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𝑯𝟎 = 73.5 ± 1.4 (SN & Cepheids)
𝑯𝟎 = 67.4 ± 0.5 (CMB,BAO+BBN) 

1. Theoretical Aspect:

Einstein Gravity : linear in 𝑅, is the simplest, but incomplete theory of gravity, 

There MUST be higher orders of curvature terms.

- GR is an effective theory valid below 𝑀𝑈𝑉~ 𝑀𝑃𝑙 ~ 1019𝐺𝑒𝑉

Ex) String theory 
 𝐸≲𝑀𝑃𝑙 

σ𝑛≥0(~𝑅)𝑛 

𝑆 = ׬  𝑑𝑑𝑥 −𝑔
1

16π𝐺
−2Λ + 𝑅 + 𝛼(𝜙)𝑅𝐺𝐵

2

I. Motivation : Is beyond Einstein Gravity needed?  

Some observations challenging the ΛCDM  

2. Observational Aspect: 

Kochappan, Yin, B-HL, 

Ghosh PRD (2025)

Colgaine, BHL W.Lee, Sheikh-Jabbari,

Thakur, JCAP (2022)
1) 𝑯𝟎 tension (~5.8𝝈) 

2) Cosmic Birefringence(~𝟑𝝈)  

3) 𝐒8/𝝈8tension (2-3𝜎) 

3. A simplest theory beyond Einstein

 Einstein-Dilaton-Gauss-Bonnet (EdGB) Gravity theory

Ex) Einstein-dilaton-Gauss-Bonnet (EdGB) theory

𝑅𝐺𝐵
2 ≡ 𝑅2 − 4𝑅𝜇𝜈𝑅𝜇𝜈 + 𝑅𝜇𝜈𝜌𝜎𝑅𝜇𝜈𝜚𝜎Gauss-Bonnet term



III. EdGB Cosmology

FLRW metric (spatially flat) ,

    𝑑𝑠2 = −𝑑𝑡2 + 𝑎2(𝑡)𝛿𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗

Observation with light 

Direct Observation with Gravitational Wave

CMB
378,000 yrs 13.8 Billion yrs

Inflation

Observation : Universe is 
1) Homogeneous & Isotropic
2) Expanding

A Maleknejad, 
arXiv:2512.21328 

Aymptotically flat metric  
Holes

FLRW metric  Holes

4.4 Gpc10 

kpc

1 Mpc 100 

MpcObservational Tool
1) Light (electromagnetic waves)  
 ex) Cosmic Microwave Backgound (CMB)
Can observe upto decoupling time

𝚲CDM : based on Einstein Gravity

𝚲CDM (𝚲 -Cold Dark Matter)/Standard Cosmology

2) Gravitational Waves (2015~ )
Ex) Cosmic Gravitational Microwave 
Background (CGMB)
Can observe upto deep into the early universe. 



(In 𝒅 = 𝟒) the Einstein-Dilaton-Gauss-Bonnet (EDGB) Gravity

𝑆𝐸d𝐺𝐵 = ׬  𝑑4𝑥 −𝑔
1

2𝜅
𝑅 + 𝑓 𝜙 𝑅𝐺𝐵

2 +
1

2
𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑉 𝜙 + ℒ𝑚

𝑚𝑎𝑡𝑡

II Einstein-dilaton-Gauss-Bonnet (EdGB) Gravity

[𝛼]= [length]2 

The general theory with quadratic curvature terms with the 2nd order e.o.m

𝑅𝐺𝐵
2 =𝑅2 − 4𝑅𝜇𝜈𝑅𝜇𝜈+𝑅𝜇𝜈𝜌𝜎𝑅𝜇𝜈𝜌𝜎 Gauss-Bonnet (G-B) term 

𝑓 𝜙 = 𝛼𝑒γ𝜙 (*)  

Note

(*) α can be absorbed by r → r/ 𝛼.  Only sign of α is important

For 𝛼 = 0 (or 𝛾 = 0), DEGB becomes the Einstein (+scalar) theory.

