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Nonrelativistic QCD (NRQCD) factorization

Bodwin, Braaten and Lepage, PRD 51 (1995) 1125 03 / 23

NRQCD factorization formula for inclusive quarkonium production

Short-distance coefficients (SDCs) Universal long-distance
matrix elements (LDMEs)

+ inclusive hard radiation Color-octet production LDMEs:
• Direct lattice calculation remains open
• Extracted from fits to experimental data



NRQCD factorization: successes and limitations

Brambilla, Butenschoen and X. P. Wang‑ , PRD 112 (2025) L011902 04 / 23

Testing LDME universality Kinematic tensions
in end-point regions



pNRQCD factorization for the CO LDMEs

Brambilla, Chung, Vairo and X. P. Wang‑ , JHEP 03 (2023) 242 05 / 23

Within strongly coupled potential NRQCD (pNRQCD), we have

Color-octet LDMEs Universal gluonic correlators

Can be calculated on the lattice



pNRQCD predictive power: example 1

Brambilla, Chung, Vairo and X. P. Wang‑ , JHEP 03 (2023) 242 06 / 23

Universality fixes the direct-production ratios

Data comparisons include feeddown and dimuon branching fractions

No explicit perturbative production calculation is needed



pNRQCD predictive power: example 2

Brambilla, Chung, Vairo and X. P. Wang‑ , JHEP 03 (2023) 242
Brambilla, Butenschoen and X. P. Wang‑ , PRD 112 (2025) L011902
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Charmonium fit inputs Universal correlators
Scale evolution: charm → bottom

Challenge: determine the universal correlators independently from lattice QCD



P-wave decay: a first application and validation

Brambilla and X. P. Wang‑ , JHEP 06 (2024) 210
Brambilla, Leino, Mayer-Steudte, Panayiotou, Shindler, Vairo and X. P. Wang‑ , arXiv:2607.13024
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Inclusive decay width Chromoelectric correlator and moments

1. Signal-to-noise ratio 2. Linear divergence 3.



Gradient flow: a gauge invariant UV cutoff

Lüscher, JHEP 08 (2010) 071; Lüscher and Weisz, JHEP 02 (2011) 051; Lüscher, JHEP 04 (2013) 123 09 / 23

Flow equations Boundary conditions Flowed composite operators

Gauge composites
Finite at positive flow time after
ordinary QCD parameter
renormalizations

Flowed quarks
Require field normalization

UV smoothing
can reduce noise

A natural bridge between lattice and continuum schemes



Perturbative gradient flow and matching

Lüscher and Weisz, JHEP 02 (2011) 051; Lüscher, JHEP 04 (2013) 123; Artz et al., JHEP 06 (2019) 121 10 / 23

Heat kernels suppress UV: noise reduction

Big advantage in matching:

Dimensional regularization
can be used in perturbative GF

Lattice operator
at finite a and t

Flowed operator
GF scheme

Matching

Matching coefficients are calculable in perturbation theory



Off-lightcone Wilson-line operators

Brambilla and X. P. Wang‑ , JHEP 06 (2024) 210 11 / 23

Off-lightcone Wilson-line operators Chromoelectric correlator

Euclidean convention

F: fundamental representation      A: adjoint representation



Applications and gradient flow matching

Brambilla and X. P. Wang‑ , JHEP 06 (2024) 210 12 / 23

Off-lightcone
Wilson-line operators Physics applications

Quark bilocals
Space-like separation

Quark quasi-PDFs/DAs

Gluon bilocals
Space-like / time-like separation

Gluon quasi-PDFs/DAs
Quarkonium decay and production correlators
Quarkonium transport coefficients in the QGP

Field-strength insertions
in Wilson loops Spin-dependent potentials

Auxiliary fields reduce nonlocal matching to local-current matching
One-loop matching provided; two-loop matching coming soon  (X.-P. Wang, in preparation)



Matching in P-wave quarkonium decay

Brambilla and X. P. Wang‑ , JHEP 06 (2024) 210
Brambilla, Leino, Mayer-Steudte, Panayiotou, Shindler, Vairo and X. P. Wang‑ , arXiv:2607.13024
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Continuum correlator: a → 0 at fixed positive flow time

Power-divergence
subtraction
From adjoint

Polyakov loops

Finite matching
constant

Short-distance matching

Matching
coefficient

Perturbative calculation
through one loop

No decay-width data enter the determination of these factors



The continuum limit at fixed flow time
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Fixed positive
flow time

Representative separation

Taking the continuum limit before removing the flow controls discretization



Power-divergence subtraction
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Multiplicative subtraction

Adjoint Polyakov loops
share the same Wilson-line

power divergence

Flow regulates the divergence. Its removal is an explicit analysis step.



