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Chiral EFT is a systematic tool for 
derivation of nuclear forces  
below pion-production threshold
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eventually exceed the speed of light. Surprisingly, this limit carries
over into general relativity (GR), but in addition, GR predicts a
number of further constraints on compactness. Besides the addi-
tional limit imposed on the mass, GR also predicts that the mea-
surement of any neutron star mass leads to a limit on the
maximum density inside any neutron star, and is thus a limit to
the ultimate energy density of cold, static, matter in our universe.

Einstein’s equations form the equation of hydrostatic equilib-
rium, also known as the Tolman–Oppenheimer–Volkov (TOV)
equation in GR:

!p0ðrÞ
qðrÞ þ pðrÞ

¼ mðrÞ þ 4pr3pðrÞ
rðr ! 2mðrÞÞ

: ð1Þ

Here, p is the pressure, q is the mass-energy density and m(r) is the
mass interior to the radius r. From thermodynamics, if there is uni-
form entropy per nucleon, the first law gives d(q/n) = !pd(1/n)
where n is the number density. If e is the internal energy per nu-
cleon and mb is the nucleon mass), we have q = n(mb + e). Since
p = n2de/dn, dn = dq/h, where h = (q + p)/n is the enthalpy per nu-
cleon or the chemical potential.

The total number of nucleons in the star, N, is not M/mb due to
the binding energy which represents a decrease of the gravitational
mass. The nucleon number is
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The binding energy BE = Nmb !M. can be approximated (Lattimer
and Prakash, 2001) as

BE=M ’ 0:6b=ð1! 0:5bÞ; ð3Þ

shown in Fig. 2 along with various EOS’s and analytical solutions.

The moment of inertia of a star in the limit of a small rotation
rate X is obtained from the expression
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where !x is a solution of

d r4j
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dr
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Fig. 1. Internal structure of a neutron star. Top band illustrates potential geometric transitions from high density uniform matter to low density spherical nuclei. Superfluid
aspects of the crust and core are shown in insets.

Fig. 2. Binding energy per unit mass of neutron star models. Key to EOS’s is in
(Lattimer and Prakash, 2001). The thicker curves with larger text symbols represent
various analytic solutions. The yellow shaded band indicates approximation. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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Nuclear χEFT in the Precision Era Evgeny Epelbaum
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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Adjustable Parameters in NN
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Couplings of short-range interactions are fixed from NN - data

LO [Q0]:
NLO [Q2]:

N3LO [Q4]:

2 operators (S-waves)
+ 7 operators (S-, P-waves and ε1)

+ 12 operators (S-, P-, D-waves and ε1, ε2) 
N4LO [Q5]: + 5 IB operators

N2LO [Q3]: no new terms

N4LO+ [Q6]: + 4 operators (F-waves) 

# of adjustable LECs = 25 IC + 5 IB + 3 𝛑N constants = 33 parameters

Summary on NN
Employed a Bayesian approach to account for statistical and systematic uncertainties

Extracted 𝛑N couplings from NN data within chiral EFT

Achieved a statistically perfect description of NN data
𝛘2/dat = 1.005 for ~5000 data in the energy range Elab = 0 - 280 MeV

Reinert, HK, Epelbaum PRL126 (2021) 092501



Beyond Two-Body System
Maris et al. (LENPIC) PRC103 (2021) 054001; PRC106 (2022) 064002
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´s are extracted from solutions of Roy-Steiner equation  
 in pion-nucleon scattering: Hoferichter et al. PRL115 (2015) 192301
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Sekiguchi et al. PRC65 (2002) 034003

       Systematic overbinding removed for NN at N4LO+

P. MARIS et al. PHYSICAL REVIEW C 103, 054001 (2021)
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FIG. 6. Order-by-order 3 α breakup threshold of 12C. Error bars
indicate the NCCI extrapolation uncertainties only.
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FIG. 7. Comparison of ground-state energies of p-shell nuclei
between chiral EFT calculations at N2LO and experiment. All re-
sults shown are for α = 0.08 fm4 and error bars indicate the NCCI
extrapolation uncertainties only.

TABLE V. ground-state energies of p-shell nuclei, excluding
mirror nuclei, at N2LO including 3NFs with SRG α = 0.08 fm4,
together with the deviations from the experimental values. Quoted
uncertainties are the extrapolation uncertainties only. Energies and
cutoffs are in MeV. Experimental values are from Ref. [64].

AZ(Jπ , T ) N2LO(450) N2LO(500) Expt. (MeV)

4He(0+, 0) −28.527(2) −28.630(2) −28.296
+0.231(2) +0.334(2)

6He(0+, 1) −29.04(7) −29.21(6) −29.27
−0.23(7) −0.06(6)

6Li(1+, 0) −32.04(6) −32.29(4) −31.99
+0.05(6) +0.30(4)

7Li( 3
2

−
, 1

2 ) −39.39(6) −39.73(6) −39.24
+0.15(6) +0.49(6)

8He(0+, 1) −30.4(2) −30.9(2) −31.41
−1.0(2) −0.5(2)

8Li(2+, 0) −41.23(16) −41.85(15) −41.28
−0.05(16) +0.57(15)

8Be(0+, 0) −56.5(3) −57.0(3) −56.50
0.0(3) +0.5(3)

9Li( 3
2

−
, 3

2 ) −45.14(16) −46.18(16) −45.34
−0.20(16) +0.84(16)

9Be( 3
2

−
, 1

2 ) −58.82(21) −59.73(16) −58.16
+0.66(21) +1.57(16)

10Be(0+, 1) −66.5(5) −67.5(4) −64.98
+1.5(5) +1.5(4)

10B(3+, 0) −66.4(4) −68.4(4) −64.75
+1.7(4) +3.7(4)

11B( 3
2

−
, 1

2 ) −79.8(4) −82.3(4) −76.21
+3.6(4) +6.1(4)

12B(1+, 1) −84.8(4) −87.5(4) −79.58
+5.2(4) +7.9(4)

12C(0+, 0) −98.7(4) −101.8(4) −92.16
+6.5(4) +9.6(5)

13B( 3
2

−
, 3

2 ) −92.8(5) −95.4(5) −84.45
+8.4(5) +11.0(5)

13C( 1
2

−
, 1

2 ) −108.3(4) −112.2(4) −97.11
+11.2(4) +15.1(4)

14C(0+, 1) −120.1(4) −123.9(4) −105.28
+14.8(4) +18.6(4)

14N(1+, 0) −121.4(4) −125.6(4) −104.66
+16.7(4) +20.9(4)

15N( 1
2

−
, 1

2 ) −135.1(5) −138.9(5) −115.49
+19.6(5) +23.4(5)

16O(0+, 0) −149.1(7) −153.2(1.0) −127.62
+21.5(7) +25.6(1.0)

and the discussion in the next section. Also, the assumed value
for the expansion parameter may be too optimistic for heavier
nuclei. This is, e.g., indicated by the spread between the (obvi-
ously correlated) predictions for the ground-state energies for
# = 450 and 500 MeV in Fig. 7, which can serve as a mea-
sure of the N2LO truncation errors (at some low confidence
level) and appears to show a clear tendency of increasing with
growing values of A. Extending the calculations to N3LO will
allow us in the future to perform a more reliable and elaborate
estimation of the truncation uncertainty.
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FIG. 11. Excitation energies of low-lying states in 12C with SMS
interactions from NLO (gray) to N4LO+ (purple) with ! = 450 MeV
(left-hand panel) and ! = 500 MeV (right-hand panel), both using
α = 0.08 fm4. Error bars and bands are the same as in Fig. 9.
Horizontal lines show the experimental excitation energies.

on the ground-state energies and point-proton rms radii for
the even oxygen isotopes and explore the systematics and
uncertainties of these observables for different chiral orders
and cutoffs along the lines of the previous section.

For the ab initio solution of the many-body problem in
this mass range, we employ the in-medium no-core shell
model (IM-NCSM), which is a hybrid approach based on
a multireference in-medium similarity renormalization group
(IM-SRG) evolution of the Hamiltonian and the NCSM for
the extraction of the many-body states and observables [58].
In a first step, a NCSM calculations in a small model space,
the so-called reference space characterized by the truncation

parameter N ref
max, is used to extract a multideterminantal ref-

erence state for the nucleus of choice. This reference state
is used to set up a multireference normal ordering for all
relevant operators and to formulate the multireference IM-
SRG flow equations [59–61]. The flow evolution is designed
such that off-diagonal matrix elements of the Hamiltonian
that couple the reference space to higher-lying basis states
are suppressed, i.e., the flow evolution decouples the small
N ref

max reference space from the rest of the model space. This
evolved Hamiltonian is then used in a final NCSM calculation
with a truncation Nmax ! N ref

max to extract the energy eigen-
values and the eigenstates. The latter are used to compute
additional observables, e.g., rms radii, with matrix elements
that are consistently evolved in the multireference IM-SRG.
For reasons of efficiency, we use the Magnus formulation of
the multireference IM-SRG truncated at the multireference
normal-ordered two-body level. All calculations start from a
natural-orbital single-particle basis obtained from a perturba-
tively corrected density matrix [62] constructed in a large HO
space including 13 oscillator shells.

We use the same sequence of SMS interactions from LO to
N4LO+ in the NN sector supplemented with a 3N interaction
at N2LO as in the previous sections for few-body systems
and light nuclei for two different cutoffs ! = 450 MeV and
500 MeV. As in the NCCI calculations, the Hamiltonian is
subject to a free-space SRG evolution including three-body
terms and we evolve the translationally invariant radius oper-
ator consistently at the two-body level.

