Workshop on Few-Body Problems in Nuclear and Hadron Physics @|ITP-CAS

Bound and Resonant Spectra of Few-Lepton
Coulomb Systems

Al

Liang-Zhen Wen ((E2Z23%)
Center of High Energy Physics, Peking University

Based on Phys. Rev. A 113, 032815 (2026); arxiv:2608.21901.

Together with Yao Ma (TUM), Zhi-He Shen (PKU), and Shi-Lin Zhu (PKU)

Sep. 24, 2026, Beijing



Outline

* Motivation and system

* Unified theoretical framework

* Mass hierarchy and channel mixing

* Universal threshold dynamics in three-body systems

* Exchange symmetry in four-body systems

Bound and Resonant Spectra of Few-Lepton Coulomb Systems



Introduction

@ A e
@ @ o>
* Few-lepton systems as controlled QED analogues of tetraquark systems

- Doubly heavy tetraquark QQqq <mmmsd " pyTc e

- Fully heavy tetraquark QQQQ 4w c e ete™, u pu utput

* The muon introduces a strong mass hierarchy (m, ~ 207m, )

- Compact muonic atoms with enhanced sensitivity to nuclear size and vacuum polarization

Pohl et al., Nature (2010); Jentschura, Ann. Phys. (2011).

- Resonant formation of dtu~, ddu~ molecules enables muon-catalyzed fusion (UCF) Vesman, JETP Lett. (1967)

tu+ Dy —> [(dtu)dee]”, dty — *‘He +n+ u~ + 17.6 MeV

* Precisely known Coulomb dynamics
- Provides clean benchmarks for few-body methods ( GEM, SVM, ...)
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Experimental progress

- Bound-state milestones
- Observation of Ps™ (e”e~e™) via Doppler-shifted annihilation y rays  Mills, PRL (1981)
- Observation of Mu=(e"e~u*) in vacuum via moderator emission and beam-foil electron capture
Harshman et al., PRL (1986); Kuang et al., PRA (1987, 1989)
- Observation of Ps, (e e~ e*e™) formation via time-resolved annihilation y rays Cassidy & Mills, Nature (2007)
- Observation of the Ps, (e"e"eTe™) L=1 excited state via laser excitation and subsequent photoionization

» Resonant-state milestones Cassidy et al., PRL (2012)

- Observation of the Ps~ (e"e~"e*) 1P° shape resonance via laser photodetachment
Michishio et al., Nat. Commun. (20106)

- Observation of ddu™ resonances probed by high-resolution X-ray spectroscopy Toyama et al., Sci. Adv. (2026)

Experiments have accessed both bound-state spectra and resonances.
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Systems in this work

The systems span atomic, molecular, and equal-mass limits

Muon-nucleus systems
* Doubly muonicions: u=u=X* (X = p,d, t)
» Muonic molecular ions: u=X*Y* (Y =p,d, t)

* Doubly muonic molecules: p~u=X*X™*

Purely leptonic systems
* trileptonions: e”e u", e"e"et, e"utut

- tetralepton molecules: e e ete™, e"e utut

Bound and Resonant Spectra of Few-Lepton Coulomb Systems



One Coulomb Hamiltonian, different thresholds

- Q Q] 1
Q; = *1.
sz
i=1 1<
Muon—nucleus atoms Purely leptonic atoms

State E |eV] Trms [P State E [eV] Frms DM
pu(1S) —2528.49 0.493 Ps(15) —6.8028 0.183
pi(25) —632.12 1.845 Ps(25) —1.7007 0.686
dp(1S) —2663.20 0.468 Ps(2P) —1.7007 0.580
dp(25) —665.80 1.752 Mu(1S) —13.5402 0.092
tp(15) —2711.24 0.460 Mu(29) —3.3851 0.345
tp(25) —677.81 1.721 Mu(2P) —3.3851 0.291
Increasing reduced mass deepens the Degenerate 25—2P thresholds

thresholds

These two-body levels define every dissociation threshold used below.
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Wave function and symmetry

Total wave function:

U= A(xr ® Xs), A : (anti)symmetrization of identical particles.

Pure Coulomb interaction = total orbital angular momentum L is conserved.

Without spin-dependent forces, pair spins are good quantum numbers (e.g.,Spp, SMM, See

- 3-body systems: (S;,,L) = %°12t1[T

- 4-body systems: (S;2, S34, L)

Pair spins determine the allowed exchange symmetry of the spatial wave function y(7)

Natural parity: T = (—=1)%, L =0,1.

