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Spectrum Production and decay Dynamical quarks

Outline and scope
Focus: understanding glueballs through lattice studies of their spectrum, production,
and mixing.

1. From the glueball concept to the Yang–Mills spectrum

2. Beyond spectroscopy: production and decay

3. Dynamical quarks and glueball–meson mixing

Further reading: broader perspectives
General / phenomenology: Mathieu, Kochelev and Vento, The Physics of Glueballs, IJMPE 18, 1 (2009),
arXiv:0810.4453.
Experimental review: Crede and Meyer, The Experimental Status of Glueballs, PPNP 63, 74 (2009),
arXiv:0812.0600.
Recent lattice overview: Morningstar, Update on Glueballs (2025), arXiv:2502.02547.
X(2370) experimental perspective: Huang, Jin and Zhang, Discovery of a glueball-like particle X(2370) at
BESIII, IJMPA 40, 2530007 (2025), doi:10.1142/S0217751X25300078.
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Spectrum Production and decay Dynamical quarks

The glueball idea

• In 1972, Fritzsch and Gell-Mann discussed pure-glue states in the emerging
quark–gluon field theory.

• The proposed states were color-singlet hadrons built from gluonic degrees of
freedom, beyond the usual qq̄ mesons and qqq baryons.

• Fritzsch and Minkowski (1975) developed the phenomenology of “glue mesons,”
including mixing and Zweig-rule-violating decays.

The original physical question
Can the fields that mediate the strong interaction themselves form observable
hadrons?
Fritzsch–Gell-Mann, ICHEP 1972, pp. 135–165 (reprinted as hep-ph/0208010); Fritzsch–Minkowski, Nuovo Cim. A
30, 393 (1975).
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Spectrum Production and decay Dynamical quarks

Glueballs in QCD

LQCD = q̄(i ̸D−mq)q− 1

4
FaµνFaµν , Faµν = ∂µAa

ν − ∂νAa
µ + gfabcAb

µAc
ν .

• Gluons carry color: the non-Abelian term generates three- and four-gluon interactions.

• Gauge-invariant gluonic operators can carry hadronic quantum numbers, e.g. TrF2 (0++)
and TrFF̃ (0−+).

• Self-interaction motivates the possibility of bound states; their existence, masses and
ordering require nonperturbative dynamics.

To isolate the binding dynamics of the gluonic fields, we first consider pure Yang–Mills theory,
without dynamical quarks.
Fritzsch–Gell-Mann–Leutwyler, PLB 47, 365 (1973); Chen et al., PRD 73, 014516 (2006).
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Spectrum Production and decay Dynamical quarks

Massless gluons, massive glueballs

LYM = − 1
4F

a
µνFaµν .

• Gauge symmetry forbids an explicit gluon mass term. In symmetry-preserving
perturbation theory, gluons remain massless at any finite order.

• Pure Yang–Mills theory nevertheless has a dynamically generated scale. Massive
color-singlet glueballs arise from nonperturbative gluonic dynamics.

• Determining the glueball spectrum requires a nonperturbative calculation: lattice gauge
theory provides such a method.

From massless perturbative fields to a massive nonperturbative spectrum.
Emergence of mass in the gauge sector of QCD, CPC 46, 112001 (2022); Chen et al., PRD 73, 014516 (2006).
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Spectrum Production and decay Dynamical quarks

Glueball masses on the lattice

1. Generate gauge-field configurations. Sample Uµ(x) with the Euclidean pure-gauge
weight e−Sg[U].

2. Construct purely gluonic operators. Combine gauge-invariant Wilson loops, project to
definite lattice quantum numbers, and sum over space for p = 0.

3. Compute two-point correlators. Average operator products over the gauge ensemble:

Cij(t) = ⟨Õi(t)Õ†
j (0)⟩, Õi = Oi − ⟨Oi⟩.

4. Fit the time dependence to extract masses. For periodic temporal extent T,

Cij(t) ≃
∑
n
A(n)
ij

[
e−mnt + e−mn(T−t)].

At zero momentum, Vacuum subtraction matters in the scalar channel.
Wilson, PRD 10, 2445 (1974); Morningstar–Peardon, PRD 60, 034509 (1999); Chen et al., PRD 73, 014516 (2006).
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Spectrum Production and decay Dynamical quarks

Lattices and gluonic operators

• at < as provides finer
resolution of rapidly
decaying correlators.

• Smeared Wilson loops
projected into cubic irreps
RPC.

• Variational optimization
improves the overlap with
low-lying states.

