
ഥ𝑫𝑵
Speaker: Xiao Chang

Collaborators: Liuming Liu, Peng Sun, 

Shihao Su, Hongxin Dong, Jian Guo, Xin Zhang, Xinran Liu, Ran Xu

Date：2026.10.10

1



2

Background

Lattice Calculation

Data Analysis

Summary and Outlook



Background

3



Background

4

Exotic hadron state

◼One of the simplest systems 

for studying the charm 

hadron system

◼No 𝑞ത𝑞 annihilation

Yamaguchi et al. arXiv:1209.0187



Ensemble setup
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CLQCD ensemble:

• 2+1 flavor

• Stout-smeared clover fermion

• Symanzik gauge actions

Z.-C.Hu el al., (CLQCD), Phys.Rev.D 109(2024)5,054507

LQCD: 

• Unphysical light quark mass

• Finite lattice spacing

• Finite volume



Lattice Calculation
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The steps of spectrum calculation
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channels
Quantum 

number
𝐈 𝐉𝐏 irrep

ഥ𝐷𝑁 𝑆 = 1/2 0⁻⊗ 1/2+ 0 1/2− , 1 1/2− 𝐺1
−

ഥ𝐷∗𝑁 𝑆 = 1/2 1⁻⊗ 1/2+ 0 1/2− , 1 1/2− 𝐺1
−

⚫Build large basis of operators 𝒪1, 𝒪2, …
with desired quantum numbers

⚫Construct the matrix of correlation function

𝐶𝑖𝑗 𝑡, 𝑡0 = 𝒪𝑖 𝑡 ത𝒪𝑗 𝑡0 =෍

𝑛

𝑍𝑖𝑛𝑍𝑗𝑛
∗ 𝑒−𝐸𝑛𝑡

⚫Solve the generalized eigenvalue problem(GEVP)

Determine the corresponding energy

𝐶 𝑡 ⋅ 𝑣𝑛 𝑡 = 𝜆𝑛 𝑡, 𝑡0 𝐶 𝑡0 ⋅ 𝑣𝑛 𝑡

𝜆𝑛 𝑡, 𝑡0 ~ 𝑒−𝐸𝑛 𝑡−𝑡0 +⋯ → 𝐸𝑛

⚫Further numerical analysis of the obtained energy

det 𝟏 + 𝑖𝜌 ⋅ 𝑡 ⋅ 1 + 𝑖𝐌 = 0

𝑘 cot 𝛿0 =
1

𝑎0
+
1

2
𝑟0𝑘

2 + 𝒪 𝑘4

𝐏tot = 0,0,0



Operator construction

Lattice Calculation
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Single-particle operators

Two-particle operators for S-wave scattering 𝑱𝑷 =
𝟏

𝟐

−
⟶𝑮𝟏

−

𝐽 irrep Γ dim

0 𝐴1 1

1/2 𝐺1 2

1 𝑇1 3

3/2 𝐻 4

2 𝐸 2 ⊕ 𝑇2 3

5/2 𝐻 4 ⊕ 𝐺2 2

3 𝐴2 1 ⊕ 𝑇1 3 ⊕ 𝑇2 3

𝒪ഥ𝐷𝑁;𝐼=0
Γ,𝑟 = ෍

𝛼,𝐩1,𝐩2

𝐶𝛼,𝐩1,𝐩2
Γ,𝑟 1

2
𝒪𝐷− 𝐩1 ത𝒪𝑝 𝐩2 −

1

2
𝒪ഥ𝐷0 𝐩1 ത𝒪𝑛 𝐩2

𝒪ഥ𝐷𝑁;𝐼=1
Γ,𝑟 = ෍

𝛼,𝐩1,𝐩2

𝐶𝛼,𝐩1,𝐩2
Γ,𝑟 1

2
𝒪𝐷− 𝐩1 ത𝒪𝑝 𝐩2 +

1

2
𝒪ഥ𝐷0 𝐩1 ത𝒪𝑛 𝐩2

H. Yan et al., JHEP 10 (2025) 210

𝐩2 = 0,1,2,3,4 𝐩2 = −𝐩1



LapH smearing and distillation
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The two-point correlation function of mesons and protons can be written as

define

Distillation projects the quark fields onto a low-

dimensional subspace spanned by the low-lying 

eigenvectors of the gauge-covariant spatial Laplacian

replacing explicit spatial and color indices with 

distillation-space indices while retaining the spin indices.



Multiquark Wick contractions
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GEVP(generalized eigenvalue problem)

Lattice Calculation
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𝐶𝑖𝑗 𝑡 ⋅ 𝑣𝑗𝑛 𝑡 = 𝜆𝑛 𝑡, 𝑡0 𝐶𝑖𝑗 𝑡0 ⋅ 𝑣𝑗𝑛 𝑡

Within a given operator basis, the GEVP employs a calculus of 

variations to find optimal linear combinations of operators that 

maximize their overlap with individual energy eigenstates.

