Gn,n0 = J �n0,n

L3

1

4ED(p̃n)ED⇤(p̃n)

1

E � ED(p̃n)� ED⇤(p̃n)
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EFV in each irrep as a solution of the eigenvalue problem 

—  Construct regularized effective potential truncated to a given order   

 Meng,  VB,   Filin,   Epelbaum and Gasparyan  PRD letter 109, L071506 (2024)  
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contribu-
tion of the non-D0 background has been statistically subtracted. The result of the fit described
in the text is overlaid.

The function is built under two assumptions. Firstly, that the newly observed state has
quantum numbers JP = 1+ and isospin I = 0 in accordance with the theoretical expecta-
tion for the T+

cc ground state. Secondly, that the T+
cc state is strongly coupled to the D⇤D

channel. The derivation of FU relies on the isospin symmetry for T+
cc! D⇤D decays

and explicitly accounts for the energy dependency of the T+
cc! D0D0⇡+, T+

cc! D0D+⇡0

and T+
cc! D0D+� decay widths as required by unitarity. Similarly to the FBW profile,

the FU function has two parameters: the peak locationmU, defined as the mass value where
the real part of the complex amplitude vanishes, and the absolute value of the coupling
constant g for the T+

cc! D⇤D decay.
The detector mass resolution, R, is modelled with the sum of two Gaussian functions

with a common mean, and parameters taken from simulation, see Methods. The widths
of the Gaussian functions are corrected by a factor of 1.05, that accounts for a small
residual di↵erence between simulation and data [39,104,105]. The root mean square of
the resolution function is around 400 keV/c2.

A study of the D0⇡+ mass distribution for selected D0D0⇡+ combinations in the region
above the D⇤0D+ mass threshold and below 3.9GeV/c2 shows that approximately 90% of all
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Experiment

● ERE parameters
● Pole positions
● Spin partners
● Chiral Extrapolations
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Long range: OPE

3-body cut
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Chiral EFT

●  Light-quark mass dependence

●  Exotic properties from experiment and lattice within the same framework

●  Impact of long range interactions with their left and right hand cuts on the amplitudes

Understanding near-threshold states calls for: 

𝜒EFT as an alternative to Lüscher:  Meng, VB, Filin, Epelbaum, Gasparyan  PRD letter 109, L071506 (2024)  

— the Lüscher method is invalid at least below the lhc

— the ERE convergence is limited by the lhc ⇒ Both solved  ✓
Green et al (2021), Raposo and Hansen (2023), Dawid et al. (2023),  Meng, VB et al (2023), …  

 Du, VB, et al.  PRL 131 (2023) /224



Isoscalar case: Isovector case:  Repulsion

Two examples of recent lattice data analyses

 ● Coupled-channel ChEFT analysis
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Tbc

 ● ChEFT analysis of DD* FV spectra at mπ = 280 MeV 
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TccAttraction leading to 

of  D(*)B(*) scattering on lattice: 

/225
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FIG. 2. Fit results for the center-of-mass energy Ecm =p
E2 �P2 of the DD⇤ system normalized by EDD⇤ = MD +

MD⇤ , for the heavier charm quark mass and two di↵erent vol-
umes from Ref. [23] in various FV irreps. The lattice energy
levels are shown by open circles, squares and triangles: the
blue and green points in the irreps T+

1 (0), A�
1 (0) and A2(1)

are used as input in this analysis as well as in the scattering
analysis of Ref. [23]. The orange symbols, slightly shifted to
the right for transparency, represent the results of our full cal-
culation (Fit 2), including pions. For each irrep, we indicate
the lowest partial waves, which contribute to it. Our results
in the irrep A2(4) are predictions. The solid and dot-dashed
lines correspond to the noninteracting DD⇤ and D⇤D⇤ ener-
gies, respectively.

ered value of m⇡ are assumed to be saturated by the con-
tact terms. Truncating the partial waves basis to l = 2,
the most relevant contact potentials contributing to the
irreps T+

1
(0), A�

1
(0) and A2(1) read

V (0)+(2)

cont
[3S1] =

⇣
C(0)

3S1
+ C(2)

3S1
(p2 + p02)

⌘
(✏ · ✏0⇤)

V (2)

cont
[3P0] = C(2)

3P0
(p0

· ✏0⇤)(p · ✏) , (7)

where p (p0) and ✏ (✏0) denote the cms momentum and
polarization of the initial (final) D⇤ meson, respectively.
While the irreps T+

1
(0) and A2(1) can also receive con-

tributions from the S-to-D-wave short-range interactions
as well as from the 3P2 partial waves, in what follows,
we consider fits with 3-parameters from Eq. (7) as our
main results and use the additional contributions from
other partial waves to estimate systematic uncertainties
in [38]. The longest-range interaction between the D and
D⇤ mesons is driven by the OPE, which in the static ap-
proximation reads

V (0)

OPE
= �3

MDMD⇤g2

f2
⇡

(k · ✏)(k · ✏0⇤)

k2 + µ2
, (8)

where µ2 = m2
⇡ � �M2, �M = MD⇤ � MD and k =

p0 + p. The pion mass dependence of the pion decay
constant f⇡ is considered along the lines of Ref. [27, 39],
which gives f⇡ = 105.3 MeV for m⇡ = 280 MeV. The
value of the coupling constant g is extracted from the fits
to its physical value and the lattice data of Ref. [39]. For
the given lattice spacing of a ⇡ 0.086 fm and m⇡ = 280
MeV, we found g = 0.517± 0.015 [38]. When both p and

p0 are on shell, p = p0 = �(E2,M2
D,M2

D⇤ )
1/2

2E (� is the Källén
function), the OPE and, consequently, the on-shell DD⇤

partial wave amplitudes, exhibit the lhc with the closest
to the threshold branch point given by [27]

(p1⇡
lhc

)2 = �
µ2

4
= �(126 MeV)2 )

✓
p1⇡
lhc

EDD⇤

◆2

⇡ �0.001,

(9)
where EDD⇤ = MD +MD⇤ . In principle, the OPE may
also have the three-body right-hand cut, corresponding
to the on shell DD⇡ state. However, for m⇡ = 280 MeV,
it starts at momenta far away from the threshold, p2

rhc3
=

(552 MeV)2 [27], which makes it irrelevant for the current
analysis.

The contact interactions in the LSE are supplemented

with the exponential regulators of the form e
�(pn+p0n)

⇤n

with n = 6. The regularization of the operators with the
single pion propagator preserving long-range dynamics is
worked out in Ref. [40] and can be implemented by a
substitution:

1

k2 + µ2
!

1

k2 + µ2
e

�(k2+µ2)

⇤2 . (10)

In what follows, we present the results for the cuto↵ ⇤ =
0.9 GeV and consider the cuto↵ variation from 0.7 to 1.2
GeV to estimate systematic uncertainties in [38].

To see the impact of the OPE on the results, we per-
form two calculations: In Fit 1, we start from a pure
contact potential without the OPE and adjust the LECs

C(0)

3S1
, C(2)

3S1
and C(2)

3P0
to obtain the best �2 fit to EFV .

In Fit 2, we include, in addition to the contact inter-
actions, also the OPE; the corresponding results for the
energy levels are shown in Fig. 2. For both fits partial
wave mixing is included when calculating EFV in di↵er-
ent lattice irreps. The OPE, however, induces additional
mixing between S and D waves due to the long-range
tensor interactions. Furthermore, the OPE introduces a
new momentum scale related with the branch point of the
lhc in Eq. (9), which has several important consequences
on the observables: (i) It modifies the analytic structure
of the scattering amplitude, making, in particular, the
phase shifts complex when analytically continued below
the lhc; (ii) It controls the energy dependence of the scat-
tering amplitude in the near-threshold region and (iii) It
governs the leading exponentially suppressed corrections
⇠ e�µL, neglected in the Lüscher approach.

With the LECs fixed from the best fits to EFV , we are
in the position to calculate the infinite volume observ-
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In what follows, we present the results for the cuto↵ ⇤ =
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wave mixing is included when calculating EFV in di↵er-
ent lattice irreps. The OPE, however, induces additional
mixing between S and D waves due to the long-range
tensor interactions. Furthermore, the OPE introduces a
new momentum scale related with the branch point of the
lhc in Eq. (9), which has several important consequences
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of the scattering amplitude, making, in particular, the
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FIG. 3. Phase shifts in the 3S1 (left panel) and 3P0 (right panel) partial waves extracted from the FV energy levels EFV

calculated in lattice QCD. Red bands represent the results of our 3-parameter fits to EFV without the OPE (Fit 1, upper
panel) and with the OPE (Fit 2, lower panel), including the 1� uncertainty. Green dots in the left panel are the phase shifts
extracted from EFV using the single-channel Lüscher quantization conditions in Ref. [23]. Green dots in the right panel are
extracted in this study using the same method. Blue bands are the results of the 4-parameter fits of EFV using the ERE in
Ref. [23]. Orange lines in the left panel correspond to ip = ±|p| from unitarity, normalized to EDD⇤ . The gray vertical dashed
line denotes the position of the branch point of the left-hand cut nearest to the threshold.

a3S1
[fm] r3S1

[fm] �mTcc [MeV] a3P0
[fm3] r3P0

[fm�1] �2/dof

LQCs+ERE fit [23] 1.04± 0.29 0.96+0.18
�0.20 �9.9+3.6

�7.2 0.076+0.008
�0.009 6.9± 2.1 3.7/5

Fit 1: cont. 1.09± 0.35 0.75± 0.14 �10.6± 4.4 0.028± 0.004 �4.3± 0.05 5.52/6

Fit 2: cont.+OPE 1.46± 0.57 0.096± 0.53 �6.6(±1.5)� i4.0(±3.7) 0.497± 0.007 5.63± 0.19 2.95/6

TABLE I. Results for the Tcc pole position �mTcc , defined relative to the DD⇤ threshold, and the DD⇤ ERE parameters.
The results obtained via the Lüscher QCs plus ERE in Ref. [23] are present in the second row. Our results from Fits 1 and 2
are given in the third and forth rows, respectively. The Tcc pole position in Fit 2 corresponds to a resonance state with 85%
probability within the 1� uncertainty. The residual 15% probability corresponds to a scenario with two virtual poles–see the
intersection area of the red band with the orange curve in Fig. 3.

ables and confront them with the results of the Lüscher
analysis of Ref. [23]. In Fig. 3, the results are shown
for the phase shifts in the 3S1 and 3P0 partial waves.
In the vicinity of the threshold, the phase shifts can be
expanded employing the ERE

p2l+1 cot �(l,J) =
1

a(l,J)
+

1

2
r(l,J)p2 + . . . . (11)

The predictions of Fit 1 for �3S1
(upper left panel) are

consistent with the analysis of Ref. [23] using the ERE
(11) and also yield very similar values for the ERE pa-
rameters and the pole position of the Tcc state, as summa-
rized in Table I. This is not surprising since both analyses
involve two parameters in this partial wave, which can be
matched to the scattering length and e↵ective range. On
the other hand, the contact fit results for the �3P0

are un-
able to describe all the data points since the low-energy
behavior of the phase shifts can not be captured with
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panel) and with the OPE (Fit 2, lower panel), including the 1� uncertainty. Green dots in the left panel are the phase shifts
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FIG. 3. Phase shifts in the 3S1 (left panel) and 3P0 (right panel) partial waves extracted from the FV energy levels EFV

calculated in lattice QCD. Red bands represent the results of our 3-parameter fits to EFV without the OPE (Fit 1, upper
panel) and with the OPE (Fit 2, lower panel), including the 1� uncertainty. Green dots in the left panel are the phase shifts
extracted from EFV using the single-channel Lüscher quantization conditions in Ref. [23]. Green dots in the right panel are
extracted in this study using the same method. Blue bands are the results of the 4-parameter fits of EFV using the ERE in
Ref. [23]. Orange lines in the left panel correspond to ip = ±|p| from unitarity, normalized to EDD⇤ . The gray vertical dashed
line denotes the position of the branch point of the left-hand cut nearest to the threshold.
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probability within the 1� uncertainty. The residual 15% probability corresponds to a scenario with two virtual poles–see the
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FIG. 3. Phase shifts in the 3S1 (left panel) and 3P0 (right panel) partial waves extracted from the FV energy levels EFV

calculated in lattice QCD. Red bands represent the results of our 3-parameter fits to EFV without the OPE (Fit 1, upper
panel) and with the OPE (Fit 2, lower panel), including the 1� uncertainty. Green dots in the left panel are the phase shifts
extracted from EFV using the single-channel Lüscher quantization conditions in Ref. [23]. Green dots in the right panel are
extracted in this study using the same method. Blue bands are the results of the 4-parameter fits of EFV using the ERE in
Ref. [23]. Orange lines in the left panel correspond to ip = ±|p| from unitarity, normalized to EDD⇤ . The gray vertical dashed
line denotes the position of the branch point of the left-hand cut nearest to the threshold.
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The results obtained via the Lüscher QCs plus ERE in Ref. [23] are present in the second row. Our results from Fits 1 and 2
are given in the third and forth rows, respectively. The Tcc pole position in Fit 2 corresponds to a resonance state with 85%
probability within the 1� uncertainty. The residual 15% probability corresponds to a scenario with two virtual poles–see the
intersection area of the red band with the orange curve in Fig. 3.
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FIG. 3. Phase shifts in the 3S1 (left panel) and 3P0 (right panel) partial waves extracted from the FV energy levels EFV

calculated in lattice QCD. Red bands represent the results of our 3-parameter fits to EFV without the OPE (Fit 1, upper
panel) and with the OPE (Fit 2, lower panel), including the 1� uncertainty. Green dots in the left panel are the phase shifts
extracted from EFV using the single-channel Lüscher quantization conditions in Ref. [23]. Green dots in the right panel are
extracted in this study using the same method. Blue bands are the results of the 4-parameter fits of EFV using the ERE in
Ref. [23]. Orange lines in the left panel correspond to ip = ±|p| from unitarity, normalized to EDD⇤ . The gray vertical dashed
line denotes the position of the branch point of the left-hand cut nearest to the threshold.
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are given in the third and forth rows, respectively. The Tcc pole position in Fit 2 corresponds to a resonance state with 85%
probability within the 1� uncertainty. The residual 15% probability corresponds to a scenario with two virtual poles–see the
intersection area of the red band with the orange curve in Fig. 3.
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  Chiral extrapolations of the Tcc pole 
M. Abolnikov, VB,   E. Epelbaum,  A. Filin,  C. Hanhart and L. Meng  PLB 860, 139188 (2025) 

● Lattice spacing dependence has to be studied: 

 P. Junnarkar, N. Mathur, and M. Padmanath, PRD 99, 034507 (2019)→ found to be relatively weak for 
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→ claimed as important J. Green talk at Lattice 2023

Here we assume the continuum limit

 Meng et al,  PRD letter 109, L071506 (2024)  
 VB et al., PLB 726, 537 (2013)
Becirevic and  Sanfilippo  PLB 721, 94 (2013)

  Du et al.  PRD 105, 014024 (2022); Meng et al. 109, L071506 (2024) 

including both three-body and left-hand cuts
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Tcc pole transitions:   quasi-bound → bound → virtual → resonance

I. Matuschek, VB,  F.-K. Guo, and C. Hanhart, Eur. Phys. J. A 57, 101 (2021) 

M. Abolnikov,  VB,  E. Epelbaum,  A. Filin,  C. Hanhart and L. Meng     PLB 860 139188 (2025)
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Going to NLO

● Tcc pole transitions:   quasi-bound → bound → virtual → resonance

● NLO is qualitatively consistent to LO; <latexit sha1_base64="iEBJ2MY/afdm0QpIg7uP+AP65Ls=">AAACJnicbVDLSgNBEJyNr5j4SPToZTEInkIiQT3GiOAxgnlANoTZSScZMjuzzPSKYdlv8Kp/4Nd4E/Hmpzh5HExiQUNR1U13lx8KbrBU+nZSG5tb2zvp3Ux2b//gMJc/ahoVaQYNpoTSbZ8aEFxCAzkKaIcaaOALaPnj26nfegJtuJKPOAmhG9Ch5APOKFqpEfS8kPdyhVKxNIO7TsoLUiAL1Ht5J+v1FYsCkMgENaZzHWI3pho5E5BkvMhASNmYDqFjqaQBmG48OzZxz6zSdwdK25LoztS/EzENjJkEvu0MKI7MqjcV//M6EQ6uuzGXYYQg2XzRIBIuKnf6udvnGhiKiSWUaW5vddmIasrQ5rO0BVAp4avnJJPxbrAGQy7v5BPXSk4/jpH6kaA6iT3kcpLY+MqrYa2T5kWxfFmsPFQK1doiyDQ5IafknJTJFamSe1InDcIIJy/klbw5786H8+l8zVtTzmLmmCzB+fkFKMSmXQ==</latexit>m⇡resonance is formed at smaller

<latexit sha1_base64="qNdT99FPEQmo/NwlNeT8ILiHEOE="></latexit>

V = V (0)

OPE
+ V (0)

cont
+ V (2)

cont

<latexit sha1_base64="La3AjcvCgYHc8GIs4zpyf3WQ2Lw="></latexit>

V (0)+(2)
cont [3S1] = C(0)

3S1
+ C(2)

3S1
(p2 + p02) +D(2)

3S1
(⇠2 � 1)

<latexit sha1_base64="bUbZHnDVcpuQquWoQJGRXfFJ83w="></latexit>

⇠ =
m⇡

mph
⇡

<latexit sha1_base64="BoWFzwVSWTwC2GTZt01BZN2Cw1A="></latexit>

m⇡ = mph
⇡ and

<latexit sha1_base64="n9gv0CdKMWhqhJy7UTmZaoAXiG4="></latexit>

m⇡ = 280 MeV● Employ knowledge of the NLO potential at 

● Calculate scattering amplitude for any <latexit sha1_base64="iEBJ2MY/afdm0QpIg7uP+AP65Ls=">AAACJnicbVDLSgNBEJyNr5j4SPToZTEInkIiQT3GiOAxgnlANoTZSScZMjuzzPSKYdlv8Kp/4Nd4E/Hmpzh5HExiQUNR1U13lx8KbrBU+nZSG5tb2zvp3Ux2b//gMJc/ahoVaQYNpoTSbZ8aEFxCAzkKaIcaaOALaPnj26nfegJtuJKPOAmhG9Ch5APOKFqpEfS8kPdyhVKxNIO7TsoLUiAL1Ht5J+v1FYsCkMgENaZzHWI3pho5E5BkvMhASNmYDqFjqaQBmG48OzZxz6zSdwdK25LoztS/EzENjJkEvu0MKI7MqjcV//M6EQ6uuzGXYYQg2XzRIBIuKnf6udvnGhiKiSWUaW5vddmIasrQ5rO0BVAp4avnJJPxbrAGQy7v5BPXSk4/jpH6kaA6iT3kcpLY+MqrYa2T5kWxfFmsPFQK1doiyDQ5IafknJTJFamSe1InDcIIJy/klbw5786H8+l8zVtTzmLmmCzB+fkFKMSmXQ==</latexit>m⇡

NLO

<latexit sha1_base64="6LXhljzLz1ivfs5AzEUG5XQvmkU="></latexit>

mph
⇡

M. Abolnikov,  VB,  E. Epelbaum,  A. Filin,  C. Hanhart and L. Meng     PLB 860 139188 (2025)

— systematic errors estimated conservatively: comparable/smaller than statistical /2211



1.0 1.5 2.0 2.5 3.0

-30

-25

-20

-15

-10

-5

0

ξ =mπ /mπ
ph

Im
(E
po
le
)[
M
eV

]

pole vs      :   Contact vs Pionful

1.0 1.5 2.0 2.5 3.0

-150

-100

-50

0

ξ = mπ /mπ
ph

R
e(
E
po
le
)[
M
eV

]

No OPE

NLO 𝜒EFT with OPE NLO 𝜒EFT with OPE

● Pionless EFT trajectory:  virtual states for larger mpi

HadSpec: T. Whyte, D. Wilson,  and C. Thomas PRD 111, 034511 (2025)  

● But due to repulsion from the OPE, NLO 𝜒EFT yields a resonance for
<latexit sha1_base64="gYg0Xrn7btkSdw1mV689dXv2Ddg="></latexit>

m⇡ & 230 MeV

1.0 1.5 2.0 2.5 3.0

-100

-80

-60

-40

-20

0

ξ =mπ /mπ
ph

R
e(
E
po
le
)[
M
eV

]

1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
-10

-8

-6

-4

-2

0

ξ =mπ /mπ
ph

R
e(
E
po
le
)[
M
eV

]

1𝜎 error band
best fit

<latexit sha1_base64="qNdT99FPEQmo/NwlNeT8ILiHEOE="></latexit>

V = V (0)

OPE
+ V (0)

cont
+ V (2)

cont

<latexit sha1_base64="La3AjcvCgYHc8GIs4zpyf3WQ2Lw="></latexit>

V (0)+(2)
cont [3S1] = C(0)

3S1
+ C(2)

3S1
(p2 + p02) +D(2)

3S1
(⇠2 � 1)

<latexit sha1_base64="tUsG4goT1NH+mRt/xY9JOzToULw=">AAACJnicdVBdSwJBFJ21L9M+tB57WZKgJ9GQ8tGMoEeD/ABXZHa86uDszDJzV5Jlf0Ov9Q/6Nb1F9NZPaVcN7OvAhcM593LvPa4vuMFS6d1Kra1vbG6ltzPZnd29/Vz+oGVUoBk0mRJKd1xqQHAJTeQooONroJ4roO1OrhK/PQVtuJJ3OPOh59GR5EPOKMZS0+s7Pu/nCuViaQ679It8WQWyRKOft7LOQLHAA4lMUGO6VR97IdXImYAo4wQGfMomdATdmErqgemF82Mj+yRWBvZQ6bgk2nN1dSKknjEzz407PYpj89NLxL+8boDDai/k0g8QJFssGgbCRmUnn9sDroGhmMWEMs3jW202ppoyjPP5tgVQKeGq+yiTcS6xDiMur+WUayWTj0OkbiCojkIHuZxFq/H9T1pnxfJ5sXJbKdTqyyDT5Igck1NSJhekRm5IgzQJI5w8kEfyZD1bL9ar9bZoTVnLmUPyDdbHJyp+pl4=</latexit>m⇡

<latexit sha1_base64="5zyp6N6P5TI1bD31iTw9/GvCkvs=">AAAB7XicdVDLSgMxFL2pr1pfVZdugkVwVWakqMuiG5cV+oJ2KJk008ZmkiHJCGXoP7hxoYhb/8edf2P6EOrrwIXDOfdy7z1hIrixnveBciura+sb+c3C1vbO7l5x/6BpVKopa1AllG6HxDDBJWtYbgVrJ5qROBSsFY6up37rnmnDlazbccKCmAwkjzgl1knNei+jdNIrlvyyNwP2fpEvqwQL1HrF925f0TRm0lJBjOn4XmKDjGjLqWCTQjc1LCF0RAas46gkMTNBNrt2gk+c0seR0q6kxTN1eSIjsTHjOHSdMbFD89Obin95ndRGl0HGZZJaJul8UZQKbBWevo77XDNqxdgRQjV3t2I6JJpQ6wIqLIfwP2melf3zcuW2UqpeLeLIwxEcwyn4cAFVuIEaNIDCHTzAEzwjhR7RC3qdt+bQYuYQvgG9fQKmiY8x</latexit>

Tcc

<latexit sha1_base64="8MofOE0AM3U1218VXV3UUhowiD4="></latexit>

m⇡ & 230 MeV

virtual → resonance

<latexit sha1_base64="8MofOE0AM3U1218VXV3UUhowiD4="></latexit>

m⇡ & 230 MeV

— In line with Lattice: Virtual states using Lüscher + parameterization without pions

 ⇒ Long-range physics significantly changes the pole trajectory
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TABLE I. Scattering length a0 and the e↵ective range r0 for the DD
⇤ system with I = 1 for five values of the heavy quark

mass, all at fixed m⇡ ' 280 MeV. The results from two approaches are shown, where the chiral EFT approach includes the
one-pion exchange and employs the cuto↵ ⇤ = 1 GeV, while further results from both approaches are given in Tables III and V.
The variation in the heavy quark masses is reflected in the masses of D and D

⇤ mesons, DD
⇤ thresholds, reduced mass, the

spin average mass mD̄ and their corresponding hopping parameter c for the bare charm quark mass. Set 2 is closest to the
physical charm quark mass.