Liu, Wu and Chen, hep-lat/0011087; Chen et al., PRD 73, 014516 (2006).
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Spectrum Production and decay Dynamical quarks

Pure Yang–Mills spectrum
Chen et al. (2006)

JPC M [GeV]

0++ 1.710(50)(80)
2++ 2.390(30)(120)
0−+ 2.560(35)(120)

pure-SU(3) glueball results
Bali et al. (UKQCD), Phys. Lett. B 309,
378–384 (1993).
Morningstar–Peardon, Phys. Rev. D 60,
034509 (1999).
Vaccarino–Weingarten, Phys. Rev. D 60,
114501 (1999).
Chen et al., Phys. Rev. D 73, 014516 (2006).
Athenodorou–Teper, JHEP 11 (2020) 172.

Chen et al., Phys. Rev. D 73, 014516 (2006).
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Spectrum Production and decay Dynamical quarks

From spectrum to production

• Pure Yang–Mills theory supplies reference masses and quantum numbers.

• Agreement of a mass with an experimental candidate is an initial clue.

• Radiative J/ψ decays provide a gluon-rich production environment, favoring
isoscalar, C = + hadronic systems in the dominant strong mechanism.

• Lattice transition matrix elements predict production strengths, providing
quantitative benchmarks for experimental searches; electromagnetic glueball
decays offer complementary information.

Radiative production requires transition matrix elements beyond the mass spectrum.

Gui et al., PRL 110, 021601 (2013); Yang et al., PRL 111, 091601 (2013); Gui et al., PRD 100, 054511 (2019).
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Spectrum Production and decay Dynamical quarks

Radiative production

Three-point transition

J/ψ(pi)
J(c)µ−−−→ G(pf)

q = pi − pf, Q2 = −q2.

⟨G(pf)|J(c),Rµ |ψ(pi, λ)⟩

=
∑
a

Kµa(pi, pf, λ)Fa(Q2).

C(3) = ⟨OG(tf)J(c)µ (t)O†
ψ(0)⟩.

• Optimize the glueball sink and
extract transition form factors.

• Interpolate to the real-photon
point, then extrapolate in lattice
spacing.

• Multiply the local spatial charm
current by its renormalization
factor: J(c),Ri = Z(s)

V J(c),lati .

Gui et al., PRL 110, 021601 (2013); PRD 100, 054511 (2019).
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Spectrum Production and decay Dynamical quarks

Scalar production

7

TABLE II. The renormalization constants for the electromag-
netic current of charm and strange quark on three lattices.

β 2.4 2.8 3.0

Z
(i)
Vc

a 1.955(21) 1.500(10) 1.379(8)

a The values of Z
(i)
Vc

listed in Refs. [30, 48, 49] include an

additional factor νs to suppress the discrepancy between Z
(i)
Vc

and Z
(t)
Vc

, which would cancel part of the discretization errors,

especially on two coarse lattices with β = 2.4 and 2.8 [30, 48].
When we included one more fine lattice (β = 3.0) to the
calculation of the decay process J/ψ → γG0−+ in Ref. [49], we
realized the νs factor had been inappropriately added and was

removed in the practical calculation. The values of Z
(i)
Vc

in
Table II are the ones after removing the νs = 0.71, 0.74, 0.77 at
β = 2.4, 2.8, 3.0, respectively. The values from Refs. [48, 50]
should be updated accordingly.

FIG. 6. The continuum limit extrapolation of the form factors
for the J/ψ → γG process is carried out at three different
lattice spacings using a linear extrapolation.

According to Eq. (4) and Eq. (5), we can use the mul-
tipole expansion formula Eq. (1) to extract the form fac-
tor E1(Q

2, t) from Rµi(t). We compute all rotationally
equivalent momentum combinations and average all of
them. To reduce the influence of ϕ excited states, we use
the following formula to fit E1(Q

2, t) to obtain E1(Q
2):

E1(Q
2, t) = E1(Q

2) +A(Q2)e−Et. (9)

Once we obtain E1(Q
2) at different Q2, we need to

interpolate to the on-shell point where Q2 = 0. Here, we
use a polynomial for fitting as used in Ref. [30],

E1(Q
2) = E1(0) + aQ2 + bQ4. (10)

Our fitting is shown in Fig. 5. Considering the applicabil-
ity of polynomial interpolation, we present the interpo-
lation results for data points within Q2 ∈ [−2, 2] GeV2.
By using wall source to compute the charm quark prop-
agator, we effectively improve the signal of three point
function, resulting in a smoother variation of the form
factor E1(Q

2) with Q2 compared to the literature [30].

After obtaining E1(0) for each ensemble, we further ex-
trapolate the results to the continuum limit using a linear
function:

E1(0, a) = Econt.
1 (0) +Aa2s. (11)

The results on three ensembles and extrapolation are
shown in Fig. 6. Finally, we obtain the continuum limit
value of

E1(0)
cont. = 0.0675(50) GeV, (12)

which corresponds to the partial decay width of

ΓJ/ψ→γG = 0.578(86) keV. (13)

Due to the change in current renormalization, our result
is slightly larger than the previous result, ΓJ/ψ→γG =
0.35(8) keV [30], but it is consistent within 2σ.

