
1/37

Ab Initio nuclear scattering and reactions with
high-fidelity chiral interactions on the lattice

Serdar Elhatisari
Gaziantep Islam Science and Technology

University, Gaziantep

Workshop on Few-Body Problems
in Nuclear and Hadron Physics

Institute of Theoretical Physics (ITP)
Chinese Academy of Sciences

September 21-24, 2026 , Beijing, China



2/37

When do we really need ab initio reactions?

Predictive reaction theory beyond the region directly constrained by data.

Nunes et al., Annu. Rev. Nucl. Part. Sci. 70, 147 (2020)
Bernstein et al., Annu. Rev. Nucl. Part. Sci. 69, 109 (2019)

Hebborn et al., J. Phys. G 50, 060501 (2023).

■ Energies we cannot reach

□ Stellar energies can lie far below the Coulomb barrier:
⇒ Direct cross sections may become too small to measure.

■ Nuclei we cannot target

□ Short-lived nuclei cannot always be prepared as targets:
⇒ Neutron-induced reactions have no conventional free-neutron target for
inverse kinematics.

■ Reaction space we cannot map

□ Astrophysics and nuclear-data applications require many isotopes,
energies, and channels:
⇒ Experiment cannot map them all.
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Why go beyond bound-state observables?

Has the Hamiltonian that reproduces nuclear structure been fully tested?

Bound states

□ Energies, radii, spectra,
electromagnetic observables.

□ Probe selected normalizable
eigenstates of the Hamiltonian.

□ Strongly constrain the interaction
around energetically favored
configurations.

⇐⇒ Continuum

□ Phase shifts, resonances, cross
sections and reaction amplitudes.

□ Probe the Hamiltonian away from
bound configurations.

□ Test whether thresholds,
resonances and channel couplings
emerge consistently.

Scattering and reactions provide an independent and often more stringent test
of microscopic nuclear forces.

Johnson et al., J. Phys. G 47, 123001 (2020)
Quaglioni et al., Nucl. Phys. A 1060, 123095 (2025).
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Why chiral EFT?

5/50

Nuclear forces from QCD

Quarks Nucleons Nucleus Atoms Matter
< 10→16 ↑ 10→13 ↑ 10→12 ↑ 10→8 cm

↭ Quantum chromodynamics (QCD) describes the strong forces by
confining quarks (and gluons) into baryons and mesons.

↭ Translating QCD directly into nuclear forces: “effective field theories”
S. Weinberg, Phys. Lett. B 251 (1990) 288, Nucl. Phys. B363 (1991) 3, Phys. Lett. B 295 (1992) 114.
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■ Quantum chromodynamics (QCD) describes the strong forces by
confining quarks (and gluons) into baryons and mesons.

■ At low energy: N = (p, n), π = (π+, π0, π−)
■ Translating QCD directly into nuclear forces:
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Λχ : chiral symmetry-breakdown scale
mu,md,ms → 0 chiral limit

S. Weinberg, Phys. Lett. B 251 (1990) 288, Nucl. Phys. B363 (1991) 3, Phys. Lett. B 295 (1992) 114.
■ Effective theories provide the solution to bridge the gap between QCD

and the nuclear interactions
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Chiral EFT for nucleons: nuclear forces

Chiral effective field theory organizes the nuclear interactions as an expansion in
powers of momenta and other low energy scales such as the pion mass (Q/Λχ).

■ Short distances are not resolved explicitly; they are encoded in contact
operators.

■ Long-range physics: pion exchange.
■ Many-body physics: three- and higher-nucleon forces.Rep. Prog. Phys. 75 (2012) 016301 N Kalantar-Nayestanaki et al
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Figure 4. Hierarchy of nuclear forces in chiral EFT based on Weinberg’s power counting. Solid and dashed lines denote nucleons and
pions, respectively. Solid dots, filled circles and filled squares refer, respectively, to the leading, subleading and sub-subleading vertices in
the effective Lagrangian. The crossed square denotes 2N contact interactions with 4 derivatives.

1 GeV, respectively. A recent review on the methodology and
applications of chiral perturbation theory in the Goldstone–
boson and single-nucleon sectors can be found in [66].

Chiral EFT, however, cannot be directly applied to
low-energy few-nucleon scattering. The strong nature of
the nuclear force that manifests itself in the appearance of
self-bound atomic nuclei invalidates a naive application of
perturbation theory. Weinberg pointed out that the breakdown
of perturbation theory can be traced back to the infrared
enhancement of reducible diagrams that involve few-nucleon
cuts [67, 68]. The irreducible part of the amplitude that gives
rise to the nuclear force is, however, not affected by the infrared
enhancement and is thus accessible within chiral EFT. These
important observations have triggered intense research activity
towards the systematic derivation of the nuclear forces in chiral
EFT and their applications to the nuclear few- and many-body
problem.

It should also be emphasized that an EFT can be
formulated that is only valid at typical momenta well below
the pion mass. This framework allows one to take into
account the unnaturally large NN scattering lengths but loses
the connection with the chiral symmetry of QCD. It has
been used with great success not only for nuclear systems
[69, 14]. This so-called pion-less EFT requires a 3NF in
leading order. The corresponding hard scale is given by
the pion mass and, therefore, intermediate-energy observables
cannot be predicted within this framework. In the following,
we restrict ourselves to chiral EFT.