Set (di↵erent mc, all m⇡ ' 280 MeV) 1 2 3 4 5
mD [GeV] 1.762(1) 1.927(1) 2.064(2) 2.191(2) 2.415(2)
mD⇤ [GeV] 1.898(2) 2.049(2) 2.176(2) 2.294(2) 2.506(2)

Eth = mD +mD⇤ [GeV] 3.660(3) 3.976(3) 4.240(3) 4.485(3) 4.922(3)
m̄D = 1

4 (mD + 3mD⇤) [GeV] 1.864(2) 2.019(2) 2.148(2) 2.269(2) 2.484(2)
mr = (m�1

D +m
�1
D⇤)�1 [GeV] 0.914(1) 0.993(1) 1.059(1) 1.121(1) 1.230(1)

c 0.12522 0.12315 0.12133145 0.11956530 0.11627907
E↵ective range expansion

a0 [fm] -0.39(+2
�3) -0.37(+4

�4) -0.37(+2
�1) -0.38(+5

�4) -0.40(+5
�3)

Chiral EFT-based analysis including one-pion exchange
a0 [fm] -0.31(3) -0.30(4) -0.31(3) -0.31(4) -0.31(5)
r0 [fm] -0.87(36) -0.89(55) -0.87(36) -0.87(38) -0.90(58)
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FIG. 2. The finite volume spectra of the ccūd̄ system with isospin I = 1. Results for five values of the charm quark mass
are shown. Lattice energies shown in blue and green are used in the fits, while energies shown in brown are omitted from the
fits. The lines represent non-interaction energies in Eq. (5). The orange symbols correspond to the analytically reconstructed
energy levels from the chiral EFT approach including one-pion exchange for the cuto↵ ⇤ = 1 GeV.
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FIG. 3. Phase shifts in the 3S1 (left panel) and 3P0 (right panel) partial waves extracted from the FV energy levels EFV

calculated in lattice QCD. Red bands represent the results of our 3-parameter fits to EFV without the OPE (Fit 1, upper
panel) and with the OPE (Fit 2, lower panel), including the 1� uncertainty. Green dots in the left panel are the phase shifts
extracted from EFV using the single-channel Lüscher quantization conditions in Ref. [23]. Green dots in the right panel are
extracted in this study using the same method. Blue bands are the results of the 4-parameter fits of EFV using the ERE in
Ref. [23]. Orange lines in the left panel correspond to ip = ±|p| from unitarity, normalized to EDD⇤ . The gray vertical dashed
line denotes the position of the branch point of the left-hand cut nearest to the threshold.

a3S1
[fm] r3S1

[fm] �mTcc [MeV] a3P0
[fm3] r3P0

[fm�1] �2/dof

LQCs+ERE fit [23] 1.04± 0.29 0.96+0.18
�0.20 �9.9+3.6

�7.2 0.076+0.008
�0.009 6.9± 2.1 3.7/5

Fit 1: cont. 1.09± 0.35 0.75± 0.14 �10.6± 4.4 0.028± 0.004 �4.3± 0.05 5.52/6

Fit 2: cont.+OPE 1.46± 0.57 0.096± 0.53 �6.6(±1.5)� i4.0(±3.7) 0.497± 0.007 5.63± 0.19 2.95/6

TABLE I. Results for the Tcc pole position �mTcc , defined relative to the DD⇤ threshold, and the DD⇤ ERE parameters.
The results obtained via the Lüscher QCs plus ERE in Ref. [23] are present in the second row. Our results from Fits 1 and 2
are given in the third and forth rows, respectively. The Tcc pole position in Fit 2 corresponds to a resonance state with 85%
probability within the 1� uncertainty. The residual 15% probability corresponds to a scenario with two virtual poles–see the
intersection area of the red band with the orange curve in Fig. 3.

ables and confront them with the results of the Lüscher
analysis of Ref. [23]. In Fig. 3, the results are shown
for the phase shifts in the 3S1 and 3P0 partial waves.
In the vicinity of the threshold, the phase shifts can be
expanded employing the ERE

p2l+1 cot �(l,J) =
1

a(l,J)
+

1

2
r(l,J)p2 + . . . . (11)

The predictions of Fit 1 for �3S1
(upper left panel) are

consistent with the analysis of Ref. [23] using the ERE
(11) and also yield very similar values for the ERE pa-
rameters and the pole position of the Tcc state, as summa-
rized in Table I. This is not surprising since both analyses
involve two parameters in this partial wave, which can be
matched to the scattering length and e↵ective range. On
the other hand, the contact fit results for the �3P0

are un-
able to describe all the data points since the low-energy
behavior of the phase shifts can not be captured with
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FIG. 5. The scattering length a0 for DD
⇤ scattering with

I = 1 and l = 0 as a function of the heavy quark mass in
terms of the spin average mass m̄D = 1

4 (mD + 3mD⇤). Com-
parison between the scattering length values obtained using
the EFT approach including one-pion exchange for the cuto↵
⇤ = 1 GeV (violet) and the Lüscher method, assuming the
e↵ective range parameterization and omitting the e↵ect of the
left-hand cut (green). The errors correspond to statistical un-
certainties.

as reported in Refs. [3] and [12]. This appears as a re-
sult of the positive energy shifts in the isovector channel,
which suggests a repulsive interaction, as opposed to the
attractive nature in the isoscalar sector indicated by the
negative energy shifts [3, 5].

In the following, we present the results of the analysis
of lattice energy levels ranging from slightly below the
DD

⇤ threshold to approximately 100 MeV above it. The
highest energy point (see the blue point at the highest
energy in Figs. 3 and 6) corresponds to the first excited
level in the T

+

1
irrep at larger volume, as shown in Fig. 2.

We searched for poles in the resulting infinite-volume
scattering amplitude in Eq. (6) and did not find any
in the near-threshold energy region using either of the
two methods applied. Current experiments also do not
observe any hadron structure features in the DD

⇤ final
states consistent with an isovector Tcc tetraquark, which
is in line with our results.

The fit results for the closest-to-physical charm quark
mass are shown in Figs. 6 and 3 for the EFT and ERE
approaches, respectively, while Fig. 7 and Tables III and
Appendix B provide results for all charm quark masses.
The results of the EFT analysis are shown in Fig. 6 for
the two cuto↵ values ⇤ = 0.5 GeV (left panel ) and 1
GeV (right panel). Please note that the cuto↵ ⇤ = 0.5
GeV is below the highest-energy lattice point (blue dot),
which is therefore ignored in the analysis for this cuto↵.
All lattice data points are included in fits for the cuto↵
⇤ = 1 GeV.

Here, several remarks are in order:

(a) The left hand cut reveals itself in the discontinuity
of p cot(�0) at the lhc branch point, below which it
develops an imaginary part;

(b) As already mentioned earlier, the DD
⇤ scattering

length extracted from the lattice spectra remains
stable against the inclusion of the long-range dy-
namics from the OPE and variations in the cuto↵.
The observed small negative scattering length im-
plies a repulsive interaction, given the definition of
the ERE in Eq. (7).

(c) The e↵ect of the lhc on DD
⇤ scattering in the

isovector channel is less pronounced than in the
isoscalar channel, which is consistent with the sup-
pression of the isovector isospin coe�cients in the
OPE, as compared to their isoscalar counterparts:

h(DD
⇤)I |⌧

(1)
· ⌧ (2)

|(D⇤
D)IiOPE =

(
3 ; I =0

1 ; I =1
(17)

Nevertheless, the lhc noticeably impacts the slope
of p cot(�0) near the threshold, influencing the mag-
nitude of the e↵ective range. Specifically, while the
e↵ective range is consistent with zero in a pure con-
tact theory, it becomes slightly negative (around
�1 fm) when the OPE is included;

(d) The EFT analysis shows that p cot(�0) exhibits a
pole, which corresponds to a zero in the scatter-
ing amplitude, at relatively high momenta above
the threshold. This pole appears above the max-
imum energy point used in fits. This leads to a
significant increase in the uncertainty of our cal-
culations at higher momenta. Furthermore, the
S�wave scattering amplitude also contains a res-
onance pole located even further from the thresh-
old; see Table III for its position. Importantly, this
resonance pole lies beyond the applicability range
of the EFT. Therefore, it is reassuring to note that
neither the zero nor the pole in the scattering am-
plitude a↵ect low-energy observables, such as the
e↵ective-range parameters, extracted near the DD

⇤

threshold.

(e) The EFT approach does not lead to any poles be-
low the threshold. If the ERE approach were ap-
plicable below the left-hand cut, the intersection
of p cot �0 and ip would imply a bound state and,
consequently, an additional energy level that is not
observed in the simulation. This intersection oc-
curs more than 40 MeV below the threshold for
fits based on p cot � = 1/a0 + r0p

2
/2 and even fur-

ther below for fits using p cot � = 1/a0. In both
cases this is far below the branch point of the left-
hand cut, where the e↵ective range expansion is no
longer valid. Notably, when comparing our ERE
results with those in Ref. [4], we observe that the
e↵ective range in the isovector channel of Ref. [4] is
significantly larger. This leads to a steeper slope in
the ERE fit, a bound-state pole only �16 MeV be-
low threshold (almost overlapping with the branch
point of the left-hand cut) which would lead to
a subthreshold finite-volume level that is not ob-
served in Ref. [4].

●  Effect of the OPE is weaker for I=1 than for I=0:

●  Repulsive interactions: no poles in the scattering amplitude near the threshold

●

In the following, we present the results of the analysis of
lattice energy levels, ranging from slightly below the DD!

threshold to approximately 100 MeV above it. The highest
energy point (see the blue point at the highest energy in
Figs. 3 and 6) corresponds to the first excited level in the
Tþ
1 irrep at larger volume, as shown in Fig. 2.
We searched for poles in the resulting infinite-volume

scattering amplitude in Eq. (6) and did not find any in the
near-threshold energy region using either of the two
methods applied. Current experiments also do not observe
any hadron structure features in the DD! final states
consistent with an isovector Tcc tetraquark, which is in
line with our results.
The fit results for the closest-to-physical charm quark

mass are shown in Figs. 6 and 3 for the EFT and ERE
approaches, respectively, while Fig. 7 and Table III and
Appendix B provide results for all charm quark masses.
The results of the EFT analysis are shown in Fig. 6 for the
two cutoff values Λ ¼ 0.5 GeV (left panel) and 1 GeV
(right panel). Please note that the cutoff Λ ¼ 0.5 GeV is
below the highest-energy lattice point (blue dot), which is,
therefore, ignored in the analysis for this cutoff. All lattice
data points are included in fits for the cutoff Λ ¼ 1 GeV.
Here, several remarks are in order:

(a) The left-hand cut reveals itself in the discontinuity of
p cotðδ0Þ at the lhc branch point, below which it
develops an imaginary part.

(b) As already mentioned earlier, the DD! scattering
length extracted from the lattice spectra remains stable
against the inclusion of the long-range dynamics from
the OPE and variations in the cutoff. The observed
small, negative scattering length implies a repulsive
interaction, given the definition of the ERE in Eq. (7).

(c) The effect of the lhc onDD! scattering in the isovector
channel is less pronounced than in the isoscalar
channel, which is consistent with the suppression of
the isovector isospin coefficients in the OPE, as
compared to their isoscalar counterparts,

hðDD!ÞIjτð1Þ · τð2ÞjðD!DÞIiOPE ¼
!
3; I ¼ 0

1; I ¼ 1:
ð17Þ

Nevertheless, the lhc noticeably impacts the slope of
p cotðδ0Þ near the threshold, influencing the magni-
tude of the effective range. Specifically, while the
effective range is consistent with zero in a pure contact
theory, it becomes slightly negative (around −1 fm)
when the OPE is included.

FIG. 6. The p cot δ0 forDD! scattering with I ¼ 1 and partial wave l ¼ 0 extracted from the finite-volume energy levels (EFV ) using
the EFT approach without and with the one-pion exchange. The results are shown for the two cutoffs Λ and the D meson masses
corresponding to Set 2 from Table I. Red bands represent the real part of p cot δ0 from our three-parameter fits to EFV , including the 1σ
uncertainty. The imaginary part of p cot δ0 shown in violet is nonzero below the branch point. Circles are the phase shifts extracted from
EFV using Lüscher’s quantization condition, incorporating only the Swave. Orange and turquoise dashed lines correspond to ip ¼ &jpj
from unitarity, normalized to Eth, while the vertical dashed line denotes the position of the branch point of the left-hand cut nearest to the
threshold.
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 from lattice QCD in finite volume 

I =0, JP =0+

configuration for the elements computed with (Gaussian
smeared) stochastic propagators; we also use color and spin
dilution and the one-end trick [53]. To extract the b̄c̄ud
finite-volume energy levels from these correlation matrices,
we follow the well-established approach of solving the
generalized eigenvalue problem (GEVP) [22,56]

X

j

CijðtÞvj;nðt; t0Þ ¼ λnðt; t0Þ
X

j

Cijðt0Þvj;nðt; t0Þ; ð1Þ

where we set t0=a ¼ 3 and verified that the results do not
significantly depend on this choice. We then perform
single-exponential fits of the form λnðt; t0Þ ¼ Ane−Ent to
obtain the energy levels En; see the Supplemental Material
[45] for further details.
Our results for the lowest five energy levels of each b̄c̄ud

system are shown as a function of the spatial lattice size
Ns ¼ L=a in Fig. 1. Also shown are the lowest
four noninteracting Bð$Þ-D̄ energy levels, calculated as E ¼
EBð$Þ ðp2Þ þ ED̄ðp2Þwith momenta p satisfying the periodic
boundary conditions [each component an integer multiple
of 2π=L], and with the single-meson energies calculated on
the lattice and described by the dispersion relations

EBð$Þ ðp2Þ ¼ EBð$Þ ð0Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

Bð$Þ;kin
þ p2

q
−mBð$Þ;kin;

EDðp2Þ ¼ ED̄ð0Þ þ p2=ð2mD̄;kinÞ − p4=ð8m3
D̄;4Þ: ð2Þ

The values of EBð$Þ ð0Þ,mBð$Þ;kin, ED̄ð0Þ,mD̄;kin, andmD̄;4 are
provided in the Supplemental Material [45]. In Fig. 1 we
see that the actual b̄c̄ud energy levels are shifted signifi-
cantly relative to the noninteracting levels due to the
meson-meson interactions in the finite volume, except
for the third level in the case of J ¼ 1 (we discuss the
reason for this behavior farther below).
To rigorously investigate whether bound states or reso-

nances exist, we map the observed finite-volume energy
levels En to infinite-volume S-waveBð$Þ-D̄ scattering phase
shifts δ0ðknÞ using the Lüscher quantization condition

cot δ0ðknÞ ¼
2Z00½1; ðknL=2πÞ2'

π1=2knL
; ð3Þ

where Z00 is the generalized zeta function [23] and kn
is the scattering momentum associated with energy level
En, calculated from En ¼ EBð$Þ ðk2nÞ þ ED̄ðk2nÞ with the
dispersion relations (2) . To ensure that the single-channel,
single-partial-wave approximation is applicable, we only
extract the phase shifts for the energy levels below the
B$-D̄$ (J ¼ 0) and B-D̄$ (J ¼ 1) thresholds. Furthermore,
for J ¼ 1, we observe that the third finite-volume energy
level is consistent with the noninteracting jpj ¼ 2π=L
energy level that has multiplicity 2 once we include both
S-wave and D-wave structures, as we did in our operator
basis. Because finite-volume interactions for higher partial
waves are suppressed, we conclude that this energy level is
dominantly D wave, and we therefore exclude it from the
Lüscher analysis. This is further corroborated by the
eigenvectors from the GEVP, which show that this state

has a non-negligible overlap only with the operator OTþ
1

7

that was subduced from aD-wave structure. Note that there
are similar degeneracies for higher noninteracting levels
above the energy region used in our analysis [44].
Our results for the scattering phase shifts, along with

effective-range expansion (ERE) fits of the form

k cot δ0ðkÞ ¼
1

a0
þ 1

2
r0k2 þ b0k4; ð4Þ

are shown in Fig. 2 (left). The numerical values of the
fitted ERE parameters are given in the Supplemental
Material [45]. The scattering phase shift is related to the
S-wave scattering amplitude and cross section by

T0ðkÞ ¼
1

cot δ0ðkÞ − i
; σðkÞ ¼ 4π

k2
jT0ðkÞj2: ð5Þ

Poles of T0ðkÞ at purely imaginary k correspond to genuine
or virtual bound states for ImðkÞ > 0 or ImðkÞ < 0,
respectively, while poles with ReðkÞ ≠ 0 and ImðkÞ < 0
correspond to resonances. Using our ERE fits, we find
genuine bound-state poles as well as resonance poles for

FIG. 1. Left: the finite-volume energies of the b̄c̄ud system with
IðJPÞ ¼ 0ð0þÞ as a function of the spatial lattice size. The data
points with error bars show the actual finite-volume energy
levels; points plotted with a lighter shade of gray are excluded
from the Lüscher analysis. The solid blue curves correspond to
what would be the noninteracting B-D̄ energy levels, the lowest
of which coincides with the strong-decay threshold. The dashed
green line shows the B$-D̄$ threshold. Right: the corresponding
plot for IðJPÞ ¼ 0ð1þÞ. Here, the solid blue curves correspond to
what would be the noninteracting B$-D̄ energy levels, and the
dashed green line corresponds to the B-D̄$ threshold.
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 from lattice QCD in finite volume 

I =0, JP =0+

configuration for the elements computed with (Gaussian
smeared) stochastic propagators; we also use color and spin
dilution and the one-end trick [53]. To extract the b̄c̄ud
finite-volume energy levels from these correlation matrices,
we follow the well-established approach of solving the
generalized eigenvalue problem (GEVP) [22,56]

X

j

CijðtÞvj;nðt; t0Þ ¼ λnðt; t0Þ
X

j

Cijðt0Þvj;nðt; t0Þ; ð1Þ

where we set t0=a ¼ 3 and verified that the results do not
significantly depend on this choice. We then perform
single-exponential fits of the form λnðt; t0Þ ¼ Ane−Ent to
obtain the energy levels En; see the Supplemental Material
[45] for further details.
Our results for the lowest five energy levels of each b̄c̄ud

system are shown as a function of the spatial lattice size
Ns ¼ L=a in Fig. 1. Also shown are the lowest
four noninteracting Bð$Þ-D̄ energy levels, calculated as E ¼
EBð$Þ ðp2Þ þ ED̄ðp2Þwith momenta p satisfying the periodic
boundary conditions [each component an integer multiple
of 2π=L], and with the single-meson energies calculated on
the lattice and described by the dispersion relations

EBð$Þ ðp2Þ ¼ EBð$Þ ð0Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

Bð$Þ;kin
þ p2

q
−mBð$Þ;kin;

EDðp2Þ ¼ ED̄ð0Þ þ p2=ð2mD̄;kinÞ − p4=ð8m3
D̄;4Þ: ð2Þ

The values of EBð$Þ ð0Þ,mBð$Þ;kin, ED̄ð0Þ,mD̄;kin, andmD̄;4 are
provided in the Supplemental Material [45]. In Fig. 1 we
see that the actual b̄c̄ud energy levels are shifted signifi-
cantly relative to the noninteracting levels due to the
meson-meson interactions in the finite volume, except
for the third level in the case of J ¼ 1 (we discuss the
reason for this behavior farther below).
To rigorously investigate whether bound states or reso-

nances exist, we map the observed finite-volume energy
levels En to infinite-volume S-waveBð$Þ-D̄ scattering phase
shifts δ0ðknÞ using the Lüscher quantization condition

cot δ0ðknÞ ¼
2Z00½1; ðknL=2πÞ2'

π1=2knL
; ð3Þ

where Z00 is the generalized zeta function [23] and kn
is the scattering momentum associated with energy level
En, calculated from En ¼ EBð$Þ ðk2nÞ þ ED̄ðk2nÞ with the
dispersion relations (2) . To ensure that the single-channel,
single-partial-wave approximation is applicable, we only
extract the phase shifts for the energy levels below the
B$-D̄$ (J ¼ 0) and B-D̄$ (J ¼ 1) thresholds. Furthermore,
for J ¼ 1, we observe that the third finite-volume energy
level is consistent with the noninteracting jpj ¼ 2π=L
energy level that has multiplicity 2 once we include both
S-wave and D-wave structures, as we did in our operator
basis. Because finite-volume interactions for higher partial
waves are suppressed, we conclude that this energy level is
dominantly D wave, and we therefore exclude it from the
Lüscher analysis. This is further corroborated by the
eigenvectors from the GEVP, which show that this state

has a non-negligible overlap only with the operator OTþ
1

7

that was subduced from aD-wave structure. Note that there
are similar degeneracies for higher noninteracting levels
above the energy region used in our analysis [44].
Our results for the scattering phase shifts, along with

effective-range expansion (ERE) fits of the form

k cot δ0ðkÞ ¼
1

a0
þ 1

2
r0k2 þ b0k4; ð4Þ

are shown in Fig. 2 (left). The numerical values of the
fitted ERE parameters are given in the Supplemental
Material [45]. The scattering phase shift is related to the
S-wave scattering amplitude and cross section by

T0ðkÞ ¼
1

cot δ0ðkÞ − i
; σðkÞ ¼ 4π

k2
jT0ðkÞj2: ð5Þ

Poles of T0ðkÞ at purely imaginary k correspond to genuine
or virtual bound states for ImðkÞ > 0 or ImðkÞ < 0,
respectively, while poles with ReðkÞ ≠ 0 and ImðkÞ < 0
correspond to resonances. Using our ERE fits, we find
genuine bound-state poles as well as resonance poles for

FIG. 1. Left: the finite-volume energies of the b̄c̄ud system with
IðJPÞ ¼ 0ð0þÞ as a function of the spatial lattice size. The data
points with error bars show the actual finite-volume energy
levels; points plotted with a lighter shade of gray are excluded
from the Lüscher analysis. The solid blue curves correspond to
what would be the noninteracting B-D̄ energy levels, the lowest
of which coincides with the strong-decay threshold. The dashed
green line shows the B$-D̄$ threshold. Right: the corresponding
plot for IðJPÞ ¼ 0ð1þÞ. Here, the solid blue curves correspond to
what would be the noninteracting B$-D̄ energy levels, and the
dashed green line corresponds to the B-D̄$ threshold.
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●  Lüscher analysis of EFV for BD (J=0) and B*D (J=1)

—  Two shallow bound Tbc  states:  EB ~1 MeV 

—  Hints for broad resonances ∼100 MeV above thr.