D. G→ γϕ

Based on the Eq. 3, for the calculation of the process
G → γϕ, we need to place the glueball operator at the
source, that is, at the time slice ti = 0, and then multiply
it by the two-point correlation function of the current and
ϕ operators

Γ
(3),µ
G→γϕ(tf , p⃗f ; t, q⃗) = ⟨Oϕ(p⃗f , tf )J

s,µ
em (q⃗, t)O†

G(p⃗i, 0)⟩

=
∑
x,y,z

e−ip⃗fzeiq⃗(x+y)⟨ψ̄(z, tf )γiψ(z, tf )

× ψ̄(x, t)γµψ(y, t)O†
G(p⃗i, 0)⟩. (14)

However, in practical calculations, we find that the three-
point function obtained in this way has very large sta-
tistical noise, making it difficult to obtain an effective
signal. we can also construct the three-point function of
this process similarly to the J/ψ → γG process, that is,

Γ
(3),µ
ϕγ→G(tf , p⃗f ; t, q⃗) = ⟨OG(p⃗f , tf )J

s,µ
em (q⃗, t)Oϕ(p⃗i, 0)⟩

=
∑
x,y,z

eiq⃗zeip⃗i(x+y)⟨O†
G(p⃗f , tf )

×ψ̄(z, t)γµψ(z, t)ψ̄(x, 0)γiψ(y, 0)⟩. (15)

We find that the three-point correlation functions con-
structed in this way have a better statistical signal.
Thus, the computation procedure is similar to that of
J/ψ → γG.
In the data analysis we take a look at the t-dependence

and the tf − t dependence of Γ
(3)
ϕγ→G. For a fixed

∆t = tf − t (∆t/at = 1 for example), the form factor
E1(Q

2, t) derived from the ratio function Rµi(t,∆t) in
Eq. (7) for a given Q2 tends to a plateau for large t.
However, for a fixed t where the ϕ contribution to the
three-point function dominates, E1(Q

2,∆t) derived from
Rµi(t,∆t) exhibits a clear linear behavior in ∆t, as shown

Γ(ψ → γG0++) =
4α

27

k
M2
ψ

|E1(0)|2.

2013
Γ = 0.350(80) keV
B = 3.80(90)× 10−3

2024
Γ = 0.578(86) keV
B = 6.20(90)× 10−3

Three spacings; revised current
normalization.

Gui et al., PRL 110, 021601 (2013); Zou et al., Sci. China Phys. Mech. Astron. 67, 111012 (2024).
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Spectrum Production and decay Dynamical quarks

Scalar decays: γϕ and γγ
10

FIG. 10. Extrapolation of E1(Q
2) to the Q2 = 0 for the

G→ γϕ process. The results from top to bottom correspond
to β = 2.4, β = 2.8, and β = 3.0. For the ensemble with β =
2.4, measurements were performed on two different lattice
sizes, 123×192 and 163×192. Our results indicate that finite
volume effects are not significant.

We have obtained the EM form factors E1(0) for the
processes J/ψ → γG and G → γϕ in the continuum
limit. E1(0) is actually the effective coupling geff of the
effective Lagrangian for the decay processes above

Leff = eQqgeffGVµA
µ, (25)

where Vµ, G are the fields for the vector meson (J/ψ or
ϕ in this work) and the scalar glueball, respectively, Aµ

FIG. 11. The continuum limit extrapolation of the form fac-
tors E1 for the G→ γϕ process is carried out at three different
lattice spacings using linear extrapolation.

is the electromagnetic field, −e is the electric charge of
electron, Qq is the electric charge of the quark in the
vector meson, and geff describes the V ↔ G transition.
Considering the expressions in Eq. (2), one can see geff =
E1(0). If we introduce a dimensionless coupling constant
gGϕ = E1(0)/mG for G → γϕ and a coupling constant
gGJ/ψ = E1(0)/mJ/ψ for J/ψ → γG, then we get

gGϕ/gGJ/ψ = 0.73(41) ∼ O(1) (26)

for mG ≈ 1.635(62) GeV. This signals the insensitivity
of gGV to quark masses.
The partial decay width of J/ψ → γG is predicted to

be 0.578(86) keV, which gives the branching fraction

Br(J/ψ → γG) = 6.2(9)× 10−3, (27)

when the J/ψ total width Γ = 92.6(1.7) keV [26] is
used. These results are slightly larger than but qual-
itatively compatible with the previous lattice results
0.35(8) keV and 3.8(9) × 10−3 [30]. As for the scalar
glueball candidates f0(1710) and f0(1500), summing up
the PDG data of the branching fractions of J/ψ →
γf0(1710) → γ(KK̄, ππ, ηη, ωω, ωϕ) [26] gives the lower
bound Br(J/ψ → γf0(1710)) > 2.1 × 10−3, while the
lower bound for f0(1500) is Br(J/ψ → γf0(1500)) >
1.9 × 10−4 by summing up the branching fractions of
J/ψ → γf0(1500) → γ(ππ, ηη,KK̄). Obviously, the
production rate of f0(1710) in the J/ψ radiative decay
is one order of magnitude larger than that of f0(1500)
are consistent with the production rate of the scalar
glueball. On the other hand, BESII and BESIII have
performed the partial wave analysis (PWA) of the pro-
cesses J/ψ → γX → γππ [27], γηη [28], γKSKS [29],
and found that in each process, f0(1710) is produced
much more than f0(1500). These observations support
f0(1710) to be predominantly a scalar glueball state or
have a large component of the scalar glueball. Through
a coupled channel analysis to J/ψ → γ(ππ,KK̄, ηη, ϕω)