¢ ¢

b A

S=0

symmetric spatial state

3) (6

L

S=1

antisymmetric spatial state

)
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Complex scaling method (CSM)

A method to obtain energies and wave functions of bound and resonant states.

In CSM, the coordinate r and its conjugate momentum p are transformed as Avoid mistaking scattering
» iy states as resonant states
Ud)r =re”, U(l)p = pe’

The complex-scaled Hamiltonian

4 p2e—2i0 4 ,
H(0) = Z (mz | szi > + Z Vi (Tijez )

i=1 i<j=1

no longer hermitian, has complex eigenvalues

The properties of solutions of the complex-scaled Schrodinger equation (the ABC theorem):

Imag. (E)

Bound states: not change by scaling ~ /'9V/ar1971ve, Balslevigrive scattering states (6=0)

r - rei® —O—CT ¢ 50 Real (E)
Resonance: Ep = Mp — il /2 26 = 1rg B square-integrable function bound resonance
states

Continuum states: start at the threshold, rotate clockwise by 26 continuum

states

CSM was advocated to derive resonances in many-body systems.

B. Simon, Communications in Mathematical Physics, 27(1): 1-9 (1972) g'r(';%asrsn;: ;I;;;\:I)th,icﬁl ﬁ;gi’cznﬂ g 1Ik292d0a0,6)
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Explicitly correlated Gaussians with the global-vector representation

* Variational ansatz: Explicitly correlated Gaussians (ECGs)Boys, Proc. R. Soc. A (1960); Singer, Proc. R. Soc. A (1960)

- N _ v
o 2K+L - 2 _
(r) = |v| Yiu(v) exp|— E ajj(r; —15)7 ], V= E ;T
orbital motion L 1>) - 1=1
pair correlations
a;i: correlations, u;: global — vector coef ficients, K: radial flexibility.

* Stochastic variational method (SVM)  Varga & Suzuki, PRC (1995)

1. Random ECG candidates 2. Rayleigh-Ritz 3. Select the best 4. Add to basis Compact converged
evaluation candidate and iterate basis

£
Energy

Variational optimization targets bound states
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Extended SVM: explicit cluster configurations

Energy minimization alone does not efficiently resolve resonances

A
7‘3 T
lI’trial — ‘Prandom + ‘Pmolecular R 7’1| = » 7
P — -7 /7 rzzg _ n—1 @ @
molecular = (batom(Tintra)e tnter LM ur;|, Fn =r1d (1) (2) (3)

[
FIG. 2. Molecular configurations for the ddu and pudd systems in
extended SVM.

* Random ECGs describe compact and strongly correlated configurations.

* Atom-spectator and atom-atom bases describe the asymptotic cluster motion.

: : : 2 :
* Geometrically spaced intercluster Gaussians e’inter /1> cover short- and long-range motion.

CSM identifies the pole; ESVM supplies the basis required to stabilize it.
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u-u~"p: benchmark and new near-threshold resonances

(Suu L) = (0,0)channel

20 . ' ' - 1 | |
LSL,“:O, L=OJ [S,J,FO, L=OJ [MP(2S)]p
) [HP(18)lu [Mp(29)p Ui <
_ >y direge A
e * ... — ®
- ... '1 ®
= 5 L Vo s ,
’LIT . e :_2 o
= -20/ o S = ]
§ g -3t i
y : N
-40t o -4
30 55 50 15 10 05 -0°800 -0.775 -0.750 -%725E -ol.(7o\(/) -0.675 -0.650 -0.625
Re(E) [keV] e(E) [keV]
bound state resonant states
* 1 bound state + 3 resonances (below 2nd threshold)
T T AR T * Consistent with correlated—exponential calculation
pp 0,0 -2654.93 2654.93 Liverts & Barnea, Comput. Phys. Commun. (2013)
0,0] 752.54-3.51 -752.60-3.61
0,0 ~637.41-0.2i * AE < 0.01eV (bound state),
0.0 * A(l'/2) < 0.1eV (1st resonance)
pi(25) —632.12 * Additional resonances predicted by the explicit cluster

basis
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Atomic three-body ions exhibit a near one-to-one spectrum

