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Heavy-ion fusion: tunneling through the Coulomb barrier

▶ tunneling governs near-barrier fusion
(capture for heavy reactions)

▶ couplings collective states ⇒ barrier
distribution (dashed)

▶ probes superheavy synthesis; deep-
sub-barrier fusion hindrance

B.B. Back et al., Rev. Mod. Phys. 86, 317 (2014)
Hagino and Takigawa, Prog. Theor. Phys. 128, 1061
(2012)
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Fusion barrier distribution (BD)

σcl
fus(E) = πR2

b (1− B/E) θ(E− B)

d2
dE2

[
Eσcl

fus(E)
]
= πR2

b δ(E− B)

The BD:
▶ classical delta function
▶ realistic wide, from couplings
▶ role sensitive probe of nuclear

structure
Hagino and Takigawa, Prog. Theor. Phys. 128,
1061 (2012)

5 / 29



Two prescriptions for the fusion (capture) flux: IWBC and OM
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Two prescriptions for the fusion (capture) flux

σfus: flux removed from the elastic channel

Optical model (OM) Incoming wave BC (IWBC)

potential V(r) + iW(r) V(r) only
inner region flux absorbed byW no-return at rmin
Pl 1−

∑
n |Snn0 |2 inward flux at rmin

parameters W0, RW, aW none
typical use light systems (FRESCO, CCFULL-

sc)
heavy systems (CCFULL)

Open question

Common expectation: a sufficiently strong, short-ranged imaginary potential should reproduce
IWBC. Is IWBC theW0 → ∞ limit of OM?— never tested systematically in CC calculations

Bethe, Phys. Rev. 57, 1125 (1940)
G. H. Rawitscher, Nucl. Phys. 85, 337 (1966). (ingoing wave)
Hagino et al., Comput. Phys. Commun. 123, 143 (1999)
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This work: when do OM and IWBC agree?

Why subtle?
▶ reflection absorbers also reflect —

never perfectly black
▶ status known qualitatively; quan-

titative CC test missing
▶ numerics Pl ∼ 10−6–10−10 near the

pocket

This work

▶ system 58Ni+ 54Fe (data: Stefanini et al.,
2010)

▶ absorber same real potential; RW(l) = rmin(l)
— anchored where IWBC counts

▶ scope single-channel + CC + 1D pure-
imaginary

▶ solver KANTBP 3.1 finite elements; R-
matrix

Goal: the criteria for σOM
fus ≈ σIWBC

fus .

A.M. Stefanini et al., Phys. Rev. C 81, 037601 (2010) D. Neuhauser and M. Baer, J. Chem. Phys. 90, 4351 (1989)
L. F. Canto, Phys. Rev. C 98, 044617 (2018)
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Physical idea of the coupled-channels model

Two intrinsic levels, one coupling F(r) = V01(r):[
h̄2
2µ∇

2 + Vl(r) +
(

0 F(r)
F(r) ϵ1

)](
u0
u1

)
= E

(
u0
u1

)
Local eigen-frequencies:

λ±(r) =
[
ϵ1 ±

√
ϵ21 + 4F(r)2

]
/2

ϵ1 = 0 : λ±(r) = ±F(r)
Split barriers⇒ average penetration:

Pl(E) = 1
2

{
P0
l [E;Vl+F] + P0

l [E;Vl−F]
}

▶ coupling intrinsic motion mixes the channels:
coupled eigenstates replace the bare levels

C. J. Lin, Heavy-ion nuclear reactions (2015)
P. Fröbrich and R. Lipperheide, Theory of Nuclear Reactions (1996)
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Coupled-channels equations

[
− h̄2

2µ
d2
dr2 + h̄2l(l+1)

2µr2 + VC(r) + VN(r) + iWl(r) + ϵn − E
]
ψnn0(r)

+

N∑
n′=1

[
Vnn′(r) + iWl

nn′(r)
]
ψn′n0(r) = 0, n = 1, . . . ,N

▶ channels n: intrinsic; n0: entrance (isocen-
trifugal)

▶ matrices Vnn′ , iWnn′ : coupling+ absorption
▶ VC uniform sphere, RC = rC(A

1/3
P +

A1/3
T ), rC = 1.2 fm

VN(r) = − V0

1 + e(r−RV)/aV
,

Wl(r) = − W0

1 + e(r−R l
W)/aW

σfus(E) =
πh̄2

2µE

lmax∑
l=0

(2l+ 1)Pl(E)
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Coupled potential: collective vibration
Replace the potential radius by a dynamical operator, R0 → R0 + Ô, with
Ô |α⟩ = λα |α⟩:

Ô =
βλ√
4π

rcoup A1/3
T

(
a†λ0 + aλ0

)
,

on the potential,

V′
N(r, Ô) = − V0

1 + exp
[
(r− R0 − Ô)/a0

] .
Full order: diagonalize the matrix Ô,

Onm =
βλ√
4π

rcoup A1/3
T

(√
m δn,m−1 +

√
n δn,m+1

)
,

coupling matrix elements between phonons |n⟩,|m⟩:

V(N)
nm = ⟨n|V′

N(r, Ô)|m⟩ − V(0)
N δn,m

=
∑
α

⟨n|α⟩⟨α|m⟩V′
N(r, λα)− V(0)

N δn,m.