𝒇 𝝓 : the coupling function; 

→ reduce (it to 2 or) 1 parameters (𝜶, 𝜸) or 1 (sgn(𝜶), 𝜸)
𝜸

𝜶+𝟏−𝟏

or 𝑓 𝜙 = ~𝜙𝑛 etc. 

(in  𝑑 > 4) the Einstein-Gauss-Bonnet (EGB)- Λ Gravity (GB-AdS)

𝑆𝐸𝐺𝐵−Λ = ׬  𝑑𝑑𝑥 −𝑔
1

2𝜅
𝑅 − 2Λ + 𝛼𝑅𝐺𝐵

2 + ℒ𝑚
𝑚𝑎𝑡𝑡 Note : Λ = −

(𝑑−1)(𝑑−2)

2ℓ2

𝜅 = 8𝜋𝐺,  𝑔 = det𝑔𝜇𝜈



BHL, W. Lee, D. Rho, PRD (2019)

Guo,N.Ohta & T.Torii, (2008); (2009); Ohta &Torii, (2009);(2010);
Maeda,Ohta Y.Sasagawa, (2009);(2011)  Ohta & Torii, (2013). Kanti et alIII-1) EdGB Black Holes

Soliton Star?      Black Holes

M=0      Mmin              → ∞

minimum mass

As γ→0, 
solution →Schw 
BH.

γ=1/
6

γ=1.3
γ=1/2 

γ=0

(α > 
0 )

γ=√2

→New Phase?

Biswas, Kar, BHL, H.Lee, W.Lee, Scopel, Velasco-Sevilla, L. Yin  JCAP (2024) 

S. Koh, BHL, W. Lee, Tumurtushaa PRD 
(2014)

S. Koh, BHL, Tumurtushaa PRD98 (2018) 

S. Koh, BHL, Tumurtushaa PRD 95 (2017)

III-2) EdGB Cosmology

NEW PHASE⟶ | ⟵Rad Dom⟶ | ⟵ Matt ⟶ | ⟵
Λ(DE)

NEW PHASE

𝒘𝒕𝒐𝒕 = −
𝟏

𝟑
, 𝟏, 

𝟏 ≤ 𝒘𝒕𝒐𝒕 ≤ 𝟕/𝟑 𝒘𝒕𝒐𝒕 = −𝟏/𝟑

𝒘𝒕𝒐𝒕 = 𝟏𝒘𝒕𝒐𝒕 = 𝟏

𝒘𝒕𝒐𝒕 = 𝟏

𝟏 ≤ 𝒘𝒕𝒐𝒕 ≤ 𝟕/𝟑

Biswas, Kar, BHL, H. Lee, W. Lee, Scopel, Velasco-Sevilla, L. Yin   JCAP08 (2023)

𝒘 =
𝟏

𝟑
𝒘 = 𝟎 𝒘 = −𝟏

B.Gwak, BHL, D. Rho, PL.B (2016)

B. Gwak & BHL,  PRD (2015).

http://inspirehep.net/author/profile/Koh,%20Seoktae?recid=1292097&ln=en
http://inspirehep.net/author/profile/Koh,%20Seoktae?recid=1292097&ln=en
http://inspirehep.net/author/profile/Lee,%20Wonwoo?recid=1292097&ln=en
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z=∞                   | ⟵WIMPs⟶ |             𝜈-decpl    BBN   z=3,400      1,100     z=0.66       0 
                                                                                  𝜌rad = 𝜌Matt Recom 𝜌Matt = 𝜌Λ

t= 0                                          10−5sec      1sec           3 min.  50,000yr    370,000yrs  1010yrs 1.38x1010

T=∞                                          3x1012K      1010K           109 K     8,700 K     3,000K       3.8K     2.73K
                             TeV         GeV 300MeV 1MeV          0.1MeV    0.8 eV
⟵NEW PHASE⟶ | ⟵       Radiation Dominated                           ⟶ | ⟵    Mat Dom⟶    | ⟵DE ⟶
   𝒘 = 𝟎𝒘 = 𝟏/𝟑 𝒘 = −𝟏