Wupppduptt

system (Sup, L) E [eV]
LD 0,0] -2654.93
ppu(n=1) -2528.49
o0
0,0] -637.41-0.2i
0,0] -632.43
[1,0] -642.21
[1,0] -632.70
0,1] -637.22
0,1] -632.28
1,1] -720.48-0.1i
[1,1] -634.29
pp(n = 2) -632.12
. 0,0] -2802.55
dpu(n=1) -2663.20
0o
0,0] T671.27-0.2i
0,0] -666.11
1,0] -676.66
[1,0] -666.41
0,1] 671.24
0,1] -665.97
1,1] -757.82-0.2i
1,1] -668.01
dp(n = 2) -665.80
pepst 0,0] -2855.68
tu(n = 1) _2711.24
00
0,0] -683.35-0.2i
0,0] -678.12
[1,0] -688.97
[1,0] 678.44
0,1] -683.39
0,1] -677.98
1,1] ~771.20-0.3i
[1,1] -680.05
tp(n = 2) -677.81

ute e

TABLE IV. Complex energies E — iI"'/2 of the u" e~ e~ bound and
resonant states below the second threshold Mu(2) + e, grouped
by the quantum numbers (S12, L) and labeled by the term symbol
251241 ™ Energies are in eV and half-widths I"/2 in meV. “B”/“R”
denote bound/resonant states. An asterisk (*) marks widths that are
not fully #-converged and are only qualitative estimates. In the two
rightmost columns, results from the literature are presented for com-
parison, obtained with the correlated-exponential method [32, 33].

This work Lit.

v type E r/2 E r/2
1s€ (0,0)

0 B —14.2875 0 —14.2875 [32, 33] 0
Mu(1l) + e~ —13.5402

0 R —4.0291  22.695 —4.0288[32] 23.283

1 R —3.4127 1.247 — —

2 R —3.383  0.070* — —
38¢ (1,0)

0 R —3.4419 0.009 — —

1 R —3.3881  0.070* — —
'P° (0,1)

0 R —3.4134 0.019 — —

1 R —3.3856  0.105* — —
SP° (1,1)

0 R —3.8493 2.675 — —

1 R —3.3962 0.064 — —
Mu(2) + e~ —3.3851

®* 1 bound state + 9 resonances

* Near one-to-one spectral correspondence
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Exchange symmetry pairs S- and P-wave sectors on each BO curve

For two identical p*, BO parity, heavy-pair rotation, and spin exchange parity must combine to -1.
25 + 1
Zg

lse ey 3Po Q - Q
O . «
O o9

2Zu+

383 > 1Po
t N o O

O o0

R

P ¥ = "BO (_I)L fspin ¥ = ~-%

NBo : exchange parity of the BO electronic wave function (+1 for g, —1 for u)

(—1)": exchange parity of the heavy-particle rotational wave function

fspin : exchange parity of the u+u+ spin wave function (-1 singlet, + 1 triplet)
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ppu~ . narrow BO-like S- and P-wave ladders

Im(E) [eV]

[Spp, L] E [eV]
20 0,0] 2781.64
|Spp=0, L=0] |Spp=0, L=1 [1,1] -2635.76
107 i pu(n = 1) -2528.49
[Pu(1S)]p [Pu2S)lp | [Pp(1S)lp [Pu(2S)]p 0,0 893.74
Of *doly - ’ |
‘ ‘1 ‘ “ {38} 66108 p-H reference correction scales:
-10¢ . ’. T ° -.: [0,0] -641.13
- o * i [0,0] 63491 ®* yacuum polarization =205 meV
) ‘_ . 0. O -633.00
30! ? ! | | _[m]-T o240 28 hyperfine splitting ~23 meV
> : [1,0] -637.74 . : :
-40¢ __ 1,0] 333,90 nuclear finite-size shift =<4 meV
e . [1,0] -632.68 o
1,0 3220  Antognini et al., Ann. Phys. (2013)
|Spp=1, L=0 |Spp=1, L=1) 0,1] 648.13
101 T 0,1] 645.69
; [PH(13)]p [pu(ZS;f [Pu(1S)]p [pu(fi]{ 0,1] _636.99
[ | 1 ‘ ' 0,1] -633.60
S a o s
. o ° & [1,1] -813.59
201 ° T . | 1,1] -717.91
, : . [1,1] -659.91
-307 - T » ' 1,1] -639.67
q 1,1] -634.37
401t - ' 1,1 -632.80
» (1,1t -632.30
“%0 25 20 5 pu(n = 2) 632.12

10 25 20 45 40 05
Re(E) [keV]

* 2 bound states + 25 resonant states (including 2 newly identified shallow resonances)

* The paired S/P ladders support a BO-like organization
* Widths are below 0.1 eV (our numerical resolution)
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ddu™: Increasing nuclear mass produces a denser spectrum