The EFT expansion of the nuclear force based on
the standard chiral power counting (i.e. assuming that all
operators in the effective Lagrangian scale according to a naive
dimensional analysis) is visualized in figure 4.

It provides a natural qualitative explanation of the
observed hierarchy of two-, three- and more-nucleon forces
with 〈V2N〉 � 〈V3N〉 � 〈V4N〉 . . .. The expansion of the 2NF
has the form

V2N = V
(0)

2N + V
(2)

2N + V
(3)

2N + V
(4)

2N + · · · , (1)

with the superscripts referring to the power of the expansion
parameter Q/�χ . The long-range part of the nuclear
force is dominated by 1π -exchange with the 2π -exchange
contributions starting at next-to-leading order (NLO). The
expressions for the potential up to next-to-next-to-leading
order (N2LO) in the heavy-baryon formulation [70, 71] are
rather compact and have been independently derived by several
authors using a variety of different methods [72–75]. 2π - and
3π -exchange contributions at next-to-next-to-next-to-leading
order (N3LO) have been worked out by Kaiser [76–79] and
are considerably more involved, see also [80]. While the
2π -exchange at NLO and, especially, at N2LO generates a
rather strong potential at distances of the order of the inverse
pion mass [74], the leading 3π -exchange contributions turn out
to be negligible. The N3LO contributions to the 2π -exchange
potential were also derived in the covariant formulation of
chiral EFT [81] by Higa et al [82, 83]. The LECs entering
the pion-exchange contributions up to N3LO are known from
pion–nucleon scattering and related processes [84–86]. We
note that some of them, especially the ones from L(3)

πN , are
presently not very accurately determined. In the isospin
limit, the short-range part of the potential involves 2, 9, 24
independent terms at LO, NLO/N2LO, N3LO, respectively.
The corresponding LECs were fixed from the two-nucleon
data leading to the accurate N3LO potentials of Entem and
Machleidt (EM) [87] and Epelbaum, Glöckle and Meißner
(EGM) [88]. These two potentials differ in the treatment of
relativistic corrections (including the form of the employed
dynamical equation), IB terms and the form of the regulator
functions. There are also differences in the adopted values
of certain pion–nucleon LECs. Finally, EGM provide an
estimation of the theoretical uncertainty by means of the
variation of the cutoffs in some natural ranges. This important
issue is not addressed in [87], where a single excellent
fit to neutron–proton (proton–proton) scattering data with
χ2/datum = 1.10 (χ2/datum = 1.50) in the energy range
from 0 to 290 MeV is given. We refer the reader to [87, 88] for
more details. In figure 5, we compare NN phase shifts obtained
with these models with predictions from phenomenological
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Lattice effective field theory: Why a lattice?

□ Lattice effective field theory is a powerful numerical method formulated
in the framework of chiral effective field theory.

□ Lattice EFT is a regulated EFT, not merely a numerical grid method.

Nucleons

a L

⇒ x = an, n = (nx, ny, nz)

⇒ pmax = π/a

⇒ UV regulator: Λ ∼ π/a

⇒ finite volume: Lphys = La

⇒ finite-dimensional Hilbert space
⇒ direct access to exact

diagonalization and Monte Carlo

Lee, Prog.Part.Nucl.Phys. 63 (2009) 117-154

Laehde and Meißner, Lect. Notes Phys. 957 (2019),

1-396 Springer.
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Chiral EFT for nucleons: NN scattering phase shifts

Rep. Prog. Phys. 75 (2012) 016301 N Kalantar-Nayestanaki et al
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Figure 4. Hierarchy of nuclear forces in chiral EFT based on Weinberg’s power counting. Solid and dashed lines denote nucleons and
pions, respectively. Solid dots, filled circles and filled squares refer, respectively, to the leading, subleading and sub-subleading vertices in
the effective Lagrangian. The crossed square denotes 2N contact interactions with 4 derivatives.

1 GeV, respectively. A recent review on the methodology and
applications of chiral perturbation theory in the Goldstone–
boson and single-nucleon sectors can be found in [66].

Chiral EFT, however, cannot be directly applied to
low-energy few-nucleon scattering. The strong nature of
the nuclear force that manifests itself in the appearance of
self-bound atomic nuclei invalidates a naive application of
perturbation theory. Weinberg pointed out that the breakdown
of perturbation theory can be traced back to the infrared
enhancement of reducible diagrams that involve few-nucleon
cuts [67, 68]. The irreducible part of the amplitude that gives
rise to the nuclear force is, however, not affected by the infrared
enhancement and is thus accessible within chiral EFT. These
important observations have triggered intense research activity
towards the systematic derivation of the nuclear forces in chiral
EFT and their applications to the nuclear few- and many-body
problem.

It should also be emphasized that an EFT can be
formulated that is only valid at typical momenta well below
the pion mass. This framework allows one to take into
account the unnaturally large NN scattering lengths but loses
the connection with the chiral symmetry of QCD. It has
been used with great success not only for nuclear systems
[69, 14]. This so-called pion-less EFT requires a 3NF in
leading order. The corresponding hard scale is given by
the pion mass and, therefore, intermediate-energy observables
cannot be predicted within this framework. In the following,
we restrict ourselves to chiral EFT.