The results of the IM-NCSM calculations for the oxygen
isotopic chain are presented in Fig. 12 and in Table VIII.
All calculations are done with a simple N ref

max = 0 reference
space and with Nmax = 2 model space for the final NCSM
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FIG. 12. Ground-state energies and point-proton radii for even oxygen isotopes obtained in the IM-NCSM with SMS interactions from
N2LO to N4LO+ with ! = 450 MeV (left-hand panels) and ! = 500 MeV (right-hand panels) for flow-parameter α = 0.08 fm4. The error
bands show the chiral truncation uncertainties at the 95% confidence level obtained with the Bayesian model for N2LO and N4LO+.
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this mass range, we employ the in-medium no-core shell
model (IM-NCSM), which is a hybrid approach based on
a multireference in-medium similarity renormalization group
(IM-SRG) evolution of the Hamiltonian and the NCSM for
the extraction of the many-body states and observables [58].
In a first step, a NCSM calculations in a small model space,
the so-called reference space characterized by the truncation

parameter N ref
max, is used to extract a multideterminantal ref-

erence state for the nucleus of choice. This reference state
is used to set up a multireference normal ordering for all
relevant operators and to formulate the multireference IM-
SRG flow equations [59–61]. The flow evolution is designed
such that off-diagonal matrix elements of the Hamiltonian
that couple the reference space to higher-lying basis states
are suppressed, i.e., the flow evolution decouples the small
N ref

max reference space from the rest of the model space. This
evolved Hamiltonian is then used in a final NCSM calculation
with a truncation Nmax ! N ref

max to extract the energy eigen-
values and the eigenstates. The latter are used to compute
additional observables, e.g., rms radii, with matrix elements
that are consistently evolved in the multireference IM-SRG.
For reasons of efficiency, we use the Magnus formulation of
the multireference IM-SRG truncated at the multireference
normal-ordered two-body level. All calculations start from a
natural-orbital single-particle basis obtained from a perturba-
tively corrected density matrix [62] constructed in a large HO
space including 13 oscillator shells.

We use the same sequence of SMS interactions from LO to
N4LO+ in the NN sector supplemented with a 3N interaction
at N2LO as in the previous sections for few-body systems
and light nuclei for two different cutoffs ! = 450 MeV and
500 MeV. As in the NCCI calculations, the Hamiltonian is
subject to a free-space SRG evolution including three-body
terms and we evolve the translationally invariant radius oper-
ator consistently at the two-body level.

The results of the IM-NCSM calculations for the oxygen
isotopic chain are presented in Fig. 12 and in Table VIII.
All calculations are done with a simple N ref

max = 0 reference
space and with Nmax = 2 model space for the final NCSM
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FIG. 12. Ground-state energies and point-proton radii for even oxygen isotopes obtained in the IM-NCSM with SMS interactions from
N2LO to N4LO+ with ! = 450 MeV (left-hand panels) and ! = 500 MeV (right-hand panels) for flow-parameter α = 0.08 fm4. The error
bands show the chiral truncation uncertainties at the 95% confidence level obtained with the Bayesian model for N2LO and N4LO+.

064002-14

       Well reproduced ground state energies of even oxygen 
       isotopes (IM-NCSM)

Λ = 450 MeV

       Systematic underestimation of point-radii



Tritium Beta Decay at N2LO
13

cD

c E

3H BE without  Δtheor.
3H BE including  Δtheor.

 (70 MeV) without  dσ/dΩ Δtheor.
 (70 MeV) including  dσ/dΩ Δtheor.

 (70 MeV) without  σtot Δtheor.
 (70 MeV) including  σtot Δtheor.

FIG. 1: (Color online). Constraints on the values of cD and cE from fits to the 3H binding energy (red bands), Nd di!erential

cross section data of Ref. [77] at EN = 70 MeV in the angular range of ωcms = 107→-141→ (yellow bands) as well as the Nd

total cross section at EN = 70 MeV from Ref. [78] (blue bands). Dark-shaded bands show the results of the fits using only the

experimental uncertainties, while light-shaded bands also include N2LO truncation errors estimated using the Bayesian model

C̄650
0.5↑10 specified in Ref. [79] (the two types of errors are added in quadrature). All calculations are performed using the SMS

N4LO+ NN force from Ref. [46] and the cuto! value of ” = 450 MeV. The cross marks the values of cD and cE employed by the

LENPIC collaboration in Ref. [45]. The gray dashed line shows the approximate constraint from the 3H ε decay as explained

in sec. VC.

complement the results of Ref. [35], where the sensitivity of cD, cE to the 3H and 4He BE and radii, as well as the 3H

ω decay was explored. Out of these observables, only the 3H ω decay was found to provide non-degenerate constraints

on cD and cE . Our results show that the Nd cross section minimum is well suited for 3NF parameter fixing as an

alternative to the 3H ω decay and provide strong support for the LENPIC fitting protocol of cD, cE from the 3H BE

and Nd di!erential cross-section minimum at 70 MeV [43–45, 79]. The robustness of this fitting strategy is further

supported by the generally good description (within errors) of experimental data for a broad range of Nd scattering

observables and properties of light p-shell nuclei found in Refs. [45, 79, 82, 83].

In the first row of Table II, we list the central values of the LECs cD, cE determined from the 3H BE and the di!erential

Jimenez, Heihoff, Golak, Epelbaum, HK, Reinert, Skibinski, Topolniki, Witała, arXiv:2606.26926v1

       Similar to 
Baroni et al. PRC94 (2015) 024003; PRC98 (2018) 044003,

King et al. PRC102 (2020) 022501

       we find for single-nucleon current contribution 
        compared with 
       

GT = (92.31...93.78) × 10−2

GTemp = 94.84(19) × 10−2

       Inclusion of 2N current operator at N2LO leads to 
       δGTMEC = (5.81...9.49) × 10−2

Overprediction of GT by 4…9 %

GT seems to be fine-tuned:              one needs strong 
                                                  negative contribution from  to reproduce 

δGTMEC,long−range ∼ 10 × 10−2

cD GTemp

Slow convergence of chiral expansion of GT seen in explorative works on 2N current at N3LO: 
δGTdim−reg

N3LO,long−range = (−3.64... − 5.43) × 10−2  Baroni et al. PRC98 (2018) 044003,



Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Weinberg ’90

Ordonez, van Kolck ’92

Ordonez, van Kolck ’92

Kaiser ’00 - ‘02

van Kolck ’94;  Epelbaum et al. ’02

Bernard, Epelbaum, HK, Meißner,’08, ’11 Epelbaum ’06

Entem, Kaiser, Machleidt, Nosyk ’15
Epelbaum, HK, Meißner ’15

  

Girlanda, Kievsky, Viviani ’11
HK, Gasparyan, Epelbaum ’12,’13
Huessmann, HK, Epelsbaum, ´26

(short-range loop contrib. still missing)

still have to be worked out

[parameter-free] [parameter-free]

Chiral Expansion of the Nuclear Forces

Available matrix elements
LENPIC ´19



Methods for Derivation of 3NF 
beyond N2LO

HK, Epelbaum, PRC110 (2024) 4, 044003

HK, Epelbaum, PRC 110 (2024) 4, 044004



Path-Integral Framework 
for Derivation of Nuclear Forces

HK, Epelbaum, PRC110 (2024) 4, 044003



 Path-integral Approach
We start with generating functional:

Z[η†, η] = ∫ [DN†][DN][Dπ]exp(i ∫ d4x(ℒπ + ℒπN + ℒNN + ℒNNN + η†(x)N(x) + N†(x)η(x)))
Integrate over pion fields via loop-expansion of the action

expansion of the action around the classical pion solution

Perform instant decomposition of the remaining interactions between nucleons

Perform nucleon-field redefinitions to eliminate non-instant part of the interaction

Calculate functional determinant to get one-loop corrections to few-nucleon forces

Unitary transformation (Okubo) & path-integral approaches lead to the same chiral EFT 
nuclear forces up to N4LO

Checks in dimensional regularization



Symmetry Preserving Regulator

HK, Epelbaum, PRC 110 (2024) 4, 044004



Gradient-Flow Equation (GFE)

Yang-Mills gradient flow in QCD: Lüscher, JHEP 04 (2013) 123

∂τBμ = DνGνμ with Bμ |τ=0 = Aμ & Gμν = ∂μBν − ∂νBμ + [Bμ, Bν]

 is a regularized gluon fieldBμ

Apply this idea to ChPT:
(Proposed in various talks by D. Kaplan for nuclear forces)

Introduce a smoothed pion field  with  satisfying GFEW W |τ=0 = U

 with  and ∂τW = i w EOM(τ) w w = W EOM(τ) = [Dμ, wμ] +
i
2

χ− −
i
4

Tr(χ−)

wμ = i(w†(∂μ − i rμ)w − w(∂μ − i lμ)w†), χ− = w†χw† − wχ†w, χ = 2B(s + ip)

Note: The shape of regularization is dictated by the choice of the right-hand side of GFE

Our choice is motivated by a Gaussian regularization of one-pion-exchange in NN

HK, Epelbaum, PRC 110 (2024) 4, 044004

Balitsky, Yung, PL168B (1986) 113; Irwin, Manton, PLB 385 (1996) 187



Gradient-Flow Equation

[∂τ − (∂x
μ∂x

μ − M2)]ϕ(1)
b (x, τ) = 0, ϕ(1)

b (x,0) = πb(x)

In the absence of external sources we have

[∂τ − (∂x
μ∂x

μ − M2)]ϕ(3)
b (x, τ) = (1 − 2α)∂μϕ(1) ⋅ ∂μϕ(1)ϕ(1)

b − 4α∂μϕ(1) ⋅ ϕ(1)∂μϕ(1)
b

+
M2

2
(1 − 4α)ϕ(1) ⋅ ϕ(1)ϕ(1)

b , ϕ(3)
b (x,0) = 0

Iterative solution in momentum space:

ϕ̃(1)
b (q) = e−τ(q2+M2)π̃b(q)

ϕ̃(n)(q, τ) = ∫ d4x eiq⋅xϕ(n)
b (x, τ)

ϕ̃(3)
b (q) = ∫

d4q1

(2π)4

d4q2

(2π)4

d4q3

(2π)4
(2π)4δ(q − q1 − q2 − q3)∫

τ

0
ds e−(τ−s)(q2+M2)e−s∑3

j=1 (q2
j +M2)

× [4α q1 ⋅ q3 − (1 − 2α)q1 ⋅ q2 +
M2

2
(1 − 4α)]π̃(q1) ⋅ π̃(q2)π̃b(q3)

Integration over momenta of pion fields with Gaussian prefactor introduces smearing