Three-spacing extrapolation in a2s .
E1(0) = 0.0218(69) GeV.

Direct lattice result

Γ(G → γϕ) = 0.074(47) keV.

For a total width of order 100 MeV,
B(J/ψ → γG → γγϕ) ∼ 10−9. Difficult to
observe with 1010 J/ψ events; compatible
with BESIII’s analysis.

Lattice input + VMD

Γ(G → γγ) ≃ 0.53(46) eV.

A model estimate, not a direct two-current
lattice calculation.

Zou et al., Sci. China Phys. Mech. Astron. 67, 111012 (2024); BESIII, Phys. Rev. D 111, 052011 (2025).
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Spectrum Production and decay Dynamical quarks

Scalar candidates and gluonic content

• All three isoscalar 0++ resonances lie in the scalar glueball mass region.

• The quenched scalar benchmark is B(J/ψ → γG) = 6.20(90)× 10−3. Experiment finds
stronger f0(1710) than f0(1500) signals in several radiative J/ψ channels.

• The measured-channel sums quoted give lower bounds of 2.1× 10−3 for f0(1710) and
1.9× 10−4 for f0(1500).

• Small quenched radiative-decay widths offer complementary search benchmarks.

These comparisons favor f0(1710) as a candidate with a substantial glueball component

Gui et al., PRL 110, 021601 (2013); Zou et al., Sci. China Phys. Mech. Astron. 67, 111012 (2024).
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Spectrum Production and decay Dynamical quarks

Tensor production

Γ(ψ → γG2++) =
4α

27

k
M2
ψ

(
|E1(0)|2 + |M2(0)|2 + |E3(0)|2

)
.

• Form factors: E1 = 0.1140(120)(60) GeV, M2 = −0.0110(50)(10) GeV,
E3 = 0.0230(80)(10) GeV.

• B(J/ψ → γG2++) = 1.1(2)× 10−2 .

• The large predicted production rate in radiative J/ψ decays motivates
experimental searches for glueball candidates in the tensor channel.

Yang et al., PRL 111, 091601 (2013).
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Spectrum Production and decay Dynamical quarks

Pseudoscalar production

0.00 0.02 0.04 0.06 0.08 0.10
a2

s (fm2)

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08
V(

Q
2

=
0)

Vc(0) = 0.0246(43)

Γ(ψ → γG) =
16α

27

k3

(Mψ +MG)2
|V̂(0)|2.

MG = 2.395(14) GeV, V̂(0) = 0.0246(43).
B = 2.31(80)× 10−4.

Effective radiative couplings

Γ(ψ → γX) = α

3
g2X

k3

M2
ψ

, [gX] = 1.

X gX

η 0.01080(20)

η′ 0.02590(80)

η(1405/1475) 0.0313(41)

η(1760) 0.0255(25)

X(1835) 0.0123(12)

η(2225) 0.0167(17)

G0−+ 0.0126(22)

The pseudoscalar glueball coupling is not substantially larger than the pseudoscalar meson couplings.

Gui et al., Phys. Rev. D 100, 054511 (2019).

15 / 34



Spectrum Production and decay Dynamical quarks

The X(2370) connection
• BESIII established JPC = 0−+ in 2024. Combining measurements in three decay
channels gives MX = 2359+13

−14 MeV, compatible with our lattice prediction for the
pseudoscalar glueball. Its measured decay properties are naturally understood in
the glueball picture, leading BESIII to favor a pseudoscalar-glueball-dominated
interpretation.

• Measured exclusive channels constrain products:

bf = B(ψ → γX)B(X → f), f = KK̄π, ππη, ππη′, KK̄η′.

• Channel sums and isospin relations motivate B(ψ → γX) ≳ 10−3.

The pure-glue reference 2.31(80)× 10−4 motivates studying quark dynamics and
coherent mixing.
BESIII, PRL 132, 181901 (2024); arXiv:2605.26495; arXiv:2607.20366; alternative interpretation: arXiv:2609.01342.
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Spectrum Production and decay Dynamical quarks

From production to mixing

• Quenched calculations provide quantitative benchmarks for the glueball spectrum
and radiative transitions.

