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Primordial GW

Perturbed metric:

ds® = a’(p)|— (1 + 2%)dn? + ((1 + 20)5,, + h, ) dx'dx
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Gauge Issue of IGW

Perturbed metric

1 .
ds* =a*( —(1+2A)dn* + 2B dndx + ((1 +2(H, — EaZHT) 6+ 2Hy ;i + T) dx'dx’

Gauge (coordinate) transformation in GR: x# — X* = x# 4 & [ &0 = (T, 0,L)]
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Gauge Issue of IGW

Perturbed metric

1 .
ds* =a*( —(1+2A)dn* + 2B dndx + ((1 +2(H, — EaZHT) 6+ 2Hy ;i + T) dx'dx’

Gauge (coordinate) transformation in GR: x¥ —> X = x# + & [EH = (T, 0,L)]
) 1, . — a = oL *
A_>A=A—_(CZT) H, — H, =H, T
s a a 3
Hy — Hpy=Hr—L B— B=B+T-L
TT TTT _ 3, TT 2 —_—
hlj —> hij = hlj + O(&E7) : ~
Write down the infinitesimal shift/translation by perturbations: [
T=(H;—B) —(Hy—B)=06-¢ L=H,— H, u\z



Gauge Issue of IGW

e The T'and L in the other scalars (A and H; ) can be canceled by ¢ and H, to get

| | , a’
v=a+lw) ozm-Llenm 2,
) )

e Bardeen potentials. By choosing 7 such that o = 0, we get zero-shear slices. Further choose L
such that H; = 0, we get the longitudinal gauge (a.k.a. Newton gauge)

ds? = a*(p) | ~(1 + 2%)dn’ + (1 +20)5 + h]T)dx'dx!



Gauge Issue of IGW

e The T'and L in the other scalars (A and H; ) can be canceled by ¢ and H, to get

| | , a’
v=a+lw) ozm-Llenm 2,
) )

e Bardeen potentials. By choosing 7 such that o = 0, we get zero-shear slices. Further choose L
such that H; = 0, we get the longitudinal gauge (a.k.a. Newton gauge)

ds? = a*(p) | ~(1 + 2%)dn’ + (1 +20)5 + h]T)dx'dx!

e The hUT. I above is gauge invariant at linear order. However, it goes at second order as

AT — BT = BT = A ((T=20) Ty + Lo (L = 2Hy) 1)



Gauge Issue of IGW

» Similar to the Bardeen potential, we cancel 1 and L by ¢ and Hto get the gauge invariant quantity
hIT — hIT = hIT+ A, ab( (6+0),(0-0),+ (Hp+ Hy) 4(Hyp — HT),bk)
b b — 1,NQ2
h +A ¢ (a Ub-l- HTakHTbk) h +A ¢ (0 0b+HTakHTbk) = hl.].( )

 This is a gauge-invariant TT tensor, which is invariant at second order. In Newton gauge we have

ds? = a’(n) |~ (1 +2%)dp® + ((1 +2®)5; + @) dx'd/

e This is usually used to calculate the scalar-induced GW:-:
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Gauge Issue of IGW

wavenumber k |h/Mpc]
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2nd perturbation theory: Domenech, Sasaki, 10~19 1018 o 1016 10-15 1014

frequency v[Hz]

1709.09804; Wang, Zhang, 1905.03272
Gauge category: De Luca et al, 1911.09689;
Domenech, Sasaki, 2012.14016; Xue, Cao,
2509.26159; ....
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Gauge Issue of IGW
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* Q: What do the (space-borne) interferometer and PTA e R ..........

measure”?

* A: The change of proper time of a geodesic observer
(Fermi observer) when a GW is passing by

e Calculate the change of proper time

L
(D = a(T)J dA (l n'n/hl) — @) — \11<1>) + -

0 2/’

time dilation due to GW

Domenech, SP, Wang, 2512.15704
PRL 136 (2026), 221402

Shapiro delay
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Gauge Issue of IGW
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* Q: What do the (space-borne) interferometer and PTA e R ..........
measure?
* A: The change of proper time of a geodesic observer

(Fermi observer) when a GW is passing by

e Calculate the change of proper time
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PBH Dark Matter




l0g10fpBH(M)

- PBH-IGW crosscheck
X

\ P (k)

| = P, ~ 1077
p < p 7 f ~ 3HZ MPBH %
PBH ~ FDM| mEG/GC vy—ray | IGW 1016g
B Subaru HSC : o 10-2-
M OGLE | gravitational collapse

