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‘ ..................... - Why Renormalization
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1.Why Renormalization(nonlocal matrix element)
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the lattice effect.

2) The converted scheme 1s well-defined for effective matching or running ...



2.Comparison of Different Renormalization

> RI/MOM. RI/SMOM Scheme

> Ratio Scheme

» Self Renormalization (and Hybrid Scheme)

» Gradient Flow Scheme (also Hybrid Scheme)

Pros

Strict subtraction.

Well established .
Widely applied ...

Easy to use

Well subtraction at
short-distance

Well subtraction at
All-distance

Step by step, eliminate the
divergence,

Additional data for
divergence subtraction,
Better signal-to-noise ratio

Cons

Not suitable for non-local

(e.g. Gauge dependence,
Signal problem ...)

Extra IR behavior at

large-distance

Mixed a dependence
Fitting is subtle

Generate muitipe
Hlow time data



* What is Gradient Flow renormalization
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M. Liischer, Commun. Math. Phys. 293 (2010) 899.
M. Liischer, P. Weisz, JHEP 02 (2011) 051.

What |S Grad Ient FIOW M. Nagatsuka, K. Sakai, S. Sasaki, Phys. Rev. D108 (2023) 034501

Gradient flow equation:

Gauge field: d.B; = DIb Gf,’ﬂ

Fermion field: d:.x = Ay
e

Anti-fermion field: o x=xA

x. spacetime 3+1; T : an artifact called “flow time”

A localized field configuration evolves
with flow time t, spreading into a smooth

distribution with effective radius ~ \/8t.

Lattice implementation: Starting from the original fundamental fields, we numerically calculate the
gauge fields and quark fields at a given flow time 7 via the 3"-order Runge-Kutta method. 7/



Why use Gradient Flow
Merits of gradient flow (in theory | on Lattice)

€ Simpler renormalization for Lattice QCD (Renormalization scale)
€ Matching to MS scheme: It admit perturbative calculation and can be matched to MS scheme through
factorization.

€ UV renormalon: It illustrate the interplay between linear renormalons in lattice QCD and continuous

SCheme NtS of quasiDA for Lambda 32x96 A 2src
—5- quas?_flowt?me=40
€ Improved Signal-to-Noise Ratio(smearing) s o s g

—— quasi_flowtime=

. . . . guasi_flowtime=;gg
It 1s a continuous version of 4D stout smearing. 4| T s fowime=210
—— guasi:ﬂowtime=320
—f— quasi_flowtime=360
—f— quasi_flowtime=400

1.04  EF i e
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How to use Gradient Flow renormalization

1.Extract and eliminate the linear divergence

- om
q-*(z,a,7)eVsr

gLet(0,a, 1)

qLat(Z’ a, T) —

A) Use Wilson loop to fit linear divergence

imyoo(Wioop (1, T, £)) ~ eV (WD

a
V(r,t) ~Vy(t) + or — "

26m
VO(T) ~ E + B

B) Use gauge-fixed Wilson line to fit linear divergence

6—m2+Bz

(Wiine(z, 7)) ~ e_\/g

2.Matching

™S (z,7, 1) = C(z,7, W)q"% (2, 7)

Matching kernel 1s from perturbation calculus
a
CFO(t,u) =1- ﬁCF[?; log(2u?te"E) + 5/2]

)4
. as(.u) 2P0 ,
CRCG(T,p) = <a5(u’)> CFO(z, 1)

N. Brambilla, X.-P. Wang, JHEP 06 (2024) 210.
J.-L. Zhang, M.-H. Zhang, Phys. Rev. D 113 (2026) 014501.
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1. Lattice Setup: Pure gauge quantity and Nonlocal MEs

Z.-C. Hu, B.-L. Hu, J.-H. Wang, et al., Phys. Rev. D 109 (2024) 054507.

a/fm nd X n, m, /MeV Ncfg
C24P29 0.10530(18) 243 x 72 292.4(1.1) 864
F32P30 0.07746(18) 323 x 96 303.2(1.3) 777
V8t/fm z/a p%/a~1
(7 = )
C24P29 0,0.06 — 0.20 g 0-1z A
(max~1.2fm) 0—6
_ ~3.0GeV
F32P30 0,0.06 — 0.20 0-16 (max~3.0GeV)
\ (max~1.2fm) ) )

Pure gauge quantity
(Wilson loop | Polyakov loop | Wilson line)

Nonlocal MEs

(pion DA | pion PDF | proton PDF)

10



Nonlocal MEs in gradient flow scheme
s

o 2 Pion quasi-DA
Cr (@)/Cr (z=0)