• Glueballs are well defined in pure Yang–Mills theory; ultimately, we need to
understand how they manifest themselves in the hadron spectrum of full QCD.

• Dynamical quarks allow glueball–meson mixing and open additional hadronic
decay channels.

Zhang et al., PLB 827, 136960 (2022); Jiang et al., PRD 107, 094510 (2023); Chen–Gui–Li–Sun, arXiv:2605.01757.
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Spectrum Production and decay Dynamical quarks

Gluonic spectra with dynamical quarks

References in the plot
[61] Bali et al., PRD 62, 054503 (2000).
[63] Athenodorou et al., PoS LATTICE2022,
057 (2023).
[67] Gregory et al., JHEP 10 (2012) 170.
[68] Wei Sun et al., CPC 42, 093103
(2018).
[70] Feiyu Chen et al., CPC 47, 063108
(2023).
[48] Ying Chen et al., PRD 73, 014516
(2006).

Vadacchino, arXiv:2305.04869 (2023)
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Spectrum Production and decay Dynamical quarks

Gluonic operators and meson states

q(x) =
g2

32π2
Faµν F̃aµν , A0

µ =

Nf∑
f=1

q̄fγµγ5qf.

∂µA0
µ = 2

∑
f

mfq̄fiγ5qf + 2Nfq(x).

• The flavor-singlet axial anomaly connects gluonic topology with the pseudoscalar meson
sector.

• In Nf = 2 + 1 QCD, ⟨0|q|η⟩ and ⟨0|q|η′⟩ can be nonzero: a gluonic interpolator does not
select only glueball states.

• Wilson loops and topological charge density can emphasize different states in the same
finite-volume spectrum.

Su et al., Phys. Rev. D 112, 114516 (2025); Jiang et al., Phys. Rev. D 107, 094510 (2023).
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Spectrum Production and decay Dynamical quarks

Topology probes η and η′

5

two mixing angles as [38]{
F1
η′ = F1 cos θ1, F8

η′ = F8 sin θ8
F1
η = −F1 sin θ1, F8

η = F8 cos θ8
, (7)

where F8
η = ⟨0|O8|η⟩, F8

η′ = ⟨0|O8|η
′⟩, F1

η = ⟨0|O1|η⟩, and
F1
η′ = ⟨0|O1|η

′⟩ with O8 and O1 being the flavor octet and sin-
glet axial-vector currents, respectively. In our case, however,
we use O1 = q, and thus we arrive at

tan θ1 = −
⟨0|q|η⟩
⟨0|q|η′⟩

. (8)

In the two-state fits, the spectral weight factors are related to
the matrix elements as

Aη/η′ =
∣∣∣〈0 |q| η/η′〉∣∣∣2 . (9)

Therefore, we have the mixing angle defined using the topo-
logical charge operator as

θ1 = − arctan
√

Aη/Aη′ . (10)

0.013 0.014 0.015 0.016 0.017

tf/fm
2

0.0

2.5

5.0

7.5

10.0

12.5

15.0

θ(
◦ )

FIG. 7. The mixing angle θ1 as a function of different flow time.
The error bars show the total error including both the systematic and
statistical uncertainties.

The values of Aη and Aη′ are from the previously discussed
η′ fittings. We determine θ1 = −10.7(4.1)◦ on the 64I lattice
and θ1 = −8.3(2.4)◦ on the 48I lattice. Still, we use a constant
fit for the final prediction and take the difference between the
constant-fit result and the value obtained on the finer lattice as
the systematic uncertainty of lattice discretization. Our final
prediction reads θ1 = −8.9(2.1)(1.8)◦ with the second error
being the total systematic uncertainty. Since this study uses
topological charge operators, only θ1 can be determined.

To check the possible flow time dependence of the matrix
elements, we plot the numerical results (final results with total
error including both the systematic and statistical uncertain-
ties) of the mixing angle θ1 as a function of the flow time in
Fig. 7. As mentioned before, the topological charge opera-
tors are properly defined only with large enough Wilson flow
times, and the results are indeed quite stable w.r.t. flow times
when t f > (0.1 fm)2. We find no significant dependence of
our results on the flow time within the current precision.

IV. SUMMARY AND DISCUSSION

This work, for the first time, extracts both the η and η′

masses and also the mixing angle θ1 by using topological
charge operators. We obtain mη = 0.505(72)(75) GeV, mη′ =
0.952(47)(40) GeV, and θ1 = −8.9(2.1)(1.8)◦, where the first
error is the statistical error and the second one is the system-
atic error of lattice discretization effects.