● Not included:

●  ERE analysis of the extracted phase shifts:

mπ ≃220 MeV,  a ≃ 0.12 fm
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● HQSS:  LO contact potentials for JP = 0+ ,1+, 2+  depend of two parameters Cd and Cf

● Lowest channels: EFV receive OPE effects only from off-diag. transitions

No diagonal OPE

Coupled-channel EFT  to NLO: Abolnikov, VB,  et al.   arXiv:2602.02176 [hep-ph]
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EFT1: Single channel at low energies
● Focus only on the low-energy states

● Integrate out higher channels

Pole positions

Table 5: Comparison of pole positions and Riemann Sheet (RS) classifications for fit CT3+0+0 and fit
CT3+1+0&OPE. Values are relative to the respective thresholds.

Fit CT3+0+0 Fit CT3+1+0&OPE

Threshold J
P Pole [MeV] RS Pole [MeV] RS

BD̄ 0+ �0.8 (+) �0.7 (++)

B
⇤
D̄

⇤ 0+ �7.6 (+) �7.3� 0.7i (�+)

B
⇤
D̄ 1+ �0.71 (+) — (+ ++)

BD̄
⇤ 1+ �0.7 (+) — (�++)

B
⇤
D̄

⇤ 1+ �8.0 (+) — (��+)

B
⇤
D̄

⇤ 2+ �8.0 (+) — (+)

Table 6: Comparison of pole positions and Riemann Sheet (RS) classifications for fit CT3+0+0 and fit
CT3+1+0&OPE. Values are relative to the respective thresholds.

Threshold (JP ) BD̄ (0+) B
⇤
D̄

⇤

(0+)
B

⇤
D̄

(1+)
BD̄

⇤

(1+)
B

⇤
D̄

⇤

(1+)
B

⇤
D̄

⇤

(2+)

CT3+0+0 poles (RS) �0.8 (+) �7.6 (+) �0.7 (+) �0.7 (+) �8.0 (+) �8.0 (+)

CT3+1+0&OPE poles (RS) �7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

g0 ↵ [GeV�2] � [fm�2] g

Linear 0.561(9) 0.53(13) �16.1(44) 0.517(15)
ChPT-I 0.541(8) 0.10(14) �20.5(45) 0.518(15)
ChPT-II 0.511(8) �0.59(15) �27.6(48) 0.519(15)

Channel J
P EFT1 Alexandrou et al.

BD̄ 0+ �1.8+1.0+1.6

�1.3�4.0
�0.5+0.4

�1.5

B
⇤
D̄ 1+ �1.7+0.9+1.6

�1.3�4.0
�2.4+2.0

�0.7

BD̄
⇤ 1+ �3.6+1.2+2.7

�1.5�5.0
—

B
⇤
D̄

⇤† 0+, 1+, 2+ �3.6+1.2+2.7

�1.5�5.0
—

BD̄ 0+ �1.8+1.0+1.6

�1.3�4.0

B
⇤
D̄ 1+ �1.7+0.9+1.6

�1.3�4.0

BD̄
⇤ 1+ �3.6+1.2+2.7

�1.5�5.0

B
⇤
D̄

⇤† 0+, 1+, 2+ �3.6+1.2+2.7

�1.5�5.0
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Appendix A: Testing Normality of Fit Residuals with
Quantile-Quantile Plots
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FIG. 5. QQ plot for the fit(4+4) EFT1 calculation (blue dots),
as described in the main text. A straight 45� line is shown
to guide the eye. The area between the green (orange) lines
corresponds to the 68% (95%) confidence interval.

In this appendix, we test the statistical consistency of
the fits discussed in the main text. A statistically con-
sistent �

2-fit should yield residuals that follow a normal
distribution. For each fit, we present a quantile-quantile
(QQ) plot, which allows us to visually assess the di↵erence
between a normal distribution and an actual distribution
of the residuals in the fit.

Figures 5–6 display QQ plots comparing the quantiles of
a standard normal distribution (x-axis) to the normalized
residuals (y-axis), defined as:

Resi =
E

EFT(i) � E
LQCD(i)

�ELQCD(i)
, (A1)

where E
EFT and E

LQCD are the finite-volume energy lev-
els from EFT and the lattice, respectively, and �E

LQCD

denotes the corresponding lattice statistical uncertainties.
If the distribution of residuals is close to normal, the
points in the QQ plot should lie approximately along the
line x = y. To quantify deviations from normality, all QQ
plots include tail-sensitive confidence bands computed
according to Ref. [56]. The bands are computed such that
68% (95%) of pulls from a true standard normal distri-
bution fall inside the corresponding band. If any point
in the QQ plot lies outside the corresponding band, the

probability that the residuals follow a normal distribution
is less than 32% (5%).

As expected, the QQ plot in Fig. 5 shows good agree-
ment between the sample data and the theoretical distri-
bution from the fit(4+4) of EFT1 (see the lower panel in
Fig. 1 for the results of this fit). All points lie well within
the 68% confidence interval. There are no outliers within
this band, and any minor deviations suggest only slight
di↵erences in the distribution tails.

The situation changes when data points beyond the
fourth one are included while retaining the same theory
with only two diagonal contact terms (CT2+0+0). Re-
sults from these cases are shown in Fig. 6, which includes
the five lowest data points from each of the J = 0 and
J = 1 channels (fit(5+5), the upper left panel), and 9+5
data points (fit(9+5), the lower left panel). In both QQ
plots, the residuals deviate significantly from the expected
normal distribution: the points curve upward away from
the x = y line, indicating pronounced right-skewness
(positive skew) in the residuals. In addition, multiple
residuals fall above the 68% confidence band, pointing to
statistically significant outliers or extreme values that the
theory does not account for.

A slightly improved, yet still not fully satisfactory, be-
havior is observed for the fit CT2+0+1, in which an
o↵-diagonal momentum-dependent O(Q2) contact term
is included in addition to the two diagonal contact terms
– see Fig. 6 (middle panel).

On the other hand, this picture improves considerably
when a third contact term of the form p

4 + p
04 is included.

In this case, the QQ plots closely follow the x = y refer-
ence line, with all data points residing within the 68%
confidence band – see Figs. 6 (right panel). This supports
the hypothesis that the residuals follow a normal distribu-
tion with mean 0 and standard deviation 1, and confirms
that the extended fit with 3 diagonal CTs (CT3+0+0)
provides a statistically sound description of the data.

Appendix B: Details of the fits to lattice QCD data
and statistical uncertainty estimates

We fit the LECs to FV spectra by minimizing the
following �

2 function,

�
2({Ccont}) =

X

i,j

�E(i, {Ccont})C�1(i, j)�E(j, {Ccont}),

(B1)
where {Ccont} is a set of contact terms, C(i, j) is the
covariance matrix, and

�E(i, {Ccont}) = E
LQCD(i) � E

EFT(i, {Ccont})

is the di↵erence between the FV energy levels from lattice
QCD simulations and our fit result — see Appendix A in
Ref. [32] for more details on the general fitting procedure.

Correlated uncertainties from the original data set are
propagated into our calculations using the bootstrap pro-
cedure — see, e.g., Ref. [57] for details on the general

Quantile-Quantile Plots: EFT1 

⇒   Nearly normal

●  Test “normality”  of the theory
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FIG. 5. QQ plot for the fit(4+4) EFT1 calculation (blue dots),
as described in the main text. A straight 45� line is shown
to guide the eye. The area between the green (orange) lines
corresponds to the 68% (95%) confidence interval.

In this appendix, we test the statistical consistency of
the fits discussed in the main text. A statistically con-
sistent �

2-fit should yield residuals that follow a normal
distribution. For each fit, we present a quantile-quantile
(QQ) plot, which allows us to visually assess the di↵erence
between a normal distribution and an actual distribution
of the residuals in the fit.

Figures 5–6 display QQ plots comparing the quantiles of
a standard normal distribution (x-axis) to the normalized
residuals (y-axis), defined as:

Resi =
E

EFT(i) � E
LQCD(i)

�ELQCD(i)
, (A1)

where E
EFT and E

LQCD are the finite-volume energy lev-
els from EFT and the lattice, respectively, and �E

LQCD

denotes the corresponding lattice statistical uncertainties.
If the distribution of residuals is close to normal, the
points in the QQ plot should lie approximately along the
line x = y. To quantify deviations from normality, all QQ
plots include tail-sensitive confidence bands computed
according to Ref. [56]. The bands are computed such that
68% (95%) of pulls from a true standard normal distri-
bution fall inside the corresponding band. If any point
in the QQ plot lies outside the corresponding band, the

probability that the residuals follow a normal distribution
is less than 32% (5%).

As expected, the QQ plot in Fig. 5 shows good agree-
ment between the sample data and the theoretical distri-
bution from the fit(4+4) of EFT1 (see the lower panel in
Fig. 1 for the results of this fit). All points lie well within
the 68% confidence interval. There are no outliers within
this band, and any minor deviations suggest only slight
di↵erences in the distribution tails.

The situation changes when data points beyond the
fourth one are included while retaining the same theory
with only two diagonal contact terms (CT2+0+0). Re-
sults from these cases are shown in Fig. 6, which includes
the five lowest data points from each of the J = 0 and
J = 1 channels (fit(5+5), the upper left panel), and 9+5
data points (fit(9+5), the lower left panel). In both QQ
plots, the residuals deviate significantly from the expected
normal distribution: the points curve upward away from
the x = y line, indicating pronounced right-skewness
(positive skew) in the residuals. In addition, multiple
residuals fall above the 68% confidence band, pointing to
statistically significant outliers or extreme values that the
theory does not account for.

A slightly improved, yet still not fully satisfactory, be-
havior is observed for the fit CT2+0+1, in which an
o↵-diagonal momentum-dependent O(Q2) contact term
is included in addition to the two diagonal contact terms
– see Fig. 6 (middle panel).

On the other hand, this picture improves considerably
when a third contact term of the form p

4 + p
04 is included.

In this case, the QQ plots closely follow the x = y refer-
ence line, with all data points residing within the 68%
confidence band – see Figs. 6 (right panel). This supports
the hypothesis that the residuals follow a normal distribu-
tion with mean 0 and standard deviation 1, and confirms
that the extended fit with 3 diagonal CTs (CT3+0+0)
provides a statistically sound description of the data.

Appendix B: Details of the fits to lattice QCD data
and statistical uncertainty estimates

We fit the LECs to FV spectra by minimizing the
following �

2 function,

�
2({Ccont}) =

X

i,j

�E(i, {Ccont})C�1(i, j)�E(j, {Ccont}),

(B1)
where {Ccont} is a set of contact terms, C(i, j) is the
covariance matrix, and

�E(i, {Ccont}) = E
LQCD(i) � E

EFT(i, {Ccont})

is the di↵erence between the FV energy levels from lattice
QCD simulations and our fit result — see Appendix A in
Ref. [32] for more details on the general fitting procedure.

Correlated uncertainties from the original data set are
propagated into our calculations using the bootstrap pro-
cedure — see, e.g., Ref. [57] for details on the general
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Appendix A: Testing Normality of Fit Residuals with
Quantile-Quantile Plots

-1.0 -0.5 0.0 0.5 1.0

-2

-1

0

1

2 <latexit sha1_base64="uevdlNKFFd+xZzDbfrYjxii4wqA="></latexit>

fit(4+4)

 CT2+0+0

○○

○○

□□ □□

□□
○○

○○
□□ □□ □□

-0.02 0.00 0.02 0.04 0.06 0.08
-0.2

-0.1

0.0

0.1

0.2
-0.05 0. 0.05 0.1 0.15 0.2

-0.2

0.

0.2

(ak)2

ak
co
tδ

k2 [GeV2]

kc
ot
δ
[G
eV

]

<latexit sha1_base64="uevdlNKFFd+xZzDbfrYjxii4wqA="></latexit>

fit(4+4)

FIG. 5. QQ plot for the fit(4+4) EFT1 calculation (blue dots),
as described in the main text. A straight 45� line is shown
to guide the eye. The area between the green (orange) lines
corresponds to the 68% (95%) confidence interval.

In this appendix, we test the statistical consistency of
the fits discussed in the main text. A statistically con-
sistent �

2-fit should yield residuals that follow a normal
distribution. For each fit, we present a quantile-quantile
(QQ) plot, which allows us to visually assess the di↵erence
between a normal distribution and an actual distribution
of the residuals in the fit.

Figures 5–6 display QQ plots comparing the quantiles of
a standard normal distribution (x-axis) to the normalized
residuals (y-axis), defined as:

Resi =
E

EFT(i) � E
LQCD(i)

�ELQCD(i)
, (A1)

where E
EFT and E

LQCD are the finite-volume energy lev-
els from EFT and the lattice, respectively, and �E

LQCD

denotes the corresponding lattice statistical uncertainties.
If the distribution of residuals is close to normal, the
points in the QQ plot should lie approximately along the
line x = y. To quantify deviations from normality, all QQ
plots include tail-sensitive confidence bands computed
according to Ref. [56]. The bands are computed such that
68% (95%) of pulls from a true standard normal distri-
bution fall inside the corresponding band. If any point
in the QQ plot lies outside the corresponding band, the

probability that the residuals follow a normal distribution
is less than 32% (5%).

As expected, the QQ plot in Fig. 5 shows good agree-
ment between the sample data and the theoretical distri-
bution from the fit(4+4) of EFT1 (see the lower panel in
Fig. 1 for the results of this fit). All points lie well within
the 68% confidence interval. There are no outliers within
this band, and any minor deviations suggest only slight
di↵erences in the distribution tails.

The situation changes when data points beyond the
fourth one are included while retaining the same theory
with only two diagonal contact terms (CT2+0+0). Re-
sults from these cases are shown in Fig. 6, which includes
the five lowest data points from each of the J = 0 and
J = 1 channels (fit(5+5), the upper left panel), and 9+5
data points (fit(9+5), the lower left panel). In both QQ
plots, the residuals deviate significantly from the expected
normal distribution: the points curve upward away from
the x = y line, indicating pronounced right-skewness
(positive skew) in the residuals. In addition, multiple
residuals fall above the 68% confidence band, pointing to
statistically significant outliers or extreme values that the
theory does not account for.

A slightly improved, yet still not fully satisfactory, be-
havior is observed for the fit CT2+0+1, in which an
o↵-diagonal momentum-dependent O(Q2) contact term
is included in addition to the two diagonal contact terms
– see Fig. 6 (middle panel).

On the other hand, this picture improves considerably
when a third contact term of the form p

4 + p
04 is included.

In this case, the QQ plots closely follow the x = y refer-
ence line, with all data points residing within the 68%
confidence band – see Figs. 6 (right panel). This supports
the hypothesis that the residuals follow a normal distribu-
tion with mean 0 and standard deviation 1, and confirms
that the extended fit with 3 diagonal CTs (CT3+0+0)
provides a statistically sound description of the data.

Appendix B: Details of the fits to lattice QCD data
and statistical uncertainty estimates

We fit the LECs to FV spectra by minimizing the
following �

2 function,

�
2({Ccont}) =

X

i,j

�E(i, {Ccont})C�1(i, j)�E(j, {Ccont}),

(B1)
where {Ccont} is a set of contact terms, C(i, j) is the
covariance matrix, and

�E(i, {Ccont}) = E
LQCD(i) � E

EFT(i, {Ccont})

is the di↵erence between the FV energy levels from lattice
QCD simulations and our fit result — see Appendix A in
Ref. [32] for more details on the general fitting procedure.

Correlated uncertainties from the original data set are
propagated into our calculations using the bootstrap pro-
cedure — see, e.g., Ref. [57] for details on the general
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Quantile-Quantile Plots: EFT2 

⇒   Normal

●  Consistency check:  theory vs normal distribution

all data points within 

strong deviations

some beyond 

⇒   Not normal

x = y line: 

68% band: 

95% band:

closely follow

many data points fall above

all within
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The situation changes when data points beyond the
fourth one are included while retaining the same theory
with only two diagonal contact terms (CT2þ 0þ 0).
Results from these cases are shown in Fig. 6, which
includes the five lowest data points from each of the
J ¼ 0 and J ¼ 1 channels (fitð5þ5Þ, the upper left panel),
and 9þ 5 data points (fitð9þ5Þ, the lower left panel). In both
QQ plots, the residuals deviate significantly from the
expected normal distribution: the points curve upward
away from the x ¼ y line, indicating pronounced right-
skewness (positive skew) in the residuals. In addition,
multiple residuals fall above the 68% confidence band,
pointing to statistically significant outliers or extreme
values that the theory does not account for.
A slightly improved, yet still not fully satisfactory,

behavior is observed for the fit CT2þ 0þ 1, in which
an off-diagonal momentum-dependent OðQ2Þ contact term
is included in addition to the two diagonal contact terms—
see Fig. 6 (middle panel).
On the other hand, this picture improves considerably

when a third contact term of the form p4 þ p04 is included.
In this case, the QQ plots closely follow the x ¼ y reference

line, with all data points residing within the 68% confidence
band—see Fig. 6 (right panel). This supports the hypothesis
that the residuals follow a normal distribution with mean 0
and standard deviation 1, and confirms that the extended fit
with 3 diagonal CTs (CT3þ 0þ 0) provides a statistically
sound description of the data.

APPENDIX B: DETAILS OF THE FITS TO
LATTICE QCD DATA AND STATISTICAL

UNCERTAINTY ESTIMATES

We fit the LECs to FV spectra by minimizing the
following χ2 function:

χ2ðfCcontgÞ ¼
X

i;j

δEði; fCcontgÞC−1ði; jÞδEðj; fCcontgÞ;

ðB1Þ

where fCcontg is a set of contact terms, Cði; jÞ is the
covariance matrix, and

δEði; fCcontgÞ ¼ ELQCDðiÞ − EEFTði; fCcontgÞ

FIG. 6. Comparison of QQ plots for EFT calculations with different numbers of contact terms. The left, middle, and right panels
correspond to the fits CT2þ 0þ 0, CT2þ 0þ 1, and CT3þ 0þ 0, respectively. The upper panels show fits to the lowest (5þ 5) lattice
data points in the Aþ

1 ½0& and Tþ
1 ½0& irreps, while the lower panels display fits to all (9þ 5) lattice data points. A straight 45° reference line

is included to guide the eye. The regions between the green (orange) lines correspond to the 68% (95%) confidence intervals.

SHALLOW Tbc STATES FROM AN EFT ANALYSIS OF … PHYS. REV. D 113, 114041 (2026)

114041-13
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The situation changes when data points beyond the
fourth one are included while retaining the same theory
with only two diagonal contact terms (CT2þ 0þ 0).
Results from these cases are shown in Fig. 6, which
includes the five lowest data points from each of the
J ¼ 0 and J ¼ 1 channels (fitð5þ5Þ, the upper left panel),
and 9þ 5 data points (fitð9þ5Þ, the lower left panel). In both
QQ plots, the residuals deviate significantly from the
expected normal distribution: the points curve upward
away from the x ¼ y line, indicating pronounced right-
skewness (positive skew) in the residuals. In addition,
multiple residuals fall above the 68% confidence band,
pointing to statistically significant outliers or extreme
values that the theory does not account for.
A slightly improved, yet still not fully satisfactory,

behavior is observed for the fit CT2þ 0þ 1, in which
an off-diagonal momentum-dependent OðQ2Þ contact term
is included in addition to the two diagonal contact terms—
see Fig. 6 (middle panel).
On the other hand, this picture improves considerably

when a third contact term of the form p4 þ p04 is included.
In this case, the QQ plots closely follow the x ¼ y reference

line, with all data points residing within the 68% confidence
band—see Fig. 6 (right panel). This supports the hypothesis
that the residuals follow a normal distribution with mean 0
and standard deviation 1, and confirms that the extended fit
with 3 diagonal CTs (CT3þ 0þ 0) provides a statistically
sound description of the data.

APPENDIX B: DETAILS OF THE FITS TO
LATTICE QCD DATA AND STATISTICAL

UNCERTAINTY ESTIMATES

We fit the LECs to FV spectra by minimizing the
following χ2 function:

χ2ðfCcontgÞ ¼
X

i;j

δEði; fCcontgÞC−1ði; jÞδEðj; fCcontgÞ;

ðB1Þ

where fCcontg is a set of contact terms, Cði; jÞ is the
covariance matrix, and

δEði; fCcontgÞ ¼ ELQCDðiÞ − EEFTði; fCcontgÞ

FIG. 6. Comparison of QQ plots for EFT calculations with different numbers of contact terms. The left, middle, and right panels
correspond to the fits CT2þ 0þ 0, CT2þ 0þ 1, and CT3þ 0þ 0, respectively. The upper panels show fits to the lowest (5þ 5) lattice
data points in the Aþ

1 ½0& and Tþ
1 ½0& irreps, while the lower panels display fits to all (9þ 5) lattice data points. A straight 45° reference line

is included to guide the eye. The regions between the green (orange) lines correspond to the 68% (95%) confidence intervals.
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Table 5: Comparison of pole positions and Riemann Sheet (RS) classifications for fit CT3+0+0 and fit
CT3+1+0&OPE. Values are relative to the respective thresholds.

Fit CT3+0+0 Fit CT3+1+0&OPE

Threshold J
P Pole [MeV] RS Pole [MeV] RS

BD̄ 0+ �0.8 (+) �0.7 (++)

B
⇤
D̄

⇤ 0+ �7.6 (+) �7.3� 0.7i (�+)

B
⇤
D̄ 1+ �0.71 (+) — (+ ++)

BD̄
⇤ 1+ �0.7 (+) — (�++)

B
⇤
D̄

⇤ 1+ �8.0 (+) — (��+)

B
⇤
D̄

⇤ 2+ �8.0 (+) — (+)

Table 6: Comparison of pole positions and Riemann Sheet (RS) classifications for fit CT3+0+0 and fit
CT3+1+0&OPE. Values are relative to the respective thresholds.

Threshold (JP ) BD̄ (0+) B
⇤
D̄

⇤

(0+)
B

⇤
D̄

(1+)
BD̄

⇤

(1+)
B

⇤
D̄

⇤

(1+)
B

⇤
D̄

⇤

(2+)

CT3+0+0 poles (RS) �0.8 (+) �7.6 (+) �0.7 (+) �0.7 (+) �8.0 (+) �8.0 (+)

CT3+1+0&OPE poles (RS) �7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

g0 ↵ [GeV�2] � [fm�2] g

Linear 0.561(9) 0.53(13) �16.1(44) 0.517(15)
ChPT-I 0.541(8) 0.10(14) �20.5(45) 0.518(15)
ChPT-II 0.511(8) �0.59(15) �27.6(48) 0.519(15)

EFT1(CT2+0+0) EFT2(CT3+0+0) Alexandrou et al.