𝒘 = −
𝟏

𝟑
, 𝟏, 

𝟏 ≤ 𝒘 ≤ 𝟕/𝟑

𝐻2=
𝜅

3
𝜌{𝜙+𝐺𝐵} + 𝜌𝑚 =

𝜅

3
𝜌𝑡𝑜𝑡

ሶ𝐻 = −
𝜅

2
𝜌 𝜙+𝐺𝐵 + 𝑝 𝜙+𝐺𝐵 + 𝜌𝑚 + 𝑝𝑚  

   ≡ −
𝜅

2
𝜌𝑡𝑜𝑡 + 𝑝𝑡𝑜𝑡 = −

𝜅

2
𝜌𝑡𝑜𝑡 1 + 𝑤𝑡𝑜𝑡

The Einstein and scalar Eqs. 

ሷ𝜙 + 3𝐻 ሶ𝜙 + 𝑉′ 𝜙 + 𝑉𝐺𝐵
′ = 0

𝐻 =
ሶ𝑎

𝑎
Hubble Parameter

𝜌𝑚(𝑝𝑚) ≡ 𝜌rad(𝑝rad)

𝜌𝐺𝐵 𝑝𝐺𝐵; 𝜌 𝜙+𝐺𝐵 ;& 𝑝 𝜙+𝐺𝐵 : 

NOT necessarily +tive. 

Note Bdry Conditions at BBN (𝑇𝐵𝐵𝑁 ≃ 1 𝑀𝑒𝑉) for 𝜙, ሶ𝜙,𝑎, ሶ𝑎

𝜙𝐵𝐵𝑁 = 0  (shift of 𝜙𝐵𝐵𝑁 ⇔ 𝛼-scaling) Choose

ሶ𝜙𝐵𝐵𝑁 ≥ 0 (𝜖 ≡
𝜌𝜙 𝑇𝐵𝐵𝑁

𝜌𝑡𝑜𝑡 𝑇𝐵𝐵𝑁
≤ 3×10−2 ← 𝑁𝑒𝑓𝑓 ≤ 2.99 ± 0.17)

Treat G-B & 𝜙 as “matters”.

Then

Deceleration parameter
ሶ𝐻+𝐻2=

ሷ𝑎

𝑎
≡ −𝐻2𝑞

= −
𝜅

6
𝜌 𝜙+𝐺𝐵 + 3𝑝 𝜙+𝐺𝐵

     + 𝜌𝑚 + 3𝑝𝑚  

=−
1

2
𝐻2 1 + 3𝑤𝑡𝑜𝑡

𝑤𝑡𝑜𝑡 =
𝑝𝑡𝑜𝑡

𝜌𝑡𝑜𝑡
=

𝑝𝑟𝑎𝑑 + 𝑝𝜙 + 𝑝𝐺𝐵

𝜌𝑟𝑎𝑑 + 𝜌𝜙 + 𝜌𝐺𝐵

Friedmann-Lemaıtre-Robertson-Walker (FLRW) metric,

    𝑑𝑠2 = −𝑑𝑡2 + 𝑎2(𝑡)𝛿𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗  spatially flat



http://science.gsfc/nasa.gov

ADMX,

HAYSTAC,

CAPP 

• PBH (𝑚 ≲ 108𝑔)

• Cos Ph Tr

• Preheating 

• Cosmic Strings.

• from the Sun:

• Plasma in Early 
Universe (CGMB)

4       ~         16
UHF

"tensor-to-scalar ratio" 

(𝑟 < 0.032) an upper bound 

LIGO/Virgo/KAGRA 

ΩGW  ≲ 5.8×10−9

in 20-90 Hz band.

PTAs 

𝒉𝒄 ≈ 2×10−15

𝒇 ≈ 3×10−8 Hz.

Extremely low   Very Low            Low                 High.

Sources

Detection

IV. Cosmic Gravitational Microwave Background (CGMB)

LISA

TAIJI

TIANJIN



Summary of Sources
1) Summary of late universe sources. 

