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Why heavy meson LCDAs 3

𝜆𝐵 , 𝜎1: Inverse moment of heavy meson LCDA

𝜑±: systematic error from model uncertainty

• Precise tests of Standard Model

• Searching for New Physics

Without reliable heavy meson LCDA, it is impossible to discuss precision calculation!

➢Weak decays of heavy mesons play a crucial role in

Gao, Lu, Shen, Wang, Wei, PRD 101 (2020) 074035
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Why LQCD 4

Gao, Lu, Shen, Wang, Wei, PRD 101 (2020) 074035

Cui, Huang, Shen, Wang, JHEP 03 (2023) 140

➢ the uncertainty originating from model selection play an important role:

Calculating heavy meson LCDAs from first principles significantly improves the 
precision of theoretical predictions.

Gao, Lu, Shen, Wang, Wei, PRD 101 (2020) 074035

𝜆𝐵 , 𝜎1: Inverse moment of heavy meson LCDA

𝜑±: systematic error from model uncertainty



Sequential effective theory 5

The HQET LCDA cannot be calculated directly on the lattice.

➢ Direct calculation of HQET LCDAs faces the following issues:

⚫ Light-like correlators

➢ LCDAs contribute to the exclusive decays:

⚫ Cusp divergence

Direct calculation × OPE ×

Braun, Ivanov, Korchemsky, PRD69, 034014 (2004)
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Sequential effective theory ——HQLaMET 6

Quasi-DA
Equal-time correlators

QCD LCDA
Light-like correlators

with QCD fields

HQET LCDA
Light-like correlators

with HQET fields

• Scales: 𝚲𝐐𝐂𝐃, 𝒎𝑸, 𝑷𝒛

• LQCD calculable

LaMET:

• 𝚲𝐐𝐂𝐃,𝒎𝑸 ≪ 𝑷𝒛

• Integrate out 𝑷𝒛

bHQET:

• 𝚲𝐐𝐂𝐃 ≪ 𝒎𝑸

• Integrate out 𝒎𝑸

Liu, Wang, Xu, QAZ, Zhao, PRD 99, 094036 (2019)

Han, QAZ, et.al., PRD111, 034503, (2025)

Ishaq, Jia, Xiong, Yang, PRL125, 132001 (2020)

Zhao, PRD 101, 071503 (2020)

Beneke, Finauri, Vos, Wei, JHEP 09, 066 (2023)

Hierarchy: 
Λ𝑄𝐶𝐷 ≪ 𝑚𝑄 ≪ 𝑃𝑧



Lattice setup 7

• continuum extrapolation.

• infinite momentum extrapolation.

• physical mass extrapolation.



Data processing workflow 8

Bare matrix element λ extrapolationRenormalization Fourier transformation



Matching from Quasi-DA to QCD LCDA 9

➢ Matching from quasi-DA to QCD LCDA:

Liu, Wang, Xu, QAZ, Zhao, PRD 99, 094036 (2019)

Han, QAZ, et.al., PRD111, 034503, (2025)

Quasi-DA and QCD LCDA on H48P32
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QCD LCDA of D meson from LaMET 10

➢ Full distribution of D meson QCD LCDA from LaMET after 

Continuum, infinite-momentum and physical mass extrapolation:

⚫ Peak region: 𝑦~𝑂(Λ𝑄𝐶𝐷/𝑚𝐻)

⚫ Tail region: 𝑦~𝑂(1)

⚫ End-point region: 𝑦𝑃𝑧 ≤ Λ𝑄𝐶𝐷

𝒪
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LaMET vs. Lattice OPE for QCD LCDA 11

⚫ The moments of the D-meson LCDA can be calculated directly using the OPE method.

⚫ Only the lowest moments can be accessed.

⚫ The power correction 𝚶(𝒎𝑫
𝟐 / 𝑷𝒛 𝟐) can be benchmarked by the OPE moments.



Moments calculation from OPE 12

➢ Moments from local operators:

➢ Gegenbauer moments from LaMET:

LaMET

𝑎1
𝐿𝑎𝑀𝐸𝑇 = −0.450 38

𝑎2
𝐿𝑎𝑀𝐸𝑇 = 0.146(33)

OPE

𝑎1
𝑂𝑃𝐸 = −0.434(17)

𝑎2
𝑂𝑃𝐸 = 0.183(73)

𝚶(𝒎𝑫
𝟐 / 𝑷𝒛 𝟐) is under control.



Analysis of systematic errors 13

➢ Sources of systematic error: 

✓ Hybrid renormalization

✓ Lambda extrapolation

✓ LaMET scale

✓ Extrapolation

Even after accounting for systematic uncertainties, the total 
uncertainty in the peak region remains small(~10%).