▶ operator surface displace-
ment on the po-
tential

▶ couplings all orders, by di-
agonalization

Bohr andMottelson, Nuclear Structure
II (1969)
Hagino et al., Comput. Phys. Commun.
123, 143 (1999)
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The incoming wave boundary condition (IWBC)

The incoming wave boundary conditions (IWBC)

ψn(r) =

{
Tn exp (−ikn(rmin)r) , r ≤ rmin
H−
l (knr)δn,0 − RnH+

l (knr), r ≥ rmax

Here kn = kn(r → +∞), and kn(r) is the local wave number for n-th channel

kn(r) =

√
2µ

h̄2

(
E− ϵn −

l(l+ 1)h̄2

2µr2
−V(0)

N (r)−
ZPZTe2

r
− Vnn(r)

)

Problems in IWBC.
▶ Problem At rmin, kn(r) involves only the diagonal part Vnn.
▶ Result Fluctuation happens by neglecting off-diagonal matrix elements.
▶ Solution Linear transformation is needed at rmin.

V.V. Samarin, V.I. Zagrebaev, 2004 NPA 734 E9;
V.I. Zagrebaev, V.V. Samarin, 2004 Phys. Atom. Nucl. 67 1462;



High accuracy solutions FEM (KANTBP)

(M) Numerov FEM
(CCFULL-type) (this work)

sub-barrier fluc-
tuations

smooth;
agrees with
R-matrix

— unitarity
≲ 10−10

▶ Boundary condition

off-diagonal couplings are considered

Chuluunbaatar et al., Comput. Phys. Commun. 278, 108397 (2022)
P. W. Wen, C. J. Lin, et al, Phys Rev C 103, 054601 (2021).
P. W. Wen, O. Chuluunbaatar, et al, Phys Rev C 101, 014618 (2020).
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Quasi-elastic scattering: vibration

▶ QE counterpart of tunneling
▶ numerics R-matrix + FEM: cures

the Numerov instability
▶ physics higher-order vibra-

tions and high-spin
state shape the QE
barrier distribution

Wen et al., Phys. Lett. B 863, 139383 (2025)
Descouvemont, Comput. Phys. Commun.
200, 199 (2016)
Zamrun et al., Phys. Rev. C 77, 034604
(2008)
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Capture cross sections constrained by QE

▶ input QE observables con-
strain the capture cross
section

▶ output input for fusion and
multinucleon-transfer
models for superheavy
nuclei

Product
a consistent capture cross sec-
tion where direct capture data
are unreachable

Wen et al., Phys. Lett. B 863, 139383 (2025)
Chuluunbaatar et al., Phys. Part. Nucl. 56,
1407 (2025)
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Optical potential and absorption

Textbook statement — and question

the imaginary part of a complex potential absorbs flux: the larger W, the stronger — under
which conditions?

X.-T. Lu (Nuclear Physics, textbook, in Chinese)
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Quantum reflection from an imaginary step
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▶ model 1D step: V(r) = −iW0 for r ≥ 0—
analytic

PR =

∣∣∣∣∣1−
√

1 + iW0/E
1 +

√
1 + iW0/E

∣∣∣∣∣
2

▶ limits W0/E → ∞: PR → 1 — a strong
sharp absorber is a mirror

▶ check aW = 0.001 fm tracks the step;
0.02–0.04 fm: visible

D. Neuhauser and M. Baer, J. Chem. Phys. 90, 4351 (1989) (TDSE)
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Setup: 58Ni+ 54Fe, absorber at the pocket minimum
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WS_S: a fitted shallow Woods-Saxon potential.

