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Motivation and Central Questions

What does “focusing” mean beyond General Relativity?

For an initially converging timelike geodesic congruence, can its expansion 6 be guaranteed to diverge to —co in
finite proper time?

How do metric geodesics differ from autoparallels in symmetric teleparallel geometry (STG)?

What is the correct covariant geodesic-deviation equation when the relative acceleration is defined with the STG
connection?

Which assumptions lead to a matter-dependent Raychaudhuri equation and to a useful focusing condition in f{ Q)
gravity?

What happens to this condition in a flat FLRW universe?

STG kinematics — modified Raychaudhuri — 7' < Teef — FLRW test
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Geometric Setup
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Symmetric Teleparallel Geometry (STG)

Defining conditions Connection decomposition

R (T) =0, TP = 2FP[W] —0. I, = f‘pw + L0,

Curvature and torsion of the independent connection 1
vanish, but nonmetricity is allowed: Iy = Egpa(QaW = @l — Oheym)e

Qpuv = Vpguw # 0.

m I is the Levi-Civita connection; L”,, is the disformation.

m In the coincident gauge, one can locally choose I'”,,, = 0; this does not imply f‘PW =

m Nonmetricity traces: Q, := Qpuvg"” and ép = Quupg"”.
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The f(Q) Action and Field Equations

Nonmetricity-based gravitational dynamics

S= %/dzlx _gf(Q)+Sm7 Q:: QPH«VPp/“/7 Kk =8rG.
K

Nonmetricity conjugate

1 1 1 ~ 1
perv.— _—oprv . —oBv)p L Z (0P — OP) g — — gP(h V)
19+ 50 + 4(Q Q)g e
The metric field equation (in the paper’s conventions) is
df

o 1
fQ Guv + E(QfQ = Nouv +2(VpfQ) PPy = kTpw,  fo = 10

Trace equation: the bridge to matter-dependent focusing

Vo [fa(@ - @)] + Shen(@ - @)
—fQQ+2(Qfg — f) =T, T:=g"" Tpy.

Key point: f(Q) = Q gives STEGR (dynamically equivalent to GR); the paper takes fo > 0.
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Congruence Kinematics
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Metric Geodesics vs. STG Autoparallels

Metric geodesic (extremizes proper time)

wW’ + TP utu” =0, guutn’ = —1.

Writing this very same curve with the STG connection yields

VP = LP pputu” R
N——
af disformation-induced acceleration

whereas an STG autoparallel obeys u#V  u” = 0.

m Raising/lowering indices does not commute with
A subtle identity v

UV pup = ap + Quuputu. m The physical curve and the choice of covariant
description must be distinguished.
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Geodesic Deviation: Curvature vs. Disformation

For neighboring metric geodesics (1) and 2°(7) + n”(7), compare the covariant formulations.

Levi—Civita description in GR

D?np .
d72 < Rauypna’wuuu =0.
T

STG description: the paper’s main kinematic result

D2%np

p oD o P tho
F_QL pa ?—n (Vo Lf p)utu” = 0.

m L, yields a velocity-dependent contribution; VL, contributes to relative acceleration.

m The deviation equation is unchanged mathematically, however, its covariant expression physically depends on the
connection used in D/dr.
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Congruence Expansion, Shear and Vorticity

Let 2° = z”(7, s) parameterize the congruence.

wP = 92° , er = o )
or |, Os |,
T: proper time; s: geodesic label. = ’
The Lie-dragging relation [u, £]? = 0 gives
DgP _
b =EYVuP, B, =V, ut.
dr Tangent uP and connecting vector £F.
WY = g"" 4+ ut Y, 0=0+ a, ut,
ny _ pp pv o papB o 1
B R o b ﬁB 5 0:0_5haﬁQ’yaBu’Y'

BHY = oW 4 wh” + %Gh‘“’.
m u, at need not vanish.

m Hypersurface orthogonality need not imply
wyy = 0.
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Benchmark: Raychaudhuri Focusing in GR

For timelike metric geodesics, with the paper's scalar definitions 262 = &,,,6"" and similarly for &2,

Dé e a2y 1s 1
= 2(0% — 6?) — §02 —K (TW, - Egu,,T) utu”.

Focusing conditions in the familiar setting

m Hypersurface orthogonality in GR: wy, = 0.
m Strong energy condition: (T, — %gwj T)utu” > 0.

