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Alpha clustering in nuclei

Alpha clustering exists across the nuclide chart and plays a crucial role in under-
standing nuclear structures.

• Light nuclei: 8Be, Nα condensate state in 12C, 16O, 20Ne, etc.
• Heavy nuclei: α decay (e.g., 212Po, 104Te, etc.).

Fig. 1: The Ikeda threshold diagram (Left), and theα decay of 104Te (Right).

[Prog. Theo. Phys. Supp. 68, 464 (1968); Phys. Rept. 432, 43 (2006).]

3 / 12



Theoretical description of α clustering
Theoretically, themicroscopic and macroscopic cluster models are widely used to
study α-cluster structures.

1 Microscopic cluster model:

• Nucleon degrees of freedom;
• Rigorous antisymmetrization;
• Computationally expensive;
• e.g., GCM, THSR, AMD, etc.

2 Macroscopic cluster model:

• Cluster degrees of freedom;
• Lower computational cost;
• Lose critical structural details.
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Motivation: Try to extend microscopic cluster models to heavy nuclei while retain-
ing critical structural details.

— Valence-space microscopic cluster model (VS-MCM).
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Theoretical framework of VS-MCM
VS-MCM takes the valence nucleons outside the doubly magic core as active de-
grees of freedom. The core nucleons are treated as frozen.

• The Hamiltonian for the valence nucleons {p↑, p↓,n↑,n↓} is given as
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p̂pp2
i
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+
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• The last term in Eq. (1) is sourced from the recoil kinetic energy of the core.
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Theoretical framework of VS-MCM
The nucleon-nucleon interaction Vi j includes the nuclear part V N

i j and Coulomb one
VC

i j as well, which takes the form as
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i j
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and
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)(
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2

)
e2

rrri j
. (4)

The effective core-nucleon potential Ui contains the nuclear part and the Coulomb
one for the protons:

UN(r)=
V0

1+exp[(r−R)/a]
+

1
r

d
dr

VLS · (lll ·σσσ)
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(
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1
r , r > R.

(6)
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Modified Brink wave function
The valence α-cluster is given by a modified Brink wave function Φsssk as

Φsssk =
1√
4!
det{ψ̂1sssk(rrr1)χσ1τ1 · · · ψ̂4sssk(rrr4)χσ4τ4} . (7)

The core orbits are removed from the model space by applying the Pauli projection
operator P̂ in the single-particle wave function ψ̂isssk(rrri) as

ψ̂isssk(rrri) = P̂ψisssk(rrri) =
[
1− ∑

γ∈core
|φγ ⟩⟨φγ |

]
ψisssk(rrri), (8)

ψisssk(rrri) denotes the single-particle orbit in the α particle in free space. φγ (rrri) is the
single-particle orbit occupied by the core nucleus.
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Hill-Wheeler equation

The wave function of α-cluster state with the definite spin j is given by superposing
the projected wave functions as

Φj =∑
k

f k
j ·Φk

j , Φk
j =

2 j+1
8π2

∫
D j∗

mm′(Ω)R̂(Ω)Φsssk dΩ, (9)

The weight coefficient f k
j and the energy E j of the α-cluster state Φj can be deter-

mined by solving the following Hill-Wheeler equation:

∑
k
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j
〉
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〈
Φk′

j
∣∣Φk

j
〉]

· f k
j = 0. (10)

Taking the generator coordinate sssk′ along z-axis and sssk in the xz plane with a relative
angle ξ , one can obtain〈

Φk′
j
∣∣Ĥ∣∣Φk

j
〉
=

2 j+1
2
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∣∣R̂y(ξ )
∣∣Φsssk

〉
Pj(cosξ )sinξ dξ . (12)
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Proof of principle: 20Ne and 44Ti

We introduce the Pauli index Pα =
∣∣〈ψsssk(rrr)

∣∣ψ̂sssk(rrr)
〉∣∣2 to show the degree of Pauli

blocking effects.
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Fig. 2: The dependence of the Pauli index Pα =
∣∣〈ψsssk(rrr)

∣∣ψ̂sssk(rrr)
〉∣∣2 on the

intercluster separation sz.
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Proof of principle: 20Ne and 44Ti

The energy levels of the inversion doublet Kπ = 0±1 bands in 20Ne.

Experiment VS-MCM THSR
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Fig. 3: The energy levels of the inversion doublet Kπ = 0±1 bands in 20Ne repro-
duced by the VS-MCM in this work, compared with the theoretical ones obtained
by THSR wave function as well as the experimental data.

[Phys. Rev. Lett. 110 , 262501 (2013).]
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Proof of principle: 20Ne and 44Ti

The energy levels of the inversion doublet Kπ = 0±1 bands in 44Ti.

Experiment VS-MCM AMD
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Fig. 4: The energy levels of the inversion doubletKπ = 0±1 bands in 44Ti reproduced
by the VS-MCM in this work, compared with the theoretical ones obtained by AMD
as well as the experimental data.

[Nucl. Phys. A 767, 58–80 (2006).]

The deviations in negative band: Coupling to the core excited state?
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Summary and Prospect

1 We propose the VS-MCM as a novel framework to investigate
the nuclear α-cluster structures.

2 The energy levels ofKπ = 0±1 bands in 20Ne and 44Ti are studied
by VS-MCM as a proof of principle.

3 Prospect:

• Extend to study the α-cluster structure above heavier doubly
magic core, e.g., 104Te = 100Sn + α , etc.

• Considering the system where more α clusters and valence nu-
cleons can exist outside the heavy doubly magic core;

• Modified Brink wave function→ AMD basis?
• …

Thanks for your attention !
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