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Three tales, one theme

-condensatesα cluster EFT

shallow  
potentials

2α
DB, PRC, accepted (2026)

Motivation 1: Improve a classical 
work on -condensates.α

Motivation 2: Generalize 
cluster EFT from  to . 2α Nα

Motivation 3: Understand 
the physical meaning of 
shallow  ground states 
predicted by shallow  
potentials. 

Nα
2α
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-condensatesα
Tohsaki, Horiuchi, Schuck, and Röpke (THSR, 2001+):  
• There exists a family of dilute  states in the spectrum of -conjugate 

nuclei;  
•  as “band head”, large spatial extent, slightly above the  threshold, 

dominated by  configurations; 
• Named as -condensates under the inspiration of BEC.

Nα α

0+ Nα
Nα

α

 thresholdNα
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-condensate candidates: 
• The  state of , 0.9184 MeV above the  threshold; 
• The  state of  (the Hoyle state), 0.3795 MeV above the  

threshold; 
• The  state of , 0.66 MeV above the 4  threshold; 
•

α
0+

1
8Be 2α

0+
2

12C 3α

0+
6

16O α
⋯

Yamada & Schuck (YS, 2004) predicted the existence of 
-condensates up to around , based on the  model: 
•  clusters as bosonic structureless particles; 
• Phenomenological  (and ) interactions; 
• The  system is solved by the Gross-Pitaevskii equation, a mean-

field method, with  interactions soften deliberately. 
• The dilute  states identified as the lowest quasi-bound states 

within the Coulomb barriers. 

α
40Ca Nα

α
2α 3α
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How to identify -condensate candidates experimentally? 
• Exploring its multi-  decay properties. 
•

α
α

⋯

The Hoyle state: direct  decay 3α

The  state of :  
• decay to  vs ; M. Barbui et al., Phys. Rev. 

C 98, 044601 (2018).

0+
6

16O
α + 12C(0+

2 ) 8Be(0+
1 ) + 8Be(0+

1 )
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Cluster Effective Field Theory
For dilute  systems,  
•  clusters as relevant degrees of freedom, described by the scalar field . 

• UV scale: set by the pion mass & the first excited state of , 

. 

• IR scale: the intercluster momemtum 

 

• The EFT Lagrangian is organized in powers of , systematic 
expansion, uncertainty quantification. Following Higa, Hammer, and 
van Kolck (2008), promoting  to LO,

Nα
α Φ

4He
Λb ∼ mNE∗

α ∼ mπ ≃ 140 MeV/c

Q ∼ kR = 2μER ( ≃ 20 MeV/c for 8Be GS) ⇒ Q/Λb ≃ 1/7.
Q/Λb

(Q/Λb)2

ℒLO = −
1

16π
FμνFμν + Φ† (iDt +

D2

2mα ) Φ

−C̃0(Φ†Φ)2 − C̃2 [(Φ†Φ)(Φ†D2Φ) + h . c . ] .
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In Higa, Hammer, and van Kolck (2008), cluster EFT is applied 
to the  system, the ground state (GS) of  and the -  
scattering, in terms of the dimer language.

2α 8Be α α

ℒ = −
1

16π
FμνFμν + Φ† (iDt +

D2

2mα ) Φ + σd† (iDt +
D2

4mα
− Δ) d

+g[d†ΦΦ + (ΦΦ)†d]

Q: How to generalize cluster EFT to the  system? Nα
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 system from cluster EFT2α
Difficult to generalize the QFT treatment of Higa et al. (2008) to the 

 system; instead, the QM language is adopted by deriving effective 
potentials of  clusters from the cluster EFT Lagrangian, 
Nα

α

V(N)
2α = ∑

1≤i<j≤N

C0 exp(−r2
ij /a

2
2) + C2r2

ij exp(−r2
ij /a

2
2) +

4e2

rij
.

• : the Gaussian parameter for regularization; 2, 2.2, 2.4 fm;  
smaller  will hit the Wigner bound. 

• , : low-energy coefficients determined by fitting the ground-state 
energy and decay width of  and phase shifts of low-energy -  
scattering.

a2 a2 =
a2

C0 C2
8Be α α
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WF of  GS8Be

decay width of  GS8Be

-  scatteringα α

shallow  potential2α
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Notably, the Italian group reported their efforts to generalize cluster EFT 
to  and  systems in E. Filandri et al., PRC (2025).3α 4α

Our work differs significantly in how it treats the consequences the 
consequences of shallow  potentials.2α
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Shallow  potentials2α
Shallow: the physical GS of  as 
the lowest state within the Coulomb 
barrier, similar to the Ali-Bodmer 
potential; in contrast to the Buck-
Friedrich-Wheatley potential

8Be

shallow  potential2α

VBFW = v0 exp(−ρ0r2) +
4e2

r
erf(βr)

which supports also unphysical Pauli forbidden states.

• When applied the  system, shallow  potentials lead to a 
shallow ground state of the  system, typically ~ 1-3 MeV 
beneath the  disintegration threshold.  

• In comparison, the physical GS of  is 7.275 MeV beneath the 
 threshold.

3α 2α
3α

3α
12C

3α



Add a positive  potential to push up the lowest  state to the 
physical Hoyle state of , decoupling the GS and  states from 
the model space; proposed by YS and inherited by our work.