0.4 0.6 0.8 1.0 1.2

mη/mη ′  (GeV)

ETMC25

RQCD21

ETMC18

RBC10

This work

JLQCD15

−15 −10 −5

θ ( ◦ )

FIG. 8. Comparison of the η and η′ masses and the mixing angles
from different lattice calculations. The purple vertical dashed lines
represent the PDG [37] values of mη and mη′ . We collect the results
from JLQCD15 [25], RBC10 [13], ETMC18 [23], RQCD21 [18],
and ETMC25 [24], which used N f = 2+1 or N f = 2+1+1-flavor
gauge ensembles and reported both the masses and mixing angles
(except for the JLQCD15 study). The blue and orange colors repre-
sent the results using the topological charge operator and the quark
bilinear operators, respectively. Some works only reported the mix-
ing angle ϕ in the light-strange flavor basis, and the values of θ1
quoted here are converted.

A comparison with other lattice results is summarized in
Fig. 8 regarding the η and η′ masses and the mixing an-
gle θ1. Since some works only reported the mixing angle
ϕ in the light-strange flavor basis, we convert θ1 as ϕ to

θ1 = ϕ − arctan
( √

2Fl
Fs

)
, where Fl and Fs are related to the

decay constants of η and η′ with light and strange quark axial
vector currents, respectively. In Fig. 8, the blue and orange
points represent the results using the topological charge op-
erators and the quark bilinear operators, respectively. Com-
pared with the studies using quark operators, we get all con-
sistent results including the mixing angle. The error of the η
mass is larger, but the η′ mass and the mixing angle defined
by the topological charge operators has relatively high pre-
cision. This can be understood by noticing the fact that the
topological charge operator is a flavor-singlet operator which
couples primarily to the η′ state (

∣∣∣Aη/Aη′ ∣∣∣ = tan2 θ1 ∼ 0.035),
and one needs to go to very large r̂ to reach the ground state η.
However, since using topological charge operators avoids the
calculations of quark propagators, it offers special advantages
for studying the η and η′ mesons. Future calculations using
more gauge configurations are promising to achieve greater
precision than using quark operators.

Blue: topological-charge operators (JLQCD15 and this
work); orange: quark-bilinear operators.

RBC/UKQCD 48I and 64I, Nf = 2 + 1,
physical pion mass.

mη = 0.505(72)(75) GeV
mη′ = 0.952(47)(40) GeV
θq = −8.9(2.1)(1.8)◦.

tan θq = − ⟨0|q|η⟩
⟨0|q|η′⟩ .

A purely gluonic correlator can resolve meson states.

Su et al., Phys. Rev. D 112, 114516 (2025).
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A framework for glueball–meson mixing
A common spectrum, probed by quark and gluonic operators

CXY(t) =
∑
n
Z(n)
X Z(n)∗

Y e−Ent, Z(n)
X = ⟨0|OX|n⟩, X,Y = Q,G.

An effective mixing description in a chosen reference basis

Heff =

(
mQ x
x mG

)
, | tan 2θ| = 2|x|

|mG −mQ|
.

• Assumptions: two-state dominance, orthogonal reference states, and approximate
operator-sector isolation:

⟨0|OQ|G⟩ ≃ 0, ⟨0|OG|Q⟩ ≃ 0.

• For weak mixing, |θ| ≃ |x|/|mG −mQ|: both the coupling and the level separation matter.
Zhang et al., PLB 827, 136960 (2022); Jiang et al., PRD 107, 094510 (2023); Gui et al., arXiv:2607.17294 (2026).
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Pseudoscalar glueball–meson mixing

Ensemble I Ensemble II

mJ/ψ [GeV] 2.7430(10) 3.0680(10)

mη1 [GeV] 2.7030(10) 3.0310(30)

mg1 [GeV] 2.286(50) 2.323(55)

Mass separation [GeV] ≃ 0.417 ≃ 0.708

|θ| 6.60(90)◦ 4.30(40)◦

x [MeV] 48.0(90) 49.0(60)

• Two degenerate dynamical charm flavors, 163 × 128, as ≃ 0.1026 fm.

• Light Nf = 2, mπ ≃ 350 MeV: |x| = 107(15)(2) MeV, |θ| = 3.46(46)◦.

Zhang et al., PLB 827, 136960 (2022); Jiang et al., PRD 107, 094510 (2023).
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Charm mixing and X(2370) production

⟨P(k)|c̄γµc|ψ(p, λ)⟩ = M(P)(Q2)ϵµνρσpνkρϵσ(p, λ), Q2 = −(p− k)2.

M(P)(Q2) =
2V̂(P)(Q2)

Mψ +MP
, [V̂] = 1, [M(P)] = GeV−1.

Mcc̄(0) = 1.2270(70) GeV−1, MG(0) = 0.0090(16) GeV−1.

MX(0) = cos θMG(0)− sin θMcc̄(0).

• The charm amplitude is about two orders of magnitude larger: even a few-degree admixture can
strongly change J/ψ → γX(2370).

• Depending on the relative phase, mixing can enhance or suppress the rate. This offers a possible
explanation of the large observed production.