Analytic solution is possible of  - expanded gradient flow equation:1/F

W = 1 + iτ ⋅ ϕ(1 − αϕ2) −
ϕ2

2 [1 + (1
4

− 2α)ϕ2] + 𝒪(ϕ5), ϕb =
∞

∑
n=0

1
Fn

ϕ(n)
b



Regularization for Nuclear Forces
To regularize long-range part of the nuclear forces and currents

Leave pionic Lagrangians  unregularized (essential)ℒ(2)
π & ℒ(4)

π

Replace all pion fields in pion-nucleon Lagrangians :ℒ(1)
πN, …, ℒ(4)

πN U → W

ℒ(1)
πN = N†(D0 + g u ⋅ S)N → N†(D0

w + g w ⋅ S)N

∼ e−τ(q2+M2) ∼ e−2τ(q2+M2) 1
q2 + M2

For  this regulator reproduces SMS regularization of OPEτ =
1

2Λ2



Status Report on 3NF
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N4LO

Ishikawa, Robilotta, PRC76 (07);   
Bernard, Epelbaum, HK, Meißner, PRC77 (08);  PRC84 (11)

van Kolck ’94, Epelbaum et al. ’02

3NF up to N4LO

HK, Gasparyan, Epelbaum PRC85 (12); PRC87 (13) 

—

Bernard, Epelbaum, HK, Meißner, PRC84 (11)

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

Girlanda, Kievsky, Viviani, PRC84 (11)

Cpp
1S0

6= Cnp
1S0

d�/d⌦

Ri = (0.7 + i⇥ 0.1) fm

XN
4
LO

�r2d ' 0.014 fm2

�Q ' 0.008 fm2

Q+�Q = 0.279 fm2

⇤b ⇠ 400 . . . 600MeV

k ⇠ 500MeV

⇠ (k/⇤b)
n

k > M⇡

k ⌧ M⇡

(k/⇤b)
n
⌧ (M⇡/⇤b)

n

R = 0.8, 0.9, 1.0, 1.1, 1.2 fm

�2/datum = 0.5

PD = 5%± 1%

C̃1S0 ' C̃3S1

Elab  200MeV

1S0

⇤ ⇠ 2R�1

FTq

⇥
exp

�
�r2/R2

�⇤
/ exp

�
�q2R2/4

�

⇤ ⇠ 500 . . . 600MeV

⇤µ
⌫ 2 C

lµ ! ⇤µ
⌫ l

⌫

Ei

1
Work in progress

Cpp
1S0

6= Cnp
1S0

d�/d⌦

Ri = (0.7 + i⇥ 0.1) fm

XN
4
LO

�r2d ' 0.014 fm2

�Q ' 0.008 fm2

Q+�Q = 0.279 fm2

⇤b ⇠ 400 . . . 600MeV

k ⇠ 500MeV

⇠ (k/⇤b)
n

k > M⇡

k ⌧ M⇡

(k/⇤b)
n
⌧ (M⇡/⇤b)

n

R = 0.8, 0.9, 1.0, 1.1, 1.2 fm

�2/datum = 0.5

PD = 5%± 1%

C̃1S0 ' C̃3S1

Elab  200MeV
1S0

⇤ ⇠ 2R�1

FTq

⇥
exp

�
�r2/R2

�⇤
/ exp

�
�q2R2/4

�

⇤ ⇠ 500 . . . 600MeV

⇤µ
⌫ 2 C

lµ ! ⇤µ
⌫ l

⌫

ci

Ei

1

-Cont1π -Cont2π Short



Status Report on 3N at N3LO
We calculated all long- and short-range contributions to 3NF & 4NF at N3LO 

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

3NF’s are given in terms of integrals over Schwinger parameters 

V2π−1π
3N = τ1 ⋅ τ2 × τ3 ⃗q1 ⋅ ⃗σ1 × ⃗σ2 ⃗q3 ⋅ ⃗σ3

e− q2
3 + M2π

Λ2

q2
3 + M2

π ( −
g4

A

F6
π

q1

2048π ∫
∞

0
dλ erfi( q1λ

2Λ 2 + λ )
exp( −

q2
1 + 4M2

π

4Λ2 (2 + λ))
2 + λ

+ …) + …

Dimension of integrals over Schwinger parameters depends on topology

Space

Momentum 2 1 3

Coordinate 4 1 0
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Short Range 3NF at N3LO
Two versions of 3NF

Version 1: Non-local short-range 3NF which can be used with SMS potential

Local short-range 3NF to be used with the new NN potential Version 2:

Space

Momentum 1 1

Space

Momentum 1 1

Coordinate 0 0

2.4 MB

0.4 MB



Pion-Nucleon Scattering up to Q3

Calculation of pion-nucleon scattering with gradient-flow regulator required

TPE topology includes pion-nucleon amplitude as a subprocess
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Pion-nucleon amplitude with gradient-flow regulator depends on ’s ci

Patrick Walkowiak’s master thesis

Appendix D: Figures

FIG. 1: Tree graphs for the reaction ⇡N ! ⇡N . The black/gray/white blob denotes an insertion
of the ci/di/ei- vertices. Crossed diagrams are not shown.
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FIG. 1: Tree graphs for the reaction ⇡N ! ⇡N . The black/gray/white blob denotes an insertion
of the ci/di/ei- vertices. Dashed and solid lines refer to pions and nucleons, respectively. Crossed
diagrams are not shown.

FIG. 1: Tree graphs for the reaction ⇡N ! ⇡N . The black/gray/white blob denotes an insertion
of the ci/di/ei- vertices. Crossed diagrams are not shown.

FIG. 2: One-loop graphs of the self-energy type. Crossed diagrams are not shown.
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FIG. 2: One-loop graphs for the reaction ⇡N ! ⇡N . For notation see Fig. 1.
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FIG. 3: Transition from leading to next-to-leading order loop graphs. For notation see Fig. 1.

FIG. 1: Tree graphs for the reaction ⇡N ! ⇡N . The black/gray/white blob denotes an insertion
of the ci/di/ei- vertices. Crossed diagrams are not shown.
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! + (1)

1

FIG. 4: Leading-order � pole diagram. The double solid line refers to �. For notation see Fig. 1.
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Fix LECs from pion-nucleon 
sub-threshold coefficients 
which are determined from 
Roy-Steiner equation

 ci  di
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Fig. 2 Mandelstam plane for pion-nucleon scattering. Blue hatched regions show physical regions, while the green light-shaded
area corresponds to the Mandelstam triangle. The red solid dot is the subthreshold kinematical point. The red light-shaded triangle
area shows the t- and Re(ν)-values of the πN scattering amplitude that enter the calculation of the long-range part of the TPEP
as explained in the text

cannot be calculated reliably in chiral EFT. Keeping this uncontrolled short-distance dynamics in the TPE
would require a promotion of higher-order contact interactions to compensate for the unphysical attraction in
D- and F-waves, thereby decreasing the predictive power of chiral EFT. On the other hand, a simple spectral
function regularization with # ∼ #b [21] removes the spurious short-range physics and results in a more
efficient formulation. These insights played an important role in the development of realistic NN potentials in
subsequent years.

Another milestone on the route to high-precision NN chiral interactions has been reached by Norbert
Kaiser, who derived analytic expressions for the two- and three-pion exchange potentials at fourth order (i.e.,
N3LO) in the chiral expansion [23–27]. Instead of directly evaluating highly complicated two-loop integrals,
he applied the Cutkosky cutting technique to extract the corresponding spectral functions from integrals over
the pion phase space involving the on-shell πN scattering amplitudes, analytically continued to complex values
of the Mandelstam variables s and u. These analytical results have been incorporated in the (first generation
of) N3LO NN potentials [28,29].

The next essential development I would like to briefly touch upon was the work by the Bonn group on
πN scattering [30]. A reliable determination of the TPE requires a precise knowledge of the πN LECs, which
can in principle be obtained from the analysis of the empirical πN phase shifts or scattering data in chiral
perturbation theory. This however has two important drawbacks. First, only a limited amount of low-energy
πN scattering data is available, and the existing partial wave analyses may suffer from uncertainties that are
difficult to quantify. Secondly, the physical region of πN scattering corresponds to s ≥ (mN + Mπ )

2 and
negative values of t , with t and s being the Mandelstam variables, which is located somewhat far away from
the kinematics probed by the TPE spectral function, see Fig. 2. This may result in significant uncertainties
from the interpolation/analytic continuation of the πN scattering amplitude. These issues have been addressed
by the Bonn group, who performed a dispersive analysis of πN scattering in the framework of Roy-Steiner
equations. Using the available experimental information, they obtained accurate results for the πN amplitude
with quantified uncertainties, which fulfill constraints from analyticity, unitarity and crossing symmetry. The
πN LECs have then been determined by matching chiral perturbation theory to the solution of Roy-Steiner
equations at the experimentally not directly accessible subthreshold point with t = ν ≡ (s − u)/(4mN ) = 0.
The latter is located inside the Mandelstam triangle, where the amplitude is purely real and the chiral expansion
is expected to converge best [31]. This allowed for a reliable determination of the πN LECs.

To really benefit from this extensive work on the accurate determination of the TPE potential, it was
important to ensure that its long-distance behavior, ultimately predicted by chiral EFT, is not affected by the

Content courtesy of Springer Nature, terms of use apply. Rights reserved.

