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Outline

• Motivation and system

• Unified theoretical framework

• Mass hierarchy and channel mixing 

• Universal threshold dynamics in three-body systems

• Exchange symmetry in four-body systems

2



Bound and Resonant Spectra of Few-Lepton Coulomb Systems

• Few-lepton systems as controlled QED analogues of tetraquark systems

- Doubly heavy tetraquark  𝑄𝑄"𝑞"𝑞 𝜇!𝜇!𝑒"𝑒"

- Fully heavy tetraquark     𝑄𝑄 "𝑄 "𝑄	 𝑒"𝑒"𝑒!𝑒!, 𝜇"𝜇"𝜇!𝜇!

• The muon introduces a strong mass hierarchy ( 𝑚! ∼ 207𝑚" ) 

- Compact muonic atoms with enhanced sensitivity to nuclear size and vacuum polarization

- Resonant formation of 𝑑𝑡𝜇#, 𝑑𝑑𝜇# molecules enables muon-catalyzed fusion (μCF)

• Precisely known Coulomb dynamics
- Provides clean benchmarks for few-body methods ( GEM, SVM, …)

Introduction
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Vesman, JETP Lett. (1967)
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Pohl et al., Nature (2010); Jentschura, Ann. Phys. (2011).
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•  Bound-state milestones

- Observation of 𝑃𝑠# (𝑒#𝑒#𝑒&) via Doppler-shifted annihilation γ rays

- Observation of 𝑀𝑢# 𝑒#𝑒#𝜇& in vacuum via moderator emission and beam-foil electron capture

- Observation of 𝑃𝑠' (𝑒#𝑒#𝑒&𝑒&) formation via time-resolved annihilation γ rays

- Observation of the 𝑃𝑠' (𝑒#𝑒#𝑒&𝑒&)  L=1 excited state via laser excitation and subsequent photoionization

• Resonant-state milestones
- Observation of the 𝑃𝑠# (𝑒#𝑒#𝑒&)	 (𝑃) shape resonance via laser photodetachment

- Observation of 𝑑𝑑𝜇∗ resonances probed by high-resolution X-ray spectroscopy

Experimental progress
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Mills, PRL (1981)

Cassidy & Mills, Nature (2007)

Cassidy et al., PRL (2012)

Michishio et al., Nat. Commun. (2016)
Toyama et al., Sci. Adv. (2026)

Harshman et al., PRL (1986); Kuang et al., PRA (1987, 1989)

Experiments have accessed both bound-state spectra and resonances.



Bound and Resonant Spectra of Few-Lepton Coulomb Systems

Muon–nucleus systems

•  Doubly muonic ions: 𝜇"𝜇"𝑋! (𝑋 = 𝑝, 𝑑, 𝑡)

•  Muonic molecular ions: 𝜇"𝑋!𝑌! (𝑌 = 𝑝, 𝑑, 𝑡)

•  Doubly muonic molecules: 𝜇"𝜇"𝑋!𝑋!

Purely leptonic systems

•  trilepton ions: 𝑒"𝑒"𝜇!, 𝑒"𝑒"𝑒!, 𝑒"𝜇!𝜇!

•  tetralepton molecules: 𝑒"𝑒"𝑒!𝑒!, 𝑒"𝑒"𝜇!𝜇!

Systems in this work
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The systems span atomic, molecular, and equal-mass limits
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One Coulomb Hamiltonian, different thresholds
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These two-body levels define every dissociation threshold used below.
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Wave function and symmetry
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• Total wave function:

• Pure Coulomb interaction ⇒ total orbital angular momentum L is conserved.

• Without spin-dependent forces, pair spins are good quantum numbers (e.g.,𝑆!!, 𝑆"", 𝑆"")

- 3-body systems: 𝑆(', 𝐿 ≡ '+!"&(𝐿,

- 4-body systems: 𝑆(', 𝑆-., 𝐿

• Pair spins determine the allowed exchange symmetry of the spatial wave function 𝜒(𝑟)
• Natural parity: 𝜋 = −1 /, 𝐿 = 0,1.
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Complex scaling method (CSM)
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In CSM, the coordinate 𝑟 and its conjugate momentum 𝑝 are transformed as

The complex-scaled Hamiltonian

S. Aoyama, T. Myo, K. Kat.o, and K. Ikeda, 
Progress of theoretical physics 116, 1 (2006)

no longer hermitian, has complex eigenvalues

A method to obtain energies and wave functions of bound and resonant states.

The properties of solutions of the complex-scaled Schrödinger equation (the ABC theorem):

Resonance: 𝐸0 = 𝑀0 − 𝑖𝛤0/2 square-integrable function
𝒓 → 𝒓𝑒!"

2𝜃 > 𝐴𝑟𝑔 𝐸!