The analysis combines lattice inputs with a mixing model.
Chen–Gui–Li–Sun, arXiv:2605.01757.
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From pseudoscalar to scalar mixing

• Pseudoscalar studies demonstrate that a small mixing amplitude can substantially
change radiative production.

• We now turn to a direct mixing calculation in the scalar channel.

• One-flavor QCD retains annihilation and G–ss̄ coupling while simplifying the flavor
structure.

• The objective is to extract energies and mixing parameters within an explicitly
stated two-state description.

Gui et al., arXiv:2607.17294.
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Scalar mixing in one-flavor QCD

Theory Nf = 1

Lattice 163 × 128

Configurations 4893
as ≃ 0.148 fm
a−1
t 6.660(50) GeV

• Simplifies the flavor structure while
retaining annihilation diagrams.

• Optimized gluonic and scalar ss̄
operators.

• Nonzero total momentum
eliminates the vacuum contribution
by momentum projection.

A well-defined theory with reduced channel complexity and a restricted operator basis.

Gui et al., arXiv:2607.17294.
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Scalar correlators and annihilation

C(t) =
(
CGG(t) CGs(t)
CsG(t) Css(t)

)
.

• The scalar ss̄ correlator contains both connected and annihilation contributions.

• The cross correlators directly probe coupling between the selected gluonic and
quark-bilinear sectors.

• The connected-only scalar mass is used as an effective unmixed-sector input in a
consistency check.

Gui et al., arXiv:2607.17294.
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Scalar energy levels and masses

8 10 12 14 16 18 20 22
t/at

0.10

0.15
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0.40

0.45

0.50

a t
E

ef
f

E1 (000)
E2 (000)
E1 (001)
E2 (001)

E1 (000) : 0.1956(38)
E2 (000) : 0.267(12)
E1 (001) : 0.2084(44)
E2 (001) : 0.2747(95)

Blue: n = (0, 0, 0); red: n = (0, 0, 1). The vertical axis is atEeff.

Energies in the two frames [GeV]

E1,2(000) = 1.303(25), 1.781(79).

E1,2(001) = 1.388(30), 1.829(63).

Moving-frame masses use
mi =

√
E2
i − p2.

Combined rest masses [GeV]

m1 = 1.296(20), m2 = 1.768(48).

Correlations between frames and states
are retained. Errors combine statistical
uncertainty and fit-window/t0 variation.

Gui et al., arXiv:2607.17294.
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Mixing angle from correlator ratios

| tan θ| ≃

√
−Cs2(t)CG1(t)
Cs1(t)CG2(t)

, CXi = ⟨OX(t)O
†
i (0)⟩.

10 12 14 16 18
t/at

20

30

40

50

60

|θ(
t)|

∘

(000) data
(001) data

(000) AIC: 38.3(3.4) ∘

(001) AIC: 41.8(2.5) ∘

Optimized states i = 1, 2; sectors
X = s,G.
Approximate isolation of the two
unmixed sectors makes the overlap
normalizations cancel.
Combined rest- and moving-frame
ratio analyses with AIC averaging
yield |θ| = 40.5(2.2)◦.

Interpretation assumes two-state dominance and approximate sector isolation.
Gui et al., arXiv:2607.17294.
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Two-state Hamiltonian check

H =

(
ms xs
xs mG

)
, tan 2θ = 2xs

mG −ms
.

• Overlap-ratio angle: 40.5(2.2)◦; Hamiltonian check: 39.4(3.6)◦.

• The effective mixing energy is xs = 231(14) MeV.

• Connected-only input ms = 1.486(2) GeV gives an effective unmixed-sector mass
parameter mG ≃ 1.578(64) GeV.

• These are parameters of the specified two-state description, with assumptions
about sector isolation and orthogonality.

Gui et al., arXiv:2607.17294.
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Scalar glueball strength across several mesons

states f0(2200) and f0(2330). Figure 3 shows the frac-
tional contribution of the scalar mesons to the glueball.
The solid curve is a Breit-Wigner function with mass and
width M = 1865 MeV, Γ = 370 MeV, the area is normal-
ized to one. The fractional glueball contributions to scalar
mesons determined from the decays of scalar mesons are
compatible with the Breit-Wigner resonance observed in
production of scalar mesons in radiative J/ψ decays. This
is a remarkable verification of the interpretation of the
bump observed in radiative J/ψ decays as the scalar glue-
ball of lowest mass.
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Figure 3: The glueball content of scalar mesons.

The pair of resonances f0(1710) and f0(1770) was mostly
interpreted as one single resonance and was often identi-
fied with the scalar glueball [19]. The discovery of two
scalar mesons, f0(1370) and f0(1500) (see [20] and refer-
ences therein) stimulated Amsler and Close to propose a
mixing scheme where two scalar qq̄ mesons and the scalar
glueball mix to create the three observed states f0(1370),
f0(1500), f0(1710) [21, 22]. This paper led to a large num-
ber of follow-up studies with different mixing schemes [23–
38]. These all have one property in common: they impose
that the sum of the fractional glueball contributions from
these three resonances adds up to one. This we do not
impose. We find that the sum over six scalar resonances is
(78±18)% and expect further 10% from higher-mass reso-
nances. Within errors, the full glueball is covered.

