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Properties of OVs
Singularity and topological charge
The salient properties of OVs are mostly related to the

topological phase structure. Early in the 1970s before OVs
were first observed, the topological structure in the wave
phase was already under study. Nye and Berry54 demon-
strated that wave trains with dislocations could induce a
vortex structure where a singularity could be solved in the
wave equation, which laid the foundation for the study of
vortices in air, water, and even light waves, pushing the
discovery of OVs. To understand the profound topology
in a plain way, we can refer to a familiar artwork exhi-
biting a similar structure. Escher’s painting Ascending and
Descending shows an impossible scenario where the stairs
are ascending clockwise yet have a seamless connection to
their origin after a roundtrip, which is an artistic imple-
mentation of the Penrose Stairs55, as illustrated in Fig. 2.
This structure is impossible in real space but possible in
phase space. If the phase angle continually increases
clockwise along a closed loop from 0 to 2πℓ and returns to
the origin, where the integer ℓ is called the TC, the angle
zero is exactly equal to 2πℓ, forming a continuous phase

distribution along the closed loop, similar to the topology
of the well-known Möbius strip56. The centre spot of the
closed loop where the phase cannot be defined is a phase
singularity. The definition of the TC of a singularity for
the phase distribution φ is given by:

‘ ¼ 1
2π

´
I

C
∇φ rð Þdr ð1Þ

where C is a tiny closed loop surrounding the singularity.
For the light field with phase distribution exp(iℓθ)
carrying OAM of ℓℏ per photon, the TC of the centre
phase singularity is ℓ. The effect of TC is actually
commonly seen in our daily life, e.g., the time distribution
on earth has a singularity at the North Pole with a TC of
24 h, the duration that the earth takes to rotate one cycle.
The continuous phase along the closed loop results in an
integer TC. However, as a peculiar case, a non-integer TC
was also experimentally and theoretically investigated in
OVs57,58. A phase singularity with a certain TC is a
representation of a very simple vortex soliton yet acts as
an important unit element in that more complex
hydrodynamic vortices with chaos, attractors, and
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Fig. 1 Roadmap of the 30-year development of optical vortices from 1989 to 2019, including significant theoretical and technical
breakthroughs with corresponding references. Reprinted with permission from ref. 1, Copyright (2019), with permission from Elsevier. Reprinted
with permission from refs. 5,16,19,25,27,28,38,40. Copyright (2019) by the American Physical Society. From refs. 29,32,33,41,42,44,46,47. Reprinted with permission
from AAAS. Reprinted by permission from Springer Nature: Nature30,34,59,60, Nature Physics31,39, Nature Photonics43,50,52, Nature Communications48,49,
Light: Science & Applications51, Copyright (2019). From ref. 57. Reproduced by permission of IOP Publishing
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Optical vortices

Bai et al. Chin. Opt. Lett. 20(2022)012601

Linearly 
polarized light 

carries no spin 
angular 

moment (SAM)

Circularly polarized light

Wavefront, intensity, and corresponding phase distribution of vortex beams with 
topological charge of l= 0, 1, 2.

www.nature.com/scientificreports/

3Scientific REPORTS | 7:44096 | DOI: 10.1038/srep44096

Pancharatnam-Berry phase elements are widely studied in recent years as their responses can be locally 
adjusted by rotating the orientation of building blocks. When a PB phase element is constructed based on the 
local anisotropic response of blocks, the geometric phase obtained in a circular polarization incidence can be 
concluded as Φ  =  ± 2φ18, where the sign depends on the helicity of the circular polarization, and φ refers to ori-
entation local optical axis. !us, arbitrary phase devices can be contrived according to this relationship. !e axis 
orientations of vortex plate, Bessel converter, and lens are deduced as

Figure 1. !e conventional optical system applied to generate PV beams, which is based on the bulky 
refractive devices. Combination of vortex plate and axicon convert a general Gaussian beam to BG mode. 
!en, the lens implements Fourier transformation of BG beam to get the PV beams. Insets show the intensity 
patterns in each step of this system.

Figure 2. !e PB phase element system used to produce PV beams. Planar vortex plate and Bessel converter 
are combined to generate a higher-order BG mode. Following lens transfers this mode to correspond PV beam. 
Comparing with the system exhibited in Fig. 1, PB phase elements will dramatically reduce the occupying 
volume of the entire system. Insets show the phase distributions of each element respectively.
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Electron vortices

Bliokh et al. Phys. Rep. 690(2017)1 
Lloyd et al.  Rev. Mod. Phys. 89(2017)035004 

Figure 3: Vortex beams are cylindrical solutions of the wave equation. They propagate along the z-axis and carry intrinsic
longitudinal orbital angular momentum (OAM) hLzi = ~ ` (assuming paraxial approximation) per particle. The 3D schematics
show the phase fronts (cyan) and probability-current streamlines (orange) for beams with di↵erent vortex charges `. The 2D
plots show the corresponding transverse wave function distributions  (x, y) at z = 0; the phase-amplitude representation is
similar to Fig. 2(c). The radial profiles correspond to the Bessel modes analyzed in detail in Sections 2.2 and 2.3 below.

• Vortex state carrying intrinsic OAM is not a collective e↵ect, but a phenomenon that persists on the
single-particle level [34]. In other words, these are forms of the single-particle wave function.

1.4. From optics to electron waves

Until recently, the majority of studies on phase singularities and free-space vortex beams dealt with
optical fields and other classical waves. At the same time, the universal character of wave equations suggests
that fundamental results of singular optics and optical angular momentum should be equally applicable to
quantum, in particular electron, waves [72]. Moreover, the concept of the OAM in vortex beams essentially
relies on the quantum-mechanical operator L̂z. Nonetheless, until recently there were only a few studies of
free-space quantum wave functions with vortices [20, 21, 73, 74].

In 2007 Bliokh et al. [75] suggested that free electrons can be in vortex-beam (or vortex-wavepacket)
states carrying intrinsic OAM. They also discussed basic interactions of such vortex electrons with external
fields and possible ways they could be generated. In 2010, free-electron vortex beams were indeed produced
in transmission electron microscopes (TEMs) by Uchida and Tonomura [76] and Verbeeck et al. [77]. One
year later, McMorran et al. [78] demonstrated the generation of electron vortex beams with OAM up to
|`| = 100. This is in enormous contrast with the spin angular momentum (SAM) of electrons, which is
restricted to 1/2 (in units of ~). These studies initiated a new research area investigating free-electron
vortex states, or, in a wider context, structured quantum waves [79]. Electron vortex beams are currently

6
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Vortex electron interact with nuclei

Z. W. Li, et al, Phys. Rev. Lett. 134(2025) 052501

Here, we focus on forward vortex electron scattering
because the transition probability for off-forward scattering
is negligible (details in [58]). ακmðp⊥Þ and α#κ0m0ðp0⊥Þ are the
vortex amplitudes. jii and jfi indicate the initial and final
states of the system, including electron and nucleus. Hint is
the interaction Hamiltonian. We perform calculations of the
electric dipole, quadruple, and octupole transitions (E1, E2,
and E3) in the nucleus 16O, where the transition strength
function is determined by the fully self-consistent quasi-
particle random phase approximation model based on
covariant density functional theory [59]. The differential
cross section can be decomposed into Coulomb and
transverse electric multipole components, which have
similar matrix elements but different kinematic factor:
1=ðq2 − k20Þ for transverse components and 1=q2 for
Coulomb components. Consequently, in near-forward scat-
tering at small angles (q ∼ k0), as discussed here, a marked
peak appears in the differential cross section of the

transverse components, rendering the Coulomb compo-
nents negligible. Additionally, the polarization condition
λ ¼ −λ0 is negligible relative to λ ¼ λ0 (details in [58]).
Therefore, our discussion primarily centers on the trans-
verse electric components for the polarization λ ¼ λ0.
Indeed, the static nuclear Coulomb field may lead to
two distinct effects: energy loss due to bremsstrahlung
[60–62] and distortion of the electron wave functions
[63–71]. A comprehensive analysis of these effects is
provided in [58].
Firstly, we introduce the case of GRs excited by plane-

wave electrons. Figures 2(a)–2(c) present the theoretical
differential cross sections ðdσ=dΩ0Þpw→vortex for E1, E2,
and E3 transitions, respectively. The black lines in each
figure represent the summed differential cross sections over
various m0 components, i.e.,