Bound states: not change by scaling

Continuum states: start at the threshold, rotate clockwise by 2𝜃

Aguilar:1971ve, Balslev:1971vb

CSM was advocated to derive resonances in many-body systems.

B. Simon, Communications in Mathematical Physics, 27(1): 1–9 (1972)

Avoid mistaking scattering 
states as resonant states
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Explicitly correlated Gaussians with the global-vector representation
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• Variational ansatz: Explicitly correlated Gaussians (ECGs) 

𝛼12: 	𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠, 𝑢1: 	𝑔𝑙𝑜𝑏𝑎𝑙 − 𝑣𝑒𝑐𝑡𝑜𝑟	𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠, 𝐾: 	𝑟𝑎𝑑𝑖𝑎𝑙	𝑓𝑙𝑒𝑥𝑖𝑏𝑖𝑙𝑖𝑡𝑦.

Varga & Suzuki, PRC (1995)• Stochastic variational method (SVM)

Boys, Proc. R. Soc. A (1960); Singer, Proc. R. Soc. A (1960)



Bound and Resonant Spectra of Few-Lepton Coulomb Systems

Extended SVM: explicit cluster configurations
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• Atom–spectator and atom–atom bases describe the asymptotic cluster motion.

• Geometrically spaced intercluster Gaussians 𝑒3#$%&'"
/𝑟4' cover short- and long-range motion.

CSM identifies the pole; ESVM supplies the basis required to stabilize it.

• Random ECGs describe compact and strongly correlated configurations.

Energy minimization alone does not efficiently resolve resonances
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𝜇!𝜇!𝑝：benchmark and new near-threshold resonances
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• 1 bound state + 3 resonances (below 2nd threshold)

• Consistent with correlated–exponential calculation

• Additional resonances predicted by the explicit cluster 
basis

𝑆!! , 𝐿 = 0,0 channel

bound state resonant states

• 𝛥𝐸 < 0.01𝑒𝑉 (bound state),

• 𝛥(𝛤/2) < 0.1𝑒𝑉 (1st resonance)

Liverts & Barnea, Comput. Phys. Commun. (2013)
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• 1 bound state + 9 resonances

• Near one-to-one spectral correspondence

Atomic three-body ions exhibit a near one-to-one spectrum
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𝜇!𝜇!𝑝, 𝜇!𝜇!𝑑, 𝜇!𝜇!𝑡 𝜇"𝑒!𝑒!
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Exchange symmetry pairs S- and P-wave sectors on each BO curve

13

For two identical μ⁺, BO parity, heavy-pair rotation, and spin exchange parity must combine to −1.
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𝑝𝑝𝜇!: narrow BO-like S- and P-wave ladders
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• 2 bound states + 25 resonant states (including 2 newly identified shallow resonances)

• The paired S/P ladders support a BO-like organization
• Widths are below 0.1 eV (our numerical resolution) 

μ-H reference correction scales: 

• vacuum polarization ≈205 meV

• 2S hyperfine splitting ≈23 meV

• nuclear finite-size shift ≈4 meV

Antognini et al., Ann. Phys. (2013)
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• 4 bound states

• 34 resonant states ( including 3 newly identified states)

• The near-threshold spacing is smaller than in 𝑝𝑝𝜇

𝑑𝑑𝜇!: increasing nuclear mass produces a denser spectrum
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• 4 bound states

• 39 resonant states, mostly newly reported

• The resonance sequence is denser than in 𝑑𝑑𝜇

• 𝑝𝑝𝜇 → 𝑑𝑑𝜇 → 𝑡𝑡𝜇: 𝑙𝑎𝑟𝑔𝑒𝑟	𝑛𝑢𝑐𝑙𝑒𝑎𝑟	𝑚𝑎𝑠𝑠 ⇒ 𝑑𝑒𝑛𝑠𝑒𝑟	𝐵𝑂 − 𝑙𝑖𝑘𝑒	𝑠𝑝𝑒𝑐𝑡𝑟𝑢𝑚.

𝑡𝑡𝜇!: the near-threshold ladder is compressed further
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• 4 bound states + 33 resonances (including 11 newly reported)

• The two 𝑛 = 2 rearrangement thresholds are close                              

[𝑡𝜇(𝑛 = 2)]𝑑 and [𝑑𝜇(𝑛 = 2)]𝑡

• Strong channel mixing produces visibly broader poles

17

𝑑𝑡𝜇!: near-degenerate thresholds broaden resonances
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• 2 bound states + 29 resonances (mostly newly reported)

• The two 𝑛 = 2 thresholds [𝑡𝜇(𝑛 = 2)]𝑝 and [𝑝𝜇(𝑛

= 2)]𝑡 are more widely separated than in 𝑑𝑡𝜇"

• Weaker mixing produces narrower poles

𝑝𝑡𝜇!: wider threshold separation suppresses channel mixing
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• 2 bound states + 24 resonant states (mostly newly reported)