A second important difference is the nature of the glue-
ball. In earlier papers, the glueball is seen as an intruder,
as additional resonance entering the spectrum of scalar
qq̄ mesons (with possibly further tetraquarks or hadronic
molecules). Glueball and scalar mesons mix but there is
supernumerary of scalar states. We see the glueball as en-
hancement in the yields of ordinary scalar mesons. The
decays of these scalar mesons show that their wave func-
tions must contain a fraction of the glueball. But the glue-
ball is not an additional meson, the glueball shows up only
as fractional contribution to the wave functions of scalar
mesons.

Summarizing, we have studied the decays of scalar iso-
scalar mesons. The decay couplings were fit with the as-
sumption that their wave functions contain three compo-
nents: nn̄, ss̄ and a glueball component. The ππ and
KK̄ decay modes are well described, the ηη decay mode

only partly, the ηη′ decay mode is often at variance with
the prediction. Since the glueball content is mostly deter-
mined by the ππ and KK̄ decay modes, we extract the
glueball component. It follows that the glueball is spread
over a large number of resonances. The sum of all frac-
tional contributions is close to one. The scalar glueball is
thus not only identified in radiative decays of J/ψ mesons
but also by its fractional contributions to the wave func-
tions of the scalar isoscalar mesons that were produced in
radiative decays of J/ψ mesons.

The masses of all eight scalar-isoscalar H and L states
above 1 GeV discussed here fall onto two regular trajecto-
ries in a M2, n plot (see Fig. 3 in [3]). None of them seems
irregular. Apparently, the scalar glueball does not enter
the spectrum of scalar mesons as supernumerous state. It
seems not to decay directly into two mesons but to decay
only by mixing with regular scalar isoscalar mesons.
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Model-extracted glueball contributions, Klempt–Sarantsev
(2022).

Phenomenological picture
BESIII radiative J/ψ data + hadronic constraints.

Fits to scalar decay couplings distribute the
glueball component over several f0 resonances.

Distribution: M ≃ 1.865 GeV, Γ ≃ 0.370 GeV.
Radiative production yield
Phenomenological extraction: 5.8(1.0)× 10−3.
Our updated quenched benchmark:
6.20(90)× 10−3.
Consistent within uncertainties.

Our strong G–ss̄ mixing supports the qualitative picture of shared gluonic strength.
Sarantsev et al., PLB 816, 136227 (2021), arXiv:2103.09680; Klempt–Sarantsev, PLB 826, 136906 (2022),
arXiv:2112.04348, Fig. 3.
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Ongoing multi-hadron studies

Pseudoscalar sector: Nf = 1

Eight-operator GEVP,
(t0, td)/at = (2, 3).
Rows: GEVP modes n = 0, . . . , 7.
Columns: normalized input
operators.

Each operator column is normalized
to

∑
n |bni|2 = 1.

The gluonic operator G0−+ column
is concentrated in mode n = 3
(|b| ≃ 0.963).

Liu, Chen, Gui, Gong and Sun, ongoing work. Preliminary eight-operator GEVP.
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Ongoing scalar studies: towards a scattering analysis

A joint operator basis in the scalar channel
Two-pseudoscalar operators ⊕ Scalar-meson operators ⊕ Gluonic operators

{[η(1)η(1)]p, Si, Gi} −→ Cij(t) −→ GEVP

• We are extending the scalar spectrum study across multiple lattice ensembles with a joint
GEVP analysis of these operators.

• The resulting finite-volume spectra will provide input for a scattering analysis of scalar
glueball-related resonances.

Joint GEVP −→ finite-volume spectra −→ scattering amplitudes and resonance poles
Ongoing one-flavor scalar studies. η(1) denotes the pseudoscalar singlet including annihilation.
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Summary

1. Over the past decades, we have systematically studied glueball spectroscopy, production,
decays and glueball–meson mixing.

2. Our pseudoscalar mass, radiative J/ψ production and G–ηc mixing studies provide
important theoretical input for interpreting X(2370).

3. Our scalar studies support a mixing picture in which gluonic strength can be shared
among several scalar states; the physical distribution remains to be determined.

4. Our next step is to extend the spectrum analysis with multi-hadron operators and
investigate glueball-related resonances through scattering.
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Local computing support for lattice QCD

Our Xiangjiang cluster: an expansion
rack.

• The growth of AI increases competition for
computing resources available to lattice QCD.

• Where institutional policies permit, small local
computing servers may offer a practical
complement.

• An indicative hardware budget of RMB
50,000–200,000 can provide storage and
computing capacity for small to medium-scale
workloads, depending on the configuration.
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