Sub-threshold point

ν =
s − u
4mN



Pion-Nucleon Scattering up to Q4

In 3NF pion-nucleon sub-amplitude appears 
with pion-energies ωπ = 0
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D- and F-waves, thereby decreasing the predictive power of chiral EFT. On the other hand, a simple spectral
function regularization with # ∼ #b [21] removes the spurious short-range physics and results in a more
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πN scattering [30]. A reliable determination of the TPE requires a precise knowledge of the πN LECs, which
can in principle be obtained from the analysis of the empirical πN phase shifts or scattering data in chiral
perturbation theory. This however has two important drawbacks. First, only a limited amount of low-energy
πN scattering data is available, and the existing partial wave analyses may suffer from uncertainties that are
difficult to quantify. Secondly, the physical region of πN scattering corresponds to s ≥ (mN + Mπ )
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the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Derivation of the N3LO contributions to the 3NF 
using the Gradient Flow method Hermann

✅

Partial wave decomposition of the 3NF@N3LO 
LENPIC

✅(    )

— PWD of the all static N3LO contributions finished  Kai Hebeler, Andreas Nogga  
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Partial Wave Decomposition of 3NF
Small contribution to ND-scattering at  from short-range partE = 135 MeV

δB3H = 16 keV

∼ CT
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Partial Wave Decomposition of 3NF
Small contribution to ND-scattering at  from short-range partE = 135 MeV
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Various Contributions of N3LO 3NF
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2π − 1π
Rings

 — Cont1π
 — Cont2π

Long-range relativistic corrections
Short-range relativistic corrections
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Three-Nucleon Forces
Counter Terms at N4LO



Induced 3NF from Short-Range NN UT
Girlanda, Kievsky, Viviani, PRC84 (2011) 014001; PRC102 (2020) 019903(E)

U = exp( − ∑
j

βjTj) δH = U†HU − H0 ≃ ∑
j

[(H0 + VLO
short−range + HLO

1π ), βjTj]

⟨ ⃗p′￼1 ⃗p′￼2 |T1 | ⃗p1 ⃗p2⟩ = ⃗k ⋅ ⃗q, ⟨ ⃗p′￼1 ⃗p′￼2 |T2 | ⃗p1 ⃗p2⟩ = ⃗k ⋅ ⃗q ⃗σ1 ⋅ ⃗σ2, ⟨ ⃗p′￼1 ⃗p′￼2 |T3 | ⃗p1 ⃗p2⟩ = ⃗σ1 ⋅ ⃗k ⃗σ2 ⋅ ⃗q + ⃗σ1 ⋅ ⃗q ⃗σ2 ⋅ ⃗k

⟨ ⃗p′￼1 ⃗p′￼2 |T4 | ⃗p1 ⃗p2⟩ = i ( ⃗σ1 − ⃗σ2) ⋅ ( ⃗P × ⃗k), ⟨ ⃗p′￼1 ⃗p′￼2 |T5 | ⃗p1 ⃗p2⟩ =
1
2 ( ⃗σ1 ⋅ ⃗P ⃗σ2 ⋅ ⃗q − ⃗σ1 ⋅ ⃗q ⃗σ2 ⋅ ⃗P )

lead to  enhanced boost operators: 
incompatible with assumed non-relativistic limit for interacting nucleons
                  Induced 3NF is N5LO

O(m2)

β4,5 = O(m−1F−2
π Λ−2

b )

δH has the form of N4LO 3NF, however  βi = O(m F−2
π Λ−4

b )

m /Λb = (m /Q)(Q /Λb) ∼ (Q /Λb)−2(Q /Λb) = (Q /Λb)−1

Induced 3NFs contribute already at N3LO



E-Like 3NF LECs at N4LO
Complete set of independent operators 

V =
13

∑
j=1

Ej𝒪j + 5 perm

𝒪1 = − ⃗q2
1,

𝒪2 = − ⃗q2
1 τ1 ⋅ τ2,

𝒪3 = − ⃗q2
1 ⃗σ1 ⋅ ⃗σ2,

𝒪4 = − ⃗q2
1 ⃗σ1 ⋅ ⃗σ2 τ1 ⋅ τ2,

𝒪5 = − (3 ⃗q1 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ2 − ⃗q2
1 ⃗σ1 ⋅ ⃗σ2),

𝒪6 = − (3 ⃗q1 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ2 − ⃗q2
1 ⃗σ1 ⋅ ⃗σ2)τ1 ⋅ τ2,

𝒪7 = − i (( ⃗k1 − ⃗k2) × ⃗q1) ⋅ ( ⃗σ1 + ⃗σ2)/2,

𝒪8 = − i (( ⃗k1 − ⃗k2) × ⃗q1) ⋅ ( ⃗σ1 + ⃗σ2) τ2 ⋅ τ3/2,
𝒪9 = − ⃗q1 ⋅ ⃗σ1 ⃗q2 ⋅ ⃗σ2,

𝒪10 = − ⃗q1 ⋅ ⃗σ1 ⃗q2 ⋅ ⃗σ2 τ1 ⋅ τ2,
𝒪11 = − ⃗q1 ⋅ ⃗σ2 ⃗q2 ⋅ ⃗σ1,
𝒪12 = − ⃗q1 ⋅ ⃗σ2 ⃗q2 ⋅ ⃗σ1 τ1 ⋅ τ2,
𝒪13 = − ⃗q1 ⋅ ⃗σ2 ⃗q2 ⋅ ⃗σ1 τ1 ⋅ τ3 .

~p 0
1
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⃗qj = ⃗p′￼j − ⃗pj

⃗kj = ( ⃗p′￼j + ⃗pj)/2

Girlanda, Kievsky, Viviani, PRC84 (2011) 014001; PRC102 (2020) 019903(E)

Most of ’s can be determined from 
elastic nucleon-deuteron  scattering

Ej



Spectroscopic E-like 3NF LECs
Cava, Filin, Heihoff, Huessmann, Epelbaum, ArXiv: 2607.26958

V =
13

∑
j=1

Ej𝒪j + 5 perm: Each  contributes to several  channelsEj JP(T )

Introduce E-like LECs  which contribute to one specific  channelSj JP(T )3

in each J
P (T )-channel, only a small number of linear

combinations of Ei contribute. Accordingly, we define a
new set of LECs Si via the relations

S1 =
1

2
(2E1 → E2 → 3E3 → 6E4 + E9 + E10 + E11

+ E12 → 2E13),

S2 = →2

9
(→6E1 + 9E2 + 3E3 + 18E4 + E9 → 3E10

+ E11 → 3E12),

S3 =

↑
2

6
(3E5 → 9E6 → 2E9 + 6E10 → 2E11 + 6E12),

S4 = →2

9
(E2 → E3 → 5E5 + 15E6 + 2E8 + 6E9

→ 12E10 + 2E11 → 8E12 + E13),

S5 = → 1

18
(6E1 → 6E2 → 6E3 + 18E4 → 6E7 + 6E8

+ 7E9 → 15E10 → 5E11 → 3E12 + 9E13),

S6 = →1

9
(6E1 + 6E3 → 30E5 → 15E7 + 45E8 + 4E9

+ 12E10 + 4E11 + 12E12 → 12E13),

S7 = →
↑
2

18
(15E5 + 45E6 + 3E7 → 6E8 → 10E9 + 6E10

→ 10E11 → 6E12 + 18E13),

S8 =
1

18
(→6E1 + 6E2 + 6E3 → 18E4 → 3E7 + 3E8

+ 2E9 + 6E10 → 4E11 + 12E12),

S9 = →1

9
(6E1 + 6E3 + 24E5 → 6E7 + 18E8 → 5E9

→ 15E10 → 5E11 → 15E12 + 15E13),

S10 =

↑
5

18
(3E5 + 9E6 → 3E7 + 6E8 → 2E9 → 6E10

→ 2E11 + 6E12),

S11 = →1

3
(2E1 + 2E3 → 2E5 + 3E7 → 9E8),

S12 = →1

3
(2E1 + 2E2 → 4E7 → 4E8 → 3E9 → 3E10

+ E11 + E12 + E13),

S13 = →2

3
(E1 + E2 + E7 + E8 → E11 → E12 → E13). (3)

In a close analogy to the LECs Ei, we parametrize the
new LECs in terms of the corresponding dimensionless
coe!cients si via

Si =
si

F 4
ω”

3
ε

. (4)

In contrast to Ei’s, the new LECs Si contribute to single
J
P (T )-channels as shown in Table II.
In line with Refs. [26, 28], we find two linear combina-

tions of LECs contributing solely to the isospin T = 3/2
channels, which are denoted as S12 and S13. The re-
maining LECs S1,...,11 possess a simple and transparent
interpretation in terms of partial waves and mixing an-
gles contributing to Nd scattering. Specifically, using the

LEC Isospin JP Nd transition

S1 T = 1/2 1/2+ 2S → 2S

S2
2S → 2S

S3
2S → 4D

S4
2S → breakup

S5 1/2→ 2P → 2P

S6
4P → 4P

S7
2P → 4P

S8 3/2→ 2P → 2P

S9
4P → 4P

S10
2P → 4P

S11 5/2→ 4P → 4P

S12 T = 3/2 1/2→ —

S13 3/2→ —

TABLE II. Contributions of the subleading contact 3NFs in
the spectroscopic basis to specific partial waves in Nd scat-
tering.

channel spin operator! = Jd+sN , the S-matrix S
J
ϑ→!→,ϑ!

for elastic Nd scattering in the channel spin representa-
tion [30] becomes a 2 ↓ 2 (3 ↓ 3) matrix in the J = 1/2
states (all other states). The expressions connecting the
S-matrix in the jJ and channel spin representations can
be found in Ref. [31]. For J > 1/2, the S-matrix in
a parity P = (→1)J±1/2 state can be parametrized in
terms of three eigen phases ω

J
ϑ!, namely a single dou-

blet (# = 1/2) partial wave with ε = J ± 1/2 and two
quartet (# = 3/2) partial waves with ε = J ± 1/2 and
ε = J ↔ 3/2, and by the corresponding (three) mixing
angles, see Appendix B. The subleading contact 3NFs
contribute to S- (ε = 0) and P - (ε = 1) waves in elastic
Nd scattering and to the mixing angles between di$er-
ent P -waves and between S- and D-waves. Using the
spectroscopic notation 2!+1

εJ with S, P,D, . . . referring
to ε = 0, 1, 2, . . ., the matrix elements of the short-range
3NFs contributing to elastic Nd scattering take the form

↗2S1/2|V |2S1/2↘ = 24ϑ2

[
→ E + S1(Q

2

1
+Q

→2
1
)

+
(
S2 +

3

2
S3

)
(P 2

23
+ P

→ 2
23
)

]
,

↗4D1/2|V |2S1/2↘ = 24ϑ2
S3 Q

→2
1
,

↗2S1/2|V |4D1/2↘ = 24ϑ2
S3 Q

2

1
,

↗2P1/2|V |2P1/2↘ = 24ϑ2
S5 Q1Q

→
1
,

↗4P1/2|V |4P1/2↘ = 24ϑ2
S6 Q1Q

→
1
,

↗4P1/2|V |2P1/2↘ = ↗2P1/2|V |4P1/2↘ = 24ϑ2
S7 Q1Q

→
1
,

↗2P3/2|V |2P3/2↘ = 24ϑ2
S8 Q1Q

→
1
,

↗4P3/2|V |4P3/2↘ = 24ϑ2
S9 Q1Q

→
1
,

↗4P3/2|V |2P3/2↘ = ↗2P3/2|V |4P3/2↘ = 24ϑ2
S10 Q1Q

→
1
,

↗4P5/2|V |4P5/2↘ = 24ϑ2
S11 Q1Q

→
1
, (5)

5

FIG. 1. Sensitivity of the analyzing power Ay(N) at 10 MeV
to the LECs si of the subleading contact 3NF. In the upper
panel, dashed line shows Ay(N) as a function of the center-of-
mass scattering angle ω, calculated using the SMS N4LO+ NN
potential of Ref. [10] in combination with the parameter-free
two-pion exchange 3NF at N2LO [33], while the light-shaded
gray band visualizes the maximal e!ect caused by a variation
of a single si in the range of |si| → 2. References to the
experimental data and their respective color coding are given
in Table III. The empty square in the upper plot marks the
reference datum used to visualize the impact of the LECs si
in the JP = 1/2+, 1/2→, 3/2→, and 5/2→ channels in the four
subplots of the lower panel. The experimental value of Ay(N)
is shown by black solid lines, with light-shaded violet bands
corresponding to its uncertainty.