AW WS_S

V0 (MeV) 71.734 53.137
rV (fm) 1.1765 1.1944
aV (fm) 0.6692 0.7545
rmin, l = 0 (fm) 7.58 8.05

aW = 0.2 fm and 0.001 fm (sharp)

▶ barriers similar; different pockets
▶ sharp edge limitation test
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Coupled channels: comparison
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state Ex (MeV) β

58Ni 2+ 1.454 0.183
54Fe 2+ 1.408 0.195
54Fe 3− 4.782 0.115

▶ couplings sub-barrier enhancement⇒ near the data
▶ differences sub-barrier energy region
▶ S(E) separates the deep sub-barrier trends

A.M. Stefanini et al., Phys. Rev. C 81, 037601 (2010)
A.M. Stefanini et al., Phys. Rev. C 82, 014614 (2010)
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Criterion: the same minimum cutoff energy
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▶ IWBC_D off-diagonal elements considered
▶ IWBC_ND only diagonal elements
▶ cutoff C1, C2, C3: V(rmin(l)) > E

C3 (red) is recommend.
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Summary and perspective

▶ CC model improved boundary condition and numerical solution with R-matrix + finite ele-
ments (KANTBP)

▶ QE capture capture cross sections constrained by QE

▶ OM–IWBC IWBC is not theW0 → ∞ limit;
quantum reflection from imaginary potential plays a critical role

Three criteria for close OM–IWBC results (preliminary)

1 OM aW > 0.1 fm: reflection negligible
2 IWBC eigenchannel diagonalization at rmin
3 both the same minimum cutoff energy

Perspective: modified potential pocket minimum; driving potential for DNS model.
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Thank you for attention!



The new method KANTBP

The coupled-channels Schrödinger equation[
− h̄2

2µ

d2

dr2
+
l(l+ 1)h̄2

2µr2
+V(0)

N (r) + ZPZTe2

r
+ϵn−E

]
ψnno+

N∑
n′=1

Vnn′(r)ψn′no(r)=0, (1)

with
▶ no is a number of the open entrance channel with a positive relative energy Eno = E − ϵno > 0, no =

1, ...,No ≤ N.
▶ {ψnno(r)}Nn=1 are components of a desirable matrix solution.

Let W is the symmetric matrix of dimension N× N

Wnm = Wmn =
2µ

h̄2

[(
l(l+ 1)h̄2

2µr2
+ V(0)

N (r) + ZPZTe2

r
+ ϵn

)
δnm + Vnm(r)

]
. (2)

Then the equation can be expressed as

−ψ
′′
nm(r)+

∑
m′

Wnm′ψm′m(r)=
2µE
h̄2

ψnm(r), (3)



The new method KANTBP

Diagonalize the matrix at r = rmin

WA = AW̃, {W̃}nm = δnmW̃mm, W̃11 ≤ W̃22 . . . ≤ W̃NN. (4)

The functions ym(r) are solutions of the uncoupled equations

y′′m(r) + K2
mym(r) = 0, K2

m =
2µE
h̄2

− W̃mm. (5)

In open channels at K2
m > 0, m = 1, ...,Mo ≤ N the solutions ym(r) have the form:

ym(r) =
exp(−ıKmr)√

Km
. (6)

In this case ψnno(r) expressed by the linear combinations of the linear independent solutions

ψnno(r) =
Mo∑
m=1

Anmym(r)T̂mno , r = rmin. (7)

In this way, the off-diagonal matrix elements have been considered in the calculation.



The new method KANTBP

Summary of the boundary conditions for open channels

ψas
nno(r) =

{∑Mo
m=1 Anm

exp(−ıKmr)√
Km

T̂mno , r = rmin,

Ĥ−
l (knr)δn,no − Ĥ+

l (knr)R̂nno , r = rmax.
(8)

In this case, the partial tunneling probability from the ground state (no = 1) is

Pl(E) ≡ T(l)
nono(E). (9)

At fixed orbital momentum l, it is given by summation over all possible intrinsic states:

T(l)
nono(E) =

Mo∑
m=1

∣∣∣T̂mno ∣∣∣2 , R(l)
nono(E) =

No∑
n=1

∣∣∣R̂nno

∣∣∣2 , T(l)
nono(E) = 1− R(l)

nono(E) (10)

The condition T(l)
nono(E) + R(l)

nono(E)− 1 = 0 fulfills with ten significant digits by the element method KANTBP.

O. Chuluunbaatar, A. A. Gusev, A.G. Abrashkevich et al, CPC. 177, 649 (2007)
A. A. Gusev, O. Chuluunbaatar, S. I. Vinitsky et al, CPC 185, 3341 (2014)

A. A. Gusev, O. Chuluunbaatar, S. I. Vinitsky et al, Math. Mod. Geom. 3, 2 22 (2015)
V. I. Zagrebaev, Phys. Rev. C 78 047602 (2008)



Reflection map of the pure imaginary Woods--Saxon
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▶ map PR over W0/E ∈ [0, 80],
aW ∈ [0, 0.06] fm (1D, pure
imaginary)

▶ band sizable reflection: narrow
band along the sharp-edge
axis

▶ aW = 0.2 fm: PR ≲ 10−6 over the
whole depth range

Criterion 1 (OM)

aW ≳ 0.1 fm: reflection negligible
— tail still inside the pocket
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