The EFT expansion of the nuclear force based on
the standard chiral power counting (i.e. assuming that all
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dimensional analysis) is visualized in figure 4.
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with the superscripts referring to the power of the expansion
parameter Q/�χ . The long-range part of the nuclear
force is dominated by 1π -exchange with the 2π -exchange
contributions starting at next-to-leading order (NLO). The
expressions for the potential up to next-to-next-to-leading
order (N2LO) in the heavy-baryon formulation [70, 71] are
rather compact and have been independently derived by several
authors using a variety of different methods [72–75]. 2π - and
3π -exchange contributions at next-to-next-to-next-to-leading
order (N3LO) have been worked out by Kaiser [76–79] and
are considerably more involved, see also [80]. While the
2π -exchange at NLO and, especially, at N2LO generates a
rather strong potential at distances of the order of the inverse
pion mass [74], the leading 3π -exchange contributions turn out
to be negligible. The N3LO contributions to the 2π -exchange
potential were also derived in the covariant formulation of
chiral EFT [81] by Higa et al [82, 83]. The LECs entering
the pion-exchange contributions up to N3LO are known from
pion–nucleon scattering and related processes [84–86]. We
note that some of them, especially the ones from L(3)

πN , are
presently not very accurately determined. In the isospin
limit, the short-range part of the potential involves 2, 9, 24
independent terms at LO, NLO/N2LO, N3LO, respectively.
The corresponding LECs were fixed from the two-nucleon
data leading to the accurate N3LO potentials of Entem and
Machleidt (EM) [87] and Epelbaum, Glöckle and Meißner
(EGM) [88]. These two potentials differ in the treatment of
relativistic corrections (including the form of the employed
dynamical equation), IB terms and the form of the regulator
functions. There are also differences in the adopted values
of certain pion–nucleon LECs. Finally, EGM provide an
estimation of the theoretical uncertainty by means of the
variation of the cutoffs in some natural ranges. This important
issue is not addressed in [87], where a single excellent
fit to neutron–proton (proton–proton) scattering data with
χ2/datum = 1.10 (χ2/datum = 1.50) in the energy range
from 0 to 290 MeV is given. We refer the reader to [87, 88] for
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Lattice formulation of chiral EFT

a = 1.32 fm and pmax = π/a = 471 MeV
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The leading three-nucleon force at N2LO

V
(N2LO)
3N = V2π(c1, c3, c4) + V1π-ct(cD) + Vct(cE).

3N contact

cE

+

1π–contact

π

cD

+

2π exchange

π

π

c1, c3, c4

Already constrained

c1, c3, c4

come from pion–nucleon and two-nucleon
physics and also enter the long-range 3N

force.

New 3N LECs

cD, cE

must be constrained using observables in
systems with A ≥ 3.

(cD, cE)
fit to independent few-body data−−−−−−−−−−−−−−−−−−−→ E3H, a

(2)
nd , MGT, E4He, . . .
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Chiral EFT for nucleons: 3NFs

Work Constraints Predictions

NCSM, Barrett et al., Nogga et al. BE of 3H and 4He Spectrum of 6Li and 7Li

NCSM, Navratil et al. 3H, 6Li, 10B, 12C 4He, 6Li, 10,11B, 12,13C

NCSM, Maris et al., Roth et al. BE of 3H and 3H β decay Structures of A = 7, 8. 4He, 6Li, 12C and 16O

CC, Hagen et al. BE of 3H and 3H β decay EoS of nucleonic matter

BMBPT, Tichai et al. BE of 3H and 3H β decay BE of 16−26O, 36−60Ca and 50−78Ni

IT-NCSM, Roth et al.
BE of 3H and 4He, and 3H β de-
cay

BE of 4He, 16O, 40Ca

CC, Roth et al.
BE of 3H and 4He, and 3H β de-
cay

BE of 16,24O, 40,48Ca

SCGF, Cipollone et al.
BE of 3H and 4He, and 3H β de-
cay

BE of 13,27N, 14,28O and 15,29F

AFDMC, Lynn et al.
BE of 3H and n-4He P-wave phase
shifts

EoS of nucleonic matter

MBPT, Bogner et al., Hebeler et al.,
Drischler et al., Wienholtz et al., Si-
monis et al.

BE 3H and Rc of 4He
symmetric and asymmetric NM, BE of 48−58Ca, spectrum of
sd-shell nuclei with 8 ≤ Z,N ≤ 20, BE and Rc of open-
and closed-shell nuclei up to A = 78

NCCI, Epelbaum et al., Maris et al.
BE of 3H, nd spin-doublet scat-
tering length and the pd differential
cross section

the spectrum of light nuclei with A = 3–16, elastic nd

scattering and in the deuteron breakup reactions, properties of
the A = 3, 4 nuclei, and for spectra of p-shell nuclei up to
A = 16, BE and Rc of the oxygen and calcium isotope chains

CC, Carlson et al., Ekström et al.,
Hagen et al.

BE of 3H, 3,4He, 14Li and
16,22,24,25O

Rc and BE of nuclei up to 40Ca, symmetric nuclear matter,
neutron skin of 48Ca, structure of 78Ni

NCSM, IM-SRC, IM-NCSM,
Hüther et al.