Channel J
P RS Poles [MeV]

BD̄ 0+ (+) �1.8+1.0+1.6

�1.3�4.0
�0.8+0.6+0.4

�1.1�0.6
�0.5+0.4

�1.5

B
⇤
D̄ 1+ (+) �1.7+0.9+1.6

�1.3�4.0
�0.7+0.6+0.4

�1.0�0.6
�2.4+2.0

�0.7

BD̄
⇤ 1+ (+) �3.6+1.2+2.7

�1.5�5.0
�8.0+2.8+1.3

�3.4�1.4
—

B
⇤
D̄

⇤† 0+, 1+, 2+ (+) �3.6+1.2+2.7

�1.5�5.0
�7.6+2.7+1.3

�3.3�1.4
—

5

Tbc : pole positions and conclusions

● Lowest-channel poles are mutually consistent and agree with lattice results.

● Data respect HQSS → expect partner states near higher thresholds.

● Broad resonance poles are artefacts (outside EFT validity).

● Best-fit:  (i) small coupled-channel effects (ii) OPE has little impact on the lowest states 

—OPE is diagonal in B*D*   ⇒ stronger impact expectedBut:

—Alternative fit with sizable off diag transitions ~Df : but larger χ2 and non‑normal residuals

EFT confirms

⇒ Key probe:  lattice data in the higher channels! 

shallow Tbc states!

Compositeness ~ 0.9
⇒ molecules
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● 𝜒EFT  is well suited for analysing data in the  infinite and finite volume 

Summary and Conclusions

● Long-range interaction: important in low-energy DD* scattering

Lattice studies at different mπ + discretisation errors on lattice
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Consequences of HQSS: spin partner(s) on lattice
The role of coupled channels?

● Unitarity- and analyticity-preserving extraction of exotic state properties

●  Chiral extrapol’s of the Tcc and Tbc states

Data near higher thresholds!

but less pronounced for B(*)D scattering B*D*?

Other FV methods: Dawid, Romero-Lopez, Sharpe JHEP  (2025);   Raposo, Hansen JHEP  (2024); 
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Left-Hand Cut
—  Leading singularity is from the on shell one-pion exchange
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below), while the function F�1(L,P , E) is not, Lüscher’s
quantization conditions can not be used at least below
the lhc.

In order to illustrate the left-hand cut problem, we
write the long-range potential in the form

V (p,p0) =
f(p,p0)

(p+ p0)2 +m2
=

f(p,p0)

(p2 + p02 + 2pp0z) +m2
,

(26)

where m represents the mass of the exchanged parti-
cle, p and p0 are the o↵ shell momenta and z = p̂ · p̂0.
We also introduce the on shell momentum pon, which
in the non-relativistic kinematics is related to the en-
ergy as p2

on
= 2µE with µ being the reduced mass of the

two-body system. (Please note also that in Eq. (11) of
the main text, the on shell momentum is defined as p.)
Since the function f(p,p0) in the numerator is smooth
and analytic, to tackle the left-hand cut problem, it can
be safely ignored. Therefore, without losing generality,
in what follows, we set f(p,p0) = 1.

When E > 0, there is no singularity arising from the
potential in Eq. (26). Indeed, both the on-shell poten-
tial V (ponn, ponn0) ⌘ V (pon, pon, z) and the half-o↵-shell
potential V (pon, q, z), entering the Lippmann-Schwinger-
type equations (2), are analytic in the domain E > 0 and
z 2 [�1, 1]. However, when E < 0, which corresponds to
imaginary pon, a singularity arises in the on-shell poten-
tial V (pon, pon, z), since the denominator of the potential
can be equal to zero

2p2
on
(1 + z) +m2 = 0 ) z = �

m2

2p2
on

� 1 , (27)

provided that

p2
on

 �
m2

4
when� 1  z  1. (28)

Thus, the on-shell potential in the plane wave basis has
a pole in line with Eqs. (27)-(28). If the partial wave
decomposition is performed, one finds, e.g., for the S-
wave potential

Vl=0(p, p
0) =

Z
1

�1

dz
1

p2 + p02 + 2pp0z +m2

=
1

2pp0
log

✓
(p+ p0)2 +m2

(p� p0)2 +m2

◆
. (29)

Instead of a pole in V (pon, pon, z), the on-shell poten-
tial Vl=0(pon, pon) in the partial wave basis develops the

left-hand cut for p2
on

 �
m2

4
, see Fig. 8 for illustration.

The same is also true for the corresponding on shell T -
matrix Tl=0(pon, pon). Consequently, because of the lhc,
the original Lüscher formula cannot be straightforwardly
extended to accommodate long-range interactions.

However, it appears crucial to emphasize that, con-
trary to the on-shell potential, the half o↵-shell potential

Re

Im
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FIG. 8. The S-wave on-shell potential, as defined in Eq. (29)

with m = m⇡. The red vertical dashed line denotes the posi-

tion of the branch point of the left-hand cut at p2on/m
2
= � 1

4 .

Below this point, the potential, so as the corresponding T -
matrix, become complex. The real and imaginary parts of the

potential are shown by blue and orange lines, respectively.

V (pon, q, z) in Eq. (26), so as the partial-wave projected
potential Vl=0(pon, q) in Eq. (29), with real positive q, as
used in the LSE, are free of the pole and the lhc, respec-
tively, when E < 0. The same is of course also true for
the fully o↵ shell potential. This is the reason why no
problems occur when solving the eigenvalue problem for
E < 0 within our method.
Our procedure can be formulated as a two-step process.

In step 1, we utilize our e↵ective potential, consisting of
the OPE and a series of contact interactions, to calculate
the FV energy levels both below and above the lhc from
the condition that the determinant in the LSE vanishes.
Technically, in our case, this amounts to solving the stan-
dard eigenvalue problem in the Hamiltonian approach,
see Eq. (13), which is completely straightforward, since
the o↵-shell t-channel potential entering Eq. (13) only
needs to be evaluated for real positive momenta. In this
regime, the potential is completely analytic and free of
t-channel poles in the plane wave basis (or the t-channel
lhc in the partial-wave basis). Then, we adjust the
low-energy constants to achieve the best fit to the FV
energy levels. In step 2, we use the fully determined ef-
fective potential, with all low-energy constants fixed at
step 1, to calculate the infinite volume amplitude T (E)
from the LSE. How to deal with the last step technically
is well known from phenomenology of two-body scatter-
ing at low-energies, e.g., from NN scattering, where the
e↵ects from the lhc are included at the level of multi-
pion exchanges, see, e.g., [20] for a recent review and
[21, 22] for a related discussion. The technique of solving
the LSE in the infinite volume can be found, e.g. in the
textbook [23].

/3124
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3-body DD𝜋 cut
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DDD⇡(k, k
0, E) = ED(k) + ED(k0) + E⇡(k� k0)� E

● OPE potential: 

⇒

/3125

and employ the Lagrangian of Eq. (5) to find the corre-
sponding S-wave contact potentials,

VI¼0
CT ðD#D → D#D; 1þÞ ¼ −2ðD01 − 3D11Þ≡ v0; ð9Þ

VI¼1
CT ðD#D → D#D; 1þÞ ¼ D00 þD01 þD10 þD11 ≡ v1;

ð10Þ

where 1þ stands for the spin and parity JP. Then, in the
particle basis fD#þD0; D#0Dþg, the contact potential reads

VCTðD#D → D#D; 1þÞ ¼
!
c d

d c

"
; ð11Þ

where the diagonal and off-diagonal matrix elements are

c ¼ 1

2
ðv1 þ v0Þ; d ¼ 1

2
ðv1 − v0Þ: ð12Þ

According to the claim by LHCb [13], the Tþ
cc is an

isoscalar state, so in what follows we stick to the potential
of Eq. (9) and set to zero the contact isovector interaction,
that is, v1 ¼ 0 in Eq. (10), or equivalently d ¼ −c, to
reduce the number of free parameters. The contact poten-
tials in the complementary spin-parity Dð#ÞDð#Þ channels,
as well as their generalization to the light quark flavor
SU(3) group, can be found in Appendix A.
In this paper, we work in the strict isospin limit for the

contact potentials and take the isospin breaking effects into
account through the mass difference of the charged and
neutral Dð#Þ mesons as well as that of the pions.

2. OPE potential

The most important portion of the experimental signal is
localized within just 1 MeV below the D#þD0 threshold,
while the splitting between the D#þD0 and D#0Dþ thresh-
olds is around 1.41 MeV, which implies that the isospin
breaking effects can be significant. We stick to the notations

mð#Þ
0 andmð#Þ

c for the masses of the neutral and chargedDð#Þ

mesons, respectively, and take their values to be [1]

m0 ¼ 1864.84 MeV; mc ¼ 1869.66 MeV;

m#
0 ¼ 2006.85 MeV; m#

c ¼ 2010.26 MeV: ð13Þ

The LO Lagrangian for the D#Dπ interaction reads
[38,93–95]

L ¼ 1

4
gTrðσ · uabHbH

†
aÞ; ð14Þ

where u ¼ −∇Φ=fπ with

Φ ¼
!

π0
ffiffiffi
2

p
πþ

ffiffiffi
2

p
π− −π0

"
: ð15Þ

Here fπ ¼ 92.1 MeV is the pion decay constant and the
coupling g ¼ 0.57 is determined from the experimentally
measured D#þ → D0πþ decay width.
The OPE potential can be naturally decomposed into two

contributions which correspond to the two different order-
ings in the frameworkof the time-orderedperturbation theory
(TOPT)—see Fig. 1. It should also be noticed that, given the
very limited energy and momentum ranges covered by the
theory, it is sufficient to employ a nonrelativistic approach
for all particles involved, including the pion. Thus, for the
propagator of the pion of mass mπ , we use

DπðM;p; p0; zÞ ¼ −
1

2mπ
½Dπ

1ðM;p; p0; zÞ þDπ
2ðM;p; p0; zÞ';

Dπ
1ðM;p; p0; zÞ ¼

!
mi þmj þmπ þ

p2

2mi
þ p02

2mj
þ p2 þ p02 − 2pp0z

2mπ
−M − iϵ

"−1
;

Dπ
2ðM;p; p0; zÞ ¼

!
m#

i þm#
j þmπ þ

p2

2m#
i
þ p02

2m#
j
þ p2 þ p02 − 2pp0z

2mπ
−M − iϵ

"−1
; ð16Þ

whereM is the total energy, p and p0 stand for the incoming
and outgoing three-momenta, respectively, with pð0Þ their
magnitudes, z ¼ ðp · p0Þ=ðpp0Þ andmð#Þ

i denotes themass of
theDð#Þ in the ith channel. To guarantee a proper treatment of
the three-body effects, all recoil terms need to be kept in

Eq. (16), as discussed in detail in Refs. [96–98] in the context
of the πNN and KNN intermediate states. This is especially
relevant in the double-charm system at hand given that, near
the D#þD0 threshold, 2mD0 þmπþ −M ≈mD0 þmπþ −
mD#þ ≈ −6 MeV, and hence the effective parameter which

FIG. 1. The two TOPT contributions (V1 and V2, respectively)
to the OPE potential betweenD (single solid line) andD# (double
solid line) mesons. The dashed line stands for the pion and the
vertical thin line shows the relevant intermediate state.
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goes on shell!
3-body cut
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DDD⇡(k, k
0, E) ! i⇡�(ED(k) + ED(k0) + E⇡(k� k0)� E) ! Im part

3-body cut stems from OPE potential  and self energies in the Green function
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FIG. 4. Diagrams contributing to the ⌥(10860) ! �B(⇤)B̄(⇤)

decay amplitude: diagrams (a), (b1) and (b2) (in the first
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the
⌥(10860) ! B(⇤)B̄(⇤) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the final state.

TABLE II. Ratios of the coupling constants, �(J++
)

↵ , respon-
sible for the production of the WbJ states in the radiative
decays ⌥(10860) ! �WbJ .

BB̄(1S0) B⇤B̄⇤(1S0) BB̄⇤(3S1,+) B⇤B̄⇤(5S2)

1 1/
p
3 2

p
20/3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A

and B do not depend on the channel. Moreover, since
the momentum dependence of the functions A(p↵) and
B
↵(p↵) is controlled by the left-hand cuts of the produc-

tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di↵erent de-
cay channels of the WbJ ’s, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for the Zb states in the ⌥(10860)
and ⌥(11020) decays involves B0

1B̄ or B0B̄ intermediate

states, with B0 and B0
1 being the broad members of the

quadruplet of the positive P -parity B mesons. If this
proposal is correct, the decay mechanism through the
B(⇤)B̄(⇤) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B(⇤)B̄(⇤) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and even G waves [? ].

For a given set JPC the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads

T↵� = V e↵
↵�

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

G�T��

T↵�(M, p, p0) = V e↵
↵�

(p, p0) (62)

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

(p, q)G�(M, q)T��(M, q, p0),

where ↵, �, and � label the basis vectors defined in
Eq. (??), the e↵ective potential is defined by Eq. (??),
and the scattering amplitude T↵� is related with the in-
variant amplitude M↵� as

T↵� = �
M↵�p

(2m1,↵)(2m2,↵)(2m1,�)(2m2,�)
, (63)

with m1,↵ and m2,↵ (m1,� and m2,�) being the masses
of the B(⇤) mesons in the channel ↵ (�). The two-body
propagator for the given set JPC takes the form

G� =
�
q2/(2µ�) + m1,� + m2,� � M � i✏

��1
, (64)

where the reduced mass is

µ� =
m1,�m2,�

m1,� + m2,�
. (65)

It is convenient to define the energy Ei relative to a par-
ticular threshold, namely,

M = 2m + E1 ⌘ m + m⇤ + E2 ⌘ 2m⇤ + E3. (66)

Finally, to render the loop integrals well defined we
introduce a sharp ultraviolet cuto↵ ⇤ which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose ⇤ = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto↵ variation.

𝜋DD is on shell 

●
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Bose statistics for DD requires
both cont’s to appear together 

● Scattering amplitude and its poles acquire an Im part
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1⇡ lhc

Analytic structure of the DD* scatt. ampl. : Summary

 
⇒ Prominent role for the Tcc width

Left-hand cuts

⇒ Invalidate Lüscher’s QC at least below lhc

⇒ Constraints on the ERE applicability range  

3-body DD𝜋 cut  

—  Cut structure depends on the (light-quark or) pion mass 

—  The leading nearby cut is always associated with the one-pion exchange (OPE)

 M. Du, VB et al,  PRL 131, 131903 (2023)

Green et al (2021), Raposo and Hansen (2023),

 M. Du, VB,  et al  PRD 105, 014024 (2022)

⇒  Theoretical framework has to include it!
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DD⇤ cut
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Figure 1: Branch cuts in the one-shell partial-wave projected OPE potential versus the pion mass. Left panel: Re (blue solid lines) and
Im (red dashed lines) parts of the branch point momentum. Real momenta correspond to a three-body cut, imaginary ones to a lhc. At
⇠ = ⇠0 ⇡ 1.03, the right-hand cut changes into a left-hand cut. Middle and Right panel: Schematic behavior of the branch cuts in the complex
k plane when the pion mass is increased. The direction of change is indicated by arrows. The blue point A indicates the branch point of the
right-hand cut at some value of ⇠ 2 [1, 1.03]. The red point B indicates the branch point of the left-hand cut at some value of ⇠ > 1.03.
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Figure 2: Sketch of the locations of various branch cuts and poles in the complex energy plane for the physical pion mass (left panel) and
m⇡ = 280 MeV (right panel). The left-hand cut, the two-body D

⇤
D cut, and the three-body DD⇡ cut are shown in red, green, and blue,

respectively. The black symbols show typical locations for the T
+
cc poles which show up either as a pair of virtual states (dots) or a resonance

(stars) in case for the larger pion mass or as quasi-bound state at the physical pion mass. For the two scenarios the poles are located on the
second and first Riemann sheet with respect to the DD

⇤ cut, respectively.

three-body branch point can be found by requiring E =
2MD + m⇡. This leads to

k2

rhc3
= 2µ(m⇡ � �M). (12)

This can also be derived by setting p = p0 = 0 in the prop-
agator D1 in Eq. (4), resulting in k2

rhc3
< 0 and |krhc3 | ⇡ 88

MeV at the physical pion mass. Even when p and p0 are
di↵erent from zero, the cut can still occur at the given
pion mass, if the denominator in D1 vanishes. However,
in these cases, it will emerge at k2 > k2

rhc3
.

When both p and p0 are on shell and m⇡ > �M , the
OPE and, consequently, the on-shell DD⇤ partial wave
amplitudes, exhibit the left-hand cut at imaginary values
of the momenta p = p0 = k. The lhc branch point closest
to the threshold is given by [21]

(k1⇡
lhc

)2 ⇡
1

4
[(�M)2 � m2

⇡]. (13)

This can be derived from D1 using that µ ⇡ mD/2, lead-
ing to the conclusion that !(4k2) = �M for backward
scattering.

The partial-wave projected OPE potential with both ini-
tial and final D⇤D pair on-shell can exhibit either a lhc or
a three-body cut, depending on the pion mass, as illus-
trated in Fig. 1. When the pion mass increases from its

physical value, the three-body phase space rapidly closes:
at ⇠ = ⇠0 ⇡ 1.03 the decay of D⇤

! D⇡ becomes kinemat-
ically forbidden. Consequently, the three-body cut in the
on-shell partial-wave projected OPE potential turns into
the lhc.

An alternative view on the singularity structure of the
problem can be gained from looking at the trajectories of
the branch points in the complex energy plane of the full
T -matrix, see Eq. (7) and Fig. 2 for illustration. Start-
ing at the physical pion mass, ⇠ = 1 and m⇡ < �M ,
there are three branch points in the amplitude near the
DD⇤ threshold (see left panel): the lowest in energy is the
three-body cut that is part of the potential V↵� , starting
from the ⇡DD threshold, and then a pair of branch points
in the second sheet of the complex plane in the propagator
G related to the case where the two-body D⇤D interme-
diate state can go on-shell. Here the ⇡DD cut generates
the imaginary parts of the D⇤D branch points, related to
each other via the Schwartz reflection principle. As we in-
crease the pion mass or, equivalently ⇠, the three branch
points approach each other. At ⇠ = ⇠0 ⇡ 1.03 the decay of
D⇤

! D⇡ becomes kinematically forbidden and all three
branch points coincide. If we increase ⇠ further, the num-
ber of branch points stays the same, but their character
changes (see right panel): the left-hand cut from the OPE
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EFT for Tbc  states 

● LO coupled-channel effective potentials fulfilling HQSS
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At order O(Q2), i.e. at NLO, momentum-dependent
contact interactions start to contribute. The correspond-
ing Lagrangians can be obtained by acting with two deriva-
tives on the Lagrangian in Eq. (1), see, e.g., Refs. [48, 49].
The higher-order momentum-dependent S-wave interac-
tions can be incorporated through the following replace-
ments in Eqs. (4)-(6):

Cd ! Cd + Dd(p
2 + p

02) + · · · ,

Cf ! Cf + Df (p2 + p
02) + · · · , (10)

where the dots stand for interactions of order O(Q4)
and higher. The contact interactions and the OPE are
supplemented with the exponential regulators of the form

e
�(pn+p0n)

⇤n with n = 6.
Finally, we emphasize that the energy levels associated

with D-wave interactions are fully consistent with the
noninteracting spectrum. Based on this observation, we
restrict our analysis to S-wave interactions in what fol-
lows. However, in Sec. IV, we also discuss S-to-D-wave
transitions induced by the OPE.

For the given EFT potential, the FV energy levels (for a
given set J

P ) in a given irreducible representation (irrep)
are obtained by solving the determinant equation

det
⇥
G�1(E) � V(E)

⇤
= 0, (11)

which arises from the Lippmann-Schwinger-type integral
equations (LSE) in FV:

T↵�(E) = V↵�(E) + V↵�(E)G�(E)T��(E), (12)

where ↵, �, and � label the basis states defined in Eq. (3).
Here, the potential V is defined as

V↵�

n,n0 = 4
p

m1m2m10m20 V
↵�(pn, pn0),

where V
↵�(pn, pn0) represents the sum of the contact

and OPE potentials from Eqs. (4)-(6), and (7), including
the higher-order terms from Eq. (10). The discretized
propagator G reads

G�
n,n0 = J

1

L3
G

�(pn, E)�n0,n, (13)

where the Green function G
� is1

G
�(p, E) =

1

4!1,�(p2)!2,�(p2)

1

E � !1,�(p2) � !2,�(p2)
,

while J is the Jacobi determinant arising from the trans-
formation between the box and the center-of-mass frames,
see [32] for details, and pn are the discretized momenta2.

1 The integral equations with this Green function are referred to as
the Kadyshevsky equations [50], see also [51] for an alternative
derivation and related discussion.

2 Note that J = 1 holds for the lattice irreps A+
1 [0] and T+

1 [0]
from Ref. [23], since they correspond to the special case of zero
total momentum. However, our method can be also applied to
moving boxes in the same manner [32, 52].

Furthermore, the heavy-meson energies !1,� and !2,� in
the channel � are related with the three-momenta p as

!a,�(p) = Ea,�(0) +
q

(mkin
a,�

)2 + p2 � m
kin

a,�
, (14)

where a = 1, 2 (a = 1 stands for either B or B
⇤ and

a = 2 for D̄ or D̄
⇤, depending on the channel � in Eq. (3)

for the given J
P ), and the mass parameters Ea,�(0) and

m
kin
a,�

are taken from Tables II and III in the Supplemental
Material of [23].

To solve Eq. (11) in a finite volume, we use the plane
wave basis instead of expanding it in partial waves, see [52]
for details.

Once the LECs are adjusted to reproduce the FV spec-
tra (see Secs. III-IV for details), the IFV amplitudes are
obtained by solving LS-type integral equations. In the
single-channel case, the on-shell IFV scattering amplitude
can be related to the phase shifts as

�2⇡

µ
T

�1(E) = k cot � � ik, (15)

with k denoting the on-shell momentum in the center-of-
mass frame. In the vicinity of the threshold, the phase
shifts can be parametrized in terms of the ERE

k cot � =
1

a
+

1

2
rk

2 + v2k
4 + O(k6), (16)

where a and r denote the scattering length and the e↵ec-
tive range, respectively, while v2 represents the so-called
shape parameter. The convergence radius of the ERE is
limited by the nearest left-hand singularity of the scatter-
ing amplitude.

In what follows, we use the naming scheme
CTNd+NCf +NDf for fits involving only contact inter-
actions, where Nd denotes the number of contact terms
included in the diagonal channels, and NCf and NDf de-
note the number of momentum-independent O(Q0) and
momentum-dependent O(Q2) o↵-diagonal interactions, re-
spectively. When the OPE is included, the corresponding
fits are labeled CTNd+NCf +NDf &OPE.

