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Motivation: fission yields and total kinetic en

® Probe nucleon partitioning: Mass and charge yields reveal
how nucleons divide between fragments and test the roles of
shell structure, pairing correlations, and shape evolution.

Ground state

4

® Constrain energy sharing and scission dynamics: Total
kinetic energy and its correlation with yields constrain Elongation
scission configurations, dissipation, fragment excitation, and
subsequent neutron emission. I

® Support nuclear technology and isotope applications: Neck formation
Reliable energy-dependent yields inform reactor design,
nuclear-waste management, and fission-product Scission
applications.

® Connect to other fundamental problems: Fission yields « ‘o Fragment separation
affect matter recycling and abundances in the r process; 8 & 0 4
decay of fission products shapes reactor antineutrino °
spectra.

J. Pei, Y. Qiang, and C. Qiao, Physics 51, 770-777 (2022) (in Chinese).
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Typical fission modes observed experimentally
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K.-H. Schmidt and B. Jurado, Rep. Prog. Phys. 81, 106301 (2018).
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Why does ®'Hg split asymmetrically near 80/1007

® The liquid-drop model suggests a symmetric
split
180Hg QOZI. + QOZI'.

e 997r has the neutron magic number N = 50
and the proton semi-magic number Z = 40.

® Beta-delayed fission of 39T instead reveals
an asymmetric split:

180 ﬂ 180Hg* fission, Fi + Fu
Experimental fragment-mass and TKE

Ar,/An =~ 80/100. distributions

A. N. Andreyev et al., Phys. Rev. Lett. 105, 252502 (2010).
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Previous theoretical studies of '**Hg fission

Microscopic models

Macroscopic—microscopic models

Brownian shape-motion model Nonrelativistic mean field

Stochastic shape evolution on a five-dimensional | Skyrme-HFB (SkM*) and Gogny-HFB (D1S)
potential-energy surface. The predicted mass calculations examine deformation-energy

split is A /AL = 108/72. surfaces and prefragment structure.

P. Méller et al., Phys. Rev. C 85, 024306 (2012). M. Warda et al., Phys. Rev. C 86, 024601 (2012).
Scission-point model Relativistic framework

Yields are calculated from statistical weights of TDGCM+GOA describes collective wave-packet
scission configurations, giving a split near 95/85. evolution in a relativistic mean-field framework
A. V. Andreev et al., Phys. Rev. C 88, 047604 (2013). and predicts fission-fragment mass distributions.

< Z.Y.Lietal, Phys. Rev. C 106, 024307 (2022).

Models differ in shape space, dynamics, and scission criteria.

How does the scission-line structure affect the mass distribution?
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eoretical framework: Relativistic Hartree-Bogoliubov (RHB) model

Point-coupling Lagrangian density

L =Ly+ Lss+ L + Lder + Lem

Lo = @(i’y”fh - M)y,
1 1 1 1
Los = —Easpg - Eavp\z/ - EaTSP%S - EOéTvP%\/,

1 1 1
B = —— 3 _ - 4 2 27
nl 3/é’sps 27595 4W(Pv)

1 1
Laer = —553(8uﬂs)2 = 55v(<9upv)2

1 1
= §6TS(8VPTS)2 = §5TV(8VPT\/)27

1 1=
Lem = = e 6773

7
5 APJV.

A. Bouyssy et al., Phys. Rev. C 36, 380 (1987).

B. A. Nikolaus et al., Phys. Rev. C 46, 1757 (1992).
P. Bernardos et al., Phys. Rev. C 48, 2665 (1993).
P. Ring, Prog. Part. Nucl. Phys. 37, 193 (1996).

T. Biirvenich et al., Phys. Rev. C 65, 044308 (2002).

/ ey (”D -4 2

g+ ,\) (62) = Ek(tt)

hp = a-p+ B[M+ S(r)] + V(r)

S(r) = asps + arsprs T + Bsps + Yspi
+ 6sAps + drsAprs-T,

V(r) = avpy + arvpry T + wpd

+ dvApy + dvApry-T + e —® A°.

