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Primordial GW

Primordial GWs ΩGW ∼ ρ−1
cr ⟨h2⟩ ∼ 10−6H2

inf ∼ 10−16

ΩGW ≡
1

ρcr

dρGW

d log k

10−15 f/Hz

··hij + 3H ·hij +
∇2

a2
hij = 0

h ∼ Hinf ∼ 10−5

Starobinsky 1979

Perturbed metric:

ds2 = a2(η)[−(1 + 2Ψ)dη2 + ((1 + 2Φ)δij + hij)dxidxj]



CMB anisotropy 

Reconstruction

∼ 10−9

Power spectrum of Φ

(nearly) Gaussian, adiabatic

Secondary GWs ⟨h2
ij⟩ ∼ 10−6Φ4 ∼ 10−24

··hij + 3H ·hij +
∇2

a2
hij = Λlm

ij (2Φ,lΦ,m +
Φ,l

·Φ,m

H
+ ⋯)

hij ∼ Φ2 ∼ 10−9



CMB anisotropy 

Reconstruction

∼ 10−9

Power spectrum of Φ

(nearly) Gaussian, adiabatic

k /Mpc−1

[Baumann+ 2007]

ΩGW ∼ 10−6𝒫2
ℛ ∼ 10−24

 coupling

hΦΦ

Matarrese et al, PRD 47, 1311; 
PRL 72, 320; PRD 58, 043504 
Ananda et al, gr-qc/0612013 
Bauman et al, hep-th/0703290

Secondary GWs ⟨h2
ij⟩ ∼ 10−6Φ4 ∼ 10−24

··hij + 3H ·hij +
∇2

a2
hij = Λlm

ij (2Φ,lΦ,m +
Φ,l

·Φ,m

H
+ ⋯)

hij ∼ Φ2 ∼ 10−9



CMB anisotropy 

Reconstruction

∼ 10−9

gravitational 

collapse Primordial Black Hole

Zeldovich & Novikov 1966 
Hawking 1971 
Carr & Hawking 1974

(nearly) Gaussian, adiabatic

∼ 10−1

Gaussian? 
adiabatic?

cr
os

sc
he

ck

Saito, Yokoyama, 0812.4339

Cai, SP, Sasaki, 1810.11000

Scalar Perturbation 
Induced GW

nonlinear 

pertu
rbation

Matarrese et al, PRD 47, 1311; 
PRL 72, 320; PRD 58, 043504 
Ananda et al, gr-qc/0612013 
Bauman et al, hep-th/0703290

⟨h2
ij⟩ ∼ 10−6Φ4 ∼ 10−10

Power spectrum of Φ

 PDF tail ⟶ PBH ∼ DM
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Gauge Issue



T

L,i

ds2 = a2 (−(1 + 2A)dη2 + 2B,idηdx + ((1 + 2(HL −
1
3

∂2HT)δij + 2HT,ij + hTT
ij )dxidxj)

Perturbed metric

Gauge (coordinate) transformation in GR:             [  ]xμ ⟶ x̃μ = xμ + ξμ ξμ = (T, ∂iL)

A ⟶ Ã = A −
1
a (aT)′￼ HL ⟶ H̃ L = HL −

a′￼

a
T −

∂2L
3

HT ⟶ H̃ T = HT − L B ⟶ B̃ = B + T − L′￼

Gauge Issue of IGW

xμ

x̃μhTT
ij ⟶ h̃TT

ij = hTT
ij + 𝒪(ξ2)



T

L,i

ds2 = a2 (−(1 + 2A)dη2 + 2B,idηdx + ((1 + 2(HL −
1
3

∂2HT)δij + 2HT,ij + hTT
ij )dxidxj)

Perturbed metric

Gauge (coordinate) transformation in GR:             [  ]xμ ⟶ x̃μ = xμ + ξμ ξμ = (T, ∂iL)

A ⟶ Ã = A −
1
a (aT)′￼ HL ⟶ H̃ L = HL −

a′￼

a
T −

∂2L
3

HT ⟶ H̃ T = HT − L B ⟶ B̃ = B + T − L′￼

Gauge Issue of IGW

T = (H′￼T − B) − ( H̃ ′￼T − B̃ ) ≡ σ − σ̃

Write down the infinitesimal shift/translation by perturbations: 