P
m0 ðdσ=dΩ0Þpw→vortex, align-

ing with the angular distributions of traditional plane-wave
inelastic scattering theory (details in [58]). For the E1

FIG. 1. Scenario of nuclear responses in even-even nuclei excited by plane-wave (a) and vortex electrons (b). Consider helicity
λ ¼ λ0 ¼ 1

2 for incident and scattered electrons. (a1) Vortex electrons with OAM m0
l ¼ 1 or −1 can be generated. The projections of the

TAM, OAM, and spin angular momentum of scattered electrons along their propagation direction are denoted as m0, m0
l, and m0

s,
respectively, contrasting with m, ml, and ms of the incident electrons. (a2) The selection rule is λ −M −m0 ¼ 0. Arrows connect the
ground state (GS) to giant dipole resonance (GDR), and giant quadruple resonance (GQR), with magnetic quantum number changes
(M ¼ Mf −Mi) of 0;%1 for GDR and 0;%1;%2 for GQR. The 2D plots depict transverse wave function distributions, with color
representing the phase increment by 2πm0

l around the circle. (b1) In momentum space, the vortex state comprises multiple plane waves
arranged conically with cone angle θp. (b2) For the impact parameter b ¼ 0, the selection rule is modified to m −M −m0 ¼ 0. (b3) For
b ≠ 0, the scattered electrons are in a superposition state with 0 ≤ jm0

lj ≤ jms −m0
s −Mj.

PHYSICAL REVIEW LETTERS 134, 052501 (2025)

052501-3
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Vortex neutron

C. W. Clark, et al, Nature 525(2015) 506

LETTER
doi:10.1038/nature15265

Controlling neutron orbital angular momentum
Charles W. Clark1, Roman Barankov2, Michael G. Huber3, Muhammad Arif3, David G. Cory4,5,6,7 & Dmitry A. Pushin6,8

The quantized orbital angular momentum (OAM) of photons1

offers an additional degree of freedom and topological protection
from noise. Photonic OAM states have therefore been exploited in
various applications2,3 ranging from studies of quantum entangle-
ment and quantum information science4–7 to imaging8–12. TheOAM
states of electron beams13–15 have been shown to be similarly useful,
for example in rotating nanoparticles and determining the chirality
of crystals16–19. However, although neutrons—as massive, penetrat-
ing and neutral particles—are important in materials characteriza-
tion, quantum information and studies of the foundations of
quantum mechanics, OAM control of neutrons has yet to be
achieved. Here, we demonstrate OAM control of neutrons using
macroscopic spiral phase plates that apply a ‘twist’ to an input neut-
ron beam. The twisted neutron beams are analysed with neutron
interferometry. Our techniques, applied to spatially incoherent
beams, demonstrate both the addition of quantum angular
momenta along the direction of propagation, effected by multiple
spiral phase plates, and the conservation of topological charge with
respect to uniform phase fluctuations. Neutron-based studies of
quantum information science20,21, the foundations of quantum
mechanics22,23, and scattering and imaging24 of magnetic, supercon-
ducting and chiral materials have until now been limited to three
degrees of freedom: spin, path and energy. The optimization of
OAMcontrol, leading to well defined values ofOAM,would provide
an additional quantized degree of freedom for such studies.
OAM is associated with rotation of a particle about a fixed axis. The

axial particle currents are encoded in the spiral phase profile of the
particle’s wavefunction. The component of OAM parallel to the axis
of rotation is quantized in integer multiples of the reduced Planck
constant !h. The quantization of OAM is a consequence of the wave-
function having a single value, which implies that it is a periodic func-
tion of the rotation angle, with a period of 2p radians. When
interactions of the particle with its environment are symmetric with
respect to such rotations, OAM is conserved. Changes in OAM can be
effected by putting a ‘twist’ on the wavefunction. To achieve this with
neutrons,weuse amacroscopic phase platemade in the shape of a spiral
staircase, which matches the phase profile of an OAM state. Neutrons
passing through such a spiral phase plate (SPP) obtain axial rotation
around the direction of the beam (the quantization axis), dictated by a
specific design of the plate, aswe discuss below. Similar techniques have
been applied previously to light2, X-rays25 and electrons13.
The production and detection of neutronOAM states is difficult for

two reasons. First, even for the cold neutrons used in our experiments,
it is almost impossible to get two-dimensional (2D) neutron imaging
detectors with resolution better than the micrometre-scale neutron
coherence length. Second, our neutron source is a nuclear reactor
with thermal and cryogenic moderators, spectrally filtered with
Bragg-scattering monochromators. This makes it difficult to produce
a spatially coherent neutron beam and directly detect an eigenstate of
OAM.We estimate that the transverse coherence length of the neutron
beam in our experiments is in the range from 60 nm (ref. 26) to a few

micrometres (ref. 23) depending on the transverse directionwithin the
beam profile, while the beam diameter is about 15mm.
The input to the interferometer (Fig. 1a) contains amixture ofOAM

states and is spatially incoherent over the transverse displacement of
the neutron paths. We adopt the strategy of using neutron interfero-
metry to demonstrate coherent control of self-interfering neutrons. At
any given time there is atmost one neutron in the interferometer. How
an SPP changes the angular-momentum composition of a wave-
functionY, can be thought of as follows. Upon transmission through
the SPP, Y is simply modulated by the transmission amplitude
YR exp(ih)Y, where h is the phase function of the SPP. Figure 1b is
a schematic diagram of an SPP, and Fig. 1c is a photograph of two such
plates (see details in Methods). As shown in Fig. 1b, the thickness of a
SPP, h, varies with the angle, Q, so that h5 h01 hsQ/(2p), where h0 is
the base height of the SPP and hs is the step height. Interaction of
low-energy neutrons with materials can be described using an optical
potential23. Within this formalism, the phase shift with respect to
vacuum of a neutron passing through an SPP is:

h~{Nbclh~{Nbcl h0zhs
Q

2p

! "
ð1Þ

where N is the atom density and bc is the coherent scattering length
of the material composing the phase plate, and l5 0.271 nm is the
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Figure 1 | Schematic diagram of the neutron interferometer. a, The input
neutron beam is coherently split into two coherent paths by the Bragg
diffraction at blade 1. Blade 2 serves as a neutronmirror andblade 3 recombines
the neutron paths and directs them to two neutron detectors: an integrating
counter and a two-dimensional imaging detector. The neutron counts recorded
by the two detectors contain information about the relative phase of the neutron
wavefunction accumulated along the two separate paths. The phase flag is a
2-mm-thick fused silica plate. By positioning and rotating the phase flag we can
adjust a uniform phase difference between the neutron paths inside the
interferometer. The SPP is placed in one path to produce a spatial phase
distribution across the neutron wavefront. b, Schematic diagram of the SPP. The
step height of the spiral, hs, is chosen tomatch a 2p phase shift difference between
a path passing the plate and the reference path in air. c, Photographs of actual
SPPs. Two SPPs that produce a 4p phase shift (hs5 224mm), photographedwith
the spiral staircase rising clockwise on the front face: one is 10mm in diameter
(top), the other is 15mm in diameter (bottom).
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Vortex particles scattering with nuclei