20 —
10l [de=0, L—_-O] 1 {de=0, L=1] |
[du(1S)]d [du(2S)]d [du(1S)]d [du(2S)]d
ore® iy | :
1 1R \
10} ',' ool H o6
: &% ° o0
20t . oo » -
: : :
30} :
> -40; ! b ;
Q, : '- y
E Saa=1, L=0] | [Saa=1, L=1] |
[du(1S)]d [du(2S)]d [du(1S)]d [du(2S)]d
of { ‘ { @ 3 *“13 ~
-107 : t:__ .: ® -
¢ o > o
° e ° o®
20+t o J '.? '.
30! "._- *q 1
40} : 5
’
030 25 20 15 1.0 25 2.0 15 1.0 0.5

* 4 bound states

* 34 resonant states ( including 3 newly identified states)

®* The near-threshold spacing is smaller than in ppu

Re(E) [keV]

[Saa, L] E [eV]

0(2), 0] -2088.27
[0(2), 0] -2699.04
1,1] -2889.88
1,1] -2665.18
dpu(n =1) -2663.20
0(2), 0] -883.91
0(2), 0] -801.08
[0(2), 0] -738.76
[0(2), 0] -697.59
0(2),0] -678.32
[0(2), 0] -671.06
0(2),0] -668.05
[0(2), 0] -666.76
0(2), 0] -666.21
1,0 ~686.90
1,0] -675.21
1, 0] -669.88
1, 0] -667.56
1, 0] -666.56
1,0] -666.12
0(2), ~688.44

0(2), 1] -685.92
[0(2),1] -674.60
0(2), 1] -669.55
[0(2),1] -667.39
[0(2),1] -666.47
0(2),1] -666.04
[1,1] -877.70
[1,1] -795.98
1,1] -734.51

1,1] -694.78
1,1] -677.07
1,1] -670.47
[1,1] -667.76
1,1] -666.62
1.1 -666.09
dp(n = 2) -66580
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ttu~ : the near-threshold ladder is compressed further

[Stt, L] E [eV]
20 0, 0] 30741
S«+=0, L=0 S+=0, L=1 [0, 0] -2795.0
101 [ } T [ ] I [1,1] -3000.4
[tn(1S)]t [tH(2S)]t [tn(1S)]t [tH(2S)]t [1,1] -2756.4
ore @ g 7 tpu(n =1 -2711.24
\ e S| 1
° * . L
-10¢ ® & T S "
- ° ®
20| : ' ’ e
° . :
-30t ' °
%’ '40 i ’ .;
@ - :
= [Se=1, L=0] | [Se=1, L=1] |
[tu(1S)]t [th(23)]t [tu(1S)]t [th(25)]t
Of —@ 1
t, 171 "~
-10¢t : d 0 4
| . A
-20] : -
: i .
30| -— ;
40/ i :
ol . . . : . . .
-3.0 -2.5 -2.0 -1.5 -1.0 -2.5 -2.0 -1.5 -1.0 -0.5

Re(E) [keV]
4 bound states

39 resonant states, mostly newly reported

The resonance sequence is denser than in ddu

ppu = ddu — ttu: larger nuclear mass = denser BO — like spectrum
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dtu—

. near-degenerate thresholds broaden resonances

L E [eV]
0 -3030.38
30 0 -2746.08
1 -2943.71
201 (150 (L ‘ 1 2711.90
du(1S)]t [du(2S)]t [du(1S)]t [du(2S)]t _ '
of 1 - tu(n = 1) 2711.24
= [tu(1S)]d u(@S)d | [tu(1S)id A lu@s)d. | dp(n =1)  -2663.20
oo @ : ™0 —Q - 1= f -678.
& “ !---.-- g % llll.ll .ll O-|- 67864
g A ! T o
o e -* ® d -
: 6 - ~ § '
£ 20 f Yy d : ":; 11 -678.14
30} . & . E tp(n = 2) -677.81
» LR : 3 ot -666.30 - 0.1i
40} e . ’ > ' of -666.03
50— : - . . M 11 -670.62 - 0.7i
30 25 20 15 1.0 25 20 15 & -10 05 it 668,03 - O.4i
» Re(E) [keV] . pt 666.82 - 0.2i
i -666.82 - 0.
| 4 y it 666.25-0.1i
ol ' T | 11 -665.97
“I (=0 L=1 dp(n = 2) -665.80
ol (@S (@St
[tu(2S)]d « H(2S)]d
— 0.0 * * % T i . .
> "'! 2 '1 ! * 4 bound states + 33 resonances (including 11 newly reported)
= 0.2 T 1 -
—~~ ‘ 'Y
= o4l 2 ° * The two n = 2 rearrangement thresholds are close
B t.. 2
06| -- [tu(n = 2)]d and [du(n = 2)]¢
0.8} o o . Y . .
'° ;| * Strong channel mixing produces visibly broader poles
1880 0.75 070 065 0.75 070 -0.65 20.60