The RHB model treats the nucleonic
mean field
and pairing correlations self-consistently.
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Shape parametrization a

Shape parametrization

=S A
RO,9)=Ro |1+ B0+ > 3 B Yau(,9)] -
A=1p=—AX

B20, P22, and B30 describe axial quadrupole, triaxial
quadrupole, and axial octupole deformations,

respectively.

(d) Bag >0

Multidimensionally constrained covariant

density functional theory (MDC-CDFT)
F= ERMF+ZC>\HB>\;4

Ap

% SN

(@) = [ EraOR Ve, @, B = parr (@)

All deformation modes allowed by V, symmetry can
be included self-consistently.

() Bzo #0

Deformation degrees of freedom in the multipole expansion

B. N. Lu, Ph.D. thesis

B. N. Lu et al., Phys. Rev.

B. N. Lu et al., Phys. Rev
J. Zhao et al., Phys. Rev.

S.-G. Zhou, Phys. Scr.
J. Zhao et al., Phys. Rev.

, ITP-CAS (2012).

C 85, 011301 (2012).
. C 89, 014323 (2014).
C 92, 064315 (2015).
91, 063008 (2016).

C 95, 014320 (2017).
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Definition of scission and fragment partitioning

Geometric scission criterion
p(r,z) =0.10fm™3,  Ryeq < 1.0fm

First qualifying point at each 83 as B20
increases.

Density-based partition coordinate

N(2) = / T -9 ek ga(7) o

Zmin

‘Nl(zdiv) =0, N"(zaiv) >0 ‘

oa: total line density; apeck = 1.0 fm.
Minimum between the two fragment-density peaks.

Zdiv oo
Ar = 271'/ dz/ p(r, z)rdr, AL + An = 180
—oo 0
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Potential-energy surface and static fission path

® The low-energy valley favors
asymmetric shapes, while the
30 symmetric branch forms a
high-energy ridge.

® Along the static path, the
effective barrier top lies close to
scission in this two-dimensional
space.
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Energy variation along the scission line

-1382
-1384
~—~
> L
% -1386 ® The minimum energy along
- F the scission line occurs at
-1388
m L ﬂgg ~ 17—18
-1390 ® Scission configurations with
0.0 finite octupole deformation

are energetically favored.

The detailed energy structure of the scission boundary is crucial
for the fragment mass distribution.
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Prefragment properties at scission
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Heavy fragment: filled circles, solid lines )
Light fragment: open diamonds, dashed lines Bao = 1.7-1.8: Ag ~ 97-98, Zpy =~ 43

® The prefragments exhibit substantial quadrupole and octupole deformations, and the resulting
scission configurations differ markedly from the symmetric fission predicted by the liquid-drop model.

® We calculate the prefragment mass and charge numbers for use in the subsequent mass-distribution
calculation.
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From nuclear level densities to the mass distribution at scission

Finite-temperature Bardeen—Cooper—Schrieffer (FT-BCS) equations

Finite-temperature BCS equations Excitation energy, entropy, and level density

E;(Tq,q) _ [(5;(—(17) _)\T(Tqu))2+A72—(Tq7q)] 1/2 U‘r(qu)=€T(Tq7q)_gr(07q).
&, follows from the self-consistent finite-temperature
N — 1 a;(q) _)\T(Tq7q) t h(EZ(TQa q)) BCS solution.
= E — an ;
Ef(Tq,q) 2Tq

_ Ef(Tq,q)/ T

_ E] (Tq4,9)/ T, k\"4 q9

E;(Tq,q)> S (Tgq) =2 [1n(1+e 7 (Ta:0)/ .,) +71+6E;<Tq,q>/rq
k>0

k>0
2

= tanh(
Gr(q) k>0 E;(Tq,q) 2T,

exp[S(U, N, Z; q
pins (U, N, Z; q) = W

At each deformation point, the local temperature )
describes intrinsic excitation built on RHB calculation.
A. Rahmatinejad et al., Phys. Rev. C 103, 034309 (2021).