➢Radiative capture of cold neutrons by protons and 
deuteron photodisintegration with twisted beams 
 A. Afanasev, V. G. Serbo, M. Solyanik, J. Phys. G 72 (2018) 055102  

➢Schwinger scattering of twisted neutrons by nuclei 
 A. Afanasev, D. V. Karlovets, V. G. Serbo, Phys. Rev. C 100 (2019) 051601 

➢Elastic scattering of twisted neutrons by nuclei  
A. Afanasev, D. V. Karlovets, V. G. Serbo, Phys. Rev. C 103 (2021) 054612 

➢Photoexcitation of the 229Th nuclear clock     
transition using twisted light 
K. Kirschbaum, T. Schumm, A. Pálffy, Phys. Rev. C 110 (2024) 064326 
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Nucleon-Nucleon interaction

Rutherford scattering NN scattering 
BAYESIAN TRUNCATION ERRORS IN CHIRAL . . . PHYSICAL REVIEW C 96, 024003 (2017)

For the noninformative set Cε , where c̄< → 0
and c̄> → ∞, Eq. (A9) simplifies to a t-distribution:

pr(C)
h ("|ck) = 1

√
πq2c2

k

$
( 1+nc

2

)

$
( 1

2nc

)
(

c2
k

c2
k + "2/q2

)(1+nc)/2

.

(A11)

Rather than integrating Eq. (A11), d
(p)
k can be found by

numerically solving the transcendental equation

p = 2d
(p)
k√

πq2c2
k

$
(

nc+1
2

)

$
(

nc

2

) 2F1

[
1
2
,
nc + 1

2
;

3
2

; −
(
d

(p)
k

)2

q2c2
k

]

,

(A12)

where 2F1 is the hypergeometric function.

APPENDIX B: DETAILS ON NN OBSERVABLES

For convenience of the reader and because of the multitude
of different conventions in the literature, we have gathered in
this Appendix the formulas used here in the calculation of NN
observables [15,33,42–46].

1. Kinematics

In the context of NN scattering, one particle (the beam),
with kinetic energy Elab, is incident on a stationary particle
(the target). For np scattering, the laboratory system (l.s.) is
often taken to be the rest frame of the initial proton. In the
center-of-momentum (c.m.) system, each particle has a relative
momentum of prel. It is convenient to relate these quantities
for each NN experiment:

proton-proton: p2
rel = 1

2
MpElab, (B1)

neutron-neutron: p2
rel = 1

2
MnElab, (B2)

neutron-proton: p2
rel =

ElabM
2
p(Elab + 2Mn)

(Mp + Mn)2 + 2MpElab
, (B3)

where relativistic kinematics is used [20]. Unless otherwise
stated, θ is the c.m. polar scattering angle while φ denotes
the azimuthal scattering angle. For our purposes, φ can be set
to zero because all observables can be defined relative to the
scattering plane.

The spin states of the initial and final states can be expressed
in the uncoupled basis |i〉spin = |m′

1m
′
2〉 and |f 〉spin = |m1m2〉,

respectively, where we have suppressed s1 = s2 = 1/2. We can
also use the coupled singlet-triplet basis, where |i〉spin = |s ′m′〉
and |f 〉spin = |sm〉.

2. Observables

Because nucleons have nonzero intrinsic spin, observables
in general are dependent not only on kinematic variables
(Elab,θ,φ), but also on the relative orientation of the particles’
spin. A generic spin observable can be written as

dσ

d(
Xpqik = 1

4
Tr σ (1)

p σ (2)
q Mσ

(1)
i σ

(2)
k M†, (B4)

k

s kf

!

m

k′

s′
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R1

s′R1

k′′
R2

s′′R2

θ
θ
2

α

θ1

θ2

α
Ω1

α
α

Ω2

FIG. 28. The kinematics for nucleon-nucleon scattering [43].

where dσ/d( is the (unpolarized) differential cross section,
M(kf ,ki) is the spin-scattering matrix and σv = σ · v. The
subscripts p, q, i, and k refer to the polarization directions of
the scattered, recoil, beam, and target particles, respectively. If
a final-state subscript is zero, its polarization is not analyzed.
If a initial-state subscript is zero, the corresponding particle
was unpolarized.

When an observable is considered in the c.m. system, the
polarization of each particle is often decomposed in a common
basis using the unit vectors ", m, n defined as

" =
(
sin θ

2 cos φ, sin θ
2 sin φ, cos θ

2

)
, (B5)

m =
(
cos θ

2 cos φ, cos θ
2 sin φ, − sin θ

2

)
, (B6)

n = (− sin φ, cos φ, 0), (B7)

and shown in Fig. 28. Here we consider pure experiments,
where the spin projections are solely along the basis vectors.
Hence, for a c.m. observable, the subscripts p, q, i, and k are
some combination of ), m, n, and 0.

It is often convenient to express spin observables in the
l.s., where the scattered and recoil particles deflect at angles
θ1 and θ2, respectively. Lab system observables often use
three sets of bases to define spin observables, defined by
the beam, scattered, and recoil particle directions. The beam
(scattered, recoil) frame aligns k (k′, k′′) with the laboratory
particle momentum and defines n (= n′ = n′′) to be normal
to the scattering plane, which leaves s (s′, s′′) in the scattering
plane such that s = n × k (s′ = n × k′, s′′ = n × k′′). The
initial-state subscripts i and k are then chosen to be k, s, n,
or 0. Similarly, the scattered-state subscript p is k′, s ′, n or 0,
and the recoil-state subscript q is k′′, s ′′, n or 0.

024003-19

Beam

Scattered

Recoil

J. Bystricky, F. Lehar, and P. Winternitz, J. Phys. 39(1978)1. 

J. A. MELENDEZ, S. WESOLOWSKI, AND R. J. FURNSTAHL PHYSICAL REVIEW C 96, 024003 (2017)

TABLE II. Comparison of notations for selected NN scattering
observables.

Name Xpqik Others

Differential cross section I0000 σ, dσ/d"

Vector analyzing power A00n0 Ay, Pb

Polarization transfer Ds′0k0 A

Dn0n0 D

Spin correlation parameters A00ss Axx

A00nn Ayy

One added complication of calculating l.s. observables
involves accounting for the relativistic spin rotation angles

"1 = θ − 2θ1 = 2α, (B8)

"2 = −π + θ + 2θ2 = −π + 2β, (B9)

which rotate the primed and double primed vectors about n,
respectively. It is the rotated vectors, denoted with subscripts
R1 and R2, that correspond to the l.s. subscripts for the scattered
and recoil particles. In the nonrelativistic case, α = 0 and β =
π/2, which implies that

! ∼ k′ ∼ k′
R1

∼ s′′ ∼ s′′
R2

, (B10)

m ∼ s′ ∼ s′
R1

∼ −k′′ ∼ −k′′
R2

. (B11)

This too is illustrated in Fig. 28. Whether an observable is
defined in the c.m. system or the l.s. should be clear from the
chosen subscripts. All of the observables considered here use
the l.s. notation.