III. SINGLE CHANNEL EFT AT LOW
ENERGIES

In the first approach, we treat the momentum scales
associated with coupled-channel e↵ects as hard and in-
tegrate them out. This leads to a low-energy EFT valid
near the lowest thresholds, namely the BD̄ threshold for
J = 0 and the B

⇤
D̄ threshold for J = 1. As discussed

above, the OPE does not contribute directly in this regime,
since it is governed by the coupled-channel momentum
scales. As a result, we employ a purely contact, single-
channel theory, with LECs adjusted to fit the lowest-lying
FV energy levels. Specifically, we consider either three
data points (corresponding to the maximum momentum
kmax ' 310 MeV) or four data points (kmax ' 380 MeV)
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while J is the Jacobi determinant arising from the trans-
formation between the box and the center-of-mass frames,
see [32] for details, and pn are the discretized momenta2.

1 The integral equations with this Green function are referred to as
the Kadyshevsky equations [50], see also [51] for an alternative
derivation and related discussion.
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total momentum. However, our method can be also applied to
moving boxes in the same manner [32, 52].
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⇤, depending on the channel � in Eq. (3)

for the given J
P ), and the mass parameters Ea,�(0) and
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are taken from Tables II and III in the Supplemental
Material of [23].

To solve Eq. (11) in a finite volume, we use the plane
wave basis instead of expanding it in partial waves, see [52]
for details.

Once the LECs are adjusted to reproduce the FV spec-
tra (see Secs. III-IV for details), the IFV amplitudes are
obtained by solving LS-type integral equations. In the
single-channel case, the on-shell IFV scattering amplitude
can be related to the phase shifts as
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where a and r denote the scattering length and the e↵ec-
tive range, respectively, while v2 represents the so-called
shape parameter. The convergence radius of the ERE is
limited by the nearest left-hand singularity of the scatter-
ing amplitude.

In what follows, we use the naming scheme
CTNd+NCf +NDf for fits involving only contact inter-
actions, where Nd denotes the number of contact terms
included in the diagonal channels, and NCf and NDf de-
note the number of momentum-independent O(Q0) and
momentum-dependent O(Q2) o↵-diagonal interactions, re-
spectively. When the OPE is included, the corresponding
fits are labeled CTNd+NCf +NDf &OPE.

III. SINGLE CHANNEL EFT AT LOW
ENERGIES

In the first approach, we treat the momentum scales
associated with coupled-channel e↵ects as hard and in-
tegrate them out. This leads to a low-energy EFT valid
near the lowest thresholds, namely the BD̄ threshold for
J = 0 and the B

⇤
D̄ threshold for J = 1. As discussed

above, the OPE does not contribute directly in this regime,
since it is governed by the coupled-channel momentum
scales. As a result, we employ a purely contact, single-
channel theory, with LECs adjusted to fit the lowest-lying
FV energy levels. Specifically, we consider either three
data points (corresponding to the maximum momentum
kmax ' 310 MeV) or four data points (kmax ' 380 MeV)

● Lippmann-Schwinger Eq. in FV:
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At order O(Q2), i.e. at NLO, momentum-dependent
contact interactions start to contribute. The correspond-
ing Lagrangians can be obtained by acting with two deriva-
tives on the Lagrangian in Eq. (1), see, e.g., Refs. [48, 49].
The higher-order momentum-dependent S-wave interac-
tions can be incorporated through the following replace-
ments in Eqs. (4)-(6):

Cd ! Cd + Dd(p
2 + p

02) + · · · ,

Cf ! Cf + Df (p2 + p
02) + · · · , (10)

where the dots stand for interactions of order O(Q4)
and higher. The contact interactions and the OPE are
supplemented with the exponential regulators of the form

e
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⇤n with n = 6.
Finally, we emphasize that the energy levels associated

with D-wave interactions are fully consistent with the
noninteracting spectrum. Based on this observation, we
restrict our analysis to S-wave interactions in what fol-
lows. However, in Sec. IV, we also discuss S-to-D-wave
transitions induced by the OPE.

For the given EFT potential, the FV energy levels (for a
given set J

P ) in a given irreducible representation (irrep)
are obtained by solving the determinant equation

det
⇥
G�1(E) � V(E)

⇤
= 0, (11)

which arises from the Lippmann-Schwinger-type integral
equations (LSE) in FV:

T↵�(E) = V↵�(E) + V↵�(E)G�(E)T��(E), (12)

where ↵, �, and � label the basis states defined in Eq. (3).
Here, the potential V is defined as

V↵�

n,n0 = 4
p

m1m2m10m20 V
↵�(pn, pn0),

where V
↵�(pn, pn0) represents the sum of the contact

and OPE potentials from Eqs. (4)-(6), and (7), including
the higher-order terms from Eq. (10). The discretized
propagator G reads

G�
n,n0 = J

1

L3
G

�(pn, E)�n0,n, (13)

where the Green function G
� is1

G
�(p, E) =

1

4!1,�(p2)!2,�(p2)

1

E � !1,�(p2) � !2,�(p2)
,

while J is the Jacobi determinant arising from the trans-
formation between the box and the center-of-mass frames,
see [32] for details, and pn are the discretized momenta2.

1 The integral equations with this Green function are referred to as
the Kadyshevsky equations [50], see also [51] for an alternative
derivation and related discussion.

2 Note that J = 1 holds for the lattice irreps A+
1 [0] and T+

1 [0]
from Ref. [23], since they correspond to the special case of zero
total momentum. However, our method can be also applied to
moving boxes in the same manner [32, 52].

Furthermore, the heavy-meson energies !1,� and !2,� in
the channel � are related with the three-momenta p as

!a,�(p) = Ea,�(0) +
q

(mkin
a,�

)2 + p2 � m
kin

a,�
, (14)

where a = 1, 2 (a = 1 stands for either B or B
⇤ and

a = 2 for D̄ or D̄
⇤, depending on the channel � in Eq. (3)

for the given J
P ), and the mass parameters Ea,�(0) and

m
kin
a,�

are taken from Tables II and III in the Supplemental
Material of [23].

To solve Eq. (11) in a finite volume, we use the plane
wave basis instead of expanding it in partial waves, see [52]
for details.

Once the LECs are adjusted to reproduce the FV spec-
tra (see Secs. III-IV for details), the IFV amplitudes are
obtained by solving LS-type integral equations. In the
single-channel case, the on-shell IFV scattering amplitude
can be related to the phase shifts as

�2⇡

µ
T

�1(E) = k cot � � ik, (15)

with k denoting the on-shell momentum in the center-of-
mass frame. In the vicinity of the threshold, the phase
shifts can be parametrized in terms of the ERE

k cot � =
1

a
+

1

2
rk

2 + v2k
4 + O(k6), (16)

where a and r denote the scattering length and the e↵ec-
tive range, respectively, while v2 represents the so-called
shape parameter. The convergence radius of the ERE is
limited by the nearest left-hand singularity of the scatter-
ing amplitude.

In what follows, we use the naming scheme
CTNd+NCf +NDf for fits involving only contact inter-
actions, where Nd denotes the number of contact terms
included in the diagonal channels, and NCf and NDf de-
note the number of momentum-independent O(Q0) and
momentum-dependent O(Q2) o↵-diagonal interactions, re-
spectively. When the OPE is included, the corresponding
fits are labeled CTNd+NCf +NDf &OPE.

III. SINGLE CHANNEL EFT AT LOW
ENERGIES

In the first approach, we treat the momentum scales
associated with coupled-channel e↵ects as hard and in-
tegrate them out. This leads to a low-energy EFT valid
near the lowest thresholds, namely the BD̄ threshold for
J = 0 and the B

⇤
D̄ threshold for J = 1. As discussed

above, the OPE does not contribute directly in this regime,
since it is governed by the coupled-channel momentum
scales. As a result, we employ a purely contact, single-
channel theory, with LECs adjusted to fit the lowest-lying
FV energy levels. Specifically, we consider either three
data points (corresponding to the maximum momentum
kmax ' 310 MeV) or four data points (kmax ' 380 MeV)
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— Quantile-Quantile plots show deviations from the normal distributions

— The effect of OPE is weak

Fits to all data 
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FIG. 6: Comparison of Q–Q plots for EFT calculations with di↵erent numbers of contact terms. The left, middle, and right
panels correspond to the fits “CT:2+0+0”, “CT:2+0+1”, and “CT:3+0+0”, respectively. The upper panels show fits to the
lowest (5+5) lattice data points in the A+

1 [0] and T+
1 [0] irreps, while the lower panels display fits to all (9+5) lattice data points.

A straight 45� reference line is included to guide the eye. The regions between the green (orange) lines correspond to the 68%
(95%) confidence intervals.

supports the hypothesis that the residuals follow a normal
distribution with mean 0 and standard deviation 1, and
confirms that the extended model with 3 diagonal CT’s
(“CT:3+0+0”) provides a statistically sound description
of the data.

Appendix B: Details of the fits to lattice QCD data
and statistical uncertainty estimates

We fit the LECs to FV spectra by minimizing the
following �

2 function,

�
2({Ccont}) =

X

i,j

�E(i, {Ccont})C�1(i, j)�E(j, {Ccont}),

(B1)
where {Ccont} is a set of contact terms, C(i, j) is the
covariance matrix, and

�E(i, {Ccont}) = E
LQCD(i) � E

EFT(i, {Ccont})

is the di↵erence between the FV energy levels from lattice
QCD simulations and our fit result — see Appendix A in

Ref. [30] for more details on the general fitting procedure.
Uncertainties from the original data set are propagated

into our calculations using the bootstrap procedure — see,
e.g., Ref. [50] for details on the general method. Here,
we assume that the original lattice data are normally
distributed and perform a Monte Carlo (MC) simulation
to randomly generate numerous additional data sets. All
MC generated data lies within the prescribed errors of the
original lattice data set. Subsequently, we fit each of these
generated data sets individually by minimizing the �

2

function (B1), resulting in a distribution of contact terms.
We then calculate observables for each set of contact terms
within the distribution, e.g., pole positions or e↵ective
range parameters.

Appendix C: Consistency checks and systematic
uncertainty estimates

In this Appendix, we provide additional details on the
results obtained from fitting all available lattice data
within the EFT2 framework, as discussed in Sec. IV. In
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FIG. 6. Comparison of QQ plots for EFT calculations with di↵erent numbers of contact terms. The left, middle, and right
panels correspond to the fits CT2+0+0, CT2+0+1, and CT3+0+0, respectively. The upper panels show fits to the lowest
(5+5) lattice data points in the A+

1 [0] and T+
1 [0] irreps, while the lower panels display fits to all (9+5) lattice data points. A

straight 45� reference line is included to guide the eye. The regions between the green (orange) lines correspond to the 68%
(95%) confidence intervals.

method. Here, we assume that the original lattice data are
multivariate-normally distributed and perform a Monte
Carlo simulation to randomly generate numerous addi-
tional data sets. Subsequently, we fit each of these gener-
ated data sets individually by minimizing the �

2 function
(B1), resulting in a distribution of contact terms. We
then calculate observables for each set of contact terms
within the distribution, e.g., pole positions or e↵ective
range parameters.

Appendix C: Consistency checks and estimates of
systematic uncertainty

In this Appendix, we provide additional details on the
results obtained from fitting all available lattice data
within the EFT2 framework, as discussed in Sec. IV. In
particular, we analyze the sensitivity of the results to
the choice of the cuto↵ and estimate the size of HQSS-
violating corrections, which are then propagated to the
associated uncertainty in the pole positions.

We consider the results of the fits CT2+0+0 and
CT3+0+0 with purely diagonal contact interactions for

the cuto↵s ⇤ = 0.8, 1.0, and 1.2 GeV. The fit CT2+0+0
exhibits a pronounced cuto↵ dependence already at very
low energies. Due to unphysical poles that emerge close to
and below the threshold, k cot � is significantly distorted
in the low-energy region. In contrast, the calculations
with three diagonal contact terms remain largely cuto↵-
independent over the relevant momentum range, from
below threshold up to k ⇠ 450 MeV (k2

⇠ 0.2 GeV2).
This feature is illustrated in Fig. 7, where the results for
all three cuto↵s are shown together for the fit CT3+0+0.

To estimate the impact of HQSS violation, we compare
the fit to the J = 0 channel data in A

+

1
[0] (fit (9+0))

with the fit to the full lattice dataset involving both the
A

+

1
[0] and T

+

1
[0] irreps (fit (9+5)), as shown in Fig. 8. As

expected, the calculated energy levels and the extracted
contact terms are fully consistent between the two fits
within statistical uncertainties – see the results in the left
and right panels. Consequently, following the strategy
adopted in EFT1, we allow for a 10% HQSS violation in C0

for the fit(9+5). This introduces an additional uncertainty,
which propagates to the pole positions reported in Table I.
The estimated HQSS-violation uncertainty is smaller than
the corresponding statistical error.
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FIG. 3. Comparison of the EFT2 results obtained using di↵erent interaction terms. Panel (a) shows the fit with two diagonal
contact terms (CT2+0+0); panel (b) displays the fit including the OPE interaction together with the o↵-diagonal term Cf

(CT2+1+0&OPE); panel (c) shows the fit including the o↵-diagonal term Df (CT2+0+1) and panel (d) presents the fit with
three diagonal contact terms (CT3+0+0), as discussed in text. All results correspond to a cuto↵ of 1.2 GeV. The color coding
is the same as in Fig. 1. For fits with diagonal interactions, as in Fig. 1, FV levels from di↵erent two-meson channels are
horizontally shifted so that levels from each channel are easily distinguishable. See the caption of Fig. 1 for further details.

required by HQSS. For dynamical pions, the renormaliza-
tion is performed numerically. Although the inclusion of
S-wave pions leads to a further decrease in �

2, the result-
ing e↵ect is minor as compared to an analogous fit without
pions. On the other hand, the influence of the OPE is
expected to be more noticeable near the B

⇤
D̄

⇤ threshold,
where it enters as a diagonal repulsive interaction.

To estimate the impact of the D-waves in the OPE
on the results, we proceed as follows. Since the role
of the D-waves increases with momentum, we focus
on the irrep A

+

1
[0], where energy levels are available

over a larger energy range up to the B
⇤
D̄

⇤ thresh-
old. We then extend the basis of the 0+ states to al-
low for the D-wave OPE in the B

⇤
D̄

⇤ channel (note
that BD̄ can only occur in the S-wave). Specifically,
we incorporate the S-wave-to-D-wave OPE transitions
BD̄(1S0) ! B

⇤
D̄

⇤(5D0) and B
⇤
D̄

⇤(1S0) ! B
⇤
D̄

⇤(5D0)
into the current fit CT2+1+0&OPE, and refit the contact
interactions. The resulting e↵ect on the �

2 and on the
energy levels is found to be almost negligible, consistent
with the nearly noninteracting D-wave energy levels.

2.3 Fitting the lattice data with four contact terms,

EFT2: Coupled-channel EFT for Tbc  states 
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FIG. 3. Comparison of the EFT2 results obtained using di↵erent interaction terms. Panel (a) shows the fit with two diagonal
contact terms (CT2+0+0); panel (b) displays the fit including the OPE interaction together with the o↵-diagonal term Cf

(CT2+1+0&OPE); panel (c) shows the fit including the o↵-diagonal term Df (CT2+0+1) and panel (d) presents the fit with
three diagonal contact terms (CT3+0+0), as discussed in text. All results correspond to a cuto↵ of 1.2 GeV. The color coding
is the same as in Fig. 1. For fits with diagonal interactions, as in Fig. 1, FV levels from di↵erent two-meson channels are
horizontally shifted so that levels from each channel are easily distinguishable. See the caption of Fig. 1 for further details.

required by HQSS. For dynamical pions, the renormaliza-
tion is performed numerically. Although the inclusion of
S-wave pions leads to a further decrease in �

2, the result-
ing e↵ect is minor as compared to an analogous fit without
pions. On the other hand, the influence of the OPE is
expected to be more noticeable near the B

⇤
D̄

⇤ threshold,
where it enters as a diagonal repulsive interaction.

To estimate the impact of the D-waves in the OPE
on the results, we proceed as follows. Since the role
of the D-waves increases with momentum, we focus
on the irrep A

+

1
[0], where energy levels are available

over a larger energy range up to the B
⇤
D̄

⇤ thresh-
old. We then extend the basis of the 0+ states to al-
low for the D-wave OPE in the B

⇤
D̄

⇤ channel (note
that BD̄ can only occur in the S-wave). Specifically,
we incorporate the S-wave-to-D-wave OPE transitions
BD̄(1S0) ! B

⇤
D̄

⇤(5D0) and B
⇤
D̄

⇤(1S0) ! B
⇤
D̄

⇤(5D0)
into the current fit CT2+1+0&OPE, and refit the contact
interactions. The resulting e↵ect on the �

2 and on the
energy levels is found to be almost negligible, consistent
with the nearly noninteracting D-wave energy levels.

2.3 Fitting the lattice data with four contact terms,

<latexit sha1_base64="QNEmrSABg1N75VRvrUaTw1DuaPk=">AAACKXicbVDLTgJBEJz1LfgAPXrZSEw8ETBGPSJq4lETERKWkN6hgYmzM5uZXiLZ7E941T/wa7ypV3/EXeSgYCWdVKq6093lh1JYqlQ+nIXFpeWV1bX1XH5jc2u7UNy5tzoyHBtcS21aPliUQmGDBElshQYh8CU2/YeLzG+O0Fih1R2NQ+wEMFCiLzhQKrXqng8mvky6hVKlXJnAnSfVKSmxKW66RSfv9TSPAlTEJVjbPgupE4MhwSUmOS+yGAJ/gAG2U6ogQNuJJ/cm7kGq9Ny+Nmkpcifq74kYAmvHgZ92BkBDO+tl4n9eO6L+WScWKowIFf9Z1I+kS9rNnnd7wiAnOU4JcCPSW10+BAOc0oj+bEHSWvr6McnlvHOq40CoKzUSRqvs45jAjySYJPZIqHEWX3U2rHlyf1SunpRPbo9Ltfo0yDW2x/bZIauyU1Zj1+yGNRhnkj2xZ/bivDpvzrvz+dO64ExndtkfOF/fdV2niw==</latexit>

BD̄

<latexit sha1_base64="7GsUYPQH2Z55+U7wmORcx9Wtz3I="></latexit>

B⇤D̄⇤

<latexit sha1_base64="7GsUYPQH2Z55+U7wmORcx9Wtz3I="></latexit>

B⇤D̄⇤

<latexit sha1_base64="uWb3bQEiZ/l495GrBEZV2ONMKLM=">AAACK3icbVDLSgNBEJyN7/jWo5fFIIiHkIhEjxoVPCoYFbMx9E46yZDZmWWmVwzL/oVX/QO/xpPi1f9wN+ZgEgsaiqpuurv8UApLpdKHk5uanpmdm1/ILy4tr6yurW/cWB0ZjjWupTZ3PliUQmGNBEm8Cw1C4Eu89XunmX/7iMYKra6pH2IjgI4SbcGBUum++rDn+WDis6S5VigVSwO4k6Q8JAU2xGVz3Vn0WppHASriEqytH4XUiMGQ4BKTvBdZDIH3oIP1lCoI0DbiwcWJu5MqLbetTVqK3IH6dyKGwNp+4KedAVDXjnuZ+J9Xj6h91IiFCiNCxX8XtSPpknaz992WMMhJ9lMC3Ij0Vpd3wQCnNKSRLUhaS18/Jfm8d0JV7Ah1rh6F0Sr7OCbwIwkmiT0Sqp/FVx4Pa5Lc7BfLlWLl6qBwXB0GOc+22DbbZWV2yI7ZBbtkNcaZYs/shb06b8678+l8/bbmnOHMJhuB8/0DsVCoJw==</latexit>

B⇤D̄

<latexit sha1_base64="5MBXLdTMTX+RkXhxSn/E2asAlZ4=">AAACK3icbVDLSgNBEJz1beIj6tHLYhDEQ0hENMcYFTwqGA1mo/ROOnFwdmaZ6Q2GZf/Cq/6BX+NJ8ep/OIk5+CpoKKq66e4KYykslcuv3sTk1PTM7Nx8Lr+wuLRcWFm9sDoxHBtcS22aIViUQmGDBElsxgYhCiVehneHQ/+yj8YKrc5pEGM7gp4SXcGBnHRVD0Iw6VF2vX1TKJZL5RH8v6QyJkU2xunNipcPOponESriEqxtVWNqp2BIcIlZLkgsxsDvoIctRxVEaNvp6OLM33RKx+9q40qRP1K/T6QQWTuIQtcZAd3a395Q/M9rJdSttlOh4oRQ8a9F3UT6pP3h+35HGOQkB44AN8Ld6vNbMMDJhfRjC5LWMtT3WS4XHFAde0Idq74wWg0/TgnCRILJ0oCEGmQuvsrvsP6Si51SZa+0d7ZbrNXHQc6xdbbBtliF7bMaO2GnrME4U+yBPbIn79l78d6896/WCW88s8Z+wPv4BLMyqCc=</latexit>

BD̄⇤

comparable 

<latexit sha1_base64="uvHDTYnxgc3d7lVuUOl75z8iOrg="></latexit>

CTNd +NCf +NDf

<latexit sha1_base64="iRA1+Nc20+2QEmRQCfHYoFO7xXY="></latexit>

# of Cf
<latexit sha1_base64="EWpQz+A70FC9oeqkCbVp1gg5MbE="></latexit>

# of Df (p
2 + p02)

<latexit sha1_base64="SDP2aLpg5dHXQJjV3Lw2DII0UkU="></latexit>

# of diag CTs
Fit nomenclature:

Contact: Contact + OPE:

4

At order O(Q2), i.e. at NLO, momentum-dependent
contact interactions start to contribute. The correspond-
ing Lagrangians can be obtained by acting with two deriva-
tives on the Lagrangian in Eq. (1), see, e.g., Refs. [48, 49].
The higher-order momentum-dependent S-wave interac-
tions can be incorporated through the following replace-
ments in Eqs. (4)-(6):

Cd ! Cd + Dd(p
2 + p

02) + · · · ,

Cf ! Cf + Df (p2 + p
02) + · · · , (10)

where the dots stand for interactions of order O(Q4)
and higher. The contact interactions and the OPE are
supplemented with the exponential regulators of the form

e
�(pn+p0n)

⇤n with n = 6.
Finally, we emphasize that the energy levels associated

with D-wave interactions are fully consistent with the
noninteracting spectrum. Based on this observation, we
restrict our analysis to S-wave interactions in what fol-
lows. However, in Sec. IV, we also discuss S-to-D-wave
transitions induced by the OPE.

For the given EFT potential, the FV energy levels (for a
given set J

P ) in a given irreducible representation (irrep)
are obtained by solving the determinant equation

det
⇥
G�1(E) � V(E)

⇤
= 0, (11)

which arises from the Lippmann-Schwinger-type integral
equations (LSE) in FV:

T↵�(E) = V↵�(E) + V↵�(E)G�(E)T��(E), (12)

where ↵, �, and � label the basis states defined in Eq. (3).
Here, the potential V is defined as

V↵�

n,n0 = 4
p

m1m2m10m20 V
↵�(pn, pn0),

where V
↵�(pn, pn0) represents the sum of the contact

and OPE potentials from Eqs. (4)-(6), and (7), including
the higher-order terms from Eq. (10). The discretized
propagator G reads

G�
n,n0 = J

1

L3
G

�(pn, E)�n0,n, (13)

where the Green function G
� is1

G
�(p, E) =

1

4!1,�(p2)!2,�(p2)

1

E � !1,�(p2) � !2,�(p2)
,

while J is the Jacobi determinant arising from the trans-
formation between the box and the center-of-mass frames,
see [32] for details, and pn are the discretized momenta2.