Re(E) [keV]
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Im(E) [eV]

ptu~ . wider threshold separation suppresses channel mixing

Im(E) [eV]

L E [eV]
30 0 -2925.08
20! | =0 1 =1 | 1 -2810.37
tp(n = 1) 2711.24
10! [PH(19)]t [PH(29)]t] [PH(19)]t [PL(2S)]t pu(n = 1) -2528.49
[tH(1S)Jp @S | [(1S)p |
o e ‘ \ :*T | | ‘ tu(n = 2) -677.81
10l " . s -;_.;. ’z. . 0 -659.73 - 0.2i
> ? . £ > @ 0 -642.80 - 0.1i
-20 2 : o > e 0 -636.31 - 0.1i
: . . % 4 0 -633.78
30+ : N 1 .
30 . . L 0 632.78
40} T s X 0 -632.38
s e 1 -658.06 - 0.3i
~0730 25 20 5. -0 25 20 1 -641.91 - 0.2i
y Re(E) [keV] 1 -635.89 - 0.1i
1 -633.59
04} 125 B 1 632.69
00l puSt | PS)It | 1 -032.34
[th(2S)]p [th(2S)]p pp(n = 2) 03212
0.0  * * A oo Y
02! g » ¢ | 1: *1 * 2 bound states + 29 resonances (mostly newly reported)
® o e w
o g
04 g ! g H * The two n = 2 thresholds [tu(n = 2)|p and [pu(n
é o : e
0.6 © z -
. A A ¢ ] = 2)]|t are more widely separated than in dtu~
- i () 1
- © o
_ | S S . i * Weaker mixing produces narrower poles
s
:0.80 -0.75 -0.70 -0.65 -0.75 -0.70 -0.65 -0.60

Re(E) [keV]
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pdu~: the wave function evolves between rearrangement channels

Im(E) [eV]

Im(E) [eV]

30
20l [L=0 L=1
101 [Pr(1S)]d [PH(2S)]d] [Pu(1S)]d [PH(2S)]d
[du(1S)]p Jdu@2S)Ip, | [du(1S)lp [du(28)Ip,
| © el @ : *t‘:—
NI 2 1Y .
104t + - @ N .
. - P o g
: & -8 ® . N
20t »° N % : . 'E'
-30] < » o
. N 1 28 N 1
40} : . o : 3
o N - ® N
N 1 L | o
-50 . - @ - — - L . . PO
3.0 25 2.0 155 1.0 _ 25 2.0 15 = 1.0 0.5
v Re(E) [keV] "
0.4 =0 L=1
02! [PL(29)]d [PL(29)]d
[du(2S)]p [du(2S)]p
¢
-? o ® ‘
-0.2 : * ® ®
¢ 0 g WO
. . :
'0.4' : .
e 0
-0.6 ® ¢ ¢ %
: o
O
0.8 - ; y
‘e | | L
1880 0.75 0.70 0.65 0.75 0.70 0.65 20.60

Re(E) [keV]

L E [eV] rpd o (Pm] gt [pm]  rg [pm]

dp(n = 1) 12663.20

ppu(n=1) -2528.49

dp(n = 2) -665.80

0 -640.77 - 0.51 9.8

0 -635.31 - 0.21 16.4

0 -633.31 - 0.11 26.95

0 -632.57 41.7

pu(n = 2) -632.12

* 2 bound states + 24 resonant states (mostly newly reported)

* channel composition from [du(n = 2)| to [pu(n = 2)]

* The rms radii provide direct evidence for this structural

rms ;

T4, Increases and r,; "> decreases

evolution = " i

Bound and Resonant Spectra of Few-Lepton Coulomb Systems
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Im(E) [eV]

Double-muonic hydrogen molecules

* 4-body systems with bound state or resonant states (N}, ;s = 5000, ESVM)

U uTptpT (L=0)

207 (Suu=0, Spp=0, L=0] | [Su=0, Spp=1, L=0]
10}
[pu(1S)+pu(1S)] [pu(1S)+pu(2S)] [pu(1S)+pu(2S)]
0r® | LA ]
° L e
10} : &t ]
20t
-30¢F 4
bound states
-40¢ ; resonant states -
(Suu=1, Spp=0, L=0] [Su=1, Spp=1, L=0]
10}
0 [PH(1S)+pp(2S)] |  [PH(1S)+pu(1S)] [PH(1S)+pu(2S)]
oo \
10} : 1
-20¢
-30}
40}
@,
Y5 50 45 40 35 50 45 40 35 30