Notational inconsistencies abound in the literature. While
the subscripts of Eq. (B4) completely determine a given spin
observable, often the X is changed to match historical usage.
Other times, the subscript notation is abandoned completely
for a nondescript letter. Table II attempts to reconcile some
differences by matching a common name with Eq. (B4) and
other popular notations found in literature.

The spin-scattering matrix is the part of the scattering S
matrix that is due to interactions. In our convention, they are
related via M = (2π/ip)(S − 1). To evaluate M , it is useful to
write it in singlet-triplet space, and then make a partial-wave
expansion

Ms ′s
m′m(θ,φ) =

√
4π

2ip

∞∑

j,(,(′

(−1)s−s ′
i(−(′

Ĵ 2L̂Y (′

m−m′ (θ,φ)

×
(

(′ s ′ j
m − m′ m′ −m

)(
( s j
0 m −m

)

× 〈(′s ′|Sj − 1|(s〉, (B12)

where Ĵ ≡
√

2j + 1 and L̂ ≡
√

2( + 1, the second line
contains two Wigner 3j symbols, and J = L + S is the total
angular momentum decomposed into orbital and intrinsic
angular momentum. The nuclear potential conserves the total
angular momentum j , but generally mixes the states of ( and
s. Equation (B12) becomes useful only if a small number of j
waves are needed to accurately determine Ms ′s

m′m.
When a partial wave state is uncoupled, such as when j = 0,

then Sj can be parametrized by a real phase δ̄
sj
( such that Sj ≡

e2iδ̄
sj
( . For j > 0, Sj is four dimensional in angular momentum

space and can be written compactly using the triplet submatrix
S

j
T and the singlet-triplet submatrix S

j
ST via

Sj *=0 =
(

S
j
T 0
0 S

j
ST

)
. (B13)

The triplet submatrix S
j
T can be parametrized by introducing

another real parameter, the mixing angle ε̄j . Using the common
notation that subscripts + and − refer to ( = j + 1 and j − 1,
respectively, then

S
j
T =

(
cos 2ε̄j e

2iδ̄
1j
− i sin 2ε̄j e

i(δ̄1j
− +δ̄

1j
+ )

i sin 2ε̄j e
i(δ̄1j

− +δ̄
1j
+ ) cos 2ε̄j e

2iδ̄
1j
+

)

(B14)

and similarly

S
j
ST =

(
cos 2γ̄j e

2iδ̄
0j
j i sin 2γ̄j e

i(δ̄0j
j +δ̄

1j
j )

i sin 2γ̄j e
i(δ̄0j

j +δ̄
1j
j ) cos 2γ̄j e

2iδ̄
1j
j

)

. (B15)

In the present work, γ̄j = 0 for all j , leaving the singlet-triplet
submatrix uncoupled and thus s ′ = s.

Equations (B14) and (B15) employ the “Stapp”- or “bar”-
phase shift parametrization. Another parametrization, with
phases and mixing angle denoted here by δ

sj
( and εj , was

made by Blatt and Biedenharn [47]:

S
j
T = U−1

(
e2iδ

1j
− 0

0 e2iδ
1j
+

)

U, (B16)

where

U =
(

cos εj sin εj

− sin εj cos εj

)
. (B17)

The Blatt eigenphases are related to the Stapp phases via

δ̄
sj
− + δ̄

sj
+ = δ

sj
− + δ

sj
+ , (B18)

sin(δ̄sj
− − δ̄

sj
+ ) = tan 2ε̄j

tan 2εj

, (B19)

sin(δsj
− − δ

sj
+ ) = sin 2ε̄j

sin 2εj

. (B20)

Given the partial-wave-projected potential V
sj
(′((p′,p), it is

convenient and numerically accurate to solve the Lippmann-
Schwinger (LS) equation with standing wave boundary con-
ditions,

R
sj
(′(

(
p′,p; p2

rel

)

= V
sj
(′((p′,p)

+
∑

(′′

2
π
P

∫ ∞

0
dq

q2V
sj
(′(′′(p′,q)Rsj

(′′(

(
q,p; p2

rel

)

p2
rel − q2

,

(B21)

for the partial-wave-projected R matrix (known as the
K matrix in other contexts). In the present work
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use the same on-shell phase shifts. The differences discussed
below therefore arise solely from the angular-momentum pro-
jection of the external state.

The fixed-OAM incident state is taken as a Bessel-type
vortex state,

|κ, qz, "〉 =
∫ 2π

0

dφi

2π
ei"φi |qi(φi )〉, (3)

where |qi(φi )〉 denotes a plane-wave state with momentum

qi(φi ) = q(sin θκ cos φi, sin θκ sin φi, cos θκ ),

θκ = arctan(κ/qz ).
(4)

For an incident plane wave chosen along the quantization axis,
the incoming orbital projection is mL = 0. In contrast, the
on-axis Bessel vortex state is a coherent cone of plane waves
with fixed OAM projection ". The azimuthal integral over the
incident cone gives

∫ 2π

0

dφi

2π
ei"φiY ∗

LmL
(θκ ,φi ) = Y ∗

L"(θκ , 0)δmL". (5)

This fixes the incoming orbital projection to mL = ". The
corresponding on-axis fixed-OAM amplitude is

A(")
S′µ′

S,SµS
(θ f ,φ f )

= 4π

2iq

∑

JLL′

iL−L′
Y ∗

L"(θκ , 0)〈L", SµS|JM〉KJ
L′S′,LS

×〈L′m′
L, S′µ′

S|JM〉YL′m′
L
(θ f ,φ f ), (6)

with

M = " + µS, m′
L = M − µ′

S. (7)

It is explicit from Eq. (6) that the vortex external state replaces
the plane-wave projection mL = 0 by mL = ". Since the spher-
ical harmonic and Clebsch-Gordan coefficient vanish unless
|mL| ! L, the fixed projection mL = " requires

L " |"|. (8)

This condition should not be interpreted as a conservation law
for the orbital angular momentum. The tensor component of
the NN interaction couples different orbital angular momenta
with the same J and S, for example in the 3S1 − 3D1 channel.
The fixed-OAM vortex state constrains the entrance projec-
tion mL = ", and hence removes initial orbital components
with L < |"|. The subsequent transition from L to L′ is still
governed by the coupled-channel matrix KJ

L′S′,LS .
Since the vortex states are constructed as linear superpo-

sitions of asymptotic plane-wave states, the vortex-basis S
matrix is related to the plane-wave one by a basis transforma-
tion. Therefore, the unitarity of the underlying partial-wave S
matrix is preserved in the complete vortex basis, as shown in
Supplemental Material [26].

Thus, a vortex nucleon with " = 1 removes the initial S-
wave component from the entrance projection, while " = 2
removes both the initial S- and P-wave entrance components.
This replacement leaves the underlying phase shifts and mix-
ing angles unchanged, but reorganizes their contribution to the
physical amplitude.

FIG. 1. Schematic illustration of on-axis and off-axis OAM-
resolved vortex nucleon scattering. The angle θκ is the vortex cone
opening angle, while b is the transverse displacement of the target
from the vortex axis. (a) On-axis OAM-resolved scattering and (b)
Off-axis OAM-resolved scattering.

The product-spin scattering matrix M(") is constructed
by recoupling the spin basis from |SµS〉 to |σ1σ2〉. The NN
differential cross section is written as

dσ"

d( f
= 1

4
Tr[M(")M(")†]. (9)

Spin observables follow from the same matrix by inserting the
appropriate Pauli operators. Similar trace expressions are used
for final polarizations and spin-correlation coefficients.