The small-flow-time limit

16 / 23

Short-distance data set

A finer lattice reaches
smaller Euclidean separations

Enables the short-distance
perturbative matching



Lattice and perturbation theory meet
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Short-distance data fix
the finite matching
constant

No decay-width data
enter this matching



Extracting the universal moment
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Decay widths require this renormalized moment

Perturbative Lattice data Fitted tail

0 Last reliable lattice point

Vary the matching point
Mild residual dependence

Ground-state tail
Small integral contribution
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± 0.60 statistical
± 0.15 systematic
± 0.11 higher-order estimate

Direct gluonic-correlator
determination (quenched)

Dimensionless moment; the quoted errors do not include quenching



P-wave decay widths
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Inclusive light-hadron partial widths [MeV] Uncertainty components [MeV]

State Exp. Theory trunc. SDC ℰ₃
χc0(1P) 12.2 ± 0.5 13.19 ± 4.35 3.96 1.79 0.18
χc1(1P) 0.552 ± 0.041 0.69 ± 0.28 0.21 0.03 0.18
χc2(1P) 1.60 ± 0.06 1.66 ± 0.59 0.50 0.25 0.18
χb0(1P) – 1.11 ± 0.14 0.11 0.08 0.02
χb1(1P) – 0.13 ± 0.02 0.01 0.01 0.02
χb2(1P) – 0.25 ± 0.04 0.03 0.01 0.02
χb0(2P) – 1.42 ± 0.17 0.14 0.10 0.02
χb1(2P) – 0.17 ± 0.03 0.02 0.01 0.02
χb2(2P) – 0.32 ± 0.04 0.03 0.01 0.02
χb0(3P) – 1.64 ± 0.20 0.16 0.11 0.03
χb1(3P) – 0.19 ± 0.04 0.02 0.01 0.03
χb2(3P) – 0.36 ± 0.05 0.04 0.01 0.03

Trunc.: velocity expansion     SDC: perturbative coefficients     : universal momentℰ₃

Quenched  + Cornell wavefunctions; quenching uncertainty is not includedℰ₃



Heavy-quark expansion in gradient flow

Gui, Li, X. P. Wang‑  and Yang, arXiv:2609.15138 21 / 23

Direct flowed QCD → HQET Conventional QCD → HQET

Finite-mass coefficient Same HQET operator basis

Eliminate the same renormalized HQET operator basis

Flowed QCD → QCD conversion with heavy-quark mass dependence

Leading power; higher-power terms omitted. Matched bases with invertible C.



Example: heavy-light currents
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Ringed flowed current

Projected channels at leading power:

At the marked flow time, finite-mass effects
exceed the massless NLO–NNLO change
NNLO′: massless NNLO + NLO mass correction

Applications: finite-flow-time matrix elements and zero-flow extrapolations
Prospective: renormalon-free OPEs for heavy-flavor physics



Summary and outlook
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Summary

pNRQCD relations

Universal quarkonium
production correlators

2022–2023

Nonlocal off-lightcone
Wilson-line operators

2024

P-wave application
HQE in gradient flow

Heavy-quark mass effect
in GF matching

2026

Outlook
•Nonrelativistic QCD expansion in gradient flow
•Lattice determination of gluonic correlators in inclusive quarkonium production



Gradient Flow Workshop 2027 2–5 March 2027 · Wuhan, China
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•Robert Harlander (RWTH Aachen University)
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•Xiangdong Ji (TDLI, Shanghai Jiao Tong University)
•Guy D. Moore (TU Darmstadt)

Workshop website

Hosted by: C3NT, Institute of Particle Physics, CCNU
华中核理论中心、粒子物理研究所、华中师范大学

Organizers: 王翔鹏、丁亨通、舒海涛 xpwang@ccnu.edu.cn
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