[SuwSppaL] E [eV] Type o’ [pm] oS [pm] e’ [pm] Epench [€V]
0,0,0] -5431.91 B 0.62 0.64 0.81 -5431.5 (28]
ppu(n=1)+pu(n=1) -5056.99

0,0,0 i R 1.4 1.5 1.5 -3370-0.16i [22]
b00 R 18 12 o
0,0,0] R 2.0 2.6 2.1

1,0,0 B 1.4 0.8 1.9 -3406 [22]
0,1, 0] -3554.44 B 1.1 1.2 1.2 -3449 (22
0,1,0 -3296.14 B 1.5 1.9 1.4 -3194 [22
pp(n =1) 4+ pu(n = 2) -3160.62

[0,0,0] -1374.56-10.3i R 4.0 5.1 5.2

pu(n = 2) + pp(n = 2)

-1264.25

Re(E) [keV]

* 4 bound state + 3 resonances (below n=2 threshold)

* Bound-state energy agrees with GEM (deeper by ~ 0.4 eV)

Hamahata et al., Hyperfine Interact. (2001)

* Two previously reported resonances in the [0,0,0] sector become

more deeply bound in our calculation (by ~ 60 eV); additional

resonances are identified

Yang et al., PRA (2025)
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Double-muonic hydrogen molecules

IM(E) [eV]

* 4-body systems with bound state or resonant states (N}, ;s = 5000, ESVM)

10

-5t

13

U uTpTpT (L=0)

5_

O_

[Su=0, Spp=0, L=0]
PH(1S)+pu(2S) PH(1S)+pu(4S) PH(2S)+ppu(2S)
pH(1S)+pu(3S)

* 4 t 9 v

* : e © ' :

® 8 o ) e

. O 2 .

® ® ‘ o:

= Y €] ’. o

SR

Re(E) [keV]

IR V2 T
5 B0 25 20 15

pu(n = 2) + pu(n = 2)

-1264.25

[Sups> Spps L] E [eV] Type Tpu [P Top . [Pm] Ty [pm] Eyench [€V]
0,0, 0] -5431.91 B 0.62 0.64 0.81 -5431.5 (28]
pu(n=1) + pu(n =1) -5056.99

0,0,0 -3433.18-0.4i R 1.4 1.5 1.5 -3370-0.16i [22]
0,0,0] -3321.23-2.51 R 1.6 1.2 2.1 -3259-4.3i [22]
0,0,0] -3186.55-0.9i R 2.0 2.6 2.1

1,0,0] -3430.15 B 1.4 0.8 1.9 -3406 [22]
0,1,0 -3554.44 B 1.1 1.2 1.2 -3449 (22
0,1,0] -3296.14 B 1.5 1.9 1.4 -3194 [22]
pp(n =1) + pu(n = 2) -3160.62

resonant states

ESVM resolves highly excited near-threshold resonances around the [pu(2S) + pu(2S)]| threshold
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Im(E) [eV]

Im(E) [eV]

Trilepton systems

e*e"e”: equal-mass ion

0.4

Ps(3)+e~
Ps(4)+e "

0.2F

o
o
B
) _
’
®
®

Ps(3)+e~

’ <
| ‘\Q\’ L 4
-
—0.4F Ve
‘
—06F ° B=0° \\A ¢
6 =3° \\\ .
—08F ¢ 6=6° N,
A B=09° \\\
—10——g ~6 "y
Re(E) [eV]

QU e e :atomic ion

ute-e” (Mu-)

v type E /2
*8¢% (0,0)

0 B —7.1295 0
Ps(1) + e~ —6.8028

0 R —2.0680 0.576

R — § ]

35¢ (1,0)

§ 2 — 3Y ) 000
1P°(0,1)

) 2 — R [}-{]
SP° (1,1)

0 R —1.9954 1.770
—1.7170 0.226
—1.7014 0.104

| R
2 R

+e

This work Lit.
v type E r/2 E r/2
1s¢(0,0)
0 B —14.2875 0 —14.2875 [32, 33] 0
Mu(1l) + e~ —13.5402
0 R —4.0291 22.695 —4.0288[32] 23.283
1 R —3.4127 1.247 —