3α 0+

12C 2+
1

12

Add a negative  potential to pull down the lowest  state to the 
physical GS of ; different  potentials for different spin-
parities; adopted by the Italy group.

3α 0+

12C 3α
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 potential3α
By pushing up the lowest  state to the Hoyle state, -cluster EFT is 
proposed to be an EFT specialized for -condensates, excluding compact 
states of -nuclei.

0+ α
α

Nα

Assume the  interaction3α

V(N)
3α = ∑

1≤i<j<k≤N

D0 exp [−(r2
ij + r2

jk + r2
ki)/b2

3],

with  and  determined by fitting the resonant energy of 
the Hoyle state.  

b3 = 5.0 fm D0

Meanwhile, the physical GS of  has its characteristic momentum  12C
Q ∼ 130 MeV ∼ Λb ⇒ Whether cluster EFT is applicable to GS?
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Stochastic variational method + real scaling method 
The Schrödinger equation of the  system is solved by the bound-state 
approach to few-body resonant states; the -condensates are narrow 
resonances. 
• Stochastic variational method (SVM): the -condensates as quasi-bound 

states located within the Coulomb barriers, (Varga & Suzuki, 1995)

Nα
Nα

Nα

ΦN =
K

∑
k=1

ck ϕk(ξ), ϕk(ξ) = 𝒮 exp −
1
2

N−1

∑
i,j=1

A(k)
ij ξi ⋅ ξj ,

where  are the Jacobi coordinates.ξ = (ξ1, ⋯, ξN−1)

• Real scaling method (RSM): Hiyama (2006), the stabilization method, identify 
the true resonant states from discretized continuum states generated by SVM

ξ1

ξ2 ξ3

ξ1

ξ2 λξ3

scale  by ξN−1 λ > 1
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Reduced width amplitude + R-matrix theory
Reduced width amplitude (RWA)

y(r) =
N!

(1 + δm,N−m)(N − m)! m! ⟨ δ(r − rrel)
r2
rel

[ΦN−m ⊗ Φm ⊗ Y00( ̂rrel)]0+
ΦN⟩

rrel
∼

R-matrix theory

Γ = 2P0(kach) γ2(ach), γ2(ach) =
ℏ2

2μach
[u(ach)]2 =

ℏ2ach

2μ
[y(ach)]2,

P0(kach) =
kach

F2
0(η, kach) + G2

0(η, kach)
, k =

2μErel

ℏ
, η =

Z1Z2e2μ
ℏ2k

.
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SVM calculations
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RSM calculations
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Main table + self-consistency check
Main table

Energies and charge radii have weak dependence on the regularization 
parameter   some kind of universality (limited by the Wigner bound).a2 ⇒

Self-consistency check of diluteness

ρ̄eff =
4N

(4π/3)R3
eq

, Req =
5
3

Rch

ρ̄eff

ρ0
≃ 0.21, 0.12, 0.07 for 3α, 4α, 5α,

where  is the nuclear saturation density.ρ0 = 0.16 fm−3
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 system3α
the Hoyle state → α + 8Be(0+

1 )

RWA

The decay width is ; the experimental decay with is 9.3(9) eV.Γ ∼ 6.4 eV
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4  systemα
(a) 4α → 12C(0+

2 ) + α (b) 4α → 8Be(0+
1 ) + 8Be(0+

1 )

Experimental conflict on the decay branching ratio of : 
• M. Barbui et al. (2018):  
• J. Bishop et al. (2019): may suggest  
• J. Chen et al. (2023): “Unfortunately, the cluster-decay measurements for the 

15.1 MeV ( ) state in  have been unsuccessful despite numerous experimental 
efforts made over the past two decades.”

16O(0+
6 )

Γ(Be)/Γ(Hoyle) = 1 ± 0.7
Γ(Be) ≪ Γ(Hoyle)

0+
6

16O
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Exp data from Bishop et al. (2019)
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5  systemα
(a) 5α → 4α + α (b) 5α → 12C(0+

2 ) + 8Be(0+
1 )
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More on the 3  system (preliminary)α
Excitations of the Hoyle state:  
•  [ ], 2.76 MeV above  threshold.12C(2+

2 ) (Ex, Γ) = (9.87 MeV, 0.85 MeV) 3α

With cluster EFT interactions, 

E(2+)
2.73 − 1.49i
2.63 − 1.45i
2.54 − 1.40i

Resonant energies comparable to the exp value, while decay widths 
3.5-3.7 times larger; . No other resonant states well below .Q/Λb ≃ 0.6 Λb

Direct  decay vs sequential decay (SD) from the Hoyle state3α
• SD: branching ratio  
• Direct: DDL , DDE  
• Exp: Direct 

≈ 99.923 %
≲ 0.02 % ≲ 0.002 %
< 0.047 % (0.00057 % , model dependent)
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Summary
Cluster EFT as an EFT specialized for -condensates. 
• -condensates as the lowest quasi-bound states located within 
the Coulomb barriers. 

• Reasonable descriptions of -condensate candidates. 
• Weak dependence on regulators. 
• A natural starting point for further exploration of the triple-  
reaction and dilute -matter based on cluster EFT.

α
α

α

α
α