(O (P, Z,T))bare = (0|CZT(Z)}/t)/5VVT(Z, 0)u,(0) |Pz>

Pion quasi-PDF

e
(Or (P, 2, T))bare = ZX<PZ|ﬂT(Z)thl[(Z, 0)u,(0)[P,)
Normalize:
(Or (P2, Z, Dnorm = (O (P2 Z, T)bare/{Oz (P, z = 0,7))pare
Proton quasi-PDF
3pt /~2pt B
O /C (ON(Py, 2, T))bare = Z)((leur(z)ytvvr(z; 0)u.(0)[P,)

‘ Normalize:
<ON (P, z, T))norm = <0N (P, z, T)>bare/<0N (P, z=0, T)>bare

lelpt(z, P, 1) = (ON(P) |0r(z,7)|ON(P,) ) The norrgali;ation 1S introdu'ced to remove the extra
renormalization factor associated with the flowed quark field. 77



Feasibility test: Controlling UV divergence under gradient flow

pion DA: P.=0, real part only

Nonflow: cutoff set by lattice spacing Flowed: common physical flow radius
1.0 —&— C24P29 (¢=0.1053 fm) T 1.0 : —&— r+=0.12 fm, C24P29 T
—F- F32P30 (¢=0.0775 fm) Nt =CF- rp=0.12 fm, F32P30
—&— =020 fm, C24P29
0.8 . 0.8 ~CF- rr=0.20 fm, F32P30 -
5 5
= 0.6 14 = i i
% % 0.6
) G
= =
o 04r 1 5 04F -
a2 a2
0.2F 1 o2t -
s S
00 i 1 1 ] 1 1:I._--Dl—--'l:l‘-- ] 00 1 1 ] 1 ] 1 ]
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
z [fm] z [fm]

The lattice-spacing dependence of nonlocal matrix elements can be controlled by the flow time
12



* Linear Divergence (under Flow Scheme)
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Linear divergence: Nonlocal MEs and Pure gauge quantities

y 3

Linear divergence (in Nonlocal MEs)

Y i (Onn (Ppz,50)) = (P; | ZT W, (2, 0) IR
4 :

l/;. =|Zg rrow|* Criow * Mzs5(2)

\ AO(T)"“—(S_\;;‘FCI /\

1
ZR,Flow (Zrﬁ' Cl) = EXp{

Om

NG

Z + myz}

Linear divergence (in pure gauge quantities)

/ Wilson loop Polyakov loop \ /

>
‘ Space .
SpaceL Q 4>Space
time —— time
(W(t,s,t)) 1 N¢—1 Ne—1 .
1 ) = T\Y T\bY <L('))= RTU’IC,';()
- weuoeuie)  TCP TRy 1_[ D 1_[ Uz(69) oS NCVZ eTrUz (s
lim (W(t,z,t))s (P(1,5)) ~ e V@A
— 00 5
E m
V(t,z) ~Ay(t) + 0z + % (L(t,2)) ~ exp {ﬁz + moz}

Wilson line \

/
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Linear divergence: Static potential and Wilson line

Static potential (Wilson loop) Wilson line
E(7)

V(t,z) ~Ay(t) + 0z +

)
(L(z,2)) ~ {—m + }
AO(T)~—:S—r:+q (1,2)) ~ exp ﬁz mgZz

two-state model average, F32P30

° '. & roniow Flow dependence at fixed z
: & sqrt(8tau)=0.06 fm
1 —& sqrt(3tau)=0.08 fm
I & sqrt(atau)=0.10 fm
H & sqrt{8tau)=0.12 fm
1 =& sqrt(8tau)=0.14 fm
59 : —& sqrt{Btau)=0.16 fm
I & sqrt{atau)=0.18 fm
: ,1' 0+ sqrt(8tau)=0.20 fm
|
| I’.
y
44 J—
g : .
§ e N
© ’I \\ E
g il =
# l,:‘lr-"“‘:\ c
n [
24 | ____1:
P i
g e —3.01 - za=2 —4— 7a=10 —e
2 —4— z/a=4 #— zla=12
14 -3.54 —% za=6 zZla=14
\\\ + z/a=8
\\" T T T T T T T T
14 16 18 20 22 24 26 28
0 r —
L0 1/VT =V8/re [fm™1]

With current statistics, the Wilson line signal is better than the potential signal, so no robust

linear-divergence fit is possible from the potential; we use the Wilson line for extraction.
15



Linear divergence extraction: Direct joint-fit and Double ratio

Direct joint-fit

M5(2), f(z)a?,

1n|(0(Z,T))| — 5m*Z*\/i?+b(Z) ........... >
Double ratio

r-—H-==m==-====sssss===== |

! (0@ D)/00,))

RO =G oy 00, )

|

1 1
In[{R(z, )| = 6,,, * z <\/? — f) + B \8tref = 0.20fm
Tre

The double-ratio method for extracting the linear divergence is unique to the gradient flow.