L = HT − H̃ T xμ

x̃μhTT
ij ⟶ h̃TT

ij = hTT
ij + 𝒪(ξ2)



• The  and  in the other scalars (  and  ) can be canceled by  and , to get 





• Bardeen potentials. By choosing  such that , we get zero-shear slices. Further choose  
such that , we get the longitudinal gauge (a.k.a. Newton gauge) 





• The  above is gauge invariant at linear order. However, it goes at second order as

T L A HL σ HT

Ψ ≡ A +
1
a (aσ)′￼ Φ ≡ HL −

1
3

∂2HT +
a′￼

a
σ

T σ = 0 L
HT = 0

ds2 = a2(η)[−(1 + 2Ψ)dη2 + ((1 + 2Φ)δij + hTT
ij )dxidxj]

hTT
ij

hTT
ij ⟶ h̃TT

ij = hTT
ij − Λij

ab((T − 2σ),aT,b + L,ak(L − 2HT),bk)

σ ≡ H′￼T − B

Gauge Issue of IGW
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such that , we get the longitudinal gauge (a.k.a. Newton gauge) 





• The  above is gauge invariant at linear order. However, it goes at second order as

T L A HL σ HT

Ψ ≡ A +
1
a (aσ)′￼ Φ ≡ HL −

1
3

∂2HT +
a′￼

a
σ

T σ = 0 L
HT = 0

ds2 = a2(η)[−(1 + 2Ψ)dη2 + ((1 + 2Φ)δij + hTT
ij )dxidxj]

hTT
ij

hTT
ij ⟶ h̃TT

ij = hTT
ij − Λij

ab((T − 2σ),aT,b + L,ak(L − 2HT),bk)

σ ≡ H′￼T − B

Gauge Issue of IGW



• Similar to the Bardeen potential, we cancel  and  by  and  to get the gauge invariant quantity








• This is a gauge-invariant TT tensor, which is invariant at second order. In Newton gauge we have





• This is usually used to calculate the scalar-induced GW:

T L σ HT

hTT
ij ⟶ h̃TT

ij = hTT
ij + Λij

ab((σ + σ̃),a(σ − σ̃),b + (HT + H̃ T),ak(HT − H̃ T),bk)
h̃ij + Λij

ab (σ̃,aσ̃,b + H̃ T,ak H̃ T,bk) = hij + Λij
ab (σ,aσ,b + HT,akHT,bk) ≡ hN(2)

ij

ds2 = a2(η)[−(1 + 2Ψ)dη2 + ((1 + 2Φ)δij + hN(2)
ij )dxidxj]

hN(2)
ij ′￼′￼+ 2ℋhN(2)

ij ′￼− ∇2hN(2)
ij = 2Λlm

ij [2Ψ,lΨ,m + (Ψ +
Ψ′￼

ℋ ),l(Ψ +
Ψ′￼

ℋ ),m]

Gauge Issue of IGW



Hwang et al, 1704.03500• The issue is we have infinite ways of constructing 
such “gauge-invariant metric tensor’’ in different 
gauges.


• If we have to calculate in the Newton gauge, 
where does this priority come from?


•  gauge issue: Hwang et al 1704.03500


• 2nd perturbation theory: Domenech, Sasaki, 
1709.09804; Wang, Zhang, 1905.03272


• Gauge category: De Luca et al, 1911.09689; 
Domenech, Sasaki, 2012.14016; Xue, Cao, 
2509.26159; ….

h(2)
ij

Gauge Issue of IGW



τ(1) = a(τ)∫
L

0
dλ ( 1

2
ninjh(1)

ij − Φ(1) − Ψ(1)) + ⋯

Shapiro delay

detector-motion related

t

xe(τe) xr(τr)xγ(w)

x(0)
γ (wf) = x(0)

r (τ(0)
r f ) = (L, L ni)

x(1)
γ (wf)

x(1)
r (τ(0)

r f )
p(0)

r f τ(1)
r f

• Q: What do the (space-borne) interferometer and PTA 

measure？


• A: The change of proper time of a geodesic observer 
(Fermi observer) when a GW is passing by