A. Rahmatinejad et al., Phys. Rev. C 105, 044328 (2022).
A. Rahmatinejad et al., Eur. Phys. J. A 60, 214 (2024).
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Excitation-energy dependence of the scission probability distribution

Fission probability (%)
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: Pi
peq(, ) —_ ___Ms
’ Ziges 2

Peq(is) pls

Pa(iy) — py

® At low excitation energy, the probability is
concentrated near 83p ~ 1.5.

® As the excitation energy increases, the
distribution broadens and shifts toward
smaller B30.

® The relative weights of neighboring
configurations vary with excitation energy.

Level densities determine the statistical weights of scission configurations

Jin-Tian Liu, ITP-CAS
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Master equation: from shape evolution to scission probabilities

[Deformation grid q,-H Master equation P,-(t)H Scission line S HMass yield Y(A)}

1. Statistical weight of 2. Transitions between 3. Scission probability
each configuration neighboring configurations and equilibrium reference
_ dP;
qi = (B20, f30) o = (AgPi— APy P(is _/ dt> " APy
Ui = E — V(Qi) g 0 igs
27 |, e, . |2 . Pis
i — Pin U,',N,Z; i i = T/ i Pequ
2= %) Ay h ‘<I|Vm‘ A (i) Zi;espié

Nj=Xpilpi (=) J

A. Rahmatinejad et al., Phys. Rev. C 103, 034309 (2021).
A. Rahmatinejad et al., Phys. Rev. C 105, 044328 (2022).
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Calculated and experimental mass distributions

Red dashed: random walk

@

(b)I Green dash-dotted: scission-line equilib-
10 E* = 34.00 MeV (Kozulin et al.) E* =47.80 MeV (Nishio et al.) rium
sk [+ _Exp._— — random walk_ — - cquilibrium on scission line] Black symbols: experiment; both calcu-
lations use o4 = 4.0 u.

6F /_,;\\,,.',\ ]

S U A 1 ® Across E* =34.0-65.5
AR L

DN s S e MeV, the main peaks
= F R We 3 b .
3 Y, N, remain near 80/100.
N = t t = .
'g (©) ® The symmetric

10F 5+ — 53 i E E .
g E*=53.00 MeV (Kozulin et al.) Component grows Wlth
2 8t E E excitation energy, but
E oF FANTA 7 7 the asymmetric mode

4 ra "3\_ 3 3 remains dominant.

o . . .
2F i ‘\‘-, E E ® At higher energies, the
RO "oy . . .
plestiet L it , - calculations converge,
60 80 100 120 60 80 100 120 althou h discre ancies
Mass Number g P

remain in the peak
heights and tails.
K. Nishio et al., Phys. Lett. B 748, 89 (2015).

E. M. Kozulin et al., Phys. Rev. C 105, 014607 (2022).
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Summary and outlook

Summary

® We calculate the *®°Hg potential-energy surface with MDC-RHB and combine master-equation shape
evolution with prefragment properties to describe asymmetric fission.

® The reflection-asymmetric valley and the scission boundary defined by self-consistent densities and a
geometric neck criterion favor strongly deformed prefragments and yield the observed Ar,/An ~ 80/100
split.

® Both the master-equation and scission-line equilibrium calculations retain the asymmetric preference,
demonstrating the key role of the energy structure along the scission line.

Outlook

® Future work will include collective inertia, higher-order shape fluctuations, and post-scission neutron
emission, and will test this mechanism in neutron-deficient Hg, Pb, and Pt nuclei.

Thank you!
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Backup: construction and scope of the mass yield

From scission probabilities to the mass yield

=100 " P(is) [Goa(A = AL) + Goa(A— An )]
is€ES

e x"/(203)
V2o ’

Gyy(x) = oa=4.0u

® FEach fission event contributes one light and one heavy fragment; the total yield is normalized to 200.

The random walk uses cumulative first-arrival probabilities at the absorbing boundary, while the
equilibrium result uses level-density weights along the scission line.

The B40 scan supports the presence of mass fluctuations but does not uniquely determine the Gaussian
width.