Agarwal et.al, LRR (2021)

NS

BH

Cpt Obj

SupRad



2) Summary of stochastic sources Agarwal et.al, LRR (2021)

Inf

(P)RH

CGMB

PhT

PBH



http://science.gsfc/nasa.gov

Interferometer

?
Resonator

?
Coherent

Stochastic

𝒄 = 𝝀𝒇
= 3×105 km
 = 3×108 m
= 3×1011mm
= 3×1014𝝁m

𝒇

𝑻 =
2𝝅

𝒇

1 yr = 365×24×3600sec
 = 3.1536×107 sec

2×10−7𝐻𝑧

1yr

Wavelength Mpc                    pc

𝟏 𝒑𝒄 = 𝟑. 𝟎𝟗×𝟏𝟎𝟏𝟑𝒌𝒎

-8-14
+6 +7 +8 +9 +10 +11 +12 +13 +14 +15
MHz        GHz

Wavelengthm        cm  mm                𝝁m

?
e.m.

+3
kHz

https://www.ctc.c
am.ac.uk/activitie
s/UHF-GW.php

Gravitational 

Waves Initiative𝟏𝟎𝟔𝟏𝟎𝟎𝟏𝟎−𝟔

https://www.ctc.cam.ac.uk/activities/UHF-GW.php
https://www.ctc.cam.ac.uk/activities/UHF-GW.php


High-freq GW 
Sources & 
detectors 



Camilo Garcıá-Cely and Andreas 

Ringwald arXiv 2407.18297v2

Characteristic GW strain 𝒉𝒄 vs freq 𝒇 EM oscillators 

𝒇 𝟏𝟎𝟗 𝟏𝟎𝟔 

Berlin et.al, PRD 105, 116011(2022)

GW axions

https://arxiv/


Any thermal plasma emits GWs : stochastic GW background (SGWB)

Cosmic Gravitational Microwave Background (CGMB)

Energy liberated into GW radiation, 

Ω𝐺𝑊(𝑓, 𝑇0)ℎ2 ≡
1

𝜌𝑐𝑟𝑖𝑡(𝑇0)

𝑑𝜌𝐺𝑊(𝑇0)

𝑑 ln 𝑓
ℎ2

∝ 𝑇𝐸𝑊𝐶𝑂׬ 

𝑇𝑚𝑎𝑥 𝑑𝑇
𝑔∗0

𝑔∗ 𝑇

4

3
𝑇2 ෠𝑘 𝑓, 𝑇 3 𝜂 ෠𝑘,𝑇

𝜌 𝑇
𝛽 𝑇 ∝

𝑻𝟑

𝝆

- UV-dominated, by GWs emitted at high 𝑇, i.e.,𝒌𝑻𝒎𝒂𝒙.

J. Ghiglieri and M. Laine, JCAP (2015)
Ghiglieri, Jackson, Laine, Zhu, JHEP (2020)

- 𝜂 ෠𝑘, 𝑇  peak at ෡𝒌𝒑𝒆𝒂𝒌 ≃ 𝟑. 𝟗𝟐 (at production)

   or 𝑓𝑝𝑒𝑎𝑘 ≃ 74GHz (today)

Note

෠𝑘 𝑓, 𝑇 =
𝑔∗𝑠(𝑇) 

𝑔∗𝑠(𝑇0)

1

3 2𝜋𝑓

𝑇0

𝑓 =
1

2𝜋

𝑔∗𝑠(𝑇0) 

𝑔∗𝑠(𝑇𝐸𝑊𝐶𝑂)

1

3 𝑇0

𝑇𝐸𝑊𝐶𝑂
𝑘𝐸𝑊𝐶𝑂

The BBN bound: 
  Ω 𝑓, 𝑇0 ℎ2 < 1.3×10−6

𝜂 𝑘, 𝑇 :the shear viscosity of the plasma 
෠𝑘 = 𝑘/𝑇 

𝑔∗𝑆(𝑇0) = 3.91, 𝑔∗𝑆(𝑇𝐸𝑊𝐶𝑂) = 106.75

Ω𝛾,0 = 2.47×10−5 photon density (now) 

