Diffusion Sampling with Dynamical Fermions
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Al for lattice: a bref overview Y priveet

Normalizing flows Reshape simple random noise into field configurations
2023-2025 through a reversible map.

Diffusion models Start from noise and gradually denoise it into a configuration.
20242026 This is our route.

Learned Dirac solvers Give the solver a learned head start, reducing the iterations
2023-2026 needed for fermion calculations.

Physics extraction Learn to reconstruct spectral information from Euclidean
Example: 2024 correlation functions.

This talk: diffusion sampling with dynamical fermions
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Diffusion Models: Learning to Denoise & g

Add noise

Learn to denoise

x; = Xxo + v(7)e, e~ N,

Training: learn from known noise Generation: start from fresh noise
Add known noise to examples. Train a network to Apply many small denoising updates. Different
predict it at many noise levels. random starts produce different samples.

Schematic illustration
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Transformers: Learning from Context & i

Abertawe

The animal crossed the road because it was tired.

Which earlier information helps interpret “it”?

Tokens exchange context A Diffusion Transformer (DiT)
Tokens are pieces of the input. Self-attention Uses Transformer blocks as the network that
combines their information with input- predicts the denoising field at each noise level.
dependent weights.

Schematic illustration Eggééggégi
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Diffusion generation and MALA correction B Froe

Reverse diffusion: from noise (time 1) to a field (time 0)

do=—g*(0)s.(o; B dr+ g(t)dW, 7:1-0

First term: learned drift Second term: random fluctuations
The score is the log-density gradient. It guides Brownian noise adds random fluctuations. Its
denoising; the noise schedule sets its strength. amplitude decreases during denoising.

MAILA: Metropolis-adjusted Langevin algorithm

6 =0 — & VSeti[o; Bl + \/Z-f, E~ N, 1)

Propose a small downhill step in the action plus Gaussian noise, then accept or reject it using the full
action and proposal probabilities. The step size controls both drift and noise. e
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Why sample across couplings? ¥ f
What we have What we want

HMC ensembles at five couplings. Each New configurations at other couplings,
includes the dynamical fermion using the same trained model and fresh
determinant. noise.

Train at a few couplings. Generate at the requested coupling.

qo(0; p) = n(o; P)

The generated distribution should match the physical target at each coupling. e
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A controlled dynamical-fermion target

Seielos Bl = £ Y5(x)> — Nylog|det Mo]|

Analytical bosonic structure Nonlocal fermionic response

The quadratic term gives a known linear The determinant couples field modes

restoring force. Its coupling dependence through the Dirac operator. Its mass term

can be handled explicitly in the noisy score. uses a 2 x 2 plaquette average of the
auxiliary field.

Ny=12, L=36, V=1296, f€][0.10,1.60]

Zero bare mass - global Z2 symmetry - periodic space / antiperiodic fermion time
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Physics-factorized noisy score B Froe

Combine the bosonic action with Gaussian diffusion noise

The quadratic action favors small fields; noise blurs them. Combining these two Gaussian
factors gives known coefficients for the network.

K= —1 ﬁeff=Nfﬂ+vl2

- 29
1+ N fﬁv,[
Kappa: Gaussian shrinkage Effective precision
Rescales the noisy field before it enters the Combines bosonic stiffness with inverse noise
network. It tends to one when the added variance. The noise scale is the standard
noise vanishes. deviation introduced earlier.
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Conditional DiT: training and generation B fioe

o1 Sparse HMC anchors
02 Conditional residual
learning

03 Reverse-SDE generation

04  Optional correction
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Train at five couplings: 0.10, 0.30, 0.60, 1.00 and 1.50.
Each anchor contributes 2,000 configurations.

A 21.6M-parameter DiT learns with denoising score
matching; odd-score symmetry is imposed explicitly.

Use 200 Euler—Maruyama steps to obtain raw samples at
the requested coupling.

Apply MALA or separate zero / nonzero-mode Metropolis
updates, then measure the remaining bias.
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Why reweighting is not enough B fioe

(a) Classical Single-Anchor HMC B-Reweighting Overlap Five peaks, five HVMC anchors
10° 4 H

At its own coupling: all 2,000
(_l _ configurations contribute. Away
10 4 from it: a few weights dominate.

' | Narrow peaks, little coverage

/|

— HMC Rewslght from f = 0.10 Narrow peaks leave poor
coverage between anchors. At the

ke

—— HM Hewslght from g =0.30

Normalized Effective Sample Size Npss/N

J ”_L — H MO Bewsight from g = 0,60
8§ T b Rovelghn b fe 19 floor, only about one
1 | . I el ol B configuration contributes.
0.2 0.4 0.6 0.8 1.0 12 1.4 1.6

Target Coupling 8
Generate new configurations instead of reweighting old ones.