Prediction for HQET LCDA 14

14

QCD LCDA, nonperturbative

QCD

LQCD

Prediction for HQET LCDA from first-principle:

• Leading twist HQET LCDA: Lee, Neubert, et al. PRD 72 (2005) 094028

Beneke, Finauri, Vos, Wei, JHEP 09, 066 (2023)



Prediction for HQET LCDA 15

• Rebuild the full distribution of the HQET LCDA from a model-independent parametrization:
Feldmann, Lughausen, Dyk, JHEP10, 162 (2020)

⚫ Agree well with the data.

⚫ Excellent consistency is observed 

across different orders.

⚫ With full distributions, further 

phenomenological discussions 

can be preformed.
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Inverse and inverse-logarithmic moments 16

➢ Predictions of inverse and inverse-logarithmic moments from the full distribution of 

HQET LCDA:

PRD111 (2025), 034503

PRD98 (2018), 112016

PRD101 (2020), 074035

PRD69 (2004), 034014

JHEP10 (2020), 043

PRD72 (2005), 094028

PRD55 (1997), 272290

PLB848 (2024), 138345

Leading power!



𝑩 → 𝑲∗ Form Factors in LCSR 17

⚫ In PRD101(2020), 074035: (orange band)

𝑉 0 = 0.359−0.085
+0.141

𝐴 0 = 0.129−0.021
+0.035

𝑇23 0 = 0.116−0.022
+0.036

⚫ With our result 𝜆𝐵: (purple band)

𝑉 0 = 0.362−0.029
+0.034

𝐴 0 = 0.131−0.008
+0.008

𝑇23 0 = 0.119−0.008
+0.008

We thank Yu-Ming Wang for his code to calculate the B → V form factors in LCSRs @ 
PRD 101 (2020) 074035

Leading power!



Summary and Outlook 18

⚫ Heavy-meson HQET LCDAs are essential nonperturbative inputs for precision studies 

of exclusive weak B-meson decays, but have long suffered from model dependence.

⚫ We provide a precision lattice QCD determination of the heavy-meson HQET LCDA 

within HQLaMET:

• Continuum limit

• Infinite momentum limit

• Physical mass

• Systematic uncertainties

⚫ We are also collaborating with Wei to estimate power corrections, aiming to obtain 

more precise results.

Thanks for your attention!



Back up



Bare matrix elements 20

• Nonlocal 2-point correlation function:

• Beside high statistics, HYP smearing

is used to improve the signal.

• Bare matrix elements ෩𝑀𝐵(𝑧, 𝑃𝑧):



Hybrid renormalization 21

➢ ෩𝑀𝐵(𝑧, 𝑃𝑧) contains both linear and logarithmic divergences, 

can be multiplicatively renormalized.

➢ Hybrid renormalization scheme:

• Short distance (perturbative region): ratio scheme

• Long distance (nonperturbative region): self renormalization scheme

linear divergence

log divergence෩𝑀𝑅 𝑧, 𝑃𝑧 =
෩𝑀 0 𝑧, 𝑃𝑧, 1/𝑎

෩𝑀 0 𝑧, 𝑃ref
𝑧 , 1/𝑎

𝜃 𝑧𝑠 − 𝑧 +
෩𝑀 0 𝑧, 𝑃𝑧, 1/𝑎

𝑍𝑅 𝑧, 1/𝑎
𝜃 𝑧 − 𝑧𝑠

0 ത𝑞 𝑧 𝛾𝑧𝛾5𝑊𝑐 𝑧, 0 𝑄 0 𝐻 𝑃𝑧 ∝ 𝑃𝑧 ⇒ 𝑃ref
𝑧 = 0.5 GeV

𝑍𝑅 𝑧, 1/𝑎 = exp
𝑘𝑧

𝑎 ln 𝑎ΛQCD
+𝑚0𝑧 + 𝑓 𝑧 𝑎2 +

3𝐶𝐹
𝑏0

ln
ln 1/ 𝑎ΛQCD

ln 𝜇/ΛQCD
MS

+ ln 1 +
𝑑

ln 𝑎ΛQCD



Hybrid renormalization 22

➢ Self renormalization scheme:

𝑘 = 1.03(36), ΛQCD = 0.05(11)GeV,

𝑚0 = 0.13(15)GeV, 𝑑 = 0.9(1.2)

• Short distance: 

Lattice agree well with perturbation 

results

• Long distance: 

Fit results: (𝜒2/𝑑. 𝑜. 𝑓 = 0.42)

𝑍𝑅 𝑧, 1/𝑎 = exp{
𝑘𝑧

𝑎 ln 𝑎ΛQCD
+𝑚0𝑧 + 𝑓 𝑧 𝑎2

+
3𝐶𝐹
𝑏0

ln
ln 1/ 𝑎ΛQCD

ln 𝜇/ΛQCD
MS

+ ln 1 +
𝑑

ln 𝑎ΛQCD
}.