BE of 3H and 16O
Rc and BE of 4He, 14−26O, 36−52Ca and 48−78Ni, the
spectrum of 7Li, 8Be, 9Be and 10B

CC, Jiang et al. properties of A ≤ 4 properties of nuclei from A = 16 − 132
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Beyond exact diagonalization: Euclidean-time projection

For larger many-body systems ⇐⇒ Hilbert space grows exponentially.
We need a method that isolates the low-energy states without constructing and diagonalizing the

entire many-body matrix.

Euclidean Time

⟨ψI | |ψI⟩

τ = Ltat τ = 0

□ Define the Euclidean-time evolution operator M = : e−atH :.
□ Construct an initial/final state of nucleons, |ψI⟩, as a Slater determinant of free-particle

standing waves on the lattice.
□ If H|Ψn⟩ = En|Ψn⟩ =⇒ |Ψtrial⟩ =

∑︁
n cn|Ψn⟩, and after Lt Euclidean-time

steps

MLt |Ψtrial⟩ =
∑︂
n

cne
−atEnLt |Ψn⟩.

Since · · · > E2 > E1 > E0 =⇒ lim
Lt→∞

MLt |Ψtrial⟩ ∝ e−atE0Lt |Ψ0⟩
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Auxiliary field Monte Carlo

Use a Gaussian integral identity

exp

[︃
−C

2
ρ2
]︃
=

√︃
1

2π

∫︂
ds exp

[︃
−s

2

2
+

√
−C s ρ

]︃
s is an auxiliary field coupled to the particle density. Each nucleon evolves as if a
single particle in a fluctuating background of pion fields and auxiliary fields.

11/40

Lattice Monte Carlo calculations: Euclidean time projection

⟨ψf | |ψi⟩

τ = at × Lt τ = 0Euclidean-time
2/30

L

a

→ +

: e−
at C

2
ρ2 : : e

√
−at C s ρ :
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Lattice Monte Carlo calculations: Euclidean time projection

□ Start from an initial state |ψI⟩ with the desired quantum numbers.

□ Project with the reference/sign-friendly Hamiltonian HS ⇐⇒ a product of
a string of transfer matrix MS =: exp(−atHS) :,

|ψ(0)
S ⟩ = lim

Lt→∞
M

Lt/2
S |ψI⟩, τ = Ltat.

□ Define the projected amplitudes

M(O) = ⟨ψI |MLt/2
S OM

Lt/2
S |ψI⟩.

□ The ground state energy of non-perturbative Hamiltonian

E
(0)
S =

M(HS)

M(1)
.

□ First-order perturbative higher order correction

VC = Hχ −HS , δE1 =
M(VC)

M(1)
, E1 = E

(0)
S + δE1.

First order needs only the projected state |ψ(0)
S ⟩.
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Euclidean-time projection: Perturbative quantum MC (ptQMC)

□ Estimate the wave function using projection MC via transfer matrices
MS =: exp(−atHS) : and Mχ =: exp(−atHχ) :

|ψ⟩ = lim
Lt→∞

M
Lt/2
S |ψI⟩ = |ψ(0)

S ⟩+ |δψ1⟩+O(V 2
C),

|δψ1⟩ = lim
Lt→∞

Lt/2∑︂
k=1

M
Lt/2−k
S (Mχ −MS)M

k−1
S |ψI⟩.

|δψ1⟩ is the first-order response of the projected state.

□ Second-order perturbative higher order correction

δE2 =
Re

[︂
⟨ψ(0)

S |(Hχ −HS)|δψ1⟩ − δE1 ⟨ψ(0)
S |δψ1⟩

]︂
⟨ψ(0)

S |ψ(0)
S ⟩

,

E2 = E
(0)
S + δE1 + δE2.

No explicit sum over excited states is required.

Lu, Li, SE, Ma, Lee, Meißner, PRL 128, 242501 (2022).
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Perturbative quantum MC (ptQMC)
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Wavefunction Matching

□ Hχ : –severe sign oscillation, –derived from the underlying theory.
□ Hsoft : –tolerable sign oscillation, –many-body observables with a fair agreement.

Can unitary transformation create a new chiral
Hamiltonian which is (first order) perturbation
theory friendly?

H ′χ = U†Hχ U

□ Let |ψ0
χ⟩ be the normalized lowest eigenstate of Hχ.

□ Let |ψ0
soft⟩ be the normalized lowest eigenstate of Hsoft.

UR′,R = θ(r −R) δR′,R + θ(R′ − r) θ(R− r) |ψ⊥χ ⟩ ⟨ψ⊥soft|

A perturbative-friendly Hamiltonian H ′χ
via wavefunction matching → H ′χ = Hsoft + (H ′χ −Hsoft)

SE et al. Nature 630, 8015, 59-63 (2024)
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Ab initio nuclear theory: recent progress in NLEFT
a = 1.32 fm and pmax = π/a = 471 MeV
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Ab initio nuclear theory: recent progress in NLEFT

a = 1.32 fm, and pmax = π/a = 471 MeV
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Ab initio nuclear theory: recent progress in NLEFT

a = 1.32 fm, and pmax = π/a = 471 MeV
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Large-scale GPU programming for
Exascale supercomputer.