® The present broadening is phenomenological and does not yet include the full higher-dimensional
fluctuations or post-scission neutron emission.
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broadening
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From scission configurations to the mass yield

Y(A) =100 Y P(is) [Gop(A— ALi) + Gon(A— An )]

is€ES
—2/(203)
GgA (X) = W, oa =4.0u L. G. Moretto and J. Sventek, Phys. Lett. B 58, 26 (1975).
A

® At fixed (B20,830) = (4.28,1.60), we additionally constrain the hexadecapole deformation SB4¢.

® Within the converged interval, Ag =~ 96.4—109.3, while the energy rises by about 2.3 MeV above the minimum.

® The constrained 340 scan shows that fluctuations beyond the two-dimensional shape space can provide
additional mass broadening.
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Appendix: experimental studies of 1¥'Hg

Low-energy -delayed fission

The decay of *¥°TI populates '®*Hg*, with accessible energies limited by Quc ~ 10.44 MeV; the mass split is near

80/100.
A. N. Andreyev et al., Phys. Rev. Lett. 105, 252502 (2010).
J. Elseviers et al., Phys. Rev. C 88, 044321 (2013). )

36Ar 4+ 144Sm — ¥0Hg*: at moderate excitation energies, the asymmetric component still peaks near 79/101.
K. Nishio et al., Phys. Lett. B 748, 89 (2015).
E. M. Kozulin et al., Phys. Rev. C 105, 014607 (2022). )

Entrance-channel effects

587n + 112Sn forms the same composite system, but the component near 68/112 is strongly affected by quasifission.
E. M. Kozulin et al., Phys. Lett. B 819, 136442 (2021).
E. Vardaci et al., EPJ Web Conf. 304, 01003 (2024).
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Appendix: ®9T| decay and the low-energy fission channel

Jin-Tian Liu, ITP-CAS

180 TI
1.09(1) s

= 3.6(7) x 10°%
BVEC
o 94(4) % DF

6(4) %

A. N. Andreyev et al., Phys. Rev. Lett. 105, 252502 (2010).
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Appendix: internal energy, entropy, and level density in finite-temperature

BCS

Occupation numbers and pairing tensor

Entropy and saddle-point approximation

T T_AT E _ T T T T
nkzl_ekE; tanh(y;) ST——2k>ZO[fk Infy +(1—£) In(l — )]
r_ A EC e
mk—zEZ tanh(ZT) ) S=S5,+S5,, p‘“t:m

. . Y A D is the square root of the thermodynamic-curvature
Internal and intrinsic excitation energies

determinant at the inverse-Laplace saddle point;

(T . A2 neutrons and protons share one local temperature.
(T, 9) = o kMl = G, The zero-temperature shape landscape is fixed;
finite-temperature intrinsic degrees of freedom set
U- = g"'(T7 q) - 87'(07 q)

the statistical weights.

U= U, + Uy = E — V(q)
A. Rahmatinejad et al., Phys. Rev. C 103, 034309 (2021); 105, 044328 (2022).
A. Rahmatinejad et al., Eur. Phys. J. A 60, 214 (2024).

V.
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Appendix: master equation, detailed balance, and scission probability flux

Fermi-golden-rule form Cumulative probability at the absorbing
o . boundary
Ay = S AN pr = Ao -
by P(IS) :/ dtZA,'Sij(t)
Aj = Aji = o 3
VPibj

" ® Random walk: records where each trajectory
Detailed balance first reaches the scission line.

Aijpj = Njipi, P o p; ® Equilibrium reference: P*(is) = pi,/ >, pi.

® The original report used distinct rate scales for
nucleon transfer and shape transitions; the
present two-dimensional calculation uses a
common scale A.

Here Ajj is the transition rate from j to i; the level
density of the final state i enters Fermi's golden rule.