• Calculate the change of proper time

Gauge Issue of IGW

Domenech, SP, Wang, 2512.15704

PRL 136 (2026), 221402 

time dilation due to GW



t

xe(τe) xr(τr)xγ(w)

x(0)
γ (wf) = x(0)

r (τ(0)
r f ) = (L, L ni)

x(1)
γ (wf)

x(1)
r (τ(0)

r f )
p(0)

r f τ(1)
r f

τ(2) ⊃ arfninj( 1
2 ∫

L

0
dλ hN(2)

ij + V(1)
rf,i ∫

L

0
dηVr,j + ⋯)

hN(2)
ij ≡ h(2)

ij + Λij
lk (σ(1)

l σ(1)
k + E(1)

,lmE(1)
,mk)

Gauge Issue of IGW

detector-motion related
time dilation due to GW

• Q: What do the (space-borne) interferometer and PTA 

measure？


• A: The change of proper time of a geodesic observer 
(Fermi observer) when a GW is passing by


• Calculate the change of proper time

Domenech, SP, Wang, 2512.15704

PRL 136 (2026), 221402 



PBH Dark Matter
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nonlinear coupling hℛℛ
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ρPBH ≲ ρDM

PBH-IGW Crosscheck 

Saito, Yokoyama, 0812.4339




���
�

�

��

���

∞

��-� ��-� ����� ����� �������-��

��-��

��-��

��-�

� /��

Ω
�
�
��

Including non-Gaussianity

∼ 10−3
Gaussian

non-Gaussian

non-G
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gravitational collapse

fIGW ∼ 3Hz ( MPBH

1016g )
− 1

2

𝒫ℛ(k)

k

10−2

10−9

k∗

𝒫ℛ ∼ 10−2

Probing PBH dark matter by induced GW

(even when there is non-Gaussianity)

Cai, SP, Sasaki, 1810.11000, PRL 122, 201101

nonlinear coupling hℛℛ
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PBH constraints IGW constraintscrosscheck

PBH as  
LIGO events

asteroid-mass 
PBH as DM

fIGW ∼ 3Hz ( MPBH

1016g )
− 1

2

PBH-IGW crosscheck

solar-mass 
PBH as  

LIGO events

Constraint PBH DM≤planet-mass 
PBH as 

microlensing 
events

tiny PBHs with 
memory 

burden effect

memory 
burden 
effect asteroid-mass 

PBH as DM

planet-mass 
PBH as 

microlensing 
events

H
aw

king radiation

microlensing

LIGO SGW
B

CM
B accretion
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LVK 2508.20721

LIGO constraints

Mairi’s Talk



LVK 2508.20721
LIGO, 1903.02886

ΩGW( f ) ≤ 4.8 × 10−8@25Hz ΩGW( f ) ≤ 2.0 × 10−9@25Hz

LIGO constraints

LVK 2608.23477

Mairi’s Talk



LIGO constraints

LVK, 2510.26848

𝒫ζ =
A

2πσ
exp (−

ln2(k/k∗)
2σ2 )

Lognormal ansatz:

SP and Sasaki, 2005.12306

Mairi’s Talk



LIGO constraints

LVK, 2510.26848

fPBH ∼ 4 × 108( M
M⊙

)−1/2erfc
ζc

2A
∼ 109

 implies fPBH < 1 A ≲ 9 × 10−3

𝒫ζ =
A

2πσ
exp (−

ln2(k/k∗)
2σ2 )

Lognormal ansatz:

SP and Sasaki, 2005.12306

Mairi’s Talk
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Probing PBH dark matter by LISA/Taiji/TianQin

• IGW is rubust against non-Gaussianity


• The only PBH DM window can be probed by 

space-based inteferometers LISA/Taiji/TianQin

PBH book Ch.7, SP, 2404.06151

Probing PBH dark matter by induced GW

(even when there is non-Gaussianity)

Cai, SP, Sasaki, 1810.11000, PRL 122, 201101



Probing PBH dark matter by LISA/Taiji/TianQin
•Use the sensitivity curves to 

predict the detectable 

parameter space


• 


• The entire asteroid-mass 

window can be covered


• SNR:  for PBH 

dark matter

hc → ΩIGW → Aζ → fPBH

103 ∼ 104

TianQin Whitebook, 2502.20138

Hong, SP, Wang, Zhang, 2601.05069

Taiji White book, to appear

c.f. Iovino et al. 2512.13648 (for LISA) 

