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Background: Binding energy in mean field approaches and
double counting problem

The naive single-particle sum

This is not the total binding energy.

Why it fails:

▸ The mean-field potential  is generated by the nucleons

themselves

▸ Each two-body interaction  is counted twice — once

for particle , once for particle 

▸ The independent-particle picture is only an effective

representation of a correlated many-body system

The Hartree–Fock correction:

Subtracting  corrects the double counting — but

requires explicit knowledge of the two-body force .

For phenomenological potentials like Woods–Saxon: 

is unavailable. 2



The Strutinsky Energy Theorem (1967–1968)

Shell correction

 is assumed small.

Smooth part

: Gaussian convolution with a curvature correction.

▸ Golden standard of the macroscopic–microscopic framework for over 50 years

▸ Family of "semi-classical physics" (or more exactly the leading-order approximation) © 2003 by M. Brack and R.K.

Bhaduri

▸ Still among the most precise and practical tools for global nuclear structure calculations; Reproduces binding energies

and fission barriers

▸ But in practice it functions essentially as a controlled "black box"

V. M. Strutinsky
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Strutinsky's original justification (reformulated)

Strutinsky attempted to justify the energy theorem based on the perturbative Hartree-Fock argument:

Assuming an averaged density  with smooth potential :

with , , and to first order:

Strutinsky explicitly acknowledged the resulting expression may not be of practical use and it is a perturbative reorganization.

A fundamental inconsistency in the HF argument

▸ The SP energies  are identified with eigenvalues of an averaged non-self-consistent potential — distinct from those in the

original self-consistent solution.

In other words, HF and phenomenological shell model are based on different Hamiltonians or two inequivalent mean-field descriptions.

▸ The shell correction emerges as the fluctuating part of the SP energy sum — but no prescription is given for subtracting a

suitably smoothed average
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A fundamental inconsistency in the HF argument

Bunatian, Kolomietz & Strutinsky (1972):

"  and  are not self-consistent and they do not correspond to any real physical system. However, the potential  may in

principle be identified with phenomenological non-consistent potentials of the shell model."

Strutinsky (1967, 1968, 1972); Nilsson et al. (1969); Brack et al. (1972); Bohr & Mottelson, Vol. II, p. 370. The same argument

appears in Ring & Schuck (1980) and Bethe.
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Kohn–Sham scheme for nuclei

Hohenberg–Kohn (1964)

The ground-state density  fixes all properties.  is

minimal at the exact density:

Kohn–Sham

Example: local two-body force

▸ Kohn–Sham links the density to a single-particle

spectrum.

▸ This is exactly the link the shell-correction method

needs.

Strictly, Hohenberg–Kohn DFT does not exist for nuclei since there is no external potential, and the laboratory density of the

exact ground state carries no structure. Nuclear DFT is mostly used as an energy density functional framework.
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Perturbation expansion of the energy functional

Starting point: Given a reference density , expand  as a functional Taylor series:

The zeroth-order term:

This is the energy evaluated at the reference density which

takes exactly the same DFT form.

Key condition on :

▸ For higher-order terms to be negligible,  cannot be

arbitrary. It must be a variational density that remains in

the neighborhood of the true ground-state density .

▸  and  serve as a baseline for the perturbation need not

represent a real or observable physical system by itself.
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The first-order correction

The first-order term is governed by the effective single-particle Hamiltonian evaluated at the reference density:

So the first-order correction is:

Physical interpretation of :

 is the mean-field generated by the reference density. In the shell-correction context, this provides the link between

macroscopic bulk energy and microscopic shell fluctuations.
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The Strutinsky "correction": DFT form

We can now write the energy theorem in its rigorous form:

where

▸  is a smooth functional of the smoothed density 

▸  captures all oscillatory energy contributions arising from density fluctuations about , and consequently from the

discrete single-particle spectrum of 

▸  is generally negligible

This simple expansion provides a rigorous mathematical foundation for evaluating the shell correction. It establishes a

formal link between a self-consistent DFT calculation and the phenomenology (empirical studies on the decomposition)

But it is still not of practice use so far as we don't really know how to calculate  or 
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Orbital-level decomposition

Let the reference density be generated by a set of reference orbitals :

Solving  yields a new set of eigenstates and eigenvalues:

The density variation is:

Key assumption:  is small —  is a reasonable

approximation to the true ground-state density.

Note on self-consistency:

We are generally not at self-consistency:  are not

eigenstates of  in general.

Self-consistency is recovered only when  and

.
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Evaluating the first-order term explicitly

Substituting the orbital expansion into :

The first term gives SP energies  by construction. For the second term, expand  in the eigenbasis of :

▸ This is a weighted average of eigenvalues . As  approaches the self-consistent solution: , so  —

and  as required.

▸ The conventional "shell correction" = first-order functional derivative correction governed by 

▸ "Smoothness" is redefined as a density property, not a spectral one

▸ Phenomenological potentials are given rigorous justification
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A new perspective on nuclear DFT

The first-order correction:

Substituting  into :

Remarkable simplification: The kinetic energy functional  cancels exactly. The total energy depends only on:

1. The single-particle eigenvalues  — computable from any mean-field potential

2. The interaction functional  — the target for machine learning

3. Its functional derivative — automatically obtained from the variational structure 12



Future Applications: Energy Functional, Pairing and Fission

Learning  from data

Symbolic regression (PySR) gives explicit expressions. Energy

and potential are consistent by construction.

Potential energy/Fission barriers

: elongation, asymmetry, neck.  is the smooth density

constrained to shape . One functional from ground state to

scission.

Pairing in the spectrum of 

 replaces . It is the exact ground-state energy

(diagonalization, Richardson) or the particle-number-projected

BCS/HFB energy. Formal basis: reduced density matrix

functional theory, . Open point: the smooth pairing part

of .
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Summary

The Strutinsky shell-correction method, despite its remarkable empirical success for six decades, has lacked a rigorous theoretical

foundation. This work provides that foundation through density functional theory.

Theorem:

The decomposition is exact to first

order in .

Reinterpretation:

▸ The shell energy is governed by

the mean field  generated by the

smooth reference density — not by

the smoothed level density .

▸ One can state that the Shell

correction is a fundamentally

wrong concept.

Outlook:

▸ Variational, ML-driven

construction of the nuclear DFT

functional ;

▸ Extension to pairing and second

order correction

▸ Potential energy and fission

barrier.

Thank you!!谢谢！
14