At very low energies, Nd scattering observables are
known to be largely insensitive to 3NFs except for the nu-
cleon and deuteron vector analyzing powers Ay(N) and
Ay(D), respectively [31]. The experimental data for Ay

at low-energies are significantly underpredicted by calcu-
lations using high-precision two-nucleon potentials and
phenomenological 3NF models, which is often referred to
as the Ay-puzzle [31, 41]. Thus, at the lowest considered
energy of 10 MeV, we only show the results for Ay(N)
and Ay(D). At higher energies of 70 and 135 MeV, we
study the impact of the subleading short-range 3NFs also
for tensor analyzing powers, for which experimental data
are available.

In each figure, the plot in the upper panel shows with
the dashed line the predictions based on the N4LO+ SMS
NN potential [10], in combination with the consistently
regularized (parameter-free) long-range part of the 3NF
at N2LO, i.e. we use the expression for the 3NF from
Ref. [33] with cD = cE = 0. Light-shaded bands in the

FIG. 2. Same as Fig. 1, but for Ay(D) at 10 MeV.

FIG. 3. Same as Fig. 1, but for Axx at 70 MeV.

upper plots depict the maximal achievable e!ect due to a
variation of individual N4LO 3NF terms in the range of
si → [↑2, 2]. The four plots in the lower panels of Figs. 1–
8 show the individual impact of the LECs contributing to
the J

P = 1/2+, 1/2→, 3/2→, and 5/2→ channels. Since
the 3NF contributions to the considered observables at

EN = 10 MeV

SMS N4LO+ NN + N2LO 3NF

Disagreement for  at low energy
can be removed by adjustment of 

Ay(N)
S10 & S11



D-Like 3NF LECs at N4LO
Complete set of independent operators 

Constraints:

Isospin symmetry

Parity and time - reversal invariance

Rotation - invariance in 3-dim

V =
g2

A

4F2
π

⃗σ3 ⋅ ⃗q3

q2
3 + M2

π
τ3 ⋅

16

∑
j=1

Fj𝓞j + 5 perm

𝓞1 = i ( ⃗q × ⃗k) ⋅ ⃗q3 (τ1 + τ2),

𝓞2 = i ( ⃗σ1 − ⃗σ2) ⋅ ⃗k ⃗q ⋅ ⃗q3 (τ1 × τ2),

𝓞3 = i ⃗k ⋅ ⃗q( ⃗σ1 − ⃗σ2) ⋅ ⃗q3 (τ1 × τ2),

𝓞4 = i ( ⃗σ1 − ⃗σ2) ⋅ ⃗q ⃗k ⋅ ⃗q3 (τ1 × τ2),
𝓞5 = q2( ⃗σ1 × ⃗σ2) ⋅ ⃗q3 (τ1 × τ2),
𝓞6 = ( ⃗σ1 × ⃗σ2) ⋅ ⃗q ⃗q ⋅ ⃗q3 (τ1 × τ2),
𝓞7 = q2( ⃗σ1 − ⃗σ2) ⋅ ⃗q3 (τ1 − τ2),
𝓞8 = q2( ⃗σ1 + ⃗σ2) ⋅ ⃗q3 (τ1 + τ2),
𝓞9 = ( ⃗σ1 − ⃗σ2) ⋅ ⃗q ⃗q ⋅ ⃗q3 (τ1 − τ2),

𝓞10 = ( ⃗σ1 + ⃗σ2) ⋅ ⃗q ⃗q ⋅ ⃗q3 (τ1 + τ2),

𝓞11 = i ⃗σ2 ⋅ ⃗q ( ⃗σ1 × ⃗k) ⋅ ⃗q3 (τ1 + τ2),
𝓞12 = i ⃗σ1 ⋅ ⃗q3 ( ⃗q × ⃗σ2) ⋅ ⃗q3 (τ1 × τ2),
𝓞13 = ( ⃗σ1 + ⃗σ2) ⋅ ⃗q3 ⃗q ⋅ ⃗q3 (τ1 − τ2),
𝓞14 = ( ⃗σ1 − ⃗σ2) ⋅ ⃗q3 ⃗q ⋅ ⃗q3 (τ1 + τ2),
𝓞15 = ( ⃗σ1 + ⃗σ2) ⋅ ⃗q q2

3 (τ1 − τ2),

𝓞16 = ( ⃗σ1 − ⃗σ2) ⋅ ⃗q q2
3 (τ1 + τ2) .
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⃗q3 = ⃗p′￼3 − ⃗p3

⃗q = ⃗p′￼− ⃗p
⃗k = ( ⃗p′￼+ ⃗p)/2
⃗p′￼= ( ⃗p′￼1 − ⃗p′￼2)/2
⃗p = ( ⃗p1 − ⃗p2)/2

Galilei - invariance

Chiral symmetry

Huesmann, HK, Epelbaum, arXiv: 2602.12879v1



Resonance Saturation of LECs
Complete set of independent  transition operators  NN → NΔ

V =
g2

A

4F2
π

⃗σ3 ⋅ ⃗q3

q2
3 + M2

π
τ3 ⋅

4

∑
j=1

αj𝓞Δ
j + 5 perm =

g2
A

4F2
π

⃗σ3 ⋅ ⃗q3

q2
3 + M2

π
τ3 ⋅

16

∑
j=1

FΔ
j 𝓞j + 5 perm

𝓞Δ
1 = [i ( ⃗q3 ⋅ ⃗S2 ⃗S†

2 ⋅ (( ⃗q − ⃗q3/2) × ( ⃗k − ⃗q3/4)) 𝓣2 𝓣†
2 ⋅ τ1 + 1 ↔ 2] − h.c.,

𝓞Δ
2 = [ ⃗q3 ⋅ ⃗S2 ⃗S†

2 ⋅ ⃗σ1 ( ⃗q − ⃗q3/2)2 𝓣2 𝓣†
2 ⋅ τ1 + 1 ↔ 2] − h.c.,

𝓞Δ
3 = [ ⃗q3 ⋅ ⃗S2 ⃗S†

2 ⋅ ( ⃗q − ⃗q3/2) ⃗σ1 ⋅ ( ⃗q − ⃗q3/2) 𝓣2 𝓣†
2 ⋅ τ1 + 1 ↔ 2] − h.c.,

𝓞Δ
4 = [ ⃗q3 ⋅ ⃗S2 ⃗S†

2 ⋅ (k − ⃗q3/4) ⃗σ1 ⋅ ( ⃗k − ⃗q3/4)𝓣2 𝓣†
2 ⋅ τ1 + 1 ↔ 2] − h.c. .

spin & isospin  transition matrices⃗S & 𝓣 1/2 → 3/2

10

As already mentioned above, these 3NFs formally appear already at N3LO given that |ω1,2,3| → mF→2
ω !→4

b . Notice
that the UTs ↑ ω1,2,3 also induce a structure corresponding to the operator O17, which leads to (formally enhanced)
shifts of the N2LO LECs D and E but has no practical implications. Finally, we emphasize that the 3NFs in Eq. (17)
induced by ω4,5 can, as one may expect, not be absorbed into shifts of the LECs Fi. As explained above, we expect
ω4,5 to scale according to |ω4,5| → m→1F→2

ω !→2
b , so that the corresponding induced 3NF appear at N5LO.

V. RESONANCE SATURATION

Up to now, our discussion was based on the ”-less formulation of chiral perturbation theory, i.e. we have only taken
into account nucleons and pions as active degrees of freedom. On the other hand, in the ”-full formulation based on
the small scale expansion scheme with ” ↓ m!↔m → Mω = O(ε) [55], the first tree-level correction to the 1ϑ-contact
3NF topology appears already at N3LO from diagrams involving an intermediate ”-excitation. This suggests that
certain linear combinations of the LECs Fi in the ”-less framework are enhanced due to the small excitation energy
of the ”-isobar. Assuming that the values of the LECs Fi are saturated by the ”-isobar, the dominant contributions
to the considered D-like N4LO 3NF can be approximated in terms of a fewer number of LECs, which parametrize the
most general form of the NN↗N” interaction with two derivatives. Notice that the LECs D and E of the N2LO 3NF
are not saturated by the ” since the NN↗N” vertex without derivatives vanishes for antisymmetrized NN states
[24, 56].