Hildenbrand, SE, Meißner, Meyer, Ren, Herten, Bode PRL 136 (2026) 6, 062501
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Ab initio nuclear theory: recent progress in NLEFT

a = 1.32 fm, and pmax = π/a = 471 MeV
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Ab initio nuclear theory: recent results at N3LO

Structure Factors for Hot Neutron Matter:

Sv(q⃗) =
1

L3

∑︂
n⃗n⃗′

e
−iq⃗·n⃗

[︂
⟨ρ̂(n⃗ + n⃗

′
)ρ̂(n⃗

′
)⟩ − (ρ

0
)
2
]︂
,

Sa(q⃗) =
1

L3

∑︂
n⃗n⃗′

e
−iq⃗·n⃗

[︂
⟨ρ̂z(n⃗ + n⃗

′
)ρ̂z(n⃗

′
)⟩ − (ρ

0
z)

2
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Nuclear charge radii of silicon isotopes:
4

FIG. 2. Experimental and theoretical di!erential mean square
charge radii of Si. Only the nuclear lattice calculation pro-
vided an uncertainty which is plotted as a gray band. To-
gether with the DFT calculations using the SVmin functional,
the lattice results agree with the experimental results.

material. Other recent results using nuclear lattice cal-
culations can be found in Refs. [76–78]. The VS-IMSRG
calculations significantly underestimate the nuclear size,
which is an unsolved challenge for most of the ab-initio

calculations of medium and heavy mass nuclei, largely
stemming from the input chiral interactions themselves
[22, 23, 79]. On the other hand, DFT calculations using
the SVmin functional overestimate the radii, while the
NL3* functional yields good overall radii but misses the
experimental trend.

Mirror radii and nuclear matter. Within the DFT
framework, the sensitivity of the mirror charge radii dif-
ference, !Rch = Rp(N,Z)→Rp(Z,N), to L, was found to
be correlated with |N→Z|↑L [8, 12, 13], where N and Z
are the neutron and proton numbers, respectively. This
correlation has already been applied to set constraints
on L in 36Ca-36S, 38Ca-38Ar [80] and 54Ni-54Fe [81] pairs.
Since the nuclear charge radius of 32Ar is known [26], our
measurement of 32Si completes the 32Ar-32Si pair with
|N–Z| = 4. The experimental values are listed in Tab. I,
and yield !Rch = Rch(32Si)→Rch(32Ar) = 0.194 (14) fm.

To illustrate the correlation between !Rch and
L, DFT calculations were performed for 48 Skyrme
energy-density functionals (EDF) [82], and the results
are shown in Fig. 3. The colors in the figure indicate the
assumed values for the neutron skin of 208Pb: 0.12 fm
(red), 0.16 fm (orange), 0.20 fm (green), and 0.24 fm
(blue). These calculations are analogous to those carried
out for the A = 36 mirror pair 36Ca - 36S in [80],
and are described in the supplementary material. The
correlation and our extracted value of !Rch yield a
constraint of L ↓ 60MeV. As a reference, other experi-
mental constraints of L are shown in the figure without
meaning of their y-axis position. These constraints

come from the Pb neutron-skin thickness (PREX II)
[83], the GW170817 binary neutron star merger [84],
the nuclear electric dipole polarizability ωD [85], and
the 36Ca→36S, 38Ca→38Ar, 54Ni→54Fe mirror-pair radii
[80, 81]. Our result agrees well with most of the other
findings. However, the PREX II evaluation from Ref. [83]
indicates a sti”er nuclear EOS. For comparison, our
theoretical results for !Rch and L from lattice and
VS-IMSRG calculations are depicted in Fig. 3. As VS-
IMSRG calculations are not developed yet to calculate
properties of nuclear matter, we used our calculated
charge radii di”erences and literature values of L using
the !N2LOGO and EM1.8 2.0 interactions [25, 73]. The
VS-IMSRG calculations overestimate !Rch, while the
lattice calculations yield a slightly smaller value, mainly
due to an underestimation of Rch(32Ar) compared to
experimental data. The results for L, however, are
in good agreement with complementary calculations
available in the literature, such as Quantum Monte
Carlo [86, 87], energy density functionals [88, 89], chiral
e”ective field theory calculations [5], and a combined
analysis of astrophysical data with PREX II and chiral
e”ective field theory [90]. All of those theoretical results
agree with our experimental constraint of L ↓ 60 MeV.

Conclusions and Outlook. We performed collinear
laser spectroscopy of 28,29,30,32Si by extracting SiO
molecules from the BMIS source which were broken in
the BECOLA RFQ. The nuclear charge radius of 32Si
was determined and provides an essential benchmark
for the development of theoretical models. Our exper-
imental result is in good agreement with ab initio lat-
tice predictions and DFT calculations using the SVmin
functional. In contrast to the results for di”erent re-
gions of the nuclear chart [23, 79], VS-IMSRG calcula-
tions fall short of reproducing the charge radii of sili-
con isotopes. Beyond A = 32, the applied theoretical
models significantly deviate in their trends, motivating
further research of neutron-rich silicon isotopes. The sil-
icon isotopic chain further exhibits unique features that
make these nuclear systems particularly challenging and
attractive for our understanding of the nuclear many-
body problem. Of special future interest is the study of
the suggested “doubly-magic” nuclei 34Si [91] and 42Si
[28, 92], as well as the suggested “bubble” structure in
34Si [29, 30, 93].