2 R -3.3863  0.070 —
38¢ (1,0)

0 R —3.4419 0.009 —
I R —3.3881 0.070* — —

0.4
lee Mu(3)+e~ 3ce Mu(3)+e~ 1m0 Mu(3)+e~
.l (a) 1S Mu (b) °S Mu4)+e-| (C) P Mu(4)+e -
' Mu(l)+e~ Mu(2)+e ™~ Mu(l)+e ™~
0,0—@—#—0—4 - = - - - - =
_oal LA™
\A‘ |
—0.4} \x\‘
\ ¢
-0.6F ( e=0°
=3 ¢
—08 ¢ 0©6=6° \
L B=9° \\ ¢ \ \
_1 0 1 1 \AI | | L1 1 1 | 1 1 1 \I 1 1 e 1 1 1
=16 -14 -12 -10 -8 -6 -4 A 0-16 -14 -12 -10 -8 -6 -4 -2 016 -14 -12 -10 -8 -6
Re(E) [eV] Re(E) [eV Re(E) [eV]

* Both systems support shallow resonances below the n=2 threshold

'P° (0,1)
0 R —3.4134 0.019 - —
SP°(1,1)

\ 2 R49 s
1 R —3.3962 0.064 — —

—3.3851

Mu(2) + e~

Energies are in\e\—/_z'md’half-widths r /é 1n meV.
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Trilepton systems

uu*e”: molecular ion

Mu(3)+u* Mu(3)+u* ) Mu(3)+u™*
1 3 1 3
0.05f (@) °5° mu()+p o (B) 25° mu()+p+p (€) “P° Myt | (d) “P°
Mu(1)4+u* Mu(2)+u * Mu(1)+u* Mu(2)+u* Mu(1)+u*
0.00 —Mro—o—o ° ° (it ) ® ® ® —o ° —o °
N ) by ’\\\
) AN AV o
— —0.05} Lt i R"
— A A
w ‘ "
A A )
E 010} - - - i ’ I ]
e 6=0.0 N N 'Y
B =0.3° A A
—0.15F 0 =0.6° A B B A B A
A 06=0.09° . A A
_0.20 1 1 1 1 1 1 1 |A 1 1 1 1

16 —14 —12 —10 -8 -6 -4 -2 0 -16 —14 -1 —10 -8 -6 -4 -7 0 -16 —14 -1 -10 -8 -6 <-4 -2 0 -16 —14 -1 -10 -8 -6 -7 -7 0
Re(E) [eV] Re(E) [eV] Re(E) [eV] Re(E) [eV]

®* 6 bound states in both 1S® and 3P° channel
* Approximate BO S/P pairing

* Below Mu(2)+p*: dense Feshbach sequences, including 19 members in 'S® and 20 in 3P°
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Gailitis—Damburg(GD) dipole sequences Gailitis & Damburg, PPS (1963); Gailitis, JPB (1982)

Reduced masses

 myme ~ mg(my + mo) Y
HX = ) HR = 9 - -
mi + mo mi + mz + ms px
Dipole coupling at the degenerate n = 2 threshold X(n = 2)
r R
Vaip = —als —3~ & W s 0;
. . @ —9— -Q
Large- R coupled Schrodinger equation .y
induced dipole
— | — wi(R) = Euz R). R>r
zj: [ 2ur dR?  2ugpR*  R? i) () 0 o2 Var(R) ~ —g/R?
Aij — )\z()\z + 1)5@', Dij — QQ3<262|T|2€3>A23
Supercritical channel and GD scaling
__ 9 L . _
Vet (R) = 2 fl?k>4, Sk—\/wk 1 S—m]?XSk-

Bot1 — Bl _ —on/s
|Ev — Ethl
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GD sequences are sparse in Ps”and Mu’ but dense in Mu_*

Lepton three-body dipole series (n=2)

_7F @e e e* (Ps7) " b)ute e (Mu) C @) ptuTe” (Muy)
> ol i i
O
&
—5r - -
~N
4 - _
|
C 3k - -
e
W 2 - _
|> | —— 15¢5=2.52 | — 1S€5=12.09
W | — 35¢5=239 — 35€ 5=12.66
£ Y[— 'P°s=2.04 N — 1p° 5=18.86
| —— 3P°5=2.06 || — 3p° 5=13.26
0 1 0 1 0 1 23 450678 910111213141516171819
Vv Vv
s (fit)
system s (dipole limit)
singlet triplet
Mu (1=0) 220 199 215 * Ps”and Mu" contain only a few resolvable members
Mu~ (L=1) 1.86 1.62 1.68
[ " +
B e < s The heavy spectator in Mu,* produces a much denser sequence
Ps™ (L=1) 2.30 2.04 2.06 * Srir < Sgipolein Mu," indicates finite R, pre — asymptotic corrections
Muz (L=0) 24.97 12.09 12.66
Mug (L=1) 24.93 18.86 13.26