To derive the constraints on the Fi’s from resonance saturation we follow the approach of sec. II A and seek for
the most general parametrization of the operators Õ

!
i → O(Q3), which involve two spin and two isospin 1/2 ↗ 3/2

transition matrices 𝜔S and T . These 2↘4 matrices fulfill the relationships Si(S†)j = (2ϖij↔ iεijkϱk)/3 and T
a(T †)b =

(2ϖab ↔ iεijkςk)/3 [57]. The operators Õ!
i we consider incorporate both the NN↗N” and ” ↗Nϑ vertex structures,

so that the corresponding 3NF potentials are given by the expression in Eq. (1) with Õi replaced by Õ
!
i . Notice that

in the small-scale expansion, these operators scale as Õ!
i → O(ε2). We found 5 possible structures for the operators

Õ
!
i :

Õ
!
1 =

[
i 𝜔q3 · 𝜔S2

𝜔
S
†
2 · ((𝜔q ↔ 𝜔q3/2)↘ (𝜔k ↔ 𝜔q3/4)) T 2T †

2 · ω1 + 1 ≃ 2
]
↔ h.c.,

Õ
!
2 =

[
𝜔q3 · 𝜔S2

𝜔
S
†
2 · 𝜔ϱ1(𝜔q ↔ 𝜔q3/2)2 T 2T †

2 · ω1 + 1 ≃ 2
]
↔ h.c.,

Õ
!
3 =

[
𝜔q3 · 𝜔S2

𝜔
S
†
2 · (𝜔q ↔ 𝜔q3/2) 𝜔ϱ1 · (𝜔q ↔ 𝜔q3/2) T 2T †

2 · ω1 + 1 ≃ 2
]
↔ h.c.,

Õ
!
4 =

[
𝜔q3 · 𝜔S2

𝜔
S
†
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]
↔ h.c.,

Õ
!
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𝜔
S
†
2 · 𝜔ϱ1(𝜔k ↔ 𝜔q3/4)2 T 2T †

2 · ω1 + 1 ≃ 2
]
↔ h.c.. (19)

After antisymmetrization with respect to the initial nucleons 1 and 2, one observes that the operator Õ!
5 is redundant

since O
!
5 = ↔(1/4)O!

2 . The leading contributions of the delta resonance to the 1ϑ-contact 3NF thus originate
from the operators O!

1,...,4. By parametrizing the most general operator structure via
∑4

i=1 φiO
!
i and matching the

resulting 3NF fo the expression in Eq. (4), we read out the delta contributions to the LECs Fi as follows:

F!
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9 =
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10 = 4F!

12 =
4φ3 ↔ φ4

9”
,

10

As already mentioned above, these 3NFs formally appear already at N3LO given that |ω1,2,3| → mF→2
ω !→4

b . Notice
that the UTs ↑ ω1,2,3 also induce a structure corresponding to the operator O17, which leads to (formally enhanced)
shifts of the N2LO LECs D and E but has no practical implications. Finally, we emphasize that the 3NFs in Eq. (17)
induced by ω4,5 can, as one may expect, not be absorbed into shifts of the LECs Fi. As explained above, we expect
ω4,5 to scale according to |ω4,5| → m→1F→2

ω !→2
b , so that the corresponding induced 3NF appear at N5LO.
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3NF topology appears already at N3LO from diagrams involving an intermediate ”-excitation. This suggests that
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to the considered D-like N4LO 3NF can be approximated in terms of a fewer number of LECs, which parametrize the
most general form of the NN↗N” interaction with two derivatives. Notice that the LECs D and E of the N2LO 3NF
are not saturated by the ” since the NN↗N” vertex without derivatives vanishes for antisymmetrized NN states
[24, 56].

To derive the constraints on the Fi’s from resonance saturation we follow the approach of sec. II A and seek for
the most general parametrization of the operators Õ
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i → O(Q3), which involve two spin and two isospin 1/2 ↗ 3/2

transition matrices 𝜔S and T . These 2↘4 matrices fulfill the relationships Si(S†)j = (2ϖij↔ iεijkϱk)/3 and T
a(T †)b =

(2ϖab ↔ iεijkςk)/3 [57]. The operators Õ!
i we consider incorporate both the NN↗N” and ” ↗Nϑ vertex structures,

so that the corresponding 3NF potentials are given by the expression in Eq. (1) with Õi replaced by Õ
!
i . Notice that

in the small-scale expansion, these operators scale as Õ!
i → O(ε2). We found 5 possible structures for the operators
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After antisymmetrization with respect to the initial nucleons 1 and 2, one observes that the operator Õ!
5 is redundant

since O
!
5 = ↔(1/4)O!

2 . The leading contributions of the delta resonance to the 1ϑ-contact 3NF thus originate
from the operators O!

1,...,4. By parametrizing the most general operator structure via
∑4

i=1 φiO
!
i and matching the

resulting 3NF fo the expression in Eq. (4), we read out the delta contributions to the LECs Fi as follows:

F!
1 = ↔4F!

2 = 4F!
4 =

8φ1
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,
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3 = F!

11 = 0,
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5 = ↔

4φ2 + 2φ3
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6 =
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7 =

8φ2 ↔ φ4
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4φ2
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8φ3 + φ4
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10 = 4F!

12 =
4φ3 ↔ φ4

9”
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F!
13 =

2ω1 → 8ω2 → 4ω3 + ω4

18!
,

F!
14 =

→2ω1 → 16ω2 → 8ω3 + ω4

36!
,

F!
15 =

→2ω1 → 4ω3 + ω4

18!
,

F!
16 =

2ω1 → 8ω3 → ω4

36!
, (20)

where the constants ωi are expected to be of the order of |ωi| ↑ 1/(F 2
ω”

2
b). We have verified that the contributions to

the LECs Fi, parametrized by ω1,...,4 and ε1,2,3, are independent of each other. This can be expected given that the
UT-induced contributions to the 3NF considered in sec. IV originate from reducible-like diagrams, while those driven
by intermediate !-excitations correspond to three-nucleon-irreducible diagrams.

VI. SUMMARY

In this paper we have analyzed the subleading corrections to the one-pion-exchange-contact 3NF. Our main results
can be summarized as follows.

• We have shown that the most general expression for the 1ϑ-contact 3NF at order Q5 (i.e., at N4LO) can be
parametrized in terms of 16 unknown LECs F1,...,16. The isospin-3/2 part of this 3NF is found to depend only
on 6 linear combinations of Fi’s. On the other hand, all 16 LECs contribute to the isospin-1/2 channel and thus
can, at least in principle, be determined from nucleon-deuteron scattering data.

• We have discussed the relationship between the o#-shell part of the short-range NN potential and the 1ϑ-contact
3NF. The chiral EFT NN potentials of Refs. [8, 9] make a specific choice for the o#-shell behavior by switching o#
the corresponding N3LO contact interactions using Do”

1S0
= Do”

3S1
= Do”

ε1 = 0. Fixing these o#-shell ambiguities
has no impact on the calculated NN observables, but requires certain linear combinations of the subleading
contact and 1ϑ-contact 3NFs to be promoted from N4LO to N3LO (for the employed counting of the nucleon
mass). The resulting N3LO contributions to the 1ϑ-contact 3NF can be expressed in terms of 3 parameters
ε1,2,3 as given in Eq. (18).

• Assuming the validity of the resonance saturation hypothesis, one may expect the dominant contributions to the
1ϑ-contact 3NF to be driven by the intermediate !(1232) excitation mechanism. Using the !-full formulation of
chiral EFT within the small-scale expansion scheme, we worked out the leading contributions of the delta-isobar
to the considered type of 3NF, which can be reproduced in the !-less framework by setting Fi = F!

i as given
in Eq. (20). This allows one to approximate the dominant e#ects from the subleading 1ϑ-contact 3NF in terms
of just 4 unknown coe$cients ω1,...,4, which parametrize the short-range order-O(Q2) NN↓N! interactions.

Our work constitutes an important step towards the ongoing quest to establish high-precision 3NFs in chiral EFT [1],
which is expected to require pushing the chiral expansion to N4LO. Our results show that the short-range structure of
the 3NF at this expansion order is rather rich and by far not exhausted by the purely contact interactions parametrized
in terms of the LECs E1,...,13 [21], which were shown to allow for a significantly improved description of three-nucleon
scattering data [26, 32–34]. It remains to be seen whether the contributions of the subleading 1ϑ-contact 3NFs to
nucleon-deuteron scattering observables can be disentangled from those of the Ei-terms, which is a prerequisite for
their reliable determination from three-nucleon data. Alternative strategies for fixing the LECs Fi could rely on using
experimental data in A > 3 systems and/or employing controlled approximations like, e.g., the resonance saturation
hypothesis, in order to reduce the number of adjustable parameters.
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Woodbury Emulator for 3N

V = V0 + ∑
i

ciVi
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 matrix Faddeev Eq. can be reduced to  matrix Eq. Via Woodbury identitiesn × n r × r

In a discretized Faddeev Eq. Interaction                             is an  matrix n × n

T3N(c) = T3N
0 +

r

∑
a=1

fa(c)T3N
a with r = rank(Vi)

T3N(c) = T3N
0 +

r

∑
a=1

fa(c)T3N
a : one needs only  snapshots to determine r + 1 T3N

j
4

5

FIG. 3. Numerical error Eq. (11) of emulated (left) and direct (right) solutions of the Faddeev equation with potential
V

3N = V0 + cEVE + cDVD (where VE has rank 1, and VD has rank 28) as a function of parameters cE and cD. Direct solution
uses 40 iterations followed by Padé-resummation. White symbols on left panel show values of parameters used to take snapshots
for our emulator: circle - main snapshot, [square] - cE-snapshot, filled triangle 28 snapshots for each rank-1 component of VD.
[AF: maybe replace lower circle with square.]

accurate enough.
For completeness, we provide an algorithm to build an

exact emulator the for parameter-dependent scattering
equation (8) at fixed energy assuming that all matrices
Vi have low rank.

• Compute first snapshot (one can set parameters ci

to zero or any other values, where snapshot is ac-
curate).

• Perform (randomized) SVD of matrices Vi and
rewrite each matrix as a sum of rank-1 potentials.

• For each rank-1 potential compute a snapshot
(value of parameter ci does not matter for rank-
1 potential).

• Collect all snapshots and build an orthonormalized
basis from them (e.g. perform SVD, truncate neg-
ligible singular values)

• Project full scattering equation on the reduced ba-
sis.

• Solve the scattering equation in the reduced basis.

• Convert the solution back to the full basis.

The resulting solution is equal to the solution of the
full problem without accuracy loss. Since all parameter-
dependent computations are done in the reduced basis,
all computations are very fast. No ambiguity how to

choose snapshots. Since this is exact result, one can “ex-
trapolate” to the values of parameters much larger than
was used to produce snapshots. Emulator is built for
fixed energy and should be rebuilt to emulate observ-
ables at di↵erent energy. Speed-up for emulator in fig. 3
is ⇠ 4.000.000.