The vortex nucleon scattering process used in the present
calculation is sketched in Fig. 1. The incident vortex nucleon
is a coherent superposition of plane-wave components whose
momenta lie on a cone with opening angle θκ . The beam axis
is chosen as the quantization axis. In the on-axis scattering
process of Fig. 1(a), the target is located at the vortex center,
b = 0, and the vortex charge fixes the orbital projection sam-
pled at the target to mL = ". The scattered relative momentum
q f is observed at the angle θ f . This is the cleanest realization
of OAM filtering.

For the off-axis scattering in Fig. 1(b), the target is shifted
from the vortex axis by the transverse distance b. Only the pro-
jection of this displacement in the scattering plane is drawn;
its azimuthal direction is denoted by φb in the formulas be-
low. The same on-shell NN reaction matrix is used for each
plane-wave component, whereas the off-axis vortex state is
re-expanded about the target center. This translation mixes
several target-centered orbital projections and therefore weak-
ens the sharp on-axis selection rule.
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The plane-wave scattering amplitude in the LSJ  
representation is

A Bessel-type vortex state with fixed OAM projection ℓ is 
written as a coherent superposition of plane waves on an 
azimuth angle 𝝓,
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PLANE-WAVE AMPLITUDE IN THE LSJ REPRESENTATION

We consider elastic two-nucleon scattering in the center-of-mass frame. The initial and final relative momenta are

qi = qq̂i, qf = qq̂f . (1)

The two-nucleon spin state is expressed in the coupled basis

|SµS〉, S = 0, 1, µS = −S, . . . , S. (2)

The plane-wave scattering amplitude in the LSJ representation is

APW
S′µ′

S ,SµS
(q̂f , q̂i) =

4π

2iq

∑

JLL′M

iL−L′
Y ∗
LmL

(q̂i)〈LmL, SµS |JM〉

↔
[
SJ
L′S′,LS − δL′LδS′S

]
〈L′m′

L, S
′µ′

S |JM〉YL′m′
L
(q̂f ),

(3)

where

mL = M − µS , m′
L = M − µ′

S . (4)

For an incident plane wave along the z axis,

YLmL(0, 0) =

√
2L+ 1

4π
δmL0, (5)

and the incoming orbital projection is mL = 0.

BESSEL VORTEX STATE AND ON-AXIS OAM PROJECTION

A Bessel-type vortex state with fixed OAM projection # is written as a coherent superposition of plane waves on a
cone,

|κ, qz, #〉 =
∫ 2π

0

dφi

2π
ei"φi |qi(φi)〉, (6)

where

qi(φi) = q(sin θκ cosφi, sin θκ sinφi, cos θκ), θκ = arctan
κ

qz
. (7)

Since

Y ∗
LmL

(θκ,φi) = Y ∗
LmL

(θκ, 0)e
−imLφi , (8)

the azimuthal integration gives
∫ 2π

0

dφi

2π
ei"φiY ∗

LmL
(θκ,φi) = Y ∗

L"(θκ, 0)δmL". (9)

Thus the on-axis vortex state selects mL = #.
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|κ, qz, #〉 =
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where

qi(φi) = q(sin θκ cosφi, sin θκ sinφi, cos θκ), θκ = arctan
κ

qz
. (7)

Since

Y ∗
LmL

(θκ,φi) = Y ∗
LmL

(θκ, 0)e
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Thus the on-axis vortex state selects mL = #. Thus the on-axis vortex state selects mL = ℓ.

The on-axis fixed-OAM amplitude becomes

2

Using the projection above, the on-axis fixed-OAM amplitude becomes

A(!)
S′µ′

S ,SµS
(θf ,φf ) =

4π

2iq

∑

JLL′

iL−L′
Y ∗
L!(θκ, 0)〈L$, SµS |JM〉

×
[
SJ
L′S′,LS ↔ δL′LδS′S

]
〈L′m′

L, S
′µ′

S |JM〉YL′m′
L
(θf ,φf ),

(10)

with

M = $+ µS , m′
L = M ↔ µ′

S . (11)

The condition |mL| ≤ L then gives the selection rule

L ≥ |$|. (12)

UNITARITY OF THE VORTEX-BASIS SCATTERING MATRIX

We next show that the vortex projection does not introduce a new violation of unitarity. The argument is inde-
pendent of the detailed form of the two-nucleon interaction. For fixed energy and fixed cone angle, let |φ〉 denote a
plane-wave angular state on the incident cone. A normalized OAM state may be written schematically as

|$〉 =
∫ 2π

0

dφ√
2π

ei!φ|φ〉. (13)

The inverse transformation is

|φ〉 =
∞∑

!=−∞

e−i!φ

√
2π

|$〉. (14)

The two relations above are a Fourier transformation between the plane-wave angular basis and the OAM basis. With
the standard normalization,

〈$′|$〉 = δ!′!,
∞∑

!=−∞
|$〉〈$| = 1, (15)

or equivalently the transformation matrix Uφ! = ei!φ/
√
2π is unitary in the complete angular space.

Let SPW be the ordinary plane-wave scattering matrix. If the underlying two-nucleon partial-wave input is unitary,
then

S†
PWSPW = 1. (16)

The corresponding scattering matrix written in the vortex basis is just the same operator represented in the OAM
basis,

Sv = U †SPWU. (17)

Therefore

S†
vSv = U†S†

PWUU †SPWU

= U †S†
PWSPWU = U†U = 1.

(18)

Thus, in a complete vortex basis, the unitarity of the underlying plane-wave S matrix is preserved by the vortex
projection. The on-axis and off-axis amplitudes used in the main text are matrix elements of the same unitary
scattering operator between the vortex incident state and the chosen final states. Consequently, the projection
changes the angular-momentum weights of the amplitude but does not alter the unitarity constraints carried by the
underlying S matrix. In numerical calculations, any residual deviation from exact unitarity is associated with the
finite partial-wave truncation rather than with the vortex construction itself.
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|$〉 =
∫ 2π

0

dφ√
2π

ei!φ|φ〉. (13)

The inverse transformation is

|φ〉 =
∞∑

!=−∞

e−i!φ

√
2π

|$〉. (14)

The two relations above are a Fourier transformation between the plane-wave angular basis and the OAM basis. With
the standard normalization,

〈$′|$〉 = δ!′!,
∞∑

!=−∞
|$〉〈$| = 1, (15)

or equivalently the transformation matrix Uφ! = ei!φ/
√
2π is unitary in the complete angular space.

Let SPW be the ordinary plane-wave scattering matrix. If the underlying two-nucleon partial-wave input is unitary,
then

S†
PWSPW = 1. (16)

The corresponding scattering matrix written in the vortex basis is just the same operator represented in the OAM
basis,

Sv = U †SPWU. (17)

Therefore

S†
vSv = U†S†

PWUU †SPWU

= U †S†
PWSPWU = U†U = 1.

(18)

Thus, in a complete vortex basis, the unitarity of the underlying plane-wave S matrix is preserved by the vortex
projection. The on-axis and off-axis amplitudes used in the main text are matrix elements of the same unitary
scattering operator between the vortex incident state and the chosen final states. Consequently, the projection
changes the angular-momentum weights of the amplitude but does not alter the unitarity constraints carried by the
underlying S matrix. In numerical calculations, any residual deviation from exact unitarity is associated with the
finite partial-wave truncation rather than with the vortex construction itself.
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FIG. 2. Differential cross section and longitudinal beam analyz-
ing power A1z for plane-wave and vortex np scattering at Tlab = 50
MeV. The vortex results are calculated at θκ = 30◦.