L. G. Moretto and J. S. Sventek, Phys. Lett. B 58, 26 (1975).
G. G. Adamian et al., Fiz. Elem. Chastits At. Yadra 25, 1379 (1994).
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Appendix: mass-distribution results presented in Dubna

Exp.  ——— random walk

static LD,

() E” =34.00 MeV (Kozulin) (b) E° = 47.80 MeV (Nishio)

(©) E” =53.00 MeV (Kozulin) (@ E" =65.50 MeV (Nishio)

Yields (normalized to 200)

120 &
Mass Number

Red: random walk Purple: static level-density weights Black symbols: experiment

This slide retains the earlier results for comparison; the main text shows the current results with o4 = 4.0u

Jin-Tian Liu, ITP-CAS

broadening.

K. Nishio et al., Phys. Lett. B 748, 89 (2015).
E. M. Kozulin et al., Phys. Rev. C 105, 014607 (2022).

14th ITP/CAS-BLTP/JINR Joint Workshop

Backup 7



Appendix: meson-exchange RMF model

Relativistic mean-field Lagrangian Physical roles of the fields

B= QZ(,-,Y‘LBM — M)+ Lo + Lo + Lp+ Lem. o Is?scalar—sc.alar attraction; reduces the
Dirac effective mass.
o 1 1 5 5 s 1 3 1 4 w Isoscalar—vector repulsion; balances at-
o = 58”0(%0 G gzoYy = 3829 T (&7 traction and generates saturation.
1 1 _ 1 Isovector—vector  channel; affects
= _ZQWQW + §mf,wuw” — guwpPyHip — 1c3(wuw”)27 P neutron—proton asymmetry.
1 1 _ T Contributes in relativistic Hartree—
Ly = _ZR;W'RMV + im%p;,p“ — 8oPu Py T, Fock; vanishes by parity in pure Hartree
- calculations.
) Isovector—scalar channel; relevant to ex-
otic nuclei and dense matter.
¥ Electromagnetic Coulomb repulsion be-
tween protons.
b

Jin-Tian Liu, ITP-CAS

A. Bouyssy et al., Phys. Rev. C 36, 380 (1987).
P. Ring, Prog. Part. Nucl. Phys. 37, 193 (1996).
B. N. Lu, Ph.D. thesis, ITP-CAS (2012).
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Appendix: point-coupling formulation and self-consistent single-particle

fields

From finite-range interactions to local densities

o,w,p = s, J</L7 .’#V?

Derivative terms simulate the finite-range effects of the in-
teraction.
Lpc = Lo + Lat + Lol + Lder + Lem-

1 r 1 . y
Ly = —Easpg = §Oévjv;u€ — S OTVVu =y

1 1 1
%Fﬁg&ﬁ—zwé—zwwMﬁa

1 1 i 1 B
Lger = _558(81//)5)2 - §5V(6VJVH)2 - E(STV(anTVM)Q'

Jin-Tian Liu, ITP-CAS

14th ITP/CAS-BLTP/JINR Joint Workshop

Self-consistent Dirac Hamiltonian

ho = a-p+ BIM + S(P)] + V(.

S(r) = asps + Bsp? + vspE + dsAps,

V(P = avpy +waiy + SvApy
1—73

+ atvprvTs + ovAprvTs + S A°

Application in this work

® No explicit solution of Klein—Gordon equations for
meson fields is required.

® Fitted coupling constants absorb short-range
correlations that are not treated explicitly.

® The potential energy, single-particle spectrum, and
nucleon densities are obtained self-consistently on
the same grid.

v
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Appendix: main approximations in RMF/RHB

Mean-field and Hartree approximations

Meson-field operators are replaced by their expectation val-
ues: ~ B

(8,6 OHG) — Buo dha, (6 9) — o ().
Direct Hartree terms are retained explicitly; exchange ef-
fects are treated phenomenologically through the parame-
ters.
e~ M [r—|

D¢(I‘,I/) = m

No-sea approximation

P(x) = Z pi(x)ci

Source densities explicitly include occupied positive-energy
nucleon states; vacuum contributions from the Dirac sea
are not summed explicitly.

Static even—even nucleus

For static, time-reversal-invariant 180Hg:
® time derivatives vanish;
® spatial currents cancel pairwise;

® only the time components of vector fields remain.