Bound states.—

The LSE Woodbury identity (4) also allows one to e�-
ciently implement the constraint of having a bound state
at a given energy, which manifests itself in a pole of the
T-matrix. The resulting condition det(D) = 0 with the
r⇥r matrix D ⌘ 1r �CZG(T0G+1n)X can be used to de-
rive the corresponding constraint on the parameters ci in
a semi-analytic form. Moreover, for det(D) = 0, adj(D)
has rank 1, meaning that its column space has dimension
1, and  ⌘ colsp

⇥
adj(D)

⇤
CZ̃ yields the (non-normalized)

wave function of the corresponding bound state. This can
be used to e�ciently emulate bound-state wave functions
for values of ci that preserve the binding energy. We will
discuss emulation of fixed-energy wave functions in a sep-
arate section.

In this section we show how to build exact emulator for
bound-state wave function (eigenvector), when Hamilto-
nian matrix receives parametric update, but such that
the binding energy (eigenvalue) does not change. Such
problem arises,for example when fitting parameters of
A-body Hamiltonian to exactly reproduce experimental
binding energy and simultaneously optimally reproduce
other observables (which are obtained from the wave
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Figure 3. Numerical accuracy of the emulated (left) and direct (right) solutions T 3N (cD, cE) in the J⇡ = 1
2

+
channel. Direct

solutions are obtained by performing Padé resummation of 40 iterations of the Faddeev equation. White open circle, open
square and filled triangle mark the parameter values used to generate the main snapshot, the VcE -snapshot and the 28 snapshots
for each of the rank-1 component of VcD , respectively.

the matrix VcD has rank 28 for the employed discretiza-
tion setup [21]. Since for rank-1 updates, the accuracy of
the emulator does not depend on the choice of snapshots
(provided they are numerically accurate), it is advan-
tageous to represent VcD as a sum of 28 rank-1 poten-
tials using SVD: VcD =

P
a �auav⇤a ⌘

P
a V

rank-1
cD, a . We

then first compute the main snapshot T 3N
0 using, e.g.,

V
3N = V0, and set successively V

3N = V0 + cDV
rank-1
cD, a

with a = 1, . . . , 28 and any cD 6= 0 to generate 28 snap-
shots T 3N

1...28. Finally, we compute the snapshot T 3N
29 us-

ing V
3N = V0 + cEVcE and a nonzero value of cE . After

building an orthonormal basis from 30 vectors T 3N
0...29 and

projecting Eq. (6) on this basis, the dimensionality of the
105

⇥ 105 Faddeev equation reduces to 30 ⇥ 30 without
accuracy loss.

Unlike typical snapshot-based emulators, which use so-
phisticated algorithms for choosing snapshots in order to
optimize accuracy [12, 24, 25], SVD of the Hamiltonian
update into rank-1 terms allows us to prepare snapshots
for each rank-1 update independently of each other and of
the parameter values. This way our method provides an
accurate, unambiguous, and scalable algorithm for build-
ing a complete reduced bases.

In Fig. 3, we show the snapshot locations of our em-
ulator and compare numerical errors for the emulated
(left panel) and directly computed (right panel) solutions
T 3N for a wide range of cD-, cE-values. Similarly to the
T 3N (cE) case, the emulated results do not show any er-
ror increase outside the snapshot region (as expected for
an exact emulator) and are much more accurate than the
iterative solution for large values of |cD|, |cE |. According
to our tests, the achieved speed up of the T 3N (cD, cE)-

emulator amounts to ⇠ 106.
Bound states.— The methodology described in the pre-

vious sections can be used to e�ciently constrain nuclear
interaction models from scattering data. However, there
is also growing interest in tuning nuclear forces to prop-
erties of nuclei like, e.g., the ground- and excited-state
energies, charge radii, and decay rates [6, 8, 18, 19]. This
requires a computationally e�cient emulation of bound-
state wave functions for low-rank updates of the Hamil-
tonian. We now show how this can be achieved using the
RBM introduced above.

We first emphasize that the LSE Woodbury identity
(4) can, in principle, be directly applied to e�ciently con-
strain ~c such that the system develops a bound state
at any given energy Ē. The requirement of the T-
matrix to have a pole at E = Ē yields the condition
det(D) = 0, with the r ⇥ r matrix D ⌘ 1r � CZG(T0G +
1n)X. Moreover, for det(D) = 0, adj(D) has rank 1,
meaning that its column space has dimension 1, and
 Ē(~c ) ⌘ colsp

⇥
adj(D)

⇤
CZ̃ yields the (non-normalized)

bound-state wave function. This can be used to emulate
bound-state wave functions for values of ~c that preserve
the binding energy.

In practical applications, it is more convenient to use
an approach that does not require calculating the T-
matrix. Consider the matrix eigenvalue problem

H E = E E , with H = H0 +
X

i

ciVi , (9)

where H0 and Vi are known n ⇥ n matrices and  E the
corresponding eigenvector. Let E = Ē denote a non-
degenerate discrete eigenvalue of the Hamiltonian H cor-

snapshots used

Direct solution of the Faddeev eq.Emulated: speed up  (!)̂ 106

! Chiral expansion of the 3NF

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

abcdef

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

N2LO (Q3) N3LO (Q4)

Ishikawa, Robilotta ’08;  Bernard, EE, Krebs, Meißner ’08

N4LO (Q5)

Krebs, Gasparyan, EE ’13

Krebs, Gasparyan, EE ’13

Krebs, Gasparyan, EE ’12

Girlanda, Kievski, Viviani ’11
13 LECs

Bernard, EE, Krebs, Meißner ’08

Bernard, EE, Krebs, Meißner ’08

Bernard, EE, Krebs, Meißner ’11

Bernard, EE, Krebs, Meißner ’11

cD

cE

! Chiral expansion of the 3NF

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

abcdef

EpelbaumFig05.pdf   1   4/5/12   1:41 PM

N2LO (Q3) N3LO (Q4)

Ishikawa, Robilotta ’08;  Bernard, EE, Krebs, Meißner ’08

N4LO (Q5)

Krebs, Gasparyan, EE ’13

Krebs, Gasparyan, EE ’13

Krebs, Gasparyan, EE ’12

Girlanda, Kievski, Viviani ’11
13 LECs

Bernard, EE, Krebs, Meißner ’08

Bernard, EE, Krebs, Meißner ’08

Bernard, EE, Krebs, Meißner ’11

Bernard, EE, Krebs, Meißner ’11

cD

cE

— This technology will be crucial for the determination of D-like 3NFs.
under review for Phys. Rev. Lett.

4

5

FIG. 3. Numerical error Eq. (11) of emulated (left) and direct (right) solutions of the Faddeev equation with potential
V

3N = V0 + cEVE + cDVD (where VE has rank 1, and VD has rank 28) as a function of parameters cE and cD. Direct solution
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accurate enough.
For completeness, we provide an algorithm to build an

exact emulator the for parameter-dependent scattering
equation (8) at fixed energy assuming that all matrices
Vi have low rank.

• Compute first snapshot (one can set parameters ci

to zero or any other values, where snapshot is ac-
curate).

• Perform (randomized) SVD of matrices Vi and
rewrite each matrix as a sum of rank-1 potentials.

• For each rank-1 potential compute a snapshot
(value of parameter ci does not matter for rank-
1 potential).

• Collect all snapshots and build an orthonormalized
basis from them (e.g. perform SVD, truncate neg-
ligible singular values)

• Project full scattering equation on the reduced ba-
sis.

• Solve the scattering equation in the reduced basis.

• Convert the solution back to the full basis.

The resulting solution is equal to the solution of the
full problem without accuracy loss. Since all parameter-
dependent computations are done in the reduced basis,
all computations are very fast. No ambiguity how to

choose snapshots. Since this is exact result, one can “ex-
trapolate” to the values of parameters much larger than
was used to produce snapshots. Emulator is built for
fixed energy and should be rebuilt to emulate observ-
ables at di↵erent energy. Speed-up for emulator in fig. 3
is ⇠ 4.000.000.

Bound states.—

The LSE Woodbury identity (4) also allows one to e�-
ciently implement the constraint of having a bound state
at a given energy, which manifests itself in a pole of the
T-matrix. The resulting condition det(D) = 0 with the
r⇥r matrix D ⌘ 1r �CZG(T0G+1n)X can be used to de-
rive the corresponding constraint on the parameters ci in
a semi-analytic form. Moreover, for det(D) = 0, adj(D)
has rank 1, meaning that its column space has dimension
1, and  ⌘ colsp

⇥
adj(D)

⇤
CZ̃ yields the (non-normalized)

wave function of the corresponding bound state. This can
be used to e�ciently emulate bound-state wave functions
for values of ci that preserve the binding energy. We will
discuss emulation of fixed-energy wave functions in a sep-
arate section.

In this section we show how to build exact emulator for
bound-state wave function (eigenvector), when Hamilto-
nian matrix receives parametric update, but such that
the binding energy (eigenvalue) does not change. Such
problem arises,for example when fitting parameters of
A-body Hamiltonian to exactly reproduce experimental
binding energy and simultaneously optimally reproduce
other observables (which are obtained from the wave
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the matrix VcD has rank 28 for the employed discretiza-
tion setup [21]. Since for rank-1 updates, the accuracy of
the emulator does not depend on the choice of snapshots
(provided they are numerically accurate), it is advan-
tageous to represent VcD as a sum of 28 rank-1 poten-
tials using SVD: VcD =

P
a �auav⇤a ⌘

P
a V

rank-1
cD, a . We

then first compute the main snapshot T 3N
0 using, e.g.,

V
3N = V0, and set successively V

3N = V0 + cDV
rank-1
cD, a

with a = 1, . . . , 28 and any cD 6= 0 to generate 28 snap-
shots T 3N

1...28. Finally, we compute the snapshot T 3N
29 us-

ing V
3N = V0 + cEVcE and a nonzero value of cE . After

building an orthonormal basis from 30 vectors T 3N
0...29 and

projecting Eq. (6) on this basis, the dimensionality of the
105

⇥ 105 Faddeev equation reduces to 30 ⇥ 30 without
accuracy loss.