Youjun’s Talk
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Hong、Pi、Wang、Zhang，arXiv:2601.05069

谱宽决定不同观测窗口

窄峰与宽谱都应纳入

Probing PBH dark matter by LISA/Taiji/TianQin
•Use the sensitivity curves to 
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Planet-mass PBH

Sugiyama et al 2602.05840

Subaru-HSC
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DECam-AMPM 1 event

SubaruHSC 4 events

OGLE+Subaru HSC

SubaruHSC 12 events

SubaruHSC null

DECam-AMPM null
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DECam-AMPM 1 event

SubaruHSC 4 events

OGLE+Subaru HSC

SubaruHSC 12 events

SubaruHSC null

DECam-AMPM null

PBH
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𝒫ℛ(k)

k

10−2

10−9

Saito & Yokoyama 0812.4339 

Cai, SP, Sasaki, 1810.11000

Ω(g)
GW ∼ 10−5𝒫2

ℛ,g ∼ 10−9

109 Mpc−1

nonlinear coupling hℛℛ

𝒫ℛ ∼ 10−2

gravitational collapse

fIGW ∼ 3Hz ( MPBH
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f 0

109 Mpc−1
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Planet-mass PBH DM
ΩGWh2ΩGWh2
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Domenech, SP, Wang, 2602.24061  
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Non-Gaussianity
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Stewart and Sasaki, astro-ph/9507001

Lyth and Roquigez, astro-ph/0504045

Maldadena, astro-ph/0210603

V(φ)

φ

𝒫ℛ(k)

k

10−2

10−9
𝒫ℛ ≈

H2

8π2ϵH
∼ 10−9kns−1

ns − 1 = − 2ϵH − 2ηH

ℛ = ℛg +
3
5

fNLℛ2
g + ⋯

ℛg = −
H
·φ

δφ

fNL = −
5
12

(ns − 1)

ϵH = −
·H

H2
≪ 1

ηH =
·ϵ

Hϵ
≪ 1

Slow-roll inflation
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V(φ)

φ

𝒫ℛ(k)

k

10−2

10−9?
ns − 1 = − ηH = 6

𝒫ℛ ≈
H2

8π2ϵ
∝ k6

ℛ = ℛg +
3
5

fNLℛ2
g + ⋯

ℛg = −
H
·φ

δφ

fNL = −
5
12

(ns − 1) = −
5
2

Ultra-slow-roll inflation

?

ϵH = −
·H

H2
∝ a−6

ηH =
·ϵ

Hϵ
= − 6
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slow-roll approx.
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Ultra-slow-roll inflation



0.10 1 10 100

10-11

10-7

10-5

0.001

0.100

38

slow-roll approx.
ns − 1 = 6

k4

k6

fNL =
5
2

fNL = − 5/2

V(φ)

φφ∗

Ultra-slow-roll

Slo
w-ro

ll

Slow
-ro

ll

Ultra-slow-roll inflation

Danilo, SP, Tanaka, 2408.09964

SP, Sasaki, 2211.13932
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• Quadratic expansion: Cai, SP, Sasaki 1810.11000  


• Higher orders: Adshead+ 2105.01659. Abe+ 2209.13891. Garcia-
Saenz+ 2207.14267. Yuan+, 2308.07155; Li+, 2309.07792. Perna+, 
2403.06962


• Lattice simulation marks the breakdown of perturbativity: Zeng+ 
2508.10812, Caravano+ 2604.03628 


• IGW is robust against non-Gaussianity when PBH amount is fixed (?)

nonlinear coupling hℛℛ

with non-Gaussianity

𝒫ℛ(k)

10−2

10−9

𝒫ℛ ∼ 10−2

∼ 10−3
Gaussian

non-Gaussian

k
Zeng, Ning, Cai, Wang 2508.10812

Caravano, Franciolini, Renaux-Petel 2604.03628

PBH Dark Matter



• We resolved the gauge issue of secondary GWs, by establishing the connection 
between strain and observed time shift.


• PBHs are viable dark matter candidates, which can only be probed by induced 
GW. The associated IGW is an important target for next-generation GW 
detectors. 


• Non-Gaussianity is essential in establishing the PBH-IGW cross check; but large 
NGs can only be studied case by case.

Conclusion