1 The integral equations with this Green function are referred to as
the Kadyshevsky equations [50], see also [51] for an alternative
derivation and related discussion.

2 Note that J = 1 holds for the lattice irreps A+
1 [0] and T+

1 [0]
from Ref. [23], since they correspond to the special case of zero
total momentum. However, our method can be also applied to
moving boxes in the same manner [32, 52].

Furthermore, the heavy-meson energies !1,� and !2,� in
the channel � are related with the three-momenta p as

!a,�(p) = Ea,�(0) +
q

(mkin
a,�

)2 + p2 � m
kin

a,�
, (14)

where a = 1, 2 (a = 1 stands for either B or B
⇤ and

a = 2 for D̄ or D̄
⇤, depending on the channel � in Eq. (3)

for the given J
P ), and the mass parameters Ea,�(0) and

m
kin
a,�

are taken from Tables II and III in the Supplemental
Material of [23].

To solve Eq. (11) in a finite volume, we use the plane
wave basis instead of expanding it in partial waves, see [52]
for details.

Once the LECs are adjusted to reproduce the FV spec-
tra (see Secs. III-IV for details), the IFV amplitudes are
obtained by solving LS-type integral equations. In the
single-channel case, the on-shell IFV scattering amplitude
can be related to the phase shifts as

�2⇡

µ
T

�1(E) = k cot � � ik, (15)

with k denoting the on-shell momentum in the center-of-
mass frame. In the vicinity of the threshold, the phase
shifts can be parametrized in terms of the ERE

k cot � =
1

a
+

1

2
rk

2 + v2k
4 + O(k6), (16)

where a and r denote the scattering length and the e↵ec-
tive range, respectively, while v2 represents the so-called
shape parameter. The convergence radius of the ERE is
limited by the nearest left-hand singularity of the scatter-
ing amplitude.

In what follows, we use the naming scheme
CTNd+NCf +NDf for fits involving only contact inter-
actions, where Nd denotes the number of contact terms
included in the diagonal channels, and NCf and NDf de-
note the number of momentum-independent O(Q0) and
momentum-dependent O(Q2) o↵-diagonal interactions, re-
spectively. When the OPE is included, the corresponding
fits are labeled CTNd+NCf +NDf &OPE.

III. SINGLE CHANNEL EFT AT LOW
ENERGIES

In the first approach, we treat the momentum scales
associated with coupled-channel e↵ects as hard and in-
tegrate them out. This leads to a low-energy EFT valid
near the lowest thresholds, namely the BD̄ threshold for
J = 0 and the B

⇤
D̄ threshold for J = 1. As discussed

above, the OPE does not contribute directly in this regime,
since it is governed by the coupled-channel momentum
scales. As a result, we employ a purely contact, single-
channel theory, with LECs adjusted to fit the lowest-lying
FV energy levels. Specifically, we consider either three
data points (corresponding to the maximum momentum
kmax ' 310 MeV) or four data points (kmax ' 380 MeV)

better

 Consistent with normal distr.

Fits to all data 

 a little better a little worse

QQ plots: 

χ2  :

Description
 low-energy levels

worse

Deviations from normal distr.



Table 1: Comparison of pole positions and Riemann
Sheet (RS) classifications for fit CT3+0+0 and fit
CT3+1+0&OPE. Values are relative to the respec-
tive thresholds. The RS column indicates the signs
of the imaginary parts of the momenta in the relevant
coupled channels.

fit CT3+0+0 fit CT3+1+0&OPE

Threshold JP
Pole [MeV] RS Pole [MeV] RS

BD̄ 0
+ �0.8 (+) �1.0 (++)

B⇤D̄⇤
0
+ �7.6 (+) �6.7� 0.4i (�+)

B⇤D̄ 1
+ �0.7 (+) �0.9 (+ + +)

BD̄⇤
1
+ �8.0 (+) �8.3� 0.3i (�++)

B⇤D̄⇤
1
+ �7.6 (+) �7.1� 0.7i (��+)

B⇤D̄⇤
2
+ �7.6 (+) �8.4 (+)

We discuss a low-energy EFT framework for
coupled-channel heavy-meson–heavy-antimeson scat-
tering and apply it to recent lattice QCD results
for DD

⇤ and B
(⇤)

D̄
(⇤) scattering in the context

of the Tcc and Tbc states. The framework natu-
rally incorporates both short-range contact interac-
tions and the long-range one-pion exchange (OPE),
thereby fully accounting for the nearby left-hand
cut. In the B

(⇤)
D̄

(⇤) sector, the analysis supports
the existence of shallow bound states near the BD̄

and B
⇤
D̄ thresholds, whose properties are consis-

tent with hadronic molecules. Moreover, the finite-
volume spectra and the extracted pole positions ex-
hibit a near-degeneracy between the channels with
total angular momentum J = 0 and J = 1, consistent
with heavy-quark spin symmetry (HQSS). Based on
HQSS, we further predict additional shallow bound
states near the BD̄

⇤ and B
⇤
D̄

⇤ thresholds, which can
be tested in future lattice simulations.

A low-energy EFT framework for studying
coupled-channel doubly heavy meson scattering is
presented and applied to recent lattice QCD results
for DD

⇤ and B
(⇤)

D̄
(⇤) scattering in the context of

the Tcc and Tbc states. We also discuss the isovec-
tor DD

⇤ channel and highlight its di↵erences from
the isoscalar case. The framework naturally incorpo-
rates both contact interactions and the longest-range
one-pion exchange (OPE), thereby fully accounting

for the physics associated with the nearby left-hand
cut. In addition, the light-quark-mass dependence
of the Tcc is predicted within the same chiral EFT
framework.

In the B
(⇤)

D̄
(⇤) sector, the analysis supports the

existence of shallow molecular bound states near the
BD̄ and B

⇤
D̄ thresholds, as well as additional shal-

low spin-partner states near the BD̄
⇤ and B

⇤
D̄

⇤

thresholds. In contrast to the doubly charmed sec-
tor, OPE contributes to the lowest BD̄, B⇤

D̄, and
BD̄

⇤ channels only through o↵-diagonal transitions.
Consequently, its impact on these states is found to
be significantly weaker. However, OPE e↵ects are ex-
pected to be more pronounced in the B

⇤
D̄

⇤ channel,
making corresponding lattice QCD studies highly de-
sirable.

1.

We would like to thank the referee for the positive
assessment of our manuscript and for the constructive
comments and suggestions.

1. Page 10, right column: The authors employ
the compositeness XbarA to investigate the nature
of the Tbc poles and conclude that they are hadronic
molecules. I recommend that the authors provide the
specific formula used for evaluating the composite-
ness in this study to ensure clarity.

We have added a paragraph, where the expression
used to estimate compositeness is discussed

2. Page 10, end of Sec. IV B: Since some of the
B

(⇤)Dbar
(⇤) bound states share the same quantum

numbers, the higher-mass states could potentially de-
cay into lower-mass channels. The authors should
provide some discussion on how these decay chan-
nels might a↵ect the properties (such as the widths)
of these bound states.

We agree with the referee that the higher states
should, of course, be able to decay into the lower-
lying ones. However, the best fit to the current
lattice data is consistent with negligibly small o↵-
diagonal interactions. As a result, in our main fit
(CT3+0+0) the channels e↵ectively decouple, and
all states extracted from the data, as well as those
predicted based on HQSS, are purely bound states,
as listed in Table I. We have now added a paragraph

1

And what about pions?

  breaks degeneracy in B*D* poles

●  Comparing CT3+0+0 vs CT3+1+0&OPE
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●  OPE:

poles acquire Im parts ⇒ decay to lower channels

⇒ Key probe:  lattice data in the higher channels! 

●  But current data are weakly sensitive to OPE
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⇤ = 1.2 GeV

FIG. 7. Cuto↵ dependence of the fit CT3+0+0 for the cuto↵s ⇤ = 0.8 (violet), 1.0 (blue), and 1.2 GeV (red), respectively. The
left panel shows the energy levels, while the right panel displays p cot � in the lowest channels. The results are shown including
the 1� statistical uncertainty. See the caption of Fig. 1 for further details.

24 32

0.

0.05

0.1

0.15

0.2

L/a

ΔE
[G
eV

]

24 32
L/a

24 32

0.

0.05

0.1

0.15

0.2

L/a

ΔE
[G
eV

]

24 32
L/a

 CT3+0+0

24 32

0.

0.05

0.1

0.15

0.2

L/a

ΔE
[G
eV

]

24 32
L/a

24 32

0.

0.05

0.1

0.15

0.2

L/a

ΔE
[G
eV

]

24 32
L/a

<latexit sha1_base64="JT8eJ+leXvmu8o3tM0m2veJ0mYI="></latexit>

fit(9+5)

Fit4+0: �
2

dof = 1.25/2,

�
↵0

↵2

�
=

�
�0.11(3)
0.02(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit0+4: �
2

dof = 0.59/2,

�
↵0

↵2

�
=

�
�0.10(3)
0.00(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit4+4: �
2

dof = 4.33/6,

�
↵0

↵2

�
=

�
�0.11(3)
0.02(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit9+5: �
2

dof = 8.8/11,

�

�
↵0

↵2

↵4

�

� =

�

�
�0.01(1)
0.12(4)

�0.21(5)

�

�

Fit9+5: �
2

dof = 3.0/6,

�

�
↵0

↵2

↵4

�

� =

�

�
�0.02(1)
0.12(5)

�0.21(5)

�

�

1

 CT3+0+0
<latexit sha1_base64="qp+HiMcm4Kz6D7TyyFPpUBGGDCM="></latexit>

fit(9+0)

Fit4+0: �
2

dof = 1.25/2,

�
↵0

↵2

�
=

�
�0.11(3)
0.02(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit0+4: �
2

dof = 0.59/2,

�
↵0

↵2

�
=

�
�0.10(3)
0.00(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit4+4: �
2

dof = 4.33/6,

�
↵0

↵2

�
=

�
�0.11(3)
0.02(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit9+5: �
2

dof = 8.8/11,

�

�
↵0

↵2

↵4

�

� =

�

�
�0.01(1)
0.12(4)

�0.21(5)

�

�

Fit9+5: �
2

dof = 3.0/6,

�

�
↵0

↵2

↵4

�

� =

�

�
�0.02(1)
0.12(5)

�0.21(5)

�

�

1

This slide is used

to generate HQSS fig  


in the App

24 32

0.

0.05

0.1

0.15

0.2

L/a

ΔE
[G
eV

]

24 32
L/a

24 32

0.

0.05

0.1

0.15

0.2

L/a

ΔE
[G
eV

]

24 32
L/a

 CT3+0+0

24 32

0.

0.05

0.1

0.15

0.2

L/a

ΔE
[G
eV

]

24 32
L/a

24 32

0.

0.05

0.1

0.15

0.2

L/a

ΔE
[G
eV

]

24 32
L/a

<latexit sha1_base64="JT8eJ+leXvmu8o3tM0m2veJ0mYI="></latexit>

fit(9+5)

Fit4+0: �
2

dof = 1.25/2,

�
↵0

↵2

�
=

�
�0.11(3)
0.02(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit0+4: �
2

dof = 0.59/2,

�
↵0

↵2

�
=

�
�0.10(3)
0.00(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit4+4: �
2

dof = 4.33/6,

�
↵0

↵2

�
=

�
�0.11(3)
0.02(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit9+5: �
2

dof = 8.8/11,

�

�
↵0

↵2

↵4

�

� =

�

�
�0.01(1)
0.12(4)

�0.21(5)

�

�

Fit9+5: �
2

dof = 3.0/6,

�

�
↵0

↵2

↵4

�

� =

�

�
�0.02(1)
0.12(5)

�0.21(5)

�

�

1

 CT3+0+0
<latexit sha1_base64="qp+HiMcm4Kz6D7TyyFPpUBGGDCM="></latexit>

fit(9+0)

Fit4+0: �
2

dof = 1.25/2,

�
↵0

↵2

�
=

�
�0.11(3)
0.02(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit0+4: �
2

dof = 0.59/2,

�
↵0

↵2

�
=

�
�0.10(3)
0.00(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit4+4: �
2

dof = 4.33/6,

�
↵0

↵2

�
=

�
�0.11(3)
0.02(5)

�
Cov. =

�
1.00 0.99
0.99 1.00

�

Fit9+5: �
2

dof = 8.8/11,

�

�
↵0

↵2

↵4

�

� =

�

�
�0.01(1)
0.12(4)

�0.21(5)

�

�

Fit9+5: �
2

dof = 3.0/6,

�

�
↵0

↵2

↵4

�

� =

�

�
�0.02(1)
0.12(5)

�0.21(5)

�

�

1

This slide is used

to generate HQSS fig  


in the App

FIG. 8. HQSS consistency check: Comparison of the CT3+0+0 results from a combined fit to A+
1 [0] and T+

1 [0] irreps (fit(9+5),
left panel) with those from a fit to the A+

1 [0] (J = 0) data only (fit(9+0), right panel). The consistency of the energy levels and
the extracted contact terms demonstrates very good agreement with HQSS.

 Cutoff dependence
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Vcont = Cd +Dd(p
2 + p02)

⇒ Pronounced due to unphysical poles below threshold

/2934

CT3+0+0: 
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Vcont = Cd +Dd(p
2 + p02) + Ed(p4 + p04)

⇒ Largely cutoff independent up to k= 450 MeV 

⇒ At larger k, onset of a pole in kcot𝛿  

EFT2:

CT2+0+0: 
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Vcont = Cd +Dd(p
2 + p02) ⇒ NegligibleEFT1:
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b̄c̄qq
Radhakrishnan, Padmanath, Mathur    PRL 132, 201902 (2024) ,  PRD 110, 034506 (2024)

I =0, JP =1+

●  Lüscher single-channel analysis of ground state levels for BD (J=0) and B*D (J=1) ⇒ scattering lengths

—  Two not so shallow bound Tbc  states

●  Polynomial extrapolation to the continuum limit and the phys. light quark mass

●  Local four-quark + two-meson scattering operators 

Lüscher’s finite-volume prescription [43,44]. For the low
energy scattering of D and B̄! mesons, where other
multiparticle thresholds are sufficiently high [65], in the
S-wave leading to the total angular momentum and parity
JP ¼ 1þ, the scattering phase shifts δl¼0ðkÞ are related to
the finite-volume energy spectrum through kcot½δ0ðkÞ' ¼
2Z00½1; ðkL=2πÞ2Þ'=ðL

ffiffiffi
π

p
Þ. Here, kðEcm ¼

ffiffiffi
s

p
Þ is the

momentum (energy) in the center-of-momentum frame
such that 4sk2 ¼ ðs − ðMD þMB̄! Þ2Þðs − ðMD −MB̄! Þ2Þ.
We follow the procedure outlined in Appendix B of
Ref. [66] to constrain the amplitude. A subthreshold pole
in the S-wave scattering amplitude t ¼ ðcot δ0 − iÞ−1

occurs when k cot δ0 ¼ (
ffiffiffiffiffiffiffiffi
−k2

p
for scattering in the

S-wave.
We parametrize the elastic DB̄! scattering amplitude in

terms of the scattering length a0 in an effective range
expansion near the threshold, supplemented by a lattice
spacing dependence. This is required to incorporate
the cutoff effects observed in the ground state energy
estimates. We find that a linear functional form given by
k cot δ0 ¼ A½0' þ aA½1', where A½0' ¼ −1=a0, accommo-
dates the a dependence of the k cot δ0 estimates. We present
the fit results for A½0' ¼ −1=a0 in Fig. 4 (circle symbols) as
a function of Mps involved. Alternative fitting choices with
a leading quadratic dependence or using only data from

noncharm Mps are consistent with results in Fig. 4; see
details in Supplemental Material [60].
The sign of A½0' ¼ −1=a0 determines the fate of the near-

threshold pole, if there exists one. A negative (positive)
value of A½0'ða0Þ indicates that the interaction potential is
strong enough to form a real bound state [67]. After
considering all possible systematics, we find that for all
the noncharm light quark masses, A½0' is negative, which
indicates an attractive interaction strong enough to host a
real bound state. On the contrary, at the charm point,
despite the unambiguous negative energy shifts in the
ground states, the attraction is weak to host any real bound
state as suggested by the positive value of k cot δ0 in the
continuum limit. This observation goes in line with
the phenomenological expectation for doubly heavy four
quark (QQ0l1l2) systems with ml1 ¼ ml2 that the binding
increases with increased relative heaviness of the heavy
quarks with respect to its light quark content [15,27,68].
Now we investigate the light quark mass (mu=d) or Mps

dependence of the fitted parameters. To this end, we
consider three different parametrizations: a linear depend-
ence [flðMpsÞ ¼ αc þ αlMps] to probe the heavy light
quark mass case, a leading M2

ps dependence [fsðMpsÞ ¼
βc þ βsM2

ps] to assess the chiral behavior, and a quadratic
dependence [fqðMpsÞ ¼ θc þ θlMps þ θsM2

ps] to quantify
the associated systematics. In Fig. 4, we show the fit results
for this Mps dependence in colored bands. The two stars
represent A½0' at the physicalMps (equivalently the physical
scattering length aphys0 ) and the critical Mps at which A½0'

changes its sign or above which the system becomes
unbound. It is indeed desired to have more points in the
intermediate mass regime between the charm and the
strange quark masses to further constrain the dependence.
Yet, our fits demonstrate near independence in the fit forms
as can be observed from the consistency between the error
bands from different fit forms.
Based on the fit form fsðMpsÞ in the chiral regime, we

find that the scattering length of the DB̄! system at the
physical light quark mass (mphys

u=d ), corresponding to

Mps ¼ Mphys
π , to be

aphys0 ¼ 0.57ðþ4
−5Þð17Þ fm: ð3Þ

The asymmetric errors indicate the statistical uncertainties,
whereas the second parenthesis quotes the systematic
uncertainties with the most dominant contribution arising
from the chiral extrapolation fit forms. The positive value of
the scattering length at Mps ¼ Mphys

π , at the level of 3σ
uncertainty, is an unambiguous evidence for the strength of
the DB̄! interaction potential to host a real bcūd̄ tetraquark
bound state Tbc with binding energy

FIG. 3. The ground state energies in units of EDB̄! on all
ensembles (see Table I for color-symbol conventions) for all Mps

values (different vertical panels).

FIG. 4. Continuum extrapolated k cot δ0 or A½0' ¼ −1=a0 esti-
mates of the DB̄! system as a function of M2

ps in units of EDB̄! .
The dotted vertical line close to the y axis indicatesMps ¼ Mphys

π .
The two star symbols represent the amplitude atMps ¼ Mphys

π and
the critical Mps ¼ M!

ps above which the system becomes un-
bound.

PHYSICAL REVIEW LETTERS 132, 201902 (2024)
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mitigate correlated noise between the product of two single
hadron correlators and the interacting correlator for the
two-hadron system [59]. Note that the automatic cancella-
tion of the additive quark mass offset, inherent to NRQCD
formulation, is an added advantage in using RnðtÞ for the
fits. The systematics associated with the chosen time
interval for fitting are assessed by varying the lower
boundary of the time interval, tmin, with a fixed upper
boundary, tmax, chosen considering the noise level. In
Fig. 1, we present a representative plot showing this tmin
dependence of the energy splittings (ΔEn) determined from
the fits to λnðtÞ and RnðtÞ, respectively. The energy
differences are evaluated from λnðtÞ using the relation
ΔEn ¼ En −Mm1

−Mm2
, whereas the fits to RnðtÞ directly

yield the respective estimates. We choose the optimal tmin
values where the two different procedures are found to
agree asymptotically in time. We also perform additional
checks considering an alternative quark smearing with
different smearing widths to affirm our energy estimates;
see Appendix A. Our final results are based on fitting the
ratio correlators RnðtÞ.
Finite-volume eigenenergies.—In Fig. 2, we present the

finite-volume GEVP eigenenergies, in lattice units, for the
isoscalar axial-vector bcūd̄ channel. The results shown are
for the L1 ensemble at the five different mu=d values
corresponding to Mps ∼ 0.5, 0.6, 0.7, 1.0, and 3.0 GeV.
Note that these estimates include the additive offsets related

to the NRQCD-based bottom quark dynamics. The non-
interacting two-meson energy levels corresponding to DB̄$

and B̄D$ thresholds are indicated as dotted horizontal line
segments and those related to B̄$D$ threshold by dashed
lines for each Mps. The lowest eigenenergy or the ground
state energy is dominated by the Z0

1 factor corresponding to
O1, that is related to the DB̄$ threshold and is determined
unambiguously by the operator O1; see Ref. [60] for
details. The most important observation is a clear trend
for negative energy shifts in the ground state energies,
which can be observed in all the cases, indicating a possible
attractive interaction between the D and B̄$ mesons [63]. A
similar pattern of low lying eigenenergies and ground state
negative energy shifts are also observed in other ensembles;
see details in Ref. [60]. We expect that for our choice of
interpolating operators and the accessible values of t, E0

will be an accurate estimate of E0, whereas our setup is
unable to accurately estimate excited-state energies. This
means the excited eigenenergies presented in Fig. 2 may
not correspond to the higher lying elastic excitations of the
DB̄$ channel. The location of the lowest two noninteracting
finite-volume levels related to the DB̄$ channel along
with the ground state eigenenergies are presented in
Appendix B. Hence we focus only on the ground state
energies (E0 ∼ E0) for the rest of the analysis.
In Fig. 3, we present the ground state energy estimates, in

units of EDB̄$ , at various Mps and for all the ensembles.
These estimates are evaluated as En ¼ ΔEn þMD þ M̃B̄$ ,
where ΔEn is the estimate from fit to RnðtÞ, M̃B̄$ ¼ MB̄$ −
0.5M̄b̄b

lat þ 0.5M̄b̄b
phys accounts for the NRQCD additive

offset, and M̄b̄b
lat ðM̄b̄b

physÞ refers to the spin averaged mass
of the 1S bottomonium measured on the lattice (experi-
ments). The eigenenergies clearly show a trend of decreas-
ing energy spitting, hence decreasing interaction strength,
with increasing Mps. Another interesting feature to note
here is the nonzero lattice spacing (a) dependence
of the ground state energies on similar volume ensembles
(S1, S2, S3), which we account for through an a dependence
in the parametrized amplitude as discussed below.
In Fig. 3, we also indicate the branch point location of

the left-hand cut (lhc) arising out of an off-shell pion
exchange process for different Mps by horizontal dashed
lines. Recent developments point to the importance of lhc
effects on virtual subthreshold poles related to the Tcc
tetraquark [64]. Such effects on bound states are the subject
of future studies where one could successfully solve the
relevant three particle integral equations. This is beyond the
scope of this work and we ignore such effects in our
analysis.
DB̄$ scattering amplitude.—Assuming these energy

splittings in ground states are purely described by elastic
scattering in the DB̄$ system, we utilize them to constrain
the associated S-wave scattering amplitude following

FIG. 1. tmin dependence of the ΔE0 fit estimates determined
from the fits to λ0 and R0ðtÞ for the case Mps ∼ 700 MeV in the
finest ensemble. Here the superscript 0 refers to the lowest
eigenenergy.