Unlike typical snapshot-based emulators, which use so-
phisticated algorithms for choosing snapshots in order to
optimize accuracy [12, 24, 25], SVD of the Hamiltonian
update into rank-1 terms allows us to prepare snapshots
for each rank-1 update independently of each other and of
the parameter values. This way our method provides an
accurate, unambiguous, and scalable algorithm for build-
ing a complete reduced bases.

In Fig. 3, we show the snapshot locations of our em-
ulator and compare numerical errors for the emulated
(left panel) and directly computed (right panel) solutions
T 3N for a wide range of cD-, cE-values. Similarly to the
T 3N (cE) case, the emulated results do not show any er-
ror increase outside the snapshot region (as expected for
an exact emulator) and are much more accurate than the
iterative solution for large values of |cD|, |cE |. According
to our tests, the achieved speed up of the T 3N (cD, cE)-

emulator amounts to ⇠ 106.
Bound states.— The methodology described in the pre-

vious sections can be used to e�ciently constrain nuclear
interaction models from scattering data. However, there
is also growing interest in tuning nuclear forces to prop-
erties of nuclei like, e.g., the ground- and excited-state
energies, charge radii, and decay rates [6, 8, 18, 19]. This
requires a computationally e�cient emulation of bound-
state wave functions for low-rank updates of the Hamil-
tonian. We now show how this can be achieved using the
RBM introduced above.

We first emphasize that the LSE Woodbury identity
(4) can, in principle, be directly applied to e�ciently con-
strain ~c such that the system develops a bound state
at any given energy Ē. The requirement of the T-
matrix to have a pole at E = Ē yields the condition
det(D) = 0, with the r ⇥ r matrix D ⌘ 1r � CZG(T0G +
1n)X. Moreover, for det(D) = 0, adj(D) has rank 1,
meaning that its column space has dimension 1, and
 Ē(~c ) ⌘ colsp

⇥
adj(D)

⇤
CZ̃ yields the (non-normalized)

bound-state wave function. This can be used to emulate
bound-state wave functions for values of ~c that preserve
the binding energy.

In practical applications, it is more convenient to use
an approach that does not require calculating the T-
matrix. Consider the matrix eigenvalue problem

H E = E E , with H = H0 +
X

i

ciVi , (9)

where H0 and Vi are known n ⇥ n matrices and  E the
corresponding eigenvector. Let E = Ē denote a non-
degenerate discrete eigenvalue of the Hamiltonian H cor-

snapshots used
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— This technology will be crucial for the determination of D-like 3NFs.
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FIG. 3. Numerical error Eq. (11) of emulated (left) and direct (right) solutions of the Faddeev equation with potential
V

3N = V0 + cEVE + cDVD (where VE has rank 1, and VD has rank 28) as a function of parameters cE and cD. Direct solution
uses 40 iterations followed by Padé-resummation. White symbols on left panel show values of parameters used to take snapshots
for our emulator: circle - main snapshot, [square] - cE-snapshot, filled triangle 28 snapshots for each rank-1 component of VD.
[AF: maybe replace lower circle with square.]

accurate enough.
For completeness, we provide an algorithm to build an

exact emulator the for parameter-dependent scattering
equation (8) at fixed energy assuming that all matrices
Vi have low rank.

• Compute first snapshot (one can set parameters ci

to zero or any other values, where snapshot is ac-
curate).

• Perform (randomized) SVD of matrices Vi and
rewrite each matrix as a sum of rank-1 potentials.

• For each rank-1 potential compute a snapshot
(value of parameter ci does not matter for rank-
1 potential).

• Collect all snapshots and build an orthonormalized
basis from them (e.g. perform SVD, truncate neg-
ligible singular values)

• Project full scattering equation on the reduced ba-
sis.

• Solve the scattering equation in the reduced basis.

• Convert the solution back to the full basis.

The resulting solution is equal to the solution of the
full problem without accuracy loss. Since all parameter-
dependent computations are done in the reduced basis,
all computations are very fast. No ambiguity how to

choose snapshots. Since this is exact result, one can “ex-
trapolate” to the values of parameters much larger than
was used to produce snapshots. Emulator is built for
fixed energy and should be rebuilt to emulate observ-
ables at di↵erent energy. Speed-up for emulator in fig. 3
is ⇠ 4.000.000.

Bound states.—

The LSE Woodbury identity (4) also allows one to e�-
ciently implement the constraint of having a bound state
at a given energy, which manifests itself in a pole of the
T-matrix. The resulting condition det(D) = 0 with the
r⇥r matrix D ⌘ 1r �CZG(T0G+1n)X can be used to de-
rive the corresponding constraint on the parameters ci in
a semi-analytic form. Moreover, for det(D) = 0, adj(D)
has rank 1, meaning that its column space has dimension
1, and  ⌘ colsp

⇥
adj(D)

⇤
CZ̃ yields the (non-normalized)

wave function of the corresponding bound state. This can
be used to e�ciently emulate bound-state wave functions
for values of ci that preserve the binding energy. We will
discuss emulation of fixed-energy wave functions in a sep-
arate section.

In this section we show how to build exact emulator for
bound-state wave function (eigenvector), when Hamilto-
nian matrix receives parametric update, but such that
the binding energy (eigenvalue) does not change. Such
problem arises,for example when fitting parameters of
A-body Hamiltonian to exactly reproduce experimental
binding energy and simultaneously optimally reproduce
other observables (which are obtained from the wave
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Figure 3. Numerical accuracy of the emulated (left) and direct (right) solutions T 3N (cD, cE) in the J⇡ = 1
2

+
channel. Direct

solutions are obtained by performing Padé resummation of 40 iterations of the Faddeev equation. White open circle, open
square and filled triangle mark the parameter values used to generate the main snapshot, the VcE -snapshot and the 28 snapshots
for each of the rank-1 component of VcD , respectively.

the matrix VcD has rank 28 for the employed discretiza-
tion setup [21]. Since for rank-1 updates, the accuracy of
the emulator does not depend on the choice of snapshots
(provided they are numerically accurate), it is advan-
tageous to represent VcD as a sum of 28 rank-1 poten-
tials using SVD: VcD =

P
a �auav⇤a ⌘

P
a V

rank-1
cD, a . We

then first compute the main snapshot T 3N
0 using, e.g.,

V
3N = V0, and set successively V

3N = V0 + cDV
rank-1
cD, a

with a = 1, . . . , 28 and any cD 6= 0 to generate 28 snap-
shots T 3N

1...28. Finally, we compute the snapshot T 3N
29 us-

ing V
3N = V0 + cEVcE and a nonzero value of cE . After

building an orthonormal basis from 30 vectors T 3N
0...29 and

projecting Eq. (6) on this basis, the dimensionality of the
105

⇥ 105 Faddeev equation reduces to 30 ⇥ 30 without
accuracy loss.

Unlike typical snapshot-based emulators, which use so-
phisticated algorithms for choosing snapshots in order to
optimize accuracy [12, 24, 25], SVD of the Hamiltonian
update into rank-1 terms allows us to prepare snapshots
for each rank-1 update independently of each other and of
the parameter values. This way our method provides an
accurate, unambiguous, and scalable algorithm for build-
ing a complete reduced bases.

In Fig. 3, we show the snapshot locations of our em-
ulator and compare numerical errors for the emulated
(left panel) and directly computed (right panel) solutions
T 3N for a wide range of cD-, cE-values. Similarly to the
T 3N (cE) case, the emulated results do not show any er-
ror increase outside the snapshot region (as expected for
an exact emulator) and are much more accurate than the
iterative solution for large values of |cD|, |cE |. According
to our tests, the achieved speed up of the T 3N (cD, cE)-

emulator amounts to ⇠ 106.
Bound states.— The methodology described in the pre-

vious sections can be used to e�ciently constrain nuclear
interaction models from scattering data. However, there
is also growing interest in tuning nuclear forces to prop-
erties of nuclei like, e.g., the ground- and excited-state
energies, charge radii, and decay rates [6, 8, 18, 19]. This
requires a computationally e�cient emulation of bound-
state wave functions for low-rank updates of the Hamil-
tonian. We now show how this can be achieved using the
RBM introduced above.

We first emphasize that the LSE Woodbury identity
(4) can, in principle, be directly applied to e�ciently con-
strain ~c such that the system develops a bound state
at any given energy Ē. The requirement of the T-
matrix to have a pole at E = Ē yields the condition
det(D) = 0, with the r ⇥ r matrix D ⌘ 1r � CZG(T0G +
1n)X. Moreover, for det(D) = 0, adj(D) has rank 1,
meaning that its column space has dimension 1, and
 Ē(~c ) ⌘ colsp

⇥
adj(D)

⇤
CZ̃ yields the (non-normalized)

bound-state wave function. This can be used to emulate
bound-state wave functions for values of ~c that preserve
the binding energy.

In practical applications, it is more convenient to use
an approach that does not require calculating the T-
matrix. Consider the matrix eigenvalue problem

H E = E E , with H = H0 +
X

i

ciVi , (9)

where H0 and Vi are known n ⇥ n matrices and  E the
corresponding eigenvector. Let E = Ē denote a non-
degenerate discrete eigenvalue of the Hamiltonian H cor-

snapshots used
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Promising method 
for determination 
of 3N LECs



Summary I

Gradient flow regularization preserves chiral symmetry

Path-integral approach for derivation of nuclear forces

SMS NN up to N4LO+ and 3N up to N2LO

Method for derivation of the regularized nuclear forces in chiral EFT

Reproduce ground states of light and medium mass nuclei 
but underestimate point-radii

Consistent weak current at N2LO overestimates GT (fine-tuning)



Summary II

At N4LO: 16 D-like counter terms worked out         16 D-like + 13 E-like = 29 LECs

Promising Woodbury emulator for determination of 3N LECs at N4LO

One can reduce the number of D-like terms by using  - resonance saturationΔ

4 D-like LECs ( )α1,2,3,4

Spectroscopic basis for E-like LECs

At N3LO: calculation of 3NF at N3LO is finished

PWD of 3NF at N3LO is finished

From 3H expectation values we see sizable TPE and TPE-OPE
contributions that almost cancel each other

Short-range contributions seem to be small (due to  ) ∼ CT