III. NUMERICAL RESULTS AND DISCUSSION

A representative example for np scattering observables at
Tlab = 50 MeV is presented in Fig. 2. The ordinary plane-
wave result is compared with fixed-OAM vortex states at θκ =
30◦, which separates the finite-cone effect for # = 0 from the
OAM-filtering effect for # "= 0.

The differential cross section is given in panel (a). The
# = 0 vortex curve stays close to the plane-wave result but
is not identical to it, because the finite cone angle weights the
partial waves by Y ∗

L0(θκ , 0) rather than by the forward value
at θκ = 0. The deviation is modest, about 7.4% at θ f $ 30◦,
1.2% near 90◦, and 11% near 150◦. Thus, the finite cone angle
slightly distorts the angular shape, whereas it does not produce
the strong suppression associated with nonzero OAM.

For # = 1 and # = 2, the suppression is much stronger. At
θ f $ 30◦, the cross section is reduced to about 1.3% and 0.1%
of the plane-wave value, respectively. The corresponding ra-
tios are about 2.7% and 0.2% near 90◦, and about 3.3% and
0.25% near 150◦. This reduction is the numerical manifesta-
tion of Eq. (8), since the # = 1 beam removes the entrance

S-wave component, while the # = 2 beam also removes the
initial P waves.

The quantity plotted in panel (b) is the longitudinal beam
analyzing power, A1z, which should be zero for the plane
wave, defined by

A1z = Tr[M(#)(σz ⊗ I )M(#)†]
Tr[M(#)M(#)†]

. (10)

This normalized ratio probes the spin-projection content of
the surviving amplitude rather than the absolute scattering
strength.

The longitudinal analyzing power A1z as a function of θ f
is displayed in panel (b). It is essentially zero for the plane
wave and for the # = 0 vortex state, as expected from the
usual symmetry of plane-wave scattering and the absence of
a nonzero OAM projection. For # = 1, however, A1z reaches
about 0.35 near θ f $ 60◦ and −0.67 near 150◦. For # = 2,
it is already about −0.70 near 30◦ and approaches −1 at very
backward angles. The vortex OAM therefore changes not only
the magnitude of the cross section but also the spin-projection
content of the remaining amplitude.

In fact, the on-axis condition is idealized. If the target is
displaced from the vortex axis by a transverse impact pa-
rameter b = b(cos φb, sin φb, 0), each plane-wave component
in the vortex superposition acquires the translation phase
exp[−iκb cos(φi − φb)]. The fixed on-axis projection is then
replaced by a coherent sum over target-centered orbital pro-
jections,

C(#)
Lm(θκ , κb,φb) = Y ∗

Lm(θκ , 0)(−i)m−#Jm−#(κb)e−i(m−#)φb,
(11)

where Jn(x) denotes the Bessel function of the first kind. The
corresponding off-axis fixed-OAM amplitude reads

A(#)
S′µ′

S,SµS
(θ f ,φ f ; b)

= 4π

2iq

∑

JLL′m

iL−L′
C(#)

Lm(θκ , κb,φb)〈Lm, SµS|JM〉KJ
L′S′,LS

×〈L′m′
L, S′µ′

S|JM〉YL′m′
L
(θ f ,φ f ). (12)

Here the angular-momentum projections are

M = m + µS, m′
L = M − µ′

S. (13)

Equations (11)–(13) indicate that finite b changes only the
target-centered angular-momentum decomposition of the in-
cident vortex state, while the underlying NN interaction,
encoded in KJ

L′S′,LS , remains unchanged. For b = 0, Eq. (11)
gives Jm−#(0) = δm# and the on-axis amplitude is recovered.
For b "= 0, several m components contribute, so the sharp
selection rule in Eq. (8) is partially relaxed.

In the present asymptotic-state formulation, the incident
vortex nucleon is represented as a coherent superposition of
plane-wave scattering states. Each plane-wave component is
scattered by the same on-shell NN reaction matrix, which
already contains the finite-range and tensor-coupled structure
of the interaction through the empirical partial waves. The
finite impact parameter b changes only the translation phase
and the target-centered angular-momentum decomposition of
the external state.

034012-3
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use the same on-shell phase shifts. The differences discussed
below therefore arise solely from the angular-momentum pro-
jection of the external state.

The fixed-OAM incident state is taken as a Bessel-type
vortex state,

|κ, qz, "〉 =
∫ 2π

0

dφi

2π
ei"φi |qi(φi )〉, (3)

where |qi(φi )〉 denotes a plane-wave state with momentum

qi(φi ) = q(sin θκ cos φi, sin θκ sin φi, cos θκ ),

θκ = arctan(κ/qz ).
(4)

For an incident plane wave chosen along the quantization axis,
the incoming orbital projection is mL = 0. In contrast, the
on-axis Bessel vortex state is a coherent cone of plane waves
with fixed OAM projection ". The azimuthal integral over the
incident cone gives

∫ 2π

0

dφi

2π
ei"φiY ∗

LmL
(θκ ,φi ) = Y ∗

L"(θκ , 0)δmL". (5)

This fixes the incoming orbital projection to mL = ". The
corresponding on-axis fixed-OAM amplitude is

A(")
S′µ′

S,SµS
(θ f ,φ f )

= 4π

2iq

∑

JLL′

iL−L′
Y ∗

L"(θκ , 0)〈L", SµS|JM〉KJ
L′S′,LS

×〈L′m′
L, S′µ′

S|JM〉YL′m′
L
(θ f ,φ f ), (6)

with

M = " + µS, m′
L = M − µ′

S. (7)

It is explicit from Eq. (6) that the vortex external state replaces
the plane-wave projection mL = 0 by mL = ". Since the spher-
ical harmonic and Clebsch-Gordan coefficient vanish unless
|mL| ! L, the fixed projection mL = " requires

L " |"|. (8)

This condition should not be interpreted as a conservation law
for the orbital angular momentum. The tensor component of
the NN interaction couples different orbital angular momenta
with the same J and S, for example in the 3S1 − 3D1 channel.
The fixed-OAM vortex state constrains the entrance projec-
tion mL = ", and hence removes initial orbital components
with L < |"|. The subsequent transition from L to L′ is still
governed by the coupled-channel matrix KJ

L′S′,LS .
Since the vortex states are constructed as linear superpo-

sitions of asymptotic plane-wave states, the vortex-basis S
matrix is related to the plane-wave one by a basis transforma-
tion. Therefore, the unitarity of the underlying partial-wave S
matrix is preserved in the complete vortex basis, as shown in
Supplemental Material [26].

Thus, a vortex nucleon with " = 1 removes the initial S-
wave component from the entrance projection, while " = 2
removes both the initial S- and P-wave entrance components.
This replacement leaves the underlying phase shifts and mix-
ing angles unchanged, but reorganizes their contribution to the
physical amplitude.

FIG. 1. Schematic illustration of on-axis and off-axis OAM-
resolved vortex nucleon scattering. The angle θκ is the vortex cone
opening angle, while b is the transverse displacement of the target
from the vortex axis. (a) On-axis OAM-resolved scattering and (b)
Off-axis OAM-resolved scattering.

The product-spin scattering matrix M(") is constructed
by recoupling the spin basis from |SµS〉 to |σ1σ2〉. The NN
differential cross section is written as

dσ"

d( f
= 1

4
Tr[M(")M(")†]. (9)

Spin observables follow from the same matrix by inserting the
appropriate Pauli operators. Similar trace expressions are used
for final polarizations and spin-correlation coefficients.