• channel composition from [𝑑𝜇(𝑛 = 2)] to [𝑝𝜇(𝑛 = 2)]
• The rms radii provide direct evidence for this structural 

evolution ⇒ 𝑟#$%&' increases and 𝑟($%&' decreases

19

𝑝𝑑𝜇!: the wave function evolves between rearrangement channels
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Double-muonic hydrogen molecules
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• 4-body systems with bound state or resonant states (𝑁$%&'& = 5000, ESVM)
𝜇&𝜇&𝑝'𝑝' (L=0)

bound statesresonant states

…

• 4 bound state + 3 resonances (below n=2 threshold)

• Bound-state energy agrees with GEM (deeper by ∼ 0.4 eV)

• Two previously reported resonances in the [0,0,0] sector become 

more deeply bound in our calculation (by ∼ 60 eV); additional 

resonances are identified
Yang et al., PRA (2025)

Hamahata et al., Hyperfine Interact. (2001)
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Double-muonic hydrogen molecules
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𝜇&𝜇&𝑝'𝑝' (L=0)

ESVM resolves highly excited near-threshold resonances around the [𝑝𝜇(2𝑆) + 𝑝𝜇(2𝑆)] threshold

resonant states

• 4-body systems with bound state or resonant states (𝑁$%&'& = 5000, ESVM)
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Trilepton systems
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𝑒⁺𝑒⁻𝑒⁻: equal-mass ion

𝜇⁺𝑒⁻𝑒⁻: atomic ion

• Both systems support shallow resonances below the n=2 threshold
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Trilepton systems
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𝜇⁺𝜇⁺𝑒⁻: molecular ion

• 6 bound states in both ¹Sᵉ and ³Pᵒ channel

• Approximate BO S/P pairing

• Below Mu(2)+μ⁺: dense Feshbach sequences, including 19 members in ¹Sᵉ and 20 in ³Pᵒ
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Gailitis–Damburg(GD) dipole sequences
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Gailitis & Damburg, PPS (1963); Gailitis, JPB (1982)
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GD sequences are sparse in Ps⁻ and Mu⁻ but dense in Mu₂⁺
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• Ps⁻ and Mu⁻ contain only a few resolvable members 

• The heavy spectator in Mu₂⁺ produces a much denser sequence 

• 𝑠)*+ < 𝑠#*(,-. in 𝑀𝑢₂⁺ 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑒𝑠 𝑓𝑖𝑛𝑖𝑡𝑒	𝑅, 𝑝𝑟𝑒 − 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛𝑠
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bound states

Exchange symmetry removes the [𝑒!𝑒" (1𝑆) + 𝑒!𝑒"(1𝑆)] scattering channel in selected [𝑆#0#0 , 𝑆#1#1 , 𝐿] sectors.

Tetralepton systems

• Pauli-forbidden 𝑃𝑠 1 + 𝑃𝑠 1 channels convert selected states into genuine bound states

• The 1,0,0 bound state appears only when the degenerate 1𝑆 + 2𝑆 and 1𝑆 + 2𝑃 configurations are coupled

• The 0,0,1 state is the first 𝐿 = 1 bound excitation accessed through the near-251 nm E1 transition
Ma et al., Phys. Rev. D 111, 073001 (2025) 

Cassidy et al., PRL 108, 133402 (2012)
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• Exchange symmetry stabilizes a rich bound-state spectrum: Mu₂ supports a rich spectrum of 44 bound levels: 20 S-

wave and 24 P-wave states.

• Heavy 𝜇!motion produces very narrow resonances, as in 𝑀𝑢/!.

Tetralepton systems
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ESVM+CSM
• Unified bound + resonant-state calculations
• Straightforward extension to higher orbital angular momenta 𝐿 > 0

Muon–nucleus Coulomb systems (𝜇(𝜇(𝑋), 𝜇(𝑋)𝑋), 𝜇(𝑋)𝑌), 𝜇(𝜇(𝑋)𝑋))
• Narrow BO-like resonances in homonuclear molecular ions 𝜇#𝑋&𝑋!

• channel mixing broadens heteronuclear resonances 𝜇#𝑋&𝑌&

Trilepton systems (𝑒(𝑒(𝜇), 𝑒(𝑒(𝑒), 𝑒(𝜇)𝜇))
• Degenerate 2S–2P channels generate Gailitis–Damburg sequences through dipole interaction 
• Large mass imbalance produces exceptionally dense S- and P-wave sequences in 𝑀𝑢*)(𝑒(𝜇)𝜇))
Tetralepton systems (𝑒(𝑒(𝑒)𝑒), 𝑒(𝑒(𝜇)𝜇))
• Exchange symmetry can forbid the lowest dissociation channel and stabilize additional bound states 
• mass asymmetry strongly suppresses the widths in Mu₂ (𝑒(𝑒(𝜇)𝜇))

Thanks�for�your�attention!

Summary
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