𝑔∗0 = 2, 

ℎ = 𝐻0/(100𝑘𝑚/𝑠/𝑀𝑝𝑐)    𝑇0 = 2.7𝐾 

𝑓: freq. measured today;       𝜆 = 30 3/𝜋4, 

𝑇𝐸𝑊𝐶𝑂 = 160 GeV

𝛽 = 1 +
1

3

𝑑 ln 𝑔∗𝑠

𝑑 ln 𝑇

𝜌𝑐𝑟𝑖𝑡 = 3𝐻2/(8π𝐺)

- For 𝑻𝒎𝒂𝒙 < 𝑴𝑷, GWs are out-of-equilibrium



the EdGB scenario for CGMB bounds

𝑑Ω𝐺𝑊

𝑑 ln 𝑓
∝

𝑇3

𝜌
 ∝ 𝑇, “slow-roll regime”

𝜌rad, |𝜌GB| ∝ 𝑇4, while
𝜌rad + 𝜌GB ∝ 𝑇2

𝑑Ω𝐺𝑊

𝑑 ln 𝑓
∝

𝑇3

𝜌
∝ 𝑇2

rad. Dom. for all 𝑇𝑚𝑎𝑥> 𝑇𝐸𝑊𝐶𝑂, 
- Ω𝐺𝑊 is a monotonically growing fn of 
𝑇𝑚𝑎𝑥., 
- Ωℎ2 at 𝑇𝑚𝑎𝑥 = 𝑇𝑅𝐻(1016𝐺𝑒𝑉) 
- the BBN bound

→ ⟵ Radiation Domimance

𝑇𝐸𝑊𝐶𝑂𝑇𝑚𝑎𝑥 = 𝑇𝑅𝐻 ≃ 1016𝐺𝑒𝑉

Reheating

→ ⟵ Radiation Domimance 𝑇𝐸𝑊𝐶𝑂

𝑇𝑚𝑎𝑥

Mat Dom; 
New Phase, etc

Reheating

For slow roll (w = −1/3),

𝐅𝐨𝐫 𝚲CDM

strong enhancement 
𝛀𝑮𝑾 𝑓𝑝𝑒𝑎𝑘 𝒉𝟐 ≫ (Λ𝐶𝐷𝑀). 

(GW peak not exceeding the BBN upper limit)

The BBN bound puts bounds on 
 𝑇𝑅𝐻 ≃ 108 − 109 GeV ≪ 1016 GeV. 



෥𝜶 = 𝟏km𝟐 𝑻𝑹𝑯 = 𝟏×𝟏𝟎𝟖GeV 

𝛀
𝑮

𝑾
𝒉

𝟐

𝜸 = −𝟏 𝜸 = 𝟏

𝜸 = −𝟓 𝜸 = 𝟓

𝒘𝒕𝒐𝒕 = −𝟏/𝟑

𝒘𝒕𝒐𝒕 = 𝟏𝒘𝒕𝒐𝒕 = 𝟏

𝒘𝒕𝒐𝒕 = 𝟏

𝟏 ≤ 𝒘 ≤ 𝟕/𝟑

GW signal is way below the BBN bounds. 

The system follows the z axis with w = 
−1/3 before jumping to the attractor, 
-an enhancement of the GW signal, 

As |γ| →0  detaches “later” from the z<0 
axis,and the metastable slow-roll lasts 
longer. 

෥𝜶 = −𝟏km𝟐 𝑻𝑹𝑯 = 𝑇𝑚𝑎𝑥 = 𝟏×𝟏𝟎𝟖GeV 

(COrE & EUCLID)

𝜸 = −𝟏 𝜸 = 𝟏

𝜸 = −𝟓 𝜸 = 𝟓

𝟏𝟎𝟏𝟏 𝟏𝟎𝟏𝟏

𝟏𝟎𝟏𝟏

BBN limit

Biswas,Kar,BHL,Lee,Lee,Scopel,Velasco-Sevilla,Yin  JCAP (2024) 



The signal is enhanced as |γ| → 0 because the metastable 
slow–roll solution with w=-1/3 lasts longer.