The resulting generalized eigenvectors satisfy an orthogonality 

relation with respect to the metric defined by 𝐶 𝑡0

Ω𝑚 =෍

𝑖

𝑣𝑖𝑚
∗ 𝒪𝑖 , ഥΩ𝑛 =෍

𝑗

𝒪𝑗
† 𝑣𝑗𝑛

෍

𝑖𝑗

𝑣𝑖𝑚
∗ 𝐶𝑖𝑗 𝑡0 𝑣𝑗𝑛 = 𝛿𝑚𝑛



Energy levels
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single-particle effective mass

meson: 𝐶0𝑒
−
𝑇

2
𝐸0 cosh 𝐸0

𝑇

2
− 𝑡

baryon: 𝐶0𝑒
−𝐸0𝑡

two-particle effective mass

• eigenvalue:

𝐶 𝑡 ⋅ 𝑣𝑛 𝑡 = 𝜆𝑛 𝑡, 𝑡0 𝐶 𝑡0 ⋅ 𝑣𝑛 𝑡

𝜆𝑛 𝑡, 𝑡0 ~ 𝑒−𝐸𝑛 𝑡−𝑡0 +⋯ → 𝐸𝑛

• ratio correlation function:

𝑅𝑛 𝑡, 𝑡0 =
𝜆𝑛 𝑡, 𝑡0

𝐶𝑛
1 𝑡 ⋅ 𝐶𝑛

2 𝑡

𝑅𝑛 𝑡, 𝑡0 ~ 𝑒−Δ𝐸𝑛 𝑡−𝑡0 +⋯ → Δ𝐸𝑛

𝐸𝑛 = 𝐸𝑛
1 + 𝐸𝑛

2 + Δ𝐸𝑛
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Luscher’s formula for two-body scattering

det 𝟏 + 𝑖𝜌 ⋅ 𝑡 ⋅ 1 + 𝑖𝐌 = 0

For single-channel S-wave scattering

𝑘 cot 𝛿0 𝑘 =
2

𝐿 𝜋
𝒵00 1; 𝑞2

Effective range expansion

𝑘 cot 𝛿0 =
1

𝑎0
+
1

2
𝑟0𝑘

2 + 𝒪 𝑘4

Scattering analysis
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Caculation of single-particle

Data Analysis
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𝐸 GeV

ensemble particle 𝑝2 = 0 𝑝2 = 1 𝑝2 = 2 𝑝2 = 3 𝑝2 = 4

F32P30
ഥ𝐷 1.8912(06) 1.9567(06) 2.0190(10) 2.0810(10) 2.1388(10)

𝑁 1.0644(40) 1.1830(33) 1.2868(39) 1.3824(60) 1.4776(64)

F48P30
ഥ𝐷 1.8921(03) 1.9218(06) 1.9506(09) 1.9797(10) 2.0065(10)

𝑁 1.0614(13) 1.1127(22) 1.1614(36) 1.2111(28) 1.2499(32)

Single-particle dispersion relation

𝐸2 = 𝑚0
2 + 𝑍 ⋅ 𝑝2 , 𝑍 = 𝑐2



Single-channel results

Data Analysis
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This spectral pattern suggests that a coupled-channel 

analysis of the ഥ𝐷𝑁 − ഥ𝐷∗𝑁 system is needed.

I=0  𝐸𝑖𝑛𝑡 GeV from ratio

n 0 1 2 3 4

F32P30 2.9517(37) 3.1444(36) 3.3210(35) 3.4669(48) 3.6142(77)

F48P30 2.9527(15) 3.0325(20) 3.1126(37) 3.1897(29) 3.2568(33)



two-channel correlation

Data Analysis
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10 × 10 correlation matrix



two-channel performance

Data Analysis
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F32P30 Interaction energy level

Data Analysis
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F32P30   𝑬𝒊𝒏𝒕 from lsqfit

State n 0 1 2 3 4 5 6 7 8 9

I=0 2.9556(97) 3.1129(86) 3.1537(50) 3.3150(43) 3.3565(58) 3.4880(46) 3.5337(71) 3.6458(59) 3.7082(62) 3.7919(95)

I=1 2.9771(88) 3.0822(74) 3.1814(48) 3.2845(38) 3.3707(52) 3.4681(35) 3.5044(60) 3.6193(35) 3.6447(51) 3.7578(56)
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Summary

Summary and Outlook

21

➢In the 𝐼 = 0,1 , 𝐏tot = 𝟎 , and 𝐺1
− sector, we constructed a 10 × 10 coupled-channel correlation 

matrix from five ഥ𝐷𝑁 operators and five ഥ𝐷∗𝑁 operators

➢We extracted the finite-volume spectrum using the GEVP.

➢We identified the F32P30 threshold and extracted several low-lying two-particle energy levels.

➢The ten GEVP states belong to the same coupled-channel system, and significant channel mixing 

is observed within the current operator basis. A coupled-channel framework is therefore required 

for a more complete interpretation of the spectrum.



Outlook

Summary and Outlook

Combine the finite-volume 

energy spectrum with Lüscher’s

method to extract scattering 

information, such as phase shifts, 

scattering lengths

Scattering anaylsis

determine the locations of 

possible three-body thresholds, 

and assess the effects of higher 

partial waves and partial-wave 

mixing

higher partial waves

Increase the statistics and 

enlarge the set of lattice 

ensembles to test the stability of 

the energy levels and operator 

overlaps

Increase sample size
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