The present radius of 32Si, combined with the liter-
ature value of 32Ar, allowed testing the correlation be-
tween the nuclear mirror radii di”erences and the slope
of the symmetry energy of the equation of state of the nu-
clear matter. The result suggests a value of L ↓ 60MeV,
that is in good agreement with constraints obtained from
other mirror pairs [80, 81] and di”erent experimental ob-
servables, such as gravitational waves of the binary neu-
tron star merger [6] and nuclear reactions [94, 95]. Hence,
mirror charge radius measurements provide a comple-
mentary electromagnetic probe to those from accelerator-
based terrestrial experiments and astronomical observa-

Koenig et al., PRL 132 (2024) 16, 162502
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Scattering on the lattice
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Lüscher’s finite volume method:
Lüscher, Comm. Math. Phys. 105 (1986) 153; NPB 354 (1991) 531

p cot δ0(p) =
1

π L

[︃∑︁Λ
n⃗

θ(Λ2−n⃗2)
n⃗2−(Lp/2π)2

− 4πΛ

]︃

Borasoy, Epelbaum, Krebs, Lee, Meißner, EPJA 34 (2007) 185  

Scattering phase shifts from finite volumes 

𝜓ℓ 𝑟 = 𝑁 [cos 𝛿ℓ 𝑝 𝐹ℓ 𝑝 𝑟 + sin 𝛿ℓ 𝑝 𝐺ℓ(𝑝 𝑟)] 

𝑅wall 

Spherical wall method:

R
(p)
ℓ (r) = Nℓ(p)×

{︄
cot δℓ(p) jℓ(p r)− nℓ(p r)

cot δℓ(p)Fℓ(p r) +Gℓ(p r)

Nucl. Phys. A 424, 47-59 (1984), Eur. Phys. J. A 34, 185-196 (2007).
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Two ways to extract scattering phase shifts on the lattice

Lüscher’s method
Keep the periodic cubic box and

calculate its discrete energy spectrum,

En(Lbox).

The periodic-box geometry is encoded in

p cot δ0(p) =
1

πLbox
S(η), η =

(︃
pLbox

2π

)︃2

Therefore,

En(Lbox) −→ pn −→ δ0(pn).

The scattering information is extracted

from the energy spectrum.

Spherical-wall method
Replace the periodic boundary condition

on the relative motion by a spherical wall,

Rℓ(RW ) = 0, RW > Rint.

Rℓ(r) ≃ Ah
(−)
ℓ (pr)−Bh

(+)
ℓ (pr),

with

Sℓ(p) =
B

A
, δℓ(p) =

1

2
arg

(︃
B

A

)︃

Therefore,

ψℓ(r) −→ Sℓ(p) −→ δℓ(p).

The scattering information is extracted

from the radial wave function.
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Ab initio nuclear theory: neutron-alpha scattering at N3LO

a = 1.32 fm and pmax = π/a = 471 MeV
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Scattering and reactions: Adiabatic projection method

□ The method constructs a low energy effective theory for the clusters.
□ Use initial states parameterized by the relative spatial separation

between clusters, and project them in Euclidean time.

|ψRI ⟩ =
∑︂
r⃗

|r⃗ + R⃗⟩1 ⊗ |r⃗⟩2 =⇒ |ψRI ⟩τ = e−H τ |ψRI ⟩

Euclidean Time

⟨ψRI | |ψR′I ⟩
τ = 0 τ = Ltat

□ The adiabatic projection in Euclidean time gives a systematically
improvable description of the low- lying scattering cluster states.

□ In the limit of large Euclidean projection time the description becomes
exact.
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Adiabatic projection method

Euclidean Time

⟨ψRI | |ψR′
I ⟩

τ = 0 τ = Ltat

Hamiltonian matrix

[Hτ ]
J,Jz

R,R′ =
J,Jz
τ ⟨ψR

I |H|ψR′

I ⟩J,Jz
τ

Norm matrix

[Nτ ]
J,Jz

R,R′ =
J,Jz
τ ⟨ψR

I |ψR′

I ⟩J,Jz
τ

[Ha
τ ]

J,Jz

R⃗,R⃗′ =
[︂
N−1/2τ Hτ N

−1/2
τ

]︂J,Jz

R⃗ R⃗′

Pine, Lee & Rupak EPJA 49 (2013) 151.
SE & Lee. PRC 90 064001 (2014).
SE, Lee, Rupak, Epelbaum, Krebs, Lähde, Luu, & Meißner. Nature 528, 111-114 (2015).
SE, Lee, Meißner & Rupak EPJA 52, 6, 174 (2016).

.
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Adiabatic projection: separating dynamics from asymptotics

■ Interaction region: compute the fully interacting A1 +A2 system only in
a box slightly larger than the range of the inter-cluster interaction.

■ Asymptotic region: propagate the two clusters in a much larger volume
with the inter-cluster short-range interaction switched off (long-range
Coulomb retained when present).