The vortex nucleon scattering process used in the present
calculation is sketched in Fig. 1. The incident vortex nucleon
is a coherent superposition of plane-wave components whose
momenta lie on a cone with opening angle θκ . The beam axis
is chosen as the quantization axis. In the on-axis scattering
process of Fig. 1(a), the target is located at the vortex center,
b = 0, and the vortex charge fixes the orbital projection sam-
pled at the target to mL = ". The scattered relative momentum
q f is observed at the angle θ f . This is the cleanest realization
of OAM filtering.

For the off-axis scattering in Fig. 1(b), the target is shifted
from the vortex axis by the transverse distance b. Only the pro-
jection of this displacement in the scattering plane is drawn;
its azimuthal direction is denoted by φb in the formulas be-
low. The same on-shell NN reaction matrix is used for each
plane-wave component, whereas the off-axis vortex state is
re-expanded about the target center. This translation mixes
several target-centered orbital projections and therefore weak-
ens the sharp on-axis selection rule.

034012-2
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For a target displaced from the vortex axis by

5

For ordinary plane-wave scattering, parity and reflection symmetry leave only the normal one-spin analyzing powers
nonzero. Thus A1x and A1z are not standard nonzero NN-Online plane-wave observables, although they are of the
same A00i0 operator type. In vortex scattering these in-plane and longitudinal analyzing powers can become nonzero
because the incident OAM supplies an additional axial structure.

For final-state spin correlations, the NN-Online quantities include
Cout

nn ↔ Cnn00 = CNN, (43)

Cout
s′s′′ ↔ Cs′s′′00 = CKP, Cout

k′s′′ ↔ Ck′s′′00 = CPP, (44)

Cout
s′k′′ ↔ −CKK, Cout

k′k′′ ↔ −CPK. (45)
The minus signs follow the NN-Online convention for these displayed codes. Therefore a fixed-basis quantity such as
Cout

zz should not be identified with a single NN-Online code unless the z axis has been rotated into the final-particle
axes. If z is taken as the final longitudinal axis for both particles, it is closest to Ck′k′′00 and hence to −CPK in the
NN-Online convention.

Similarly, the spin-transfer observables in the plane-wave scattering-frame convention correspond to
Dn0n0 = D, (46)

Ds′0s0 = R, Dk′0s0 = RP, (47)

Ds′0k0 = A, Dk′0k0 = AP, (48)

K0nn0 = DT, (49)

K0s′′s0 = RT, K0k′′s0 = −RTP, (50)

K0s′′k0 = AT, K0k′′k0 = −ATP. (51)
These identifications provide the dictionary between the spin observables calculated in this work and the standard
plane-wave notation. For vortex incident states, the same spin operators are used, but the matrix M is the vortex
scattering matrix rather than the plane-wave one.

OFF-AXIS FIXED-OAM AMPLITUDE

For a target displaced from the vortex axis by
b = b(cosφb, sinφb, 0), (52)

each plane-wave component acquires the phase
e−iqi⊥·b = e−iκb cos(φi−φb). (53)

Using

e−iκb cos(φi−φb) =
∞∑

n=−∞
(−i)nJn(κb)e

in(φi−φb), (54)

the incoming coefficient becomes

C(#)
Lm(θκ,κb,φb) = Y ∗

Lm(θκ, 0)(−i)m−#Jm−#(κb)e
−i(m−#)φb . (55)

The off-axis amplitude is

A(#)
S′µ′

S ,SµS
(θf ,φf ;b) =

4π

2iq

∑

JLL′m

iL−L′
C(#)

Lm(θκ,κb,φb)〈Lm,SµS |JM↔

×
[
SJ
L′S′,LS − δL′LδS′S

]
〈L′m′

L, S
′µ′

S |JM↔YL′m′
L
(θf ,φf ),

(56)

where
M = m+ µS , m′

L = M − µ′
S . (57)

For b = 0, Jm−#(0) = δm#, and the on-axis result is recovered.
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FIG. 3. Off-axis differential cross sections for the fixed-OAM
state with ! = 1 at Tlab = 50 MeV. The vortex cone angle is
θκ = 30◦, and the target displacement direction is chosen as
φb = 0.

In the present asymptotic-state formulation, the in-
cident vortex nucleon is represented as a coherent su-
perposition of plane-wave scattering states. Each plane-
wave component is scattered by the same on-shell NN
reaction matrix, which already contains the finite-range
and tensor-coupled structure of the interaction through
the empirical partial waves. The finite impact parame-
ter b changes only the translation phase and the target-
centered angular-momentum decomposition of the exter-
nal state.

This off-axis relaxation has a direct physical interpre-
tation. In the on-axis case, the target samples a definite
OAM projection about the beam axis. In the off-axis
case, the same vortex state is decomposed about a shifted
center. Partial waves that are forbidden at b = 0 can then
re-enter with strengths controlled by Jm−!(κb), and the
cross section can become nonmonotonic in b.

This off-axis effect is quantified in Fig. 3 for the " = 1
vortex state. Here b is the transverse displacement of the
target from the vortex axis, and φb = 0 fixes its azimuthal
direction. The on-axis result is strongly suppressed be-
cause the entrance S-wave component is excluded. It
stays below about 0.6 mb/sr over the full angular range.
At finite b, the cross section increases by more than one
order of magnitude over a broad angular region. Around
θf ! 90◦, for example, it rises from roughly 0.3 mb/sr
at b = 0 to about 1.5–2 mb/sr for b = 2 fm and about 4
mb/sr for b = 4 fm.

This enhancement should not be interpreted as a
stronger nuclear force at a larger NN separation. The
parameter b specifies where the target samples the trans-
verse profile of the vortex state, while it is not the in-
teraction distance between the two nucleons. At finite b,

the Bessel weights generate target-centered components
with m "= ". For " = 1, an m = 0 component is then al-
lowed, and the strong low-L partial waves, including the
S wave, can re-enter. The fact that the b = 4 fm curve is
larger than both the b = 2 fm and b = 8 fm curves over
much of the angular range reflects the oscillatory Bessel
weights rather than a monotonic distance dependence of
the nuclear interaction. In a realistic finite wave packet,
this fixed-b response must be multiplied by the transverse
beam profile and averaged over the target distribution.
The observed event rate would eventually decrease when
the target lies outside the transverse support of the finite
vortex wave packet.

Because the NN amplitude is spin dependent,
the OAM-induced filtering of partial waves inevitably
changes the relative weights of singlet, triplet, uncoupled,
and coupled spin channels. The tensor-coupled 3S1–3D1

channel is particularly sensitive, since its S-wave con-
tribution is suppressed for an " = 1 vortex state on
axis, whereas a finite impact parameter can partially re-
store this contribution through the off-axis projection of
the vortex wave function. Analyzing powers and spin-
correlation observables therefore provide complementary
probes of the same mechanism. As the target is displaced
from the vortex axis, its overlap with the annular inten-
sity profile increases, which enhances the reaction prob-
ability near the bright ring of the vortex beam. This
behavior may be interpreted as an enhanced sensitivity
to off-axis, or grazing-like, collision geometries, although
the effect is intrinsically wave mechanical rather than
classical.