FIG. 2. The GEVP eigenenergies in finite-volume for isoscalar
axialvector bcūd̄ channel on the L1 ensemble. Five panels show
the results obtained at various pseudoscalar meson masses (Mps)
0.5, 0.6, 0.7, 1.0, and 3.0, respectively.

PHYSICAL REVIEW LETTERS 132, 201902 (2024)

201902-3

●  Ground state levels for different pseudoscalar masses from 0.5 to 3.0 GeV
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● No long-range interactions with lhc’s, no coupled-channel effects, no consequences from HQSS
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b̄c̄qq
Hoffmann, Müller and Wagner, PoSLAT- TICE2024, 091 (2025), 2501.16188

●  Two deeply virtual isoscalar Tbc  states with JP =1+  and   JP =0+  both ~ 100 MeV below thresh.

●  Extrapolation to the physical light quark mass

●  Born–Oppenheimer approximation using antistatic-antistatic potentials computed with lattice QCD 

●  Three values of the pion mass between 340 and 650 MeV  

 from lattice QCD in finite volume 
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Tbc

P. Bicudo et al,  PRD 93, 034501 (2016), 1510.03441.from

●  Potential reason for the difference: underestimated attraction of some potentials

⇒ calculations using significantly improved up-to-date lattice QCD setup are initiated
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Meng,  Ortiz-Pacheco,  VB,   Epelbaum ,  Padmanath and Prelovsek  e-Print: 2411.06266 [hep-lat] (2024) 

M. Abolnikov,  VB,  E. Epelbaum,  A. Filin,  C. Hanhart and L. Meng     PLB 860 139188 (2025)

https://arxiv.org/abs/2411.06266


Lattice

App1: I=0 DD* scattering in FV

EFV are below the D*D* thr  ⇒  single channel DD* EFT  to NLO
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FIG. 2. Fit results for the center-of-mass energy Ecm =p
E2 �P2 of the DD⇤ system normalized by EDD⇤ = MD +

MD⇤ , for the heavier charm quark mass and two di↵erent vol-
umes from Ref. [23] in various FV irreps. The lattice energy
levels are shown by open circles, squares and triangles: the
blue and green points in the irreps T+

1 (0), A�
1 (0) and A2(1)

are used as input in this analysis as well as in the scattering
analysis of Ref. [23]. The orange symbols, slightly shifted to
the right for transparency, represent the results of our full cal-
culation (Fit 2), including pions. For each irrep, we indicate
the lowest partial waves, which contribute to it. Our results
in the irrep A2(4) are predictions. The solid and dot-dashed
lines correspond to the noninteracting DD⇤ and D⇤D⇤ ener-
gies, respectively.

ered value of m⇡ are assumed to be saturated by the con-
tact terms. Truncating the partial waves basis to l = 2,
the most relevant contact potentials contributing to the
irreps T+

1
(0), A�

1
(0) and A2(1) read

V (0)+(2)

cont
[3S1] =

⇣
C(0)

3S1
+ C(2)

3S1
(p2 + p02)

⌘
(✏ · ✏0⇤)

V (2)

cont
[3P0] = C(2)

3P0
(p0

· ✏0⇤)(p · ✏) , (7)

where p (p0) and ✏ (✏0) denote the cms momentum and
polarization of the initial (final) D⇤ meson, respectively.
While the irreps T+

1
(0) and A2(1) can also receive con-

tributions from the S-to-D-wave short-range interactions
as well as from the 3P2 partial waves, in what follows,
we consider fits with 3-parameters from Eq. (7) as our
main results and use the additional contributions from
other partial waves to estimate systematic uncertainties
in [38]. The longest-range interaction between the D and
D⇤ mesons is driven by the OPE, which in the static ap-
proximation reads

V (0)

OPE
= �3

MDMD⇤g2

f2
⇡

(k · ✏)(k · ✏0⇤)

k2 + µ2
, (8)

where µ2 = m2
⇡ � �M2, �M = MD⇤ � MD and k =

p0 + p. The pion mass dependence of the pion decay
constant f⇡ is considered along the lines of Ref. [27, 39],
which gives f⇡ = 105.3 MeV for m⇡ = 280 MeV. The
value of the coupling constant g is extracted from the fits
to its physical value and the lattice data of Ref. [39]. For
the given lattice spacing of a ⇡ 0.086 fm and m⇡ = 280
MeV, we found g = 0.517± 0.015 [38]. When both p and

p0 are on shell, p = p0 = �(E2,M2
D,M2

D⇤ )
1/2

2E (� is the Källén
function), the OPE and, consequently, the on-shell DD⇤

partial wave amplitudes, exhibit the lhc with the closest
to the threshold branch point given by [27]

(p1⇡
lhc

)2 = �
µ2

4
= �(126 MeV)2 )

✓
p1⇡
lhc

EDD⇤

◆2

⇡ �0.001,

(9)
where EDD⇤ = MD +MD⇤ . In principle, the OPE may
also have the three-body right-hand cut, corresponding
to the on shell DD⇡ state. However, for m⇡ = 280 MeV,
it starts at momenta far away from the threshold, p2

rhc3
=

(552 MeV)2 [27], which makes it irrelevant for the current
analysis.

The contact interactions in the LSE are supplemented

with the exponential regulators of the form e
�(pn+p0n)

⇤n

with n = 6. The regularization of the operators with the
single pion propagator preserving long-range dynamics is
worked out in Ref. [40] and can be implemented by a
substitution:

1

k2 + µ2
!

1

k2 + µ2
e

�(k2+µ2)

⇤2 . (10)

In what follows, we present the results for the cuto↵ ⇤ =
0.9 GeV and consider the cuto↵ variation from 0.7 to 1.2
GeV to estimate systematic uncertainties in [38].

To see the impact of the OPE on the results, we per-
form two calculations: In Fit 1, we start from a pure
contact potential without the OPE and adjust the LECs

C(0)

3S1
, C(2)

3S1
and C(2)

3P0
to obtain the best �2 fit to EFV .

In Fit 2, we include, in addition to the contact inter-
actions, also the OPE; the corresponding results for the
energy levels are shown in Fig. 2. For both fits partial
wave mixing is included when calculating EFV in di↵er-
ent lattice irreps. The OPE, however, induces additional
mixing between S and D waves due to the long-range
tensor interactions. Furthermore, the OPE introduces a
new momentum scale related with the branch point of the
lhc in Eq. (9), which has several important consequences
on the observables: (i) It modifies the analytic structure
of the scattering amplitude, making, in particular, the
phase shifts complex when analytically continued below
the lhc; (ii) It controls the energy dependence of the scat-
tering amplitude in the near-threshold region and (iii) It
governs the leading exponentially suppressed corrections
⇠ e�µL, neglected in the Lüscher approach.

With the LECs fixed from the best fits to EFV , we are
in the position to calculate the infinite volume observ-
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FIG. 2. Fit results for the center-of-mass energy Ecm =p
E2 �P2 of the DD⇤ system normalized by EDD⇤ = MD +

MD⇤ , for the heavier charm quark mass and two di↵erent vol-
umes from Ref. [23] in various FV irreps. The lattice energy
levels are shown by open circles, squares and triangles: the
blue and green points in the irreps T+

1 (0), A�
1 (0) and A2(1)

are used as input in this analysis as well as in the scattering
analysis of Ref. [23]. The orange symbols, slightly shifted to
the right for transparency, represent the results of our full cal-
culation (Fit 2), including pions. For each irrep, we indicate
the lowest partial waves, which contribute to it. Our results
in the irrep A2(4) are predictions. The solid and dot-dashed
lines correspond to the noninteracting DD⇤ and D⇤D⇤ ener-
gies, respectively.

ered value of m⇡ are assumed to be saturated by the con-
tact terms. Truncating the partial waves basis to l = 2,
the most relevant contact potentials contributing to the
irreps T+

1
(0), A�

1
(0) and A2(1) read
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3P0
(p0

· ✏0⇤)(p · ✏) , (7)

where p (p0) and ✏ (✏0) denote the cms momentum and
polarization of the initial (final) D⇤ meson, respectively.
While the irreps T+

1
(0) and A2(1) can also receive con-

tributions from the S-to-D-wave short-range interactions
as well as from the 3P2 partial waves, in what follows,
we consider fits with 3-parameters from Eq. (7) as our
main results and use the additional contributions from
other partial waves to estimate systematic uncertainties
in [38]. The longest-range interaction between the D and
D⇤ mesons is driven by the OPE, which in the static ap-
proximation reads

V (0)

OPE
= �3

MDMD⇤g2

f2
⇡

(k · ✏)(k · ✏0⇤)

k2 + µ2
, (8)

where µ2 = m2
⇡ � �M2, �M = MD⇤ � MD and k =

p0 + p. The pion mass dependence of the pion decay
constant f⇡ is considered along the lines of Ref. [27, 39],
which gives f⇡ = 105.3 MeV for m⇡ = 280 MeV. The
value of the coupling constant g is extracted from the fits
to its physical value and the lattice data of Ref. [39]. For
the given lattice spacing of a ⇡ 0.086 fm and m⇡ = 280
MeV, we found g = 0.517± 0.015 [38]. When both p and

p0 are on shell, p = p0 = �(E2,M2
D,M2

D⇤ )
1/2

2E (� is the Källén
function), the OPE and, consequently, the on-shell DD⇤

partial wave amplitudes, exhibit the lhc with the closest
to the threshold branch point given by [27]
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(9)
where EDD⇤ = MD +MD⇤ . In principle, the OPE may
also have the three-body right-hand cut, corresponding
to the on shell DD⇡ state. However, for m⇡ = 280 MeV,
it starts at momenta far away from the threshold, p2

rhc3
=

(552 MeV)2 [27], which makes it irrelevant for the current
analysis.

The contact interactions in the LSE are supplemented

with the exponential regulators of the form e
�(pn+p0n)

⇤n

with n = 6. The regularization of the operators with the
single pion propagator preserving long-range dynamics is
worked out in Ref. [40] and can be implemented by a
substitution:
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k2 + µ2
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k2 + µ2
e

�(k2+µ2)

⇤2 . (10)

In what follows, we present the results for the cuto↵ ⇤ =
0.9 GeV and consider the cuto↵ variation from 0.7 to 1.2
GeV to estimate systematic uncertainties in [38].

To see the impact of the OPE on the results, we per-
form two calculations: In Fit 1, we start from a pure
contact potential without the OPE and adjust the LECs

C(0)

3S1
, C(2)

3S1
and C(2)

3P0
to obtain the best �2 fit to EFV .

In Fit 2, we include, in addition to the contact inter-
actions, also the OPE; the corresponding results for the
energy levels are shown in Fig. 2. For both fits partial
wave mixing is included when calculating EFV in di↵er-
ent lattice irreps. The OPE, however, induces additional
mixing between S and D waves due to the long-range
tensor interactions. Furthermore, the OPE introduces a
new momentum scale related with the branch point of the
lhc in Eq. (9), which has several important consequences
on the observables: (i) It modifies the analytic structure
of the scattering amplitude, making, in particular, the
phase shifts complex when analytically continued below
the lhc; (ii) It controls the energy dependence of the scat-
tering amplitude in the near-threshold region and (iii) It
governs the leading exponentially suppressed corrections
⇠ e�µL, neglected in the Lüscher approach.

With the LECs fixed from the best fits to EFV , we are
in the position to calculate the infinite volume observ-
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FIG. 6. The D
⇤
D⇡ coupling constant as a function of m2

⇡ for di↵erent values of the lattice spacing, each represented by a
di↵erent color. The magenta symbols represent the physical value, while the remaining symbols denote coupling constants
obtained from lattice simulations at unphysical pion masses m⇡ and lattice spacings a [42]. The left, middle, and right panels
correspond to the extrapolation formulas in Eqs. (B1), (B2), and (B3), respectively. The value of the D

⇤
D⇡ coupling constant

employed in our analysis, which corresponds to the lattice spacing of a = 0.08636 fm and the pion mass of m⇡ = 280 MeV used
in [23], can be read o↵ from the intersection of the orange dashed and gray dashed lines.

fits, their uncertainties and the extracted coupling con-
stants at m⇡ = 0.280 GeV and a = 0.08636 fm are listed
for three di↵erent extrapolation methods from Eqs. (B1)-
(B3). The obtained results for the D

⇤
D⇡ coupling con-

stant g ⌘ g(0.08636, 0.280) from di↵erent extrapolations
are in excellent agreement with each other. In the main
text, we adopt the value of 0.517 ± 0.015, which is ap-
proximately 20% smaller than the value used in Ref. [27].

g0 ↵ [GeV�2] � [fm�2] g

Linear 0.561(9) 0.53(13) �16.1(44) 0.517(15)

ChPT-I 0.547(8) 0.24(14) �19.1(45) 0.517(15)

ChPT-II 0.511(8) �0.59(15) �27.6(48) 0.519(15)

TABLE II. The parameters of the considered extrapolations
from Eqs. (B1)-(B3) obtained from best fits to input data,
as described in text, and the extracted values of the coupling
constant g at m⇡ = 0.280 GeV and a = 0.08636 fm.

Appendix C: Systematic uncertainties

In this section, we provide a qualitative discussion of
the systematic uncertainties in the results arising from
variations in the cuto↵ in the regularized potentials and
the inclusion of additional contact terms at O(Q2).

The variation of reduced �
2 values for Fits 1 and 2

is illustrated in Fig. 7 as the cuto↵ ⇤ is gradually in-
creased from 0.6 to 1.2 GeV with a step size of 0.1 GeV.
Note that the reduced �

2 for ⇤ = 0.6 GeV is significantly
larger than for other values. However, this observation
is not surprising, given that the highest energy level in
the fitting data set, corresponding to the A

�
1
(0) irrep for

L = 2.07 fm (see Fig. 2 of the main text), corresponds
to a momentum of approximately 0.56 GeV, which is
only slightly smaller than the chosen cuto↵. When ⇤

FIG. 7. Cuto↵ dependence of the reduced �
2 for di↵erent

fits. In our Fits 1 and 2, there are three parameters and six
degrees of freedom (dof). The gray dashed line represents the
reduced �

2 of the four-parameter fit using LQCs and ERE in
Ref. [23].

is varied from 0.7 to 1.2 GeV, Fit 2 demonstrates es-
sentially cuto↵-independent behavior, while the reduced
�
2 for Fit 1 gradually increases. The reason behind this

lies in the fact that in Fit 1, where only one LEC is
employed to fit the data for the 3

P0 partial wave, the
e↵ective range is primarily provided by the regulators,
making the �

2 sensitive to the choice of cuto↵. In con-
trast, Fit 2, with the same number of parameters, ex-
hibits cuto↵ independence because in this case the range
corrections in the 3

P0 channel are naturally driven by the
OPE interactions. Another noteworthy observation from
Fig. 7 is that the reduced �

2 in our pionful Fit 2, involv-
ing three parameters, is smaller than that of the four-
parameter fit using Lüscher quantization conditions and
the ERE in Ref. [23] with the same input for the energy
levels. Indeed, once the OPE is incorporated into the
fits, besides its significant influence in the 3

S1 channel,
the parameter-free long-range physics largely dictates the

gD*D𝜋 :   two parameter fits to lattice (Becirevic and Sanfilippo PLB 721 (2013) 94) + physical value:

Table 5: Comparison of pole positions and Riemann Sheet (RS) classifications for fit CT3+0+0 and fit
CT3+1+0&OPE. Values are relative to the respective thresholds.

Fit CT3+0+0 Fit CT3+1+0&OPE

Threshold JP Pole [MeV] RS Pole [MeV] RS

BD̄ 0+ �0.8 (+) �0.7 (++)

B⇤D̄⇤ 0+ �7.6 (+) �7.3� 0.7i (�+)

B⇤D̄ 1+ �0.71 (+) — (+ ++)

BD̄⇤ 1+ �0.7 (+) — (�++)

B⇤D̄⇤ 1+ �8.0 (+) — (��+)

B⇤D̄⇤ 2+ �8.0 (+) — (+)

Table 6: Comparison of pole positions and Riemann Sheet (RS) classifications for fit CT3+0+0 and fit
CT3+1+0&OPE. Values are relative to the respective thresholds.

Threshold (JP ) BD̄ (0+) B⇤D̄⇤

(0+)
B⇤D̄
(1+)

BD̄⇤

(1+)
B⇤D̄⇤

(1+)
B⇤D̄⇤

(2+)

CT3+0+0 poles (RS) �0.8 (+) �7.6 (+) �0.7 (+) �0.7 (+) �8.0 (+) �8.0 (+)

CT3+1+0&OPE poles (RS) �7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

�7.3�
0.7i

(��+)

g0 ↵ [GeV�2] � [fm�2] g

Linear 0.561(9) 0.53(13) �16.1(44) 0.517(15)
ChPT-I 0.541(8) 0.10(14) �20.5(45) 0.518(15)
ChPT-II 0.511(8) �0.59(15) �27.6(48) 0.519(15)
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fits, their uncertainties and the extracted coupling con-
stants at m⇡ = 0.280 GeV and a = 0.08636 fm are listed
for three di↵erent extrapolation methods from Eqs. (B1)-
(B3). The obtained results for the D

⇤
D⇡ coupling con-

stant g ⌘ g(0.08636, 0.280) from di↵erent extrapolations
are in excellent agreement with each other. In the main
text, we adopt the value of 0.517 ± 0.015, which is ap-
proximately 20% smaller than the value used in Ref. [27].

g0 ↵ [GeV�2] � [fm�2] g

Linear 0.561(9) 0.53(13) �16.1(44) 0.517(15)

ChPT-I 0.547(8) 0.24(14) �19.1(45) 0.517(15)

ChPT-II 0.511(8) �0.59(15) �27.6(48) 0.519(15)

TABLE II. The parameters of the considered extrapolations
from Eqs. (B1)-(B3) obtained from best fits to input data,
as described in text, and the extracted values of the coupling
constant g at m⇡ = 0.280 GeV and a = 0.08636 fm.

Appendix C: Systematic uncertainties

In this section, we provide a qualitative discussion of
the systematic uncertainties in the results arising from
variations in the cuto↵ in the regularized potentials and
the inclusion of additional contact terms at O(Q2).

The variation of reduced �
2 values for Fits 1 and 2

is illustrated in Fig. 7 as the cuto↵ ⇤ is gradually in-
creased from 0.6 to 1.2 GeV with a step size of 0.1 GeV.
Note that the reduced �

2 for ⇤ = 0.6 GeV is significantly
larger than for other values. However, this observation
is not surprising, given that the highest energy level in
the fitting data set, corresponding to the A

�
1
(0) irrep for

L = 2.07 fm (see Fig. 2 of the main text), corresponds
to a momentum of approximately 0.56 GeV, which is
only slightly smaller than the chosen cuto↵. When ⇤
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fits. In our Fits 1 and 2, there are three parameters and six
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reduced �
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is varied from 0.7 to 1.2 GeV, Fit 2 demonstrates es-
sentially cuto↵-independent behavior, while the reduced
�
2 for Fit 1 gradually increases. The reason behind this

lies in the fact that in Fit 1, where only one LEC is
employed to fit the data for the 3

P0 partial wave, the
e↵ective range is primarily provided by the regulators,
making the �

2 sensitive to the choice of cuto↵. In con-
trast, Fit 2, with the same number of parameters, ex-
hibits cuto↵ independence because in this case the range
corrections in the 3

P0 channel are naturally driven by the
OPE interactions. Another noteworthy observation from
Fig. 7 is that the reduced �

2 in our pionful Fit 2, involv-
ing three parameters, is smaller than that of the four-
parameter fit using Lüscher quantization conditions and
the ERE in Ref. [23] with the same input for the energy
levels. Indeed, once the OPE is incorporated into the
fits, besides its significant influence in the 3

S1 channel,
the parameter-free long-range physics largely dictates the

<latexit sha1_base64="dsyurLGHwJA7cwZY4+rk1F9CzRU="></latexit>

g ⌘ g(a,m⇡)

Meng,  VB,   Filin,   Epelbaum and Gasparyan  PRD letter 109, L071506 (2024) 

Padmanath and  Prelovsek, PRL 129,032002 (2022) 
<latexit sha1_base64="NPMHJwz+U4O9iZ7rrFyI69cuwUw="></latexit>

m⇡ = 280MeV

/3138

and gD*D𝜋



1.0 1.5 2.0 2.5 3.0

-25

-20

-15

-10

-5

0

ξ = mπ /mπ
ph

R
e(
E
po
le
)[
M
eV

]

1.0 1.5 2.0 2.5 3.0
-30

-25

-20

-15

-10

-5

0

ξ = mπ /mπ
ph

Im
(E
po
le
)[
M
eV

]

Figure 7: Theoretical uncertainty for the Tcc pole position. The bands represent the truncation uncertainty of the chiral expansion for the
Tcc pole position at ⇤ = 700 MeV when the O(Q4) terms in Eq. (14) are included. The green band corresponds to the variation of the
dimensionless constant ↵4 in the range [�1, 1], while the blue band corresponds to the variation of the dimensionless constant ↵̃4 in the same
range. Red solid and dashed lines represent the best fits for ⇤ = 700 MeV and ⇤ = 500 MeV, respectively.

well within the truncation error.

4.1. Comparison to other works

Here, we comment briefly on other lattice calculations
available in the literature and compare them with our re-
sults. In Ref. [18], elastic DD⇤ scattering in S-wave was
investigated. However, the study was limited by using only
a single lattice volume and having only one data point in
the near-threshold region. As a result, no pole position
was extracted. In Ref. [20], the HAL QCD method was
utilized to extract the DD⇤ scattering potential at the
pion mass m⇡ = 146.4 MeV, which was then employed
to calculate the phase shifts above the DD⇤ threshold.
No visible signature from the OPE was observed. Em-
ploying the ERE, the Tcc pole was reported to be a vir-
tual state with k = (�8 ± 8+3

�5
)i MeV corresponding to

Epole = �59
+53+2

�99�67
keV, where the errors represent statis-

tical and systematic uncertainties, respectively. Extrap-
olation of the HAL QCD potential to the physical pion
mass, neglecting three-body and isospin violating e↵ects,
led to a bound state but with a binding energy substan-
tially smaller than in the experiment.

The pion mass m⇡ = 146.4 MeV corresponds to ⇠ ⇡

1.07, with the DD⇡ threshold above the DD⇤ threshold.
Thus the three-body decay is already closed but the system
experiences the left-hand cut from the OPE. The pole in
our approach corresponds to a bound state with: k = (19±

1)i MeV and Epole = �179 ± 25 keV. While our pole is
di↵erent to that of HAL QCD quantitatively, one may still
conclude that the results are conceptually consistent, as a
small modification in the potential is typically su�cient to
shift the pole from a bound to a virtual state.