■ Match the two descriptions at Rin and impose the spherical wall at Rw.

copy 

�
��

�
�

���

��

Large-volume energy resolution without a large-volume fully interacting
many-body calculation. SE, Lee, Meißner,Rupak. EPJA 52:174 (2016).
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Asymptotic decoupling of the two-cluster dynamics

∆MLt
(R,R′) =

⃓⃓
[Ma

Lt
]R,R′ − [Meff ]R,R′

⃓⃓
.

1 3 5 7 9 11

R
′
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R
  

L
t
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L
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■ The difference is concentrated in the region where the clusters overlap and
interact.

■ Away from this region, the interacting adiabatic transfer matrix approaches
the effective two-cluster transfer matrix:

Ma
Lt

−→Meff .

■ The short-distance many-body dynamics can be matched onto the
large-volume asymptotic propagation with controlled finite-volume effects.

SE, Lee, Meißner,Rupak. EPJA 52:174 (2016).
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Stabilizing the adiabatic Hamiltonian

Ha = N−1/2HN−1/2, N = ODO†, D = diag(λ1, . . . , λM ).

If the norm eigenvalues λα are small ⇒ N−1/2 strongly amplifies poorly resolved
Monte Carlo modes.

Tikhonov regularization
soft suppression

Nκ = N + κAn,

Ha(κ) = N
−1/2
κ HN

−1/2
κ .

□ An projects onto the
least-resolved norm eigenmodes.

□ Lift only the small eigenvalues:
suppress noise without modifying
the well-resolved subspace.

□ Calculate for several κ and
extrapolate κ→ 0.

Norm-mode projection
hard suppression

K = {α : λα > ϵλ1},

Xϵ = OKD
−1/2
K O†K, Ha

ϵ = XϵHXϵ.

□ Retain only the well-resolved
eigenmodes of the norm matrix.

□ Remove nearly-null linear
combinations of radial states.

□ No radial coordinate or radial bin
itself is removed.

Sarkar, SE, Lähde & Meissner, arXiv:2606.28987

Meyer, SE, Hildenbrand & Meissner, arXiv:2607.00681
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Ab initio nuclear scattering and reactions

The radiative capture process p(n, γ)d. 4
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FIG. 4. Comparison of lattice results with continuum results
from Eq. (5) for δ = 0.6, 0.4 and results extrapolated to δ = 0.
In the top panel we show |M| and in the bottom panel we
show the phase angle φ in degrees.

will be discussed in forthcoming publications. In this
study we have demonstrated the second part of the
method using the example of radiative neutron capture
reaction p(n, γ)d at leading order in pionless EFT. We
have shown that extrapolations in the parameter δ are
an effective way to remove finite volume errors in the lat-
tice calculations. We were able to reproduce the known
continuum result for the capture amplitude at infinite
volume with an error of within 2% for the magnitude
and an error of within 4% for the phase angle. These
remaining errors are consistent with the size of the small
discretization errors due to lattice spacing.

This method should be applicable for calculating pho-
tonuclear reaction rates involving many nuclear systems.
This includes halo nuclei with a single valence nucleon.
For example, in 14C(n, γ)15C the carbon-15 nucleus is
a halo nucleus with a neutron separation energy of
only 1.22 MeV. At low energy the incoming state can
be treated as a point-like neutron and a tightly-bound
carbon-14 core in halo EFT [27]. But ab initio lattice
calculations should be able to go well beyond halo sys-
tems. This method could also be applied to more com-
plicated systems such as alpha capture on carbon-12 or
oxygen-16 as occurs in helium burning. We are hopeful
that such systems will studied in the near future using
methods outlined here.
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N − d scattering.
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Ab initio nuclear scattering: alpha-alpha scattering
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Afzal, Ahmad, Ali, Rev. Mod. Phys. 41, 247 (1969)
SE, Lee, Rupak, Epelbaum, Krebs, Lähde, Luu, Meißner, Nature 528, 111-114 (2015)
SE, Lähde, Lee, Meißner, Vonk JHEP 02, 001 (2022)

□ Scattering and reaction processes involving alpha particle are in reach of ab initio methods

□ This also has opened the door towards using experimental data from collisions of heavier
nuclei as input to improve ab initio nuclear structure theory.
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Ab initio nuclear scattering: alpha-alpha scattering at N3LO

■ High-fidelity N3LO interaction reproduces the empirical S- and D-wave
systematics without scattering-specific refitting.

■ The D wave resolves the broad 2+ resonance of 8Be:

ER = 3.25(25) MeV, ΓR = 0.75(25) MeV.

■ Remaining deviations provide new information on the short-range and
three-nucleon interaction.
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Afzal, Ahmad, Ali, Rev. Mod. Phys. 41, 247 (1969)
Sarkar, SE, Lähde & Meissner, arXiv:2606.28987
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Ab initio nuclear scattering: deutron-deutron scattering in the
spin-quintet at N3LO

5S2-wave
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Figure 2: Coulomb-subtracted phase shift of the projected single-channel d + d elastic scattering phase shift for the 5S 2 channel from NLEFT at N3LO in the chiral
expansion with the Tikhonov regularization (green empty diamonds) and with the norm mode projection method (red circles) compared to results from the literature
using different continuum methods. The orange squares are results from a RGM calculation with a Malfliet-Tjon potential, the purple dots are the results presented
in [12] from cluster-reduction method for solving the Yakubovskii equations with the same potential. The blue stars and pentagons are the phase shifts obtained
in [14] and [16] from a R-matrix analysis of Helium-4 data, with a Bonn-based potential in [14] and the Argonne v18 two-nucleon plus Urbana IX three-nucleon
potentials in [16]. The light-green diamonds and green circles are the most recent results presented in [19] from a variational-bound method.

of the adiabatic Hamiltonian to eq. (25) determines this phase
shift.