Renormalized matrix elements 23

A brute-force truncation at large λ will lead to strong oscillation after FT.

• a-dependence, 𝑃𝑧 = 2.5GeV Quasi-DA: ƿ𝜙 𝑥, 𝑃𝑧 = න
−∞

+∞ 𝑑𝑧

2𝜋
𝑒−𝑖𝑥𝑃

𝑧𝑧 ƿ𝑀𝑅 𝑧, 𝑃𝑧 .

ƿℎextra 𝜆 =
𝑐1

−𝑖𝜆 𝑛1
+ 𝑒𝑖𝜆

𝑐2
𝑖𝜆 𝑛2

𝑒−𝜆/𝜆0 .



Matching from Quasi-DA to QCD LCDA 24

➢ Matching from quasi-DA to QCD LCDA:

Liu, Wang, Xu, QAZ, Zhao, PRD 99, 094036 (2019)

Han, QAZ, et.al., PRD111, 034503, (2025)

Quasi-DA and QCD LCDA on H48P32
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Moments calculation from OPE 25

➢ Moments from local operators:

➢ Definition of operator

➢ Mellin moment

𝑎1 = −0.434(17)

𝑎2 = 0.183(73)



LaMET vs. Lattice OPE 26

➢ Gegenbauer moments from LaMET:

Fitting from data excluding the end-point region:

𝑛 𝑎1 𝑎2 𝑎3 𝑎4

2 -0.451(39) 0.144(34)

4 -0.447(43) 0.142(44) 0.006(38) 0.003(23)

6 -0.438(45) 0.125(48) 0.028(46) -0.025(37)

8 -0.433(52) 0.128(66) 0.033(53) -0.021(64)

LaMET
𝑎1
𝐿𝑎𝑀𝐸𝑇 = −0.450 38
𝑎2
𝐿𝑎𝑀𝐸𝑇 = 0.146(33)

OPE
𝑎1
𝑂𝑃𝐸 = −0.434(17)
𝑎2
𝑂𝑃𝐸 = 0.183(73)

𝚶(𝒎𝑫
𝟐 / 𝑷𝒛 𝟐) is under control.
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   𝜆 B ,    𝜎 1 :


   𝜑 ± :


   F i  B →  K ∗  ( E ) =  C i I  ( E )    𝜉 a  ( E ) +   ∫ 0 ∞ d 𝜔   ∫ 0 1 d u    T i II  ( E , 𝜔 , u )    𝜑 B +  ( 𝜔 )    𝜙   K ∗   ( a )  ( u )


   𝜆 B ,    𝜎 1 :


   𝜑 ± :


   𝜑 +  ( 𝜔 , 𝜇 ) =  1  i      f ˜   H Q    m   H Q    n + ⋅ v  ∫    d t  2 𝜋    e  − i 𝜔 t    n + ⋅ v  ⟨ 0  |  q -  ( t  n + )      n ̸ +  𝛾 5    W c  ( t  n + , 0 )    h v  ( 0 ) |  H Q  ( v ) ⟩


   𝚲  𝐐 𝐂 𝐃


   𝒎 𝑸


   𝑷 𝒛


   𝚲  𝐐 𝐂 𝐃 ,    𝒎 𝑸 ≪  𝑷 𝒛


   𝑷 𝒛


   𝚲  𝐐 𝐂 𝐃 ≪  𝒎 𝑸


   𝒎 𝑸


   Λ  Q C D ≪  m Q ≪  P z


     f  ( y , 𝜇 )  =  ∫    d x   | x |   C  (  y x ,  𝜇  x  P z )  f ˜  ( x ,  P z , 𝜇 )      + 𝒪  (    Λ QCD 2     ( y  P z ) 2 ,    Λ QCD 2     (  ( 1 − y )  P z ) 2 ,    M H 2     (  P z ) 2 )


  y ~ O (  Λ  Q C D /  m H )


  y ~ O ( 1 )


  y  P z ≤  Λ  Q C D


  𝒪  (    Λ QCD 2     ( y  P z ) 2 ,    Λ QCD 2     (  ( 1 − y )  P z ) 2 ,    M 2     (  P z ) 2 )


  𝚶 (  𝒎 𝑫 𝟐 /    (  𝑷 𝒛 ) 𝟐 )


   a 1  L a M E T = − 0 . 450  ( 38 )


   a 2  L a M E T = 0 . 146 ( 33 )


   a 1  O P E = − 0 . 434 ( 17 )


   a 2  O P E = 0 . 183 ( 73 )