To summarize, the existence of the OPE is supported by
experimental data at the physical pion mass, particularly
by the width of the Tcc. This width is primarily due to
the hadronic decay of the Tcc to DD⇡, with the strength
of the OPE controlled by the observable D⇤

! D⇡ decay.

A small increase in the pion mass by about 7% does not
change the pion coupling significantly, so the strength of
the OPE at m⇡ = 146.4 MeV remains comparable to that
at the physical point. On the other hand, the e↵ect of the
OPE on the real part of the pole is not so dramatic for pion
masses close to the physical point. Indeed, it follows from
Fig. 6 that for pion masses m⇡ . 230 MeV (⇠ . 1.7), very
precise lattice simulations are required to quantitatively
discriminate between the pure contact and pionful results.
However, the presence of the OPE for m⇡ & 230 MeV
is very clear since the repulsion generated by the OPE
shifts the pole into the complex plane, creating substantial
di↵erences from contact results.

Very recently, a lattice investigation of coupled DD⇤
�

D⇤D⇤ scattering at m⇡ = 391 MeV was presented in
Ref. [19], reporting a sizable coupled-channel e↵ect. Using
the Lüscher method and parameterizations of the coupled-
channel amplitudes while ignoring the OPE, two virtual
states were found: one about 62 MeV below the DD⇤

threshold and the other about 49 MeV below the D⇤D⇤

threshold. By employing a contact theory, we can indeed
obtain a virtual state around 80 MeV below the DD⇤

threshold. However, this state transforms into a resonance
with a substantially di↵erent pole position when the lhc ef-
fect from the OPE is included. Further investigations are
needed to investigate the impact of the lhc on the coupled-
channel transitions and the pole below the D⇤D⇤ thresh-
old.

5. Summary and Conclusions

A chiral EFT approach is utilized to establish a contin-
uous connection between the Tcc pole position at unphys-
ical pion masses from lattice simulations and the physical
world. The e↵ective potential, extended up to next-to-
leading order (O(Q2)), includes three contact terms and

8

Truncation uncertainty of chiral expansion
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Testing chiral truncation uncertainty at mπ = 280 MeV   

⇒ Some effect of the S-D term on phase shifts at larger momenta

●  Additional contact terms 
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FIG. 8. Residual cuto↵ dependence of the 3
S1 (left panel) and 3

P0 (right panel) phase shifts corresponding to the cuto↵
variation ⇤ = 0.7� 1.2 GeV in the pionful Fit 2.
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FIG. 9. Phase shifts in the 3
S1 (left panel) and 3

P0 (right panel) partial waves with an additional 3
S1�3

D1 contact term

V
(2)
cont[

3
S1�3

D1] in Eq. (A18). The notations are the same as those in Fig. 3 of the main text. The legend shows the ERE
parameters and the pole position of the Tcc. Calculations are performed for the cuto↵ ⇤ = 0.9 GeV.

FIG. 10. Phase shifts in the 3
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P0 (right panel) partial waves with an additional 3
P2 contact term V
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in Eq. (A18). The notations are the same as those in Fig. 3 of the main text. The legend shows the ERE parameters and the
pole position of the Tcc. Calculations are performed for the cuto↵ ⇤ = 0.9 GeV.
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⇒ The impact near the threshold and on the pole is minor
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I=0 DD* scattering: Residual cutoff dependence

⇒  very small

●  Cutoff variation from 0.7 to 1.2 GeV
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Dependence on the pion coupling
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FIG. 2. Fits for the OPE potential artificially suppressed by a factor of 1/10 (the left plot) or artificially enhanced by a factor
of 5 (the right plot). The inset in the left panel magnifies the red curve in the vicinity of the lhc branch point. See the caption
of Fig. 3 in the main text for further details. Here only the three data points not a↵ected by the lhc are considered in the fits.

FIG. 3. The behavior of the pole position (left) and the residue (right) of p cot � with the variation of the OPE strength while
keeping the pion mass fixed. Only the central values are shown. The horizontal dashed line in the left panel indicates the lhc.
The data points used in the fits for the artificially suppressed/enhanced OPE potential are the same as Fig. 2.

(within approximately 30%, driven by the pion mass de-
pendence of both f⇡ and g) due to changing m⇡ between
its physical and lattice values provides only a subleading
e↵ect on the dynamics of the system at hand while the
leading e↵ect comes from the position of the lhc branch
point, as given in Eq. (8). Specifically, for m⇡ > �M the
lhc is on the real axis in the energy plane with the lhc
branch point being close to the threshold.

4. Fitting procedure

In this appendix we describe the procedure employed
to fit p cot �(p2) extracted from the lattice data in [21]
using the model described above which explicitly takes
into account the OPE interaction.

In particular, the function p cot �(p2) is related to the
DD⇤ S-wave on-shell scattering T -matrix T (E) as

p cot �(p2) = �
2⇡

µ
T�1(E) + ip, (A16)

where T (E) ⌘ T (MD+MD⇤ +p2/(2µ), p, p) is a solution
of the Lippmann-Schwinger equation (A10).

Since the lattice data points for p cot �(p2) are ex-
tracted using the Lüscher method, their uncertainties
have non-Gaussian shapes, which prevents us from per-
forming a naive �2 fit. Instead, we employ the probabil-
ity distribution extracted for each lattice data point from
[21] and generate 1000 sets of quasi-data points accord-
ing to these distributions. Each generated set (with 3 or
4 data points depending on the fit) is then fitted with
our model by minimizing
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X

i

⇣
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��
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as a function of the parameters c0 and c2, where i enu-
merates the data points used in the fit—see the main
text for the details of the selection procedure of the data
points. The resulting 1000 pairs {c0, c2} are used then
to evaluate the most probable values of these low-energy
constants, p cot �(p2), and the corresponding 68% con-
fidence intervals. The correlations between lattice data
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The data points used in the fits for the artificially suppressed/enhanced OPE potential are the same as Fig. 2.

(within approximately 30%, driven by the pion mass de-
pendence of both f⇡ and g) due to changing m⇡ between
its physical and lattice values provides only a subleading
e↵ect on the dynamics of the system at hand while the
leading e↵ect comes from the position of the lhc branch
point, as given in Eq. (8). Specifically, for m⇡ > �M the
lhc is on the real axis in the energy plane with the lhc
branch point being close to the threshold.

4. Fitting procedure

In this appendix we describe the procedure employed
to fit p cot �(p2) extracted from the lattice data in [21]
using the model described above which explicitly takes
into account the OPE interaction.

In particular, the function p cot �(p2) is related to the
DD⇤ S-wave on-shell scattering T -matrix T (E) as

p cot �(p2) = �
2⇡

µ
T�1(E) + ip, (A16)

where T (E) ⌘ T (MD+MD⇤ +p2/(2µ), p, p) is a solution
of the Lippmann-Schwinger equation (A10).

Since the lattice data points for p cot �(p2) are ex-
tracted using the Lüscher method, their uncertainties
have non-Gaussian shapes, which prevents us from per-
forming a naive �2 fit. Instead, we employ the probabil-
ity distribution extracted for each lattice data point from
[21] and generate 1000 sets of quasi-data points accord-
ing to these distributions. Each generated set (with 3 or
4 data points depending on the fit) is then fitted with
our model by minimizing
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X
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as a function of the parameters c0 and c2, where i enu-
merates the data points used in the fit—see the main
text for the details of the selection procedure of the data
points. The resulting 1000 pairs {c0, c2} are used then
to evaluate the most probable values of these low-energy
constants, p cot �(p2), and the corresponding 68% con-
fidence intervals. The correlations between lattice data

●  The smaller the coupling, the closer the fit is to the ERE
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is controlled by its position and strength (residue)
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Isoscalar vs Isovector: what makes the difference?
2

FIG. 1. (a) The four Wick quark contractions for DD
⇤ scattering with I = 1 and 0. Each contraction is accompanied by

a contraction with the interchange D
+

$ D
0 and D

⇤+
$ D

⇤0; those have equal value and are not shown. (b) The Wick
contraction C2, which di↵erentiates isospin channels I = 0 and I = 1 according to Eq. (1), can get contributions, in particular,
from the exchange of a charged ⇢ meson, while not from ⇡, ⌘ or ! exchanges.

in determining the nature of interactions in the re-
spective isospin sectors. These findings agree with
CLQCD [4] and an extended discussion is presented
in Sec. V.

To preserve charge conservation, the Wick contrac-
tion C2 can phenomenologically only get contribu-
tions from isovector meson exchanges. Moreover,
the exchange of a pseudoscalar P meson would re-
quire a DDP vertex, which is forbidden by parity
conservation. However, the potential for charged ⇢-
meson exchange in this contraction is allowed and is
proportional to the isospin factor ⌧ (1)

· ⌧ (2), where
⌧ (i) is the Pauli matrix in the vertex i

h(DD
⇤)I |⌧

(1)
· ⌧ (2)

|(D⇤
D)IiC2 =

(
�2 ; I =0

2 ; I =1.
(2)

To derive this, we used that the contribution of

⌧
(1)

3
⌧
(2)

3
vanishes for contraction C2, see Appendix C

for details. As the isospin factors in Eq. (2) have
opposite signs, the exchange of the charged ⇢-meson
may play an important role in distinguishing the
two isospin channels within the molecular scenario.

This paper presents a lattice simulation of the ccūd̄

channel with I = 1 at m⇡ ' 280 MeV and is an exten-
sion of our earlier simulations of the I = 0 channel [3, 5]
on the same CLS ensembles. We extract DD

⇤ scatter-
ing amplitude at five values of the charm quark masses
and find only very mild dependence on the charm quark
mass for I = 1. The scattering amplitude is extracted by
employing more than one lattice volume and considering
also non-zero total momenta of the DD

⇤ system. Our
analogous study for I = 0 indicated that Tcc transitions
from a resonance to a virtual state as the charm quark
mass is increased [5]. The largest simulated heavy quark
mass maybe of relevance1 for the channel bcūd̄ that is
currently being investigated by LHCb.

We make significant progress beyond the only existing
lattice study of the isovector DD

⇤ channel, which was

1 The reduced mass of the DD⇤ system for our Set 5 in Table I is
close to the reduced mass of the B⇤D system in Nature.

based on the finite-volume spectra of Ref. [4]. That study
employed the Lüscher method combined with the e↵ec-
tive range approximation, p cot � = 1

a0
+ 1

2
r0p

2, and re-
ported e↵ective range parameters that suggested a bound
state pole just below the DD

⇤ threshold. This would im-
ply the existence of an additional finite-volume eigenstate
slightly below the threshold, which, however, was not
observed in the simulation. Moreover, it is important to
note that two major concerns have recently been raised in
the context of lattice data analyses. First, the e↵ective-
range expansion (ERE) has a limited range of applicabil-
ity due to the left-hand cut (lhc) located slightly below
the DD

⇤ threshold, which arises from an on-shell one-
pion exchange in the u-channel [11]. The second concern
involves the Lüscher method itself, as the recent studies
have highlighted challenges for this method when dealing
with energy levels below left-hand cuts [12, 17–20]. Sev-
eral extensions and alternative approaches have been pro-
posed to address these issues [12, 17, 20–22]. While these
approaches agree on the necessity of explicitly incorpo-
rating the one-pion exchange (OPE), they di↵er in their
technical implementations. Only a few studies [12, 20]
so far applied the framework to actual lattice data. The
chiral e↵ective-field theory (EFT) with explicit pions was
employed in Ref. [12] to address both issues for isoscalar
DD

⇤ scattering in finite and infinite volumes.

Following Ref. [12], we adopt the same EFT approach
in this study to analyze DD

⇤ scattering in the isovector
channel. Specifically, the chiral EFT approach relates
scattering amplitudes with finite-volume energies across
the entire energy region of interest, including along the
left-hand cut. We adjust the contact interactions, which
parameterize the unknown short-range physics, to best
fit our finite-volume energy data. With these parameters
fixed from the lattice spectra, we compute and analyze
the infinite-volume scattering amplitudes near the DD

⇤

threshold. The plane-wave formulation of the approach
allows for a systematic extraction of partial waves con-
tributing to the same finite-volume irreducible represen-
tations (irrep) [23]. In this work, it helps in disentangling
the contributions from S- and P -wave scattering in DD

⇤

channel appearing in the A2 irrep in the P
2 = 1 frame.

In addition, we utilize the conventional Lüscher-based
finite-volume quantization conditions in the partial-wave
basis, which are formally valid only above the left-hand
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Experimentally, the doubly charm tetraquark channel ccq̄q̄ with q=u, d features an exotic hadron,
Tcc, with isospin I=0 near the DD

⇤ threshold, while no peak was observed for I=1. We present a
lattice QCD study of this channel with I=1, JP =1+ and m⇡ ' 280 MeV. Finite-volume energies
calculated across five charm quark masses consistently indicate a repulsive interaction in this channel.
These energies are used to compute the DD

⇤ scattering amplitude using both the standard Lüscher
method and the recently proposed e↵ective-field-theory-based approach in the plane-wave basis,
which incorporates the long-range interactions and the left-hand cut. Both analyses rea�rm the
repulsive interaction resulting in a scattering amplitude that does not feature any poles in the
energy region near the DD

⇤ threshold, in line with LHCb results. We identify that the Wick
contraction resembling t-channel isovector-vector meson exchanges between D and D

⇤ plays a key
role in distinguishing between the I = 0 and I = 1 channels, leading to repulsion in the I = 1 and
attraction in the I = 0 channel.

I. INTRODUCTION

The LHCb collaboration discovered the doubly charm
tetraquark Tcc with flavor ccūd̄ and likely spin-parity
J
P = 1+ [1, 2]. This state manifests itself as a very nar-

row peak in the D
0
D

0
⇡
+ invariant distribution slightly

below the D
0
D

⇤+ threshold, while no narrow signal-like
structure was found up to 4 GeV in the D

+
D

0
⇡
+ chan-

nel related to the I = 1 channel [2]. This implies that
the observed exotic hadron Tcc has isospin I = 0, while
members of the I = 1 triplet ccūd̄, ccūū and ccd̄d̄ have
not been found experimentally.

This work aims at contrasting the doubly charm
tetraquark channels with I = 0 and I = 1 theoretically
using the framework of lattice QCD. Attraction in the
I = 0 channel was already established in lattice QCD
from the DD

⇤ scattering amplitudes [3–6], the HALQCD
potential [7, 8] and the finite-volume energies [9, 10].
In this channel, Tcc appears either as a virtual state
pole [3, 4, 6, 7] or a resonance below threshold [5, 11, 12]
at pion masses heavier than the physical value.

Lattice studies of the I = 1 DD
⇤ channel are more

scarce: Positive energy shifts, suggesting a repulsive na-
ture of interaction, were found for finite-volume energies
evaluated by CLQCD at m⇡ ' 350 MeV [4]. This is
qualitatively consistent with the repulsive DD

⇤ poten-
tial observed using the HALQCD method at m⇡ ' 410�

700 MeV [8]. The potentials with static heavy quarks ex-
clude the possibility of bound states with I = 1 [13, 14]
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which may however not be applicable for ccūd̄, since cor-
rections to the static approximation are expected to be
sizeable in the charm sector.

Let us mention a few possible reasons why I = 0
channel could be naturally more attractive than I =1:

• In the diquark-antidiquark scenario, the light di-
quark [ūd̄]3c with the scalar quantum numbers
I(JP ) = 0(0+) (also referred to as ”good” [15])
has about 200 MeV smaller energy than the vec-
tor diquark with I(JP ) = 1(1+) (referred to as
“bad”) [15, 16]. This favors the existence of the
exotic state [QQ]3̄c [ūd̄]3c with I = 0 over I = 1, at
least if the heavy quark Q is heavy enough.

• In the molecular picture, the di↵erences between
I =0 and I =1 DD

⇤ channels may seem less obvious
since correlation functions in both isospin channels
get contributions from the same set of four quark
Wick contractions shown in Fig. 1a and provided
in Sec. V. These contributions combine in specific
linear combinations for each isospin, namely

h(DD
⇤)I |(DD

⇤)Ii = D � C1 + (�1)I+1(D0
� C2) (1)

(DD
⇤)I = 1p

2
[D0

D
⇤+ + (�1)I+1

D
+
D

⇤0].

As follows from this expression, the terms D and
C1 stay the same for both isospins. The di↵erences
between the two isospin channels result from the
opposite signs in front of the Wick contractions C2

and D
0. Our lattice results, presented in Sec. V,

indicate that the relative contribution from the D
0

contraction with respect to other contractions is
negligible. Thus the contraction C2 plays a key role
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FIG. 9. Contribution of four Wick contractions to the correlation functions of theDD
⇤ system with J

P = 1+. The corresponding
diagrams are displayed in Fig. 1. Both plots correspond to diagonal correlation functions Cii = hOiO

†
i i for total momentum

~P = ~0 and irreducible representation T
+
1 , where the left plot is for the operator OD(0)D⇤(0) and the right one is for OD(1)D⇤(1)

|`=0

(Table IV). The denominators in the ratios are hCDihCD⇤i, where each of the two correlation functions is separately averaged
over gauge configurations. The result is shown for NL = 32, while the one for NL = 24 is very similar (the later was provided
in [24] with a normalization that di↵ers by factor 1/2).

FIG. 10. Sketch of a possible ⇢
0 or ! exchange within the

Wick contraction D.

tracted from finite-volume lattice energy levels based on
the plane wave approach combined with the e↵ective field
theory. This incorporates the one-pion exchange for the
lattice kinematics with m⇡ > mD⇤ � mD. As expected,
the e↵ect of the one-pion exchange is less significant for
the channel with I = 1 than for the previously explored
channel with I = 0.

The separate contributions of four Wick contractions
to DD

⇤ correlation functions reveal that the contraction
denoted by C2 in Fig. 1 plays a key role in distinguishing
the isospin channels. Specifically, it accounts for the re-
pulsion in I = 1 and attraction in I = 0. This suggests
that contributions to DD

⇤ scattering from light-meson
exchanges with isovector-vector quantum numbers (such
as the ⇢-meson exchange) could be significant for the
doubly-charmed tetraquark channel. In the framework
of chiral EFT, this indicates the potentially important
role of isovector-vector two-pion exchange contributions.
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● D’  and C2 contribute to the difference but D’ << C2

● C2: no pseudoscalars because of parity 

charge exchange ⇒ vector isovector contribution  due to  two-pion or rho-exchange 

2

FIG. 1. (a) The four Wick quark contractions for DD
⇤ scattering with I = 1 and 0. Each contraction is accompanied by

a contraction with the interchange D
+

$ D
0 and D

⇤+
$ D

⇤0; those have equal value and are not shown. (b) The Wick
contraction C2, which di↵erentiates isospin channels I = 0 and I = 1 according to Eq. (1), can get contributions, in particular,
from the exchange of a charged ⇢ meson, while not from ⇡, ⌘ or ! exchanges.

in determining the nature of interactions in the re-
spective isospin sectors. These findings agree with
CLQCD [4] and an extended discussion is presented
in Sec. V.

To preserve charge conservation, the Wick contrac-
tion C2 can phenomenologically only get contribu-
tions from isovector meson exchanges. Moreover,
the exchange of a pseudoscalar P meson would re-
quire a DDP vertex, which is forbidden by parity
conservation. However, the potential for charged ⇢-
meson exchange in this contraction is allowed and is
proportional to the isospin factor ⌧ (1)

· ⌧ (2), where
⌧ (i) is the Pauli matrix in the vertex i

h(DD
⇤)I |⌧

(1)
· ⌧ (2)

|(D⇤
D)IiC2 =

(
�2 ; I =0

2 ; I =1.
(2)

To derive this, we used that the contribution of

⌧
(1)

3
⌧
(2)

3
vanishes for contraction C2, see Appendix C

for details. As the isospin factors in Eq. (2) have
opposite signs, the exchange of the charged ⇢-meson
may play an important role in distinguishing the
two isospin channels within the molecular scenario.

This paper presents a lattice simulation of the ccūd̄

channel with I = 1 at m⇡ ' 280 MeV and is an exten-
sion of our earlier simulations of the I = 0 channel [3, 5]
on the same CLS ensembles. We extract DD

⇤ scatter-
ing amplitude at five values of the charm quark masses
and find only very mild dependence on the charm quark
mass for I = 1. The scattering amplitude is extracted by
employing more than one lattice volume and considering
also non-zero total momenta of the DD

⇤ system. Our
analogous study for I = 0 indicated that Tcc transitions
from a resonance to a virtual state as the charm quark
mass is increased [5]. The largest simulated heavy quark
mass maybe of relevance1 for the channel bcūd̄ that is
currently being investigated by LHCb.

We make significant progress beyond the only existing
lattice study of the isovector DD

⇤ channel, which was

1 The reduced mass of the DD⇤ system for our Set 5 in Table I is
close to the reduced mass of the B⇤D system in Nature.

based on the finite-volume spectra of Ref. [4]. That study
employed the Lüscher method combined with the e↵ec-
tive range approximation, p cot � = 1

a0
+ 1

2
r0p

2, and re-
ported e↵ective range parameters that suggested a bound
state pole just below the DD

⇤ threshold. This would im-
ply the existence of an additional finite-volume eigenstate
slightly below the threshold, which, however, was not
observed in the simulation. Moreover, it is important to
note that two major concerns have recently been raised in
the context of lattice data analyses. First, the e↵ective-
range expansion (ERE) has a limited range of applicabil-
ity due to the left-hand cut (lhc) located slightly below
the DD

⇤ threshold, which arises from an on-shell one-
pion exchange in the u-channel [11]. The second concern
involves the Lüscher method itself, as the recent studies
have highlighted challenges for this method when dealing
with energy levels below left-hand cuts [12, 17–20]. Sev-
eral extensions and alternative approaches have been pro-
posed to address these issues [12, 17, 20–22]. While these
approaches agree on the necessity of explicitly incorpo-
rating the one-pion exchange (OPE), they di↵er in their
technical implementations. Only a few studies [12, 20]
so far applied the framework to actual lattice data. The
chiral e↵ective-field theory (EFT) with explicit pions was
employed in Ref. [12] to address both issues for isoscalar
DD

⇤ scattering in finite and infinite volumes.

Following Ref. [12], we adopt the same EFT approach
in this study to analyze DD

⇤ scattering in the isovector
channel. Specifically, the chiral EFT approach relates
scattering amplitudes with finite-volume energies across
the entire energy region of interest, including along the
left-hand cut. We adjust the contact interactions, which
parameterize the unknown short-range physics, to best
fit our finite-volume energy data. With these parameters
fixed from the lattice spectra, we compute and analyze
the infinite-volume scattering amplitudes near the DD

⇤

threshold. The plane-wave formulation of the approach
allows for a systematic extraction of partial waves con-
tributing to the same finite-volume irreducible represen-
tations (irrep) [23]. In this work, it helps in disentangling
the contributions from S- and P -wave scattering in DD

⇤

channel appearing in the A2 irrep in the P
2 = 1 frame.

In addition, we utilize the conventional Lüscher-based
finite-volume quantization conditions in the partial-wave
basis, which are formally valid only above the left-hand

attraction
repulsion

● Consistent with that two-pion exchange for DD* is attractive for I=0 and repulsive for I=1 
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