We extract the phase shifts for all Lt individually and then
extrapolate to infinite Euclidean time. Details for this extrapo-
lation are given in appendix Appendix A.

3. Results and discussion

For the results shown in the following we have used
about 200000 GPU hours on JUWELS and JUPITER at
Forschungszentrum Jülich. For each value of Lt, we perform
several independent Monte Carlo simulations using different
random-number seeds. We treat each independently seeded run
as one statistical block and estimate the uncertainties using a
delete-one-run jackknife. In each jackknife sample, one com-
plete Monte Carlo run is omitted and the full analysis, includ-
ing the construction and regularization of the adiabatic Hamil-
tonian and the extraction of the phase shifts, is repeated us-
ing the remaining runs. The resulting jackknife variance there-
fore includes the run-to-run fluctuations and propagates them
through the nonlinear analysis. The statistical uncertainty esti-
mated within each individual simulation is much smaller than
the variation among the independent runs.

Our results for the 5S 2 phase shift are shown in fig. 2. First,
the results obtained with the two norm-matrix regularization

methods described in section 2.2 agree within their uncertain-
ties. Second, our phase shifts become more negative at in-
creasing momentum than those reported in Refs. [8, 14, 12, 16,
19] corresponding to stronger effective repulsion. The three-
nucleon interactions have only a small effect, and omitting them
makes the phase shifts slightly less negative.

The origin of the differences between our results and those
in the previous literature cannot be identified unambiguously.
As also discussed in Ref. [19], differences in the nuclear in-
teractions and numerical methods are likely to play a role. In
addition, the calculations do not all employ the same channel
space. Refs. [14, 16] include explicit coupled-channel dynam-
ics, whereas the remaining low-energy results shown in fig. 2
primarily correspond to projected S -wave d + d calculations.
Differences in the channel spaces may therefore contribute to
the disagreement with the coupled-channel results, but can-
not by themselves explain the discrepancy with all previous
single-channel or S -wave-projected calculations. Other possi-
ble sources include differences in the two- and three-nucleon in-
teractions, the treatment of Coulomb effects, and the numerical
approximations employed in the different methods. The avail-
able results do not permit these effects to be separated quantita-
tively.

From the phase shifts we extract the Coulomb-modified scat-
tering length and the effective range for the 5S 2 channel, 5add

5

Meier, Glöckle, Phys. A 255 (1975) 21–34.
Carew, Phys. Rev. C 103 (1) (2021) 014002.
Hofmann, Hale, Phys. Rev. C 77 (2008) 044002.
Hofmann, Hale, Phys. A 613 (1997) 69–106.
Filikhin, Yakovlev, Phys. Atom. Nucl. 63 (2000).
Meyer, SE, Hildenbrand & Meissner, arXiv:2607.00681

■ Tikhonov regularization and norm-mode projection give consistent phase shifts.
■ Coulomb-modified effective-range parameters:

5
add = 12.96(26) fm,

5
rdd = 3.62(79) fm.

■ Present calculation: projected single d + d 5S2 asymptotic channel.

Next step: =⇒ d + d←→
{︃

n + 3He,

p + 3H.
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Ongoing: constraining the 3N interaction with n− α scattering
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Partial-wave-resolved three-nucleon contact interactions: a pair of nucleons is
projected onto a definite two-nucleon partial wave and the third nucleon couples to

this pair through the scalar–isoscalar density ρ(d)(n⃗).

V
(d)
3N,α = D(d)

α

∑︂
n⃗

:OPW
α (n⃗) ρ(d)(n⃗) : ,

The pair operator is specified by α = {I, S, J, Li, Lf , ni, nf} .
work in progress.
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Ongoing: constraining the 3N interaction with n− α scattering

Improved 2P3/2 and 2P1/2 splitting with recently used V (d)
3N,α interactions on the lattice.
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Summary and outlook

■ High-fidelity nuclear interactions on the lattice
Wavefunction matching makes realistic chiral interactions at N3LO accessible
to many-body lattice Monte Carlo calculations on a fine lattice.

■ The continuum provides a new and stringent test
n–α scattering demonstrates the sensitivity of P -wave resonances and
spin-orbit splitting to the three-nucleon interaction.

■ Composite-cluster scattering is becoming quantitatively accessible
Adiabatic projection, finite-to-large-volume matching, and controlled
norm-matrix regularization enable high-fidelity α–α and d–d calculations.

■ Recent results
N3LO α–α scattering reproduces the empirical S- and D-wave systematics,
while the first NLEFT d–d calculation establishes a benchmark for the 5S2

channel.

■ Next step: from elastic scattering to reactions
Extend the same microscopic framework to coupled channels,

d+ d↔ {n+ 3He, p+ 3H },

neutron-induced reactions, and radiative capture.