It enables nonlocal MEs to also exhibit a clean linear divergence and to be compared with results

from other pure-gauge quantities. T



Linear divergence results: Nonlocal MEs and Pure gauge quantity

Fit function for Linear divergence

In[{R(z 7)) = 5m( !

1
7 — f) z + B(7)
Tre
(0(z,1)) € {(On/N (z, T))n, (L(7,2))},v8tref = 0.20fm

Linear divergence coefficient §,,

U Pion DA Pion PDF Proton PDF
quasi MEs Pz " consistent and
L P —0.1118  —0.1153 —0.1150 valid
+ 0.0086 + 0.0020 + 0.0046
Wilson line . —0.1165 + 0.0001 High precision
Space

1) For different physical quantities, the extracted linear divergences are fairly close.
2) Atlow momentum, the linear divergences of nonlocal MEs for different momenta are relatively close.

3) For different lattice spacings, the nonlocal MEs and Wilson line results are roughly comparable.

17



* Apply the Renormalization (on quasi- MEs)
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Eliminate the linear divergence F32P30 pion DA

p;,=0
—4— nonflow ~§— re=0.16 fm
S A\ N —4— rF=012fm —§— rr=0.18fm
m =
—l 4= re=0.14fm —§— rr=020fm
~Lat — zLat '
q (Z, a, T) - qnorm(zr a, T)e VT :

—§— re=0.12fm
—4— re=0.14 fm
| —% rr=016fm

matrix element
matrix element

5-._‘__#=*=—_i;='..-|-- =
T T

. . . 0.0 0:2 0:4 0:6 . . . 0.0 0:2 0j4 0:6 0:8 1.|0 1.|2
Linear-divergence subtraction z [fm]

T S Y

largely removes the flow-time

dependence, leaving residual
differences from logarithmic

divergence.

matrix element
matrix element

19



Flow scheme to MS Matching F32P30 pion DA

G5 (2,7, W) = €132, 7)
CFoO(t,u) =1 - ﬁcp[s log(2u?te¥E) + 5/2]

Y
CRG (T, ,Ll) — (aS(nu)> 2Po CFO (T, ‘u/)

13 r=012fm 4 r=ohsfm
—3— rr=014fm —3— rr=0kofm
|~ rr=016fm

34— rr=012fm —§— rp=0l18fm
14— rr=014fm 34— rp=0120fm
~4— re=0.16 fm

matrix element
matrix element

as(u')

N S e gk i o o = gk = e e = gk e i

R A U S Ty

0.0 0.2 0.4 0.6 0.8 1.0 1.2

0.0 0.2 0.4 0.6 0.8 1.0 1.2
zZ [fm]

After matching, the logarithmic

divergence is removed. Within

current precision, the pion DA

matrix element
matrix element

curves at different flow times can be

regarded as consistent.




matrix element

Compare across Ensembles (pion DA)

= — 3 =
C24P29 p; =3 F32P30 Pz Compare Pz =3
1.25 A — rr=012fm —¥— rr=0.18fm 1.25 4 —— r;=012fm —§— r;=018fm 1.25 ~ -&- C24P29 Im
rr=014fm —§= r,=020fm — re=0.14fm  —4— rpF=020fm =a&= F32P30 Im
1.00 A re=0.16 fm 1.00 + rr=0.16 fm 1.00 4 —§— C24P29 Re
| - = —§— F32P30 Re
0.75 E 0.75 A é 0.75 A
0.50 A L  0.50A L 0.50
[} 3}
0.25 1 £ 0.25- £ 0.251
© T 1 S
0.00 € 0.00 E 0.00 s el %F’Z%
~0.25 - ~0.25 - ~0.25 1 v*
_050 i T T T T T T T _050 i T T T T T T T _050 L T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.0 0.2 0.4 0.6 0.8 1.0 1.; 0.0 0.2 0.4 0.6 0.8 1.0 1.2
z [fm] z [fm] z [fm]

1) At different lattice spacings, after the subtraction of the linear divergence and matching, the curves
remain consistent, indicating that the subtraction in these two steps is quite clean.

2) When the curves from different lattice spacings are put together, they also agree reasonably well, indicating
that the discretization effects are relatively small and can be eliminated in the continuum extrapolation.