B EROS/MACHO
B Planck(disk)

U GhP
I|0910(MPBH/MQ) ] | a( C u‘)\\“ 109
. - — | g
Q(C(;)V ~ 10 5@2%g NIO ’ a0
1079} ) —

PBH-IGW Crosscheck

ISATaiji/TianGin Saito, Yokoyama, 0812.4339

10-5 | 0.001 0.100 | 10

f/Hz



log+ofrH(M)

Including non-Gaussianity
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PBH-IGW crosscheck
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PBH-IGW crosscheck

PBH constraints m IGW constraints
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LIGO constraints
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LIGO constraints
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LIGO constraints
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PBH-IGW crosscheck
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log10freH(M)

Probing PBH dark matter by LISA/Taiji/T lanQin
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IGW is rubust against non-Gaussianity Probing PBH dark matter by induced GW
The only PBH DM window can be probed by (even when there is non-Gaussianity)

Cai, SP, Sasaki, 1810.11000, PRL 122, 201101
space-based inteferometers LISA/Taiji/TianQin



Probing PBH dark matter by LISA/Taiji/TianQin

Youjun’s Talk

Strain Sensitivity
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» Use the sensitivity curves to
predict the detectable

parameter space

e . — Qigw — Ag — fpBH

TianQin Whitebook, 2502.20138
Hong, SP, Wang, Zhang, 2601.05069
Talji White book, to appear

c.f. lovino et al. 2512.13648 (for LISA)
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» Use the sensitivity curves to
predict the detectable
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Hong, SP, Wang, Zhang, 2601.05069

Talji White book, to appear
c.f. lovino et al. 2512.13648 (for LISA)



Probing PBH dark matter by LISA/Taiji/TianQin
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Probing PBH dark matter by LISA/Taiji/TianQin

LISA Taiji TianQin

» Use the sensitivity curves to
predict the detectable

parameter space

e . — Qigw — Ag — fpBH

e The entire asteroid-mass

SNR

window can be covered

« SNR: 10° ~ 10* for PBH

dark matter

TianQin Whitebook, 2502.20138
Hong, SP, Wang, Zhang, 2601.05069
Talji White book, to appear
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PBH-IGW crosscheck

PBH constraints m IGW constraints
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Planet-mass PBH
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Non-Gaussianity
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Slow-roll inflation
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V(p)

Ultra-slow-roll inflation
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V(p)

Ultra-slow-roll inflation
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V(p)

Ultra-slow-roll inflation

Ultra-slow-roll
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oN formalism

Gaussian PDF of ¢ o _- ol
at the horizon exit

Non-Gaussian PDF of C
at the end of inflation

{

05 0.0 0.5 1.0 15 20

SP, Sasaki, 2211.13932, PRL 131, 011002
Cruces, SP, Sasaki, 2505.24590



Logarithmic Duality

SP, Sasaki, 2211.13932, PRL 131, 011002
K (0@, Or) SP, 2404.06151 (PBH book ch.7)
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Ay T+ /1¢g0 Ay T, + /ligp*
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Logarithmic Duality

SP, Sasaki, 2211.13932, PRL 131, 011002

K (0@, Or) SP, 2404.06151 (PBH book ch.7)
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Stewart and Sasaki, 1995
Lyth and Roquigez, 2005
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Logarithmic Duality

SP, Sasaki, 2211.13932, PRL 131, 011002

K (0@, Or) SP, 2404.06151 (PBH book ch.7)
c.f. Consisstency Ir§|a’cion \952 = i In{ 14 or + /11&0 _L In{ 14 2 + ...
N = SV LMy y T+ A A 7T, + A,
(f = — 2/1 R ——N
NL 6 -

Slow-roll inflation
Stewart and Sasaki, 1995
Lyth and Roquigez, 2005

‘%g
7= —un(1-2)

U
Constant-roll

Atal, Garriga, Marcos-Caballero, 1905.13202

Atal, Cid, Escriva, Garriga, 1908.11357

Escriva, Atal, Garriga, 2306.09990

Inui, Motohashi, SP, et al, 2409.13500 10



Logarithmic Duality

R(o@, Or)
c.f. Consisstency rglation \A% _ i - O + A 0@ |
INL = €y — =My As T+ ’lﬂﬂ As
2 6
NL — 6 ~ 6’7
op 3
R = _H_.+§fNL —H
v A_=0
Slow-roll inflation
Stewart and Sasaki, 1995 A, =3
Lyth and Roquigez, 2005
K 1 5
9§5=—ﬂln<1——g> R=——In[1+Z
H 3 TT,