For 6(0) < 0, this differential inequality gives finite-time focusing (no later than 3/|6(0)| under the hypotheses).
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Modified Raychaudhuri Equation and Focusing Condition
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A Geometric Raychaudhuri Equation in STG

The STG deviation equation, together with DEP/dT = £€*BP,, gives

Deformation-tensor evolution

DBP,

dr

+ BPNB"Q —Vad® =0, o =L°, ulu”.
Taking a trace and using the projected kinematic decomposition,
Do 1
— =2(w? —02) — 202 + (aqu®)?
dr 3
+2u”a"Vyua + Vya.

Key point: At this stage the relation is geometric; the matter trace T enters only after additional assumptions and field equations.
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Essential Assumptions: Conversion + Weyl Type

Assumption 1: nonmetricity—acceleration conversion

AP = PPl U Qopy + 2L° utu” = 0.

Normalization establishes only upAp =0; is an extra restriction.

Assumption 2: Weyl-type nonmetricity

1 =
Qp,uu = Ppuv = Znguu» Qp = *Qp-

Together they imply

@ =), Q= Q@ | =@

For hypersurface-orthogonal congruences, the Weyl ansatz also gives o, = 6, and wy,, = 0.
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How Matter Enters the Evolution Equation

Under the two assumptions, the unprojected expansion equation reduces to

An intermediate Raychaudhuri equation

Do 1 1 1
— =2w?—0%) - -0+ ZQ+ -V, Q"
ar (w U) 3 +6Q+8 pQ

The field-equation trace expresses the divergence of Q” in terms of matter and gravitational variables:

_ T _ _s0_-8(o_ 1L
Vpr_ng Q°V,ln|fo| —4Q 3(@ fQ).

m The (4xT)/(3fg) term supplies the explicit matter dependence.
m One must also convert from 0 to the projected expansion @ before formulating focusing.
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Modified Raychaudhuri Equation in f(Q) Gravity

Main result: projected expansion 6

DY 2oy Loz AT
i 37 6l
1
- 3@Vonliol- 303 (e~ £)

1
+ gu”uavu Q~.

m The nonmetricity terms have no universal definite sign.
m The usual GR strong-energy-condition argument does not directly force D8/dr < —62/3.

m The formula is derived under the Weyl-type and A” = 0 restrictions; it is not claimed for arbitrary STG
nonmetricity.
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Effective Trace and the Focusing Criterion

With vanishing rotation, define F' by
Do

1
— =F T,...)— =62
dr (Qana ) ) 3

= [[<Ta] to>0)

6fQ

Togr = —
K

1 1
20° + ngVﬂ In|fol + §Q

+§(Q—E>—§U UV Q :|

Key point: For #(0) < 0, the bound implies focusing in finite proper time; the condition is model/background dependent.
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Flat FLRW: Which STG Connection Branch Survives?

For ds? = a?(n)(—dn? + d;dz’de’), set H = a//a and w* = (1/a,0,0,0).

Homogeneous and isotropic torsion-free connection (Hohmann 2021)

%0 =K1, T =Kaby Tl =T"% = Ksd';.

Branch Kl K2 K3
1 ~ 0 0
2 Yo/v2e+v2 0y
3 —5/73 30

The Weyl ansatz imposes Qs o< gi; and Qio; = 0; comparison with the FLRW Q,,. requires

‘ K1 =Ky = K3 ‘ — ‘ Branch 1 with v; =0 ‘ (coincident gauge).

14/16



Modified Raychaudhuri Equation and Focusing Condition
0000000e

FLRW Result: The Focusing Bound Is Saturated

In the coincident gauge, the two independent background equations are

2
8fgH? + (/= Qfg) = ra®p,

2
Jo@H' +H?) + T-(f— Q)+ 2Mfg = —ra’p.

Effective trace evaluated using the Friedmann equations

Tt = —— [3o(H + ) + 3Hfp + ()~ Qo)

=|—p+3p=T|
] is saturated: it places no new restriction on the perfect-fluid matter content.

m The result is independent of the functional form of f(Q), provided fo > 0 and the preceding assumptions hold.

m Scope: flat FLRW, the compatible coincident-gauge branch, Weyl-type nonmetricity and the paper’s conversion
condition A? = 0.
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Summary

m The acceleration is defined by the STG connection.
m We derive the Raychaudhuri equation in STG.
m The Weyl-type ansatz and A” = 0 have been imposed in our discussion.

m In the flat FLRW universe:
m only the coincident gauge (the branch of K7 = Kz = K3z = 0) is compatible with the Weyl-type ansatz.

m The focusing condition T' < Te is always satisfied.

= The matter would not be constrained by focusing condition.
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