෥𝜶 = 𝟏km𝟐 𝑻𝑹𝑯 = 𝟏×𝟏𝟎𝟖GeV 
𝛀

𝑮
𝑾

𝒉
𝟐

(COrE & EUCLID)

As |γ| →0 the system follows the metastable 
solution w = −1/3 for a larger interval of T 
before jumping to a different regime, implying 
an increasing GW stochastic background.

𝜸 = −𝟓

𝜸 = −𝟐

𝜸 = −𝟎. 𝟏

𝟏𝟎𝟏𝟏

𝜸 = −𝟓

𝜸 = −𝟐

𝜸 = −𝟎. 𝟏

a metastable slow-roll regime
 (෥𝜶 > 𝟎, 𝜸 < 𝟎)

GW enhancement as 𝛾 → 0.



High Freq GWs from the Modified Gravity beyond Einstein

⚫  Theoretical Aspect effective theory→ There MUST be higher orders of curvature terms. 

⚫ Observational Aspect - challenging the ΛCDM

In dim=4 the Dilaton-Einstein-Gauss-Bonnet (dEGB) Gravity

𝑓 𝜙 = α𝑒γ𝜙

𝑆𝑑𝐸𝐺𝐵 = ׬  𝑑4𝑥 −𝑔
1

2𝜅
𝑅 + 𝑓 𝜙 𝑅𝐺𝐵

2 −
1

2
𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑉 𝜙 + ℒ𝑚

V. Summary 

How to confirm? – BHs, Cosmology, GWs, etc. 

In dim>4, 

𝑆𝐸𝐺𝐵−Λ = ׬  𝑑𝑑𝑥 −𝑔
1

2𝜅
𝑅 − 2Λ + 𝛼𝑅𝐺𝐵

2 + ℒ𝑚
𝑚𝑎𝑡𝑡

GB term is dynamical, allowing 2nd order e.o.m.

EdGB Black Holes

Soliton Star?      Black Holes

M=0      Mmin              → ∞

minimum mass
EdGB Cosmology

NEW PHASE⟶ | ⟵Rad Dom⟶ | ⟵ Matt ⟶ | ⟵ Λ(DE)

𝒘𝒕𝒐𝒕 = −
𝟏

𝟑
, 𝟏, 

𝟏 ≤ 𝒘𝒕𝒐𝒕 ≤ 𝟕/𝟑

𝒘 =
𝟏

𝟑
𝒘 = 𝟎 𝒘 = −𝟏

GWs,



𝛀
𝑮

𝑾
𝒉

𝟐

(COrE & EUCLID)

𝜸 = −𝟏 𝜸 = 𝟏

𝜸 = −𝟓 𝜸 = 𝟓

𝟏𝟎𝟏𝟏 𝟏𝟎𝟏𝟏

𝟏𝟎𝟏𝟏

෥𝜶 = −𝟏km𝟐 𝑻𝑹𝑯 = 𝑇𝑚𝑎𝑥 = 𝟏×𝟏𝟎𝟖GeV 

https://www.ctc.cam.ac.uk/
activities/UHF-GW.php

𝒘𝒕𝒐𝒕 = −𝟏/𝟑

𝒘𝒕𝒐𝒕 = 𝟏𝒘𝒕𝒐𝒕 = 𝟏

𝒘𝒕𝒐𝒕 = 𝟏

𝟏 ≤ 𝒘 ≤ 𝟕/𝟑

w = −1/3 give a strong enhancement of the SGWBCGMB

BBN limit
HF GW needs further investigation

Gravitational Waves Initiative

𝟏𝟎𝟔𝟏𝟎𝟎𝟏𝟎−𝟔

https://www.ctc.cam.ac.uk/activities/UHF-GW.php


Thank you!
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