  𝚶 (  𝒎 𝑫 𝟐 /    (  𝑷 𝒛 ) 𝟐 )


   𝜑 +  ( 𝜔 , 𝜇 ) =   𝜔  e  − 𝜔 /  𝜔 0   𝜔 0 2   ∑  k = 0 K     a k  ( 𝜇 )  1 + k    L k   ( 1 )  (   2 𝜔   𝜔 0 )


  𝑩 →  𝑲 ∗


  V  ( 0 ) =   0 . 359  − 0 . 085  + 0 . 141  


  A  ( 0 ) =   0 . 129  − 0 . 021  + 0 . 035


   T 23  ( 0 ) =   0 . 116  − 0 . 022  + 0 . 036


   𝜆 B


  V  ( 0 ) =   0 . 362  − 0 . 029  + 0 . 034  


  A  ( 0 ) =   0 . 131  − 0 . 008  + 0 . 008


   T 23  ( 0 ) =   0 . 119  − 0 . 008  + 0 . 008


     M ~ B ( z ,  P z )


     M ~ B ( z ,  P z )


     M ~ R  ( z ,  P z ) =      M ~   ( 0 )  ( z ,  P z , 1 / a )     M ~   ( 0 )  ( z ,  P ref z , 1 / a ) 𝜃  (  z s −  | z | ) +      M ~   ( 0 )  ( z ,  P z , 1 / a )   Z R  ( z , 1 / a ) 𝜃  (  | z | −  z s )


   ⟨ 0  |  q -  ( z )  𝛾 z  𝛾 5  W c  ( z , 0 ) Q  ( 0 ) | H  (  P z ) ⟩ ∝  P z   ⇒    P ref z = 0 . 5   GeV


   Z R  ( z , 1 / a ) =  exp ⁡   {   k z  a  ln ⁡   [ a  Λ QCD ] +  m 0 z + f  ( z )  a 2 +   3  C F   b 0  ln ⁡   [    ln ⁡   [ 1 /  ( a  Λ QCD ) ]   ln ⁡   [ 𝜇 /  Λ QCD   MS ¯ ] ] +  ln ⁡   [ 1 +  d   ln ⁡   [ a  Λ QCD ] ] }


  k = 1 . 03 ( 36 )


   Λ QCD = 0 . 05 ( 11 )


   m 0 = 0 . 13 ( 15 )


  d = 0 . 9 ( 1 . 2 )


   𝜒 2 / d . o . f = 0 . 42


      Z R  ( z , 1 / a )  =  exp ⁡ {   k z  a  ln ⁡ ​  [ a  Λ QCD ] +  m 0 z + f  ( z )  a 2        +   3  C F   b 0  ln ⁡   [    ln ⁡ ​  [ 1 /  ( a  Λ QCD ) ]   ln ⁡ ​  [ 𝜇 /  Λ QCD   MS ¯ ] ] +  ln ⁡   [ 1 +  d   ln ⁡ ​  [ a  Λ QCD ] ] } .


   P z  


   𝜙 ˜  ( x ,  P z ) =   ∫  − ∞  + ∞    d z  2 𝜋    e  − i x  P z z      M ˜ R  ( z ,  P z ) .


     h ˜ extra  ( 𝜆 ) =  [    c 1     ( − i 𝜆 )   n 1 +  e  i 𝜆    c 2     ( i 𝜆 )   n 2 ]  e  − 𝜆 /  𝜆 0 .


     f  ( y , 𝜇 )  =  ∫    d x   | x |   C  (  y x ,  𝜇  x  P z )  f ˜  ( x ,  P z , 𝜇 )      + 𝒪  (    Λ QCD 2     ( y  P z ) 2 ,    Λ QCD 2     (  ( 1 − y )  P z ) 2 ,    M H 2     (  P z ) 2 )


  𝜙  ( y , 2 y  P z )  →   ERBL 𝜙  ( y ,    m D )


    d  C  − 1  ( x , y ,  P z , 𝜇 )  d    ln ⁡ 𝜇 2 = −   ∫ 0 1 d 𝜉   V  [ 𝜉 , y ,  𝛼 s  ( 𝜇 ) ]    C  − 1  ( x , 𝜉 ,  P z , 𝜇 )


   a 1 = − 0 . 434 ( 17 )


   a 2 = 0 . 183 ( 73 )


  n


   a 1


   a 2


   a 3


   a 4


   a 1  L a M E T = − 0 . 450  ( 38 )


   a 2  L a M E T = 0 . 146 ( 33 )


   a 1  O P E = − 0 . 434 ( 17 )


   a 2  O P E = 0 . 183 ( 73 )


  𝚶 (  𝒎 𝑫 𝟐 /    (  𝑷 𝒛 ) 𝟐 )