21



* Summary
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1. Method
« Static potential & Wilson line extraction

« Direct joint-fit - Double ratio method

- Linear divergence subtraction + matching to MS scheme
2. Results

« Linear divergences are consistent across different quantities, momenta, and lattice spacings.

After matching, pion DA curves agree at different flow times.

» Discretization effects are relatively small.

3. Conclusion

« Gradient flow is feasible for nonlocal ME renormalization. Applicable to a broader class of \Wilson-line
quark bilinear operators.

Thank you for listening!
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How to use Gradient Flow renormalization

1. Use Wilson loop to fit linear divergence

LMo Wioop (T, T, 1)) ~ e VDt

a
V(r,t) ~Vy(t) + or — "

20m
VO(T) ~ E + B

2. Use gauge-fixed Wilson to fit linear divergence

6—m2+Bz

Wiine(z,7)) ~ e VBt
3. eliminate the linear divergence and do normalization

om

~ ——Zz
q"*(z,a,t)eVsr

~Lat
q*(z,a,t) =—=
qtet(0,a,t)

4. extrapolation: a — 0
qLet(z,t) = lincl) gL (z, a, t)
a—

5. matching
4" (z,t,1) = C(z,t, W " (2,0
6. extrapolation: t — 0
4" (z, 1) = lim g™ (z, ¢, 1)
7. fit and eliminate myz

a5 (2, ) = e M2 qPTELRR (7,

24
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  − 0 . 1118 ± 0 . 0086


  − 0 . 1153 ± 0 . 0020


  − 0 . 1150 ± 0 . 0046


  − 0 . 1165 ± 0 . 0001


  𝜓


   𝜓 -


  z


  S p a c e


  ln |  ⟨ ℛ ( z , 𝜏 ) ⟩ | =  𝛿 m  (  1   𝜏 −  1    𝜏 ref ) z + B ( 𝜏 )


   ⟨ 𝒪 ( z , 𝜏 ) ⟩ ∈ {    ⟨  𝒪  𝜋 / N   ( z , 𝜏 ) ⟩ n ,  ⟨ L ( 𝜏 , z ) ⟩ } ,    8  𝜏 ref = 0 . 20 fm


     q ˜  L a t  ( z , a , 𝜏 ) =    q ˜ norm  L a t  ( z , a , 𝜏 )  e     𝛿 m   𝜏 z


   p z = 3


   p z = 3


   p z = 0


   p z = 0


     q ˜    M S ¯  ( z , 𝜏 , 𝜇 ) = C  ( z , 𝜏 , 𝜇 )    q ˜  L a t  ( z , 𝜏 )


   C  F O  ( 𝜏 , 𝜇 ) = 1 −    𝛼 s  4 𝜋  C F  [ 3  log ⁡   ( 2  𝜇 2 𝜏  e   𝛾 E ) + 5 / 2 ]


   C  R G  ( 𝜏 , 𝜇 ) =    (    𝛼 s  ( 𝜇 )   𝛼 s  ( 𝜇 ′ ) )  −  𝛾  2  𝛽 0  C  F O  ( 𝜏 , 𝜇 ′ )


   p z = 3


   p z = 3


   p z = 0


   p z = 0


   p z = 3


   p z = 3


   p z = 3


   MS -


  l i  m  t → ∞  ⟨  W  l o o p  ( r , 𝜏 , t ) ⟩ ∼  e  − V  ( r , 𝜏 ) t


  V  ( r , 𝜏 ) ∼  V 0  ( 𝜏 ) + 𝜎 r −  𝛼 r


   V 0  ( 𝜏 ) ∼   2 𝛿 m   8 𝜏 + B


   ⟨  W  l i n e  ( z , 𝜏 ) ⟩ ∼  e  −   𝛿 m   8 𝜏 z + B z


     q ~  L a t  ( z , a , t ) =      q ~  L a t  ( z , a , t )  e    𝛿 m   8 𝜏 z     q ~  L a t  ( 0 , a , t )


  a → 0


     q ~  L a t  ( z , t ) =  lim  a → 0      q ~  L a t  ( z , a , t )


     q ~   M S  ( z , t , 𝜇 ) = C  ( z , t , 𝜇 )    q ~  L a t  ( z , t )


  t → 0


     q ~   M S  ( z , 𝜇 ) =  lim  t → 0      q ~   M S  ( z , t , 𝜇 )


   m 0 z


     q ~   M S  ( z , 𝜇 ) =  e  −  m 0 z    q ~  p e r t , L R R  ( z , 𝜇 )