Bound and Resonant Spectra of Few-Lepton Coulomb Systems




Tetralepton systems

etete e~ (Psy)

0.4
Ps(1)+Ps(3) Ps(1)+Ps(3) Ps(1)+Ps(3) Ps(1)+Ps(3)
(a) (0, 0,0) S (b) (1,0, 0) segiend (€)H0504) megesed (d)ia./01) R
0.2F boyeps) Ps(1)+Ps(2) B Ps(1)4+Ps(2) | PS(1)+Ps(2) " ps(1)4+Ps(1) Ps(1)+Ps(2)
0.0 -—@—r—o - - - ‘ ; ' | | : - . s -
< o= ® L R oL T f::%-
2_0.2- Aty | 2 N A > - j_ W ASL A % : A‘A‘ A’i
o~ = A 5
m '?‘ A A Pl ~
~ -0.4F ! N *L- Y =
E A ~ B
B 0=0° . 4
-0.6F ° .
6=3° ‘
-08F ¢ ©6=6° >
6 = go &
_1 o 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 . 1 1 1 1
: -14 =13 =12 -11 -10 -9 -8 -7 =14 -13 -12 -11 =10 -9 -8 -7 =14 -11 -10 -9 -8 -7 =14 =13 -12 -11 -10 -9 -8 -7
Re(E) [eV] Re(E) [eV] Re(E) [eV] Re(E) [eV]

bound states

Exchange symmetry removes the [e "e™ (15) + e ~e™ (1S5)] scattering channel in selected [Sg-¢—, S,+,+, L] sectors.

 Pauli-forbidden Ps(1) + Ps(1) channels convert selected states into genuine bound states

* The (1,0,0) bound state appears only when the degenerate 15 + 2S5 and 1S + 2P configurations are coupled
Ma et al., Phys. Rev. D 111, 073001 (2025)

* The (0,0,1) state is the first L = 1 bound excitation accessed through the near-251 nm E1 transition
Cassidy et al., PRL 108, 133402 (2012)
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Tetralepton systems

putute~e” (Muy)

Mu(l)+Mu(2) Mu(1)+Mu(2) Mu(l)+Mu(2) Mu(1)+Mu(2)
0.1F (a) (0,0,0 - (b) (0,1,0) l - (c) (1,0,0) FRd ) G0
Mu(1)+Mu(1) Mu(1)+Mu(1)
0.0 -.—.—.—.q-' . ’—.-ﬂr W qo—- - - -
> 0.1k L L ok A @
3 01 5 | ]
@ 0.2} ‘ - : : \
£ .
= o3l ¢ ©=00 , i I I
0=0.3°
_04l ¢ e0=06° z L s B
s 0=009°

B R R R R R T R R

01} (e) (1,0,1) MR ,1,1) I (@) (0,0,1) WETEL (h) (0,1, 1) e

Mu(1)+Mu(l) Mu(1l)+Mu(l)

o~ - _
A" ®
p— "$

Im(E) [eV]

J
J

T30 =28 —26 =24 =22 =20 =18 =16 =30 =28 =26 =24 =22 =20 =18 =16 =30 =28 —26 —24 =22 =20 =18 =16 =30 =28 =26 —24 =22 =20 =18 -1¢6
Re(E) [eV] Re(E) [eV] Re(E) [eV] Re(E) [eV]

* Exchange symmetry stabilizes a rich bound-state spectrum: Mu, supports a rich spectrum of 44 bound levels: 20 S-
wave and 24 P-wave states.

* Heavy u*motion produces very narrow resonances, as in Mu; .
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Summary

ESVM+CSM

* Unified bound + resonant-state calculations

* Straightforward extension to higher orbital angular momenta (L > 0)

Muon-nucleus Coulomb systems (v u X7, u X" X", u XY, u u XX

* Narrow BO-like resonances in homonuclear molecular ions u= X*x*

* channel mixing broadens heteronuclear resonances =X Y™

Trilepton systems (e"e u*,e e et e u*tu™)

* Degenerate 25-2P channels generate Gailitis—-Damburg sequences through dipole interaction

* Large mass imbalance produces exceptionally dense S- and P-wave sequences in MuJ (e utu™)
Tetralepton systems (e e efet,e e utu™)

* Exchange symmetry can forbid the lowest dissociation channel and stabilize additional bound states

®* mass asymmetry strongly suppresses the widths in Mu, (e"e u"u™)

Thanks for your 3ttention!
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