31 target couplings, including 26 unseen points. We now compare their observables with HMC.
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Physical observables across couplings & fimm

Order parameter: DiT + MALA Mass ratio: raw and corrected

3.0 1 Ensemble Total Uncertainty owt = 1/ 05, + ofys ANGVA Tt
—4— HMC Benchmark (exact reference)
95 + 5-Seed DiT Ensemble (N = 2500, stat error) 1.00 4
——— [~
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5 Training Anchor
E?J o704 - DHN Strong-Coupling Limit (1.002) =
iEd ’ —=— Raw DIT 5-Seed Ensemble (Nuaa = 0)
=4 - DIiT + 50 MALA 5-Seed Ensemble '!
el § HMC Reference (N = 500)
T T T T T T T T T 1 T T 1 1 1 L}
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 0.2 D4 06 08 1.0 12 14 LG

Coupling B = 1/g° Coupling 8 = 1/g?

The raw mass ratio agrees to —0.12% on average,

with no target coupling beyond 30. The corrected R — 2mf/ m T
order parameter follows HMC across the full scan.
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Agreement across physical observables ¥ f

DiT + MALA ensembile: 5 seeds, 31 couplings, 26 unseen points

Observable Mean |pull| Largest |pull| Points > 30

Order parameter (lol) 0.830 2.460 0/31
Chiral condensate () 0.840 2.320 0/31
Susceptibility 7V ={(5%)—(l5)* 1.030 2.260 0/31
Effective action density (Sefr)!V 0.560 1.540 0/31

Agreement covers both field and fermionic observables.

All four observables stay within 30 of HMC across the scan. Pulls include statistical and seed-to-seed
uncertainty; results use 50 MALA updates.
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How MAI A restores the fluctuation spectrum B fioe

Fluctuation power at coupling 1.50 What the plot tests
(a) Momentum Ratio R(k) & Filter IH(k)® (f =1.50)

2] L Low momentum probes long
? ' distances; high momentum probes
T - 0.8 o o
S % short distances. MALA brings the
E P - fluctuation power close to HMC.
e, T8
I =
% E ° °
g 0% & Why this matters for fermions
= . —@— Raw DiT (Muarn =0) ﬂ“
£ 071 - NZMy +2ZMs (14.8ms) | ;5
-& i == NZMy + ZM; (24.1 ms)
w _ | -Q- MALA-S{)(ISImS}j 2 2 kO 2 kl

o Terespeme | |H(k)| = COS (7 ) cos” (=

0 1 2 3 4 5 6 T 8
Lattice Laplacian momentum shell f'.z (0, 8]
The arguments are lattice momenta.
R(k) = Pgeneraied(k) / Prmvc (k) Plaquette averaging filters ultraviolet
P(k): fluctuation power at momentum k. power out of the Dirac mass. —

R =1: HMC agreement. R > 1: stronger. R < 1: weaker.
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Current imitations and improvements B fioe

Current limatations

Residual mode-dependent bias

Raw samples do not reproduce every
momentum mode. MALA improves
agreement but adds physical updates.

One volume, sparse training anchors

Current results use a 36 x 36 lattice and five
training couplings. Independent draws can
still share a biased distribution.
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Possible improvements

A more accurate fermionic score

Improve the learned residual, especially the
short-distance fluctuations revealed by the
spectrum.

Broader tests of physical accuracy

Test transfer across volumes and couplings.
Add independent physics identities and
correction-convergence checks.



Summary and Outlook

Highlights from this work
Learning dynamical fermion effects

Exact bosonic score + learned fermionic
residual in the 2D Gross—Neveu model.

Five anchors, 31 target couplings

One conditional model generates at 26 unseen

couplings, beyond narrow reweighting overlap.

Physical observables reproduced

After MALA correction, field and fermionic
observables agree with HMC across the
coupling scan.
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Value for dynamical-fermion sampling

Fresh noise, no inherited chain memory

Raw generation avoids HMC burn-in and
inherited chain autocorrelations by using
independent noise seeds.

Toward shorter equilibration

Warm starts could shorten equilibration with
dynamical fermions.

Reuse learned fermionic physics

Parallel draws and coupling reuse may lower cost.
Bias still needs validation.
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Thank you for your attention !

Questions and discussion
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