The distinction between fixed orbital angular momen-
tum and fixed total angular momentum (TAM) deserves
comment. Nucleons carry spin, so one may also con-
struct incident vortex states with a fixed total angular-
momentum projection Min = mL + µS . In such a fixed-
TAM formulation, the orbital projection entering a given
spin channel is mL = Min − µS , and the correspond-
ing selection condition becomes L ≥ |Min − µS |. This
is different from the fixed-OAM rule in Eq. (8), because
it depends explicitly on the spin projection. Thus fixed-
OAM and fixed-TAM vortex nucleon states are not equiv-
alent external-state preparations. The fixed-OAM for-
mulation gives the most transparent partial-wave filter-
ing mechanism, while the fixed-TAM formulation is more
suitable for analyzing total-angular-momentum transfer.
See Supplemental Material for detailed derivations, ad-
ditional polarization observables, and partial-wave de-
compositions [26]. A systematic comparison of OAM-
and TAM-resolved vortex nucleon scattering will be ad-
dressed in future work.

In summary, vortex nucleons provide a new way to
investigate the partial-wave structure of the strong NN
interaction. The standard phase shifts and mixing an-
gles remain the dynamical input, while the vortex exter-
nal state imposes an additional angular-momentum pro-
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FIG. 3. Off-axis differential cross sections for the fixed-OAM
state with ! = 1 at Tlab = 50 MeV. The vortex cone angle is
θκ = 30◦, and the target displacement direction is chosen as
φb = 0.

In the present asymptotic-state formulation, the in-
cident vortex nucleon is represented as a coherent su-
perposition of plane-wave scattering states. Each plane-
wave component is scattered by the same on-shell NN
reaction matrix, which already contains the finite-range
and tensor-coupled structure of the interaction through
the empirical partial waves. The finite impact parame-
ter b changes only the translation phase and the target-
centered angular-momentum decomposition of the exter-
nal state.

This off-axis relaxation has a direct physical interpre-
tation. In the on-axis case, the target samples a definite
OAM projection about the beam axis. In the off-axis
case, the same vortex state is decomposed about a shifted
center. Partial waves that are forbidden at b = 0 can then
re-enter with strengths controlled by Jm−!(κb), and the
cross section can become nonmonotonic in b.

This off-axis effect is quantified in Fig. 3 for the " = 1
vortex state. Here b is the transverse displacement of the
target from the vortex axis, and φb = 0 fixes its azimuthal
direction. The on-axis result is strongly suppressed be-
cause the entrance S-wave component is excluded. It
stays below about 0.6 mb/sr over the full angular range.
At finite b, the cross section increases by more than one
order of magnitude over a broad angular region. Around
θf ! 90◦, for example, it rises from roughly 0.3 mb/sr
at b = 0 to about 1.5–2 mb/sr for b = 2 fm and about 4
mb/sr for b = 4 fm.

This enhancement should not be interpreted as a
stronger nuclear force at a larger NN separation. The
parameter b specifies where the target samples the trans-
verse profile of the vortex state, while it is not the in-
teraction distance between the two nucleons. At finite b,

the Bessel weights generate target-centered components
with m "= ". For " = 1, an m = 0 component is then al-
lowed, and the strong low-L partial waves, including the
S wave, can re-enter. The fact that the b = 4 fm curve is
larger than both the b = 2 fm and b = 8 fm curves over
much of the angular range reflects the oscillatory Bessel
weights rather than a monotonic distance dependence of
the nuclear interaction. In a realistic finite wave packet,
this fixed-b response must be multiplied by the transverse
beam profile and averaged over the target distribution.
The observed event rate would eventually decrease when
the target lies outside the transverse support of the finite
vortex wave packet.

Because the NN amplitude is spin dependent,
the OAM-induced filtering of partial waves inevitably
changes the relative weights of singlet, triplet, uncoupled,
and coupled spin channels. The tensor-coupled 3S1–3D1

channel is particularly sensitive, since its S-wave con-
tribution is suppressed for an " = 1 vortex state on
axis, whereas a finite impact parameter can partially re-
store this contribution through the off-axis projection of
the vortex wave function. Analyzing powers and spin-
correlation observables therefore provide complementary
probes of the same mechanism. As the target is displaced
from the vortex axis, its overlap with the annular inten-
sity profile increases, which enhances the reaction prob-
ability near the bright ring of the vortex beam. This
behavior may be interpreted as an enhanced sensitivity
to off-axis, or grazing-like, collision geometries, although
the effect is intrinsically wave mechanical rather than
classical.

The distinction between fixed orbital angular momen-
tum and fixed total angular momentum (TAM) deserves
comment. Nucleons carry spin, so one may also con-
struct incident vortex states with a fixed total angular-
momentum projection Min = mL + µS . In such a fixed-
TAM formulation, the orbital projection entering a given
spin channel is mL = Min − µS , and the correspond-
ing selection condition becomes L ≥ |Min − µS |. This
is different from the fixed-OAM rule in Eq. (8), because
it depends explicitly on the spin projection. Thus fixed-
OAM and fixed-TAM vortex nucleon states are not equiv-
alent external-state preparations. The fixed-OAM for-
mulation gives the most transparent partial-wave filter-
ing mechanism, while the fixed-TAM formulation is more
suitable for analyzing total-angular-momentum transfer.
See Supplemental Material for detailed derivations, ad-
ditional polarization observables, and partial-wave de-
compositions [26]. A systematic comparison of OAM-
and TAM-resolved vortex nucleon scattering will be ad-
dressed in future work.

In summary, vortex nucleons provide a new way to
investigate the partial-wave structure of the strong NN
interaction. The standard phase shifts and mixing an-
gles remain the dynamical input, while the vortex exter-
nal state imposes an additional angular-momentum pro-
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the vortex wave function. Analyzing powers and spin-
correlation observables therefore provide complementary
probes of the same mechanism. As the target is displaced
from the vortex axis, its overlap with the annular inten-
sity profile increases, which enhances the reaction prob-
ability near the bright ring of the vortex beam. This
behavior may be interpreted as an enhanced sensitivity
to off-axis, or grazing-like, collision geometries, although
the effect is intrinsically wave mechanical rather than
classical.

The distinction between fixed orbital angular momen-
tum and fixed total angular momentum (TAM) deserves
comment. Nucleons carry spin, so one may also con-
struct incident vortex states with a fixed total angular-
momentum projection Min = mL + µS . In such a fixed-
TAM formulation, the orbital projection entering a given
spin channel is mL = Min − µS , and the correspond-
ing selection condition becomes L ≥ |Min − µS |. This
is different from the fixed-OAM rule in Eq. (8), because
it depends explicitly on the spin projection. Thus fixed-
OAM and fixed-TAM vortex nucleon states are not equiv-
alent external-state preparations. The fixed-OAM for-
mulation gives the most transparent partial-wave filter-
ing mechanism, while the fixed-TAM formulation is more
suitable for analyzing total-angular-momentum transfer.
See Supplemental Material for detailed derivations, ad-
ditional polarization observables, and partial-wave de-
compositions [26]. A systematic comparison of OAM-
and TAM-resolved vortex nucleon scattering will be ad-
dressed in future work.

In summary, vortex nucleons provide a new way to
investigate the partial-wave structure of the strong NN
interaction. The standard phase shifts and mixing an-
gles remain the dynamical input, while the vortex exter-
nal state imposes an additional angular-momentum pro-

Longitudinal beam analyzing power
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The summary and outlook


The nucleon-nucleon scattering with a incident particle 
was investigated. 

The vortex external state imposes an additional angular-
momentum, which can study the partial wave structure of 
NN interaction. 

Off-axis scattering introduces Bessel-function mixing.  

Vortex nucleons provide a way to control the entrance 
partial-wave content of NN scattering without modifying 
the underlying nuclear interaction.
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Vortex photon induced Photodisintegration 