() =50, e =550
(hD Y A
_A*

) (W) =)

Pairing correlations are described by a Hartree—Bogoliubov
quasiparticle vacuum.

Pairing correlations: RHB equation

v

Jin-Tian Liu, ITP-CAS

14th ITP/CAS-BLTP/JINR Joint Workshop
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Bogoliubov transformation

Quasiparticle operators are defined as linear combinations
of single-particle creation and annihilation operators:

BI = Z (U/k&7 + V/k&/) R Bk =] Z (U;Z?:/ 4 ka?:;r> .
! !
The quasiparticle vacuum satisfies
B =0, k=12,
In a BCS-like canonical basis,

1) o I (uk—i- vkE:IE:{) o),

k>0

vRHVvi=1.

Density and pairing tensor in the energy functional

Pij = Z Vi Viks
3

Kij =Y ViU
k

Jin-Tian Liu, ITP-CAS

HB equation and its relativistic form

Variation of the energy under the particle-number con-
straint gives

h— A A U\ E Uk

A —p 42\ ) T v )
The matrix elements are

1
hi=ti+ > Vigipi Aj= 2 > Viir
kI Kl

In the relativistic formulation, the Dirac single-particle
Hamiltonian hp replaces h.

v
< H. Kucharek and P. Ring, Z. Phys. A 339, 23 (1991).
B. N. Lu, Ph.D. thesis, ITP-CAS, Sec. 2.3.1 (2012).
V.
14th ITP/CAS-BLTP/JINR Joint Workshop Backup 11



Appendix: zero-temperature BCS limit and pairing force

When eigenstates of the single-particle Hamiltonian approxi-
mate the canonical basis, the occupation probability is

1 € — A

S —ET8
2 V(&= N2 + A7

The gap and particle-number equations are
Ay
A=Y Gu

>0 24/(ew — N2+ A2
> 2 =N

k>0

-

Gy, denotes the effective pairing matrix element in the con-
vention of positive attractive strength. Zero-temperature BCS
provides the reference for the finite-temperature level-density
calculation.

V.

Jin-Tian Liu, ITP-CAS

14th ITP/CAS-BLTP/JINR Joint Workshop

BCS approximation in the canonical basis Pairing field

The pairing tensor generates the pairing field in coordinate

space:
Apypy (o1, r202) :/d3/1d3'/2 >ow
019%

PP, P Pl "PLPY
We use the finite-range separable pairing force proposed by

Tian, Ma, and Ring:
VPP(r1, 12,1y, 15) = —GS(R— R)P(nP(r)

R— r1+f2,
2

1- P,
2 )

r=r —r.

P(r) = m 54 (74’2?) :

This work: RHB treats the mean field and pairing
correlations self-consistently. The MDC-RHB single-particle
spectrum feeds the FT-BCS level-density calculation.

Y. Tian et al., Phys. Lett. B 676, 44 (2009).
Y. Tian et al., Phys. Rev. C 80, 024313 (2009).
B. N. Lu, Ph.D. thesis, ITP-CAS, Sec. 2.3.1 (2012).
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ry and deformation degrees of freedom

Symmetry allowing reflection-asymmetric shapes Allowed multipole compon

Vi = {15 iDX, Pyv Rl(ﬂ-)}
p(%y,2) = p(=xy,2) = p(x, =y, 2)
= p(_X7 =Y, Z)
P, and P, denote reflections of the x and y coordinates.

Invariance under z — —z is not required, so 830 # 0
is allowed. )

n=0,24,...<\

Type Examples Physical role

Quadrupole B20, B22 Axial /triaxial

Octupole B30, B32 Reflection asymme-
try

Hexadecapole  Bao, 842, P44 Higher-order

shape
v

Multipole moments and deformation parameters
<O>\u> = /frpv(r)r’\YM(Q)

a4

Brp = W<QM>

A\

This work explicitly constrains ¢ = (820, 830); all
other allowed, unconstrained deformations are

determined variationally.
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