Constant-roll

Atal, Garriga, Marcos-Caballero, 1905.13202
Atal, Cid, Escriva, Garriga, 1908.11357
Escriva, Atal, Garriga, 2306.09990

Inui, Motohashi, SP, et al, 2409.13500

Ultra-slow-roll

Cai, Chen, et al 1712.09998
Biagetti et al 1804.07124
Passaglia et al 1812.08243

——1In

SP, Sasaki, 2211.13932, PRL 131, 011002
SP, 2404.06151 (PBH book ch.7)

O

*

7T, + A,

14

-+ ...

Namjoo, Firouzjahi, Sasaki, 1210.3692



Logarithmic Duality

SP, Sasaki, 2211.13932, PRL 131, 011002

K (0@, Or) SP, 2404.06151 (PBH book ch.7)
c.f. Consisstency rglation \A% - i ml 1 O + /11560 _i mnl1- OT, T
L= ey =y As THizp ) e T+ A5
5 5
(o= =52~ =)

0 5
%——H—¢+—fNL( ¢>
¥ ¥

Slow-roll inflation
Stewart and Sasaki, 1995
Lyth and Roquigez, 2005

KR 1 ) 2
@:_ﬂm(u—g) F=——In % % ="1n(l + 6)

Iz 3 T, 3
Constant-roll Ultra-slow-roll Curvaton scenario
Atal, Garriga, Marcos-Caballero, 1905.13202 5100 Firouzjahi, Sasaki, 1210.3692  SP and Sasaki, 2112.12680
Atal, Cid, Escriva, Garriga, 1908.11357 Cai. Ch | 1712.09998
Escriva, Atal, Garriga, 2306.09990 al, Chen, et a . Ferrante et al, 2211.01728

’ ’ ’ ' Biagetti et al 1804.07124 Hooper et al. 2308.00756

Inui, Motohashi, SP, et al, 2409.13500 Passaglia et al 1812.08243



Logarithmic Duality

SP, Sasaki, 2211.13932, PRL 131, 011002

K (0@, Or) SP, 2404.06151 (PBH book ch.7)
c.f. consisstency rglation \A% - i ml 1 O + /11560 _i mnl1- OT, T
L= ey =y As THizp ) e T+ A5
5 5
(o= =52~ =)

0 5
%——H—¢+—fNL( ¢>
¥ ¥

Slow-roll inflation
Stewart and Sasaki, 1995
Lyth and Roquigez, 2005

1
A =——In (%))

Extensions,
Celoria et al, 2103.09244
Kawaguchi et al, 2305.18140

KR 1 ) 2
@=—ﬂ1n<1—i) R =——1In - R =—In(l+6)

Iz 3 T, 3
Constant-roll Ultra-slow-roll Curvaton scenario
Atal, Garriga, Marcos-Caballero, 1905.13202 5100 Firouzjahi, Sasaki, 1210.3692  SP and Sasaki, 2112.12680
Atal, Cid, Escriva, Garriga, 1908.11357 Cai. Ch 1 1712.09998
Escriva, Atal, Garriga, 2306.09990 al, Chen, et a . Ferrante et al, 2211.01728

’ ’ ’ ' Biagetti et al 1804.07124 Hooper et al. 2308.00756

Inui, Motohashi, SP, et al, 2409.13500 Passaglia et al 1812.08243



Probability Distribution Function
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PBH Dark Matter

* Quadratic expansion: Cai, SP, Sasaki 1810.11000

* Higher orders: Adshead+ 2105.01659. Abe+ 2209.13891. Garcia-
Saenz+ 2207.14267. Yuan+, 2308.07155; Li+, 2309.07792. Perna-+,
2403.06962

* Lattice simulation marks the breakdown of perturbativity: Zeng+
2508.10812, Caravano+ 2604.03628

* |GW is robust against non-Gaussianity when PBH amount is fixed (?)
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Conclusion

e \We resolved the gauge issue of secondary GWSs, by establishing the connection
between strain and observed time shift.

e PBHs are viable dark matter candidates, which can only be probed by induced
GW. The associated IGW is an important target for next-generation GW
detectors.

e Non-Gaussianity is essential in establishing the PBH-IGW cross check; but large
NGs can only be studied case by case.



