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how spin can effect small scale structure in wave DM

wave interference

solitons+halo profiles

Bose effects

Interactions

initial conditions+growth of structure
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spin-0 (scalar) and spin-1(vector) models
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scalar = spin-0 wave dark matter

1 1
S:/d‘lx\/—g —§V“¢Vugo— —m?p? R+...

2

VHV o + m?p =0 Gy =8nGT),,

13 * can be a QCD axion, can be string-theory axions or some generic axion-like particle



scalar = spin-0 wave dark matter

1 1
S:/d‘lx\/—g —EV”QOV“@— §m2302 I R+...

non-relativistic limit

p(t,x) = \/;Tn

R (U (t,x)e” "™

split in “fast” and “-low " parts

Namjoo, Guth & Kaiser (1712.00445)
14 Salehian, Zhang, MA, Kaiser & Namjoo (2104.10128)



scalar = spin-0 wave dark matter

1 1 1 )

S= [ daz/—g|—=V*pV, 0 — —m?p* 1 R+...

non-relativistic limit

p(t, ) = L g (U (¢, z)e "]

’ - 2m ’ split in “fast” and “~low" parts

Schrodinger-Poisson system

- 0 hz 2 2 *

th— VU = VU 4+ modv, VO =4nGmY™ v

Ot 2m

15






vector = spin-1 wave dark matter

* assuming classical fields

1 1 1 '
S = / d*zv/—g |- = X" X, + -m2 X" X, A R+...

4 2 81

X =V, X, =V, X,

16 * inflationary production (Graham et. al), or post-inflationary (Agrawal et. al)



vector = spin-1 wave dark matter

! 1 | ‘
S= | d'z/—g|-—-X""X,, + -m*X"X, R+...
/ VI Ty po M v grg T

X =V, X, =V, X,

non-relativistic limit

1 :
B (Wt xz)e "™
V2m [ ( , ) ] split in “fast” and “~0w " parts

X(t,x) =

Schrodinger-Poisson system

. V2w , T
Zat‘l’:— 9 +m¢>\|1, VO =47GmVY'WVY

Spin - 1 Adshead & Lozanov (2101.07265)
Spin - 2s+1 Jain & MA (2109.04892)



non-relativistic limit = multicomponent Schrodinger-Poisson

O = ——— +meW, V'O =4xGmiY
W, =; withi =1 scalar case

[W]Z — w’t with 7 = 17 2, 3 vector case

at this level this is just 2s+1 equal-mass scalar fields

but not when non-gravitational interactions are included

- Zhang, Jain & MA (2111.08700)



non-relativistic limit = conserved spin angular momentum

. V2y ; T
z@t\l! — — om —I—m<I>\II, VO = 4nGmWV'Y
W, =; withi =1 scalar case

W], — ¢, with i = 1,23  vector case | ,
Wi = 9 with 1 Spin angular momentum S = h/d?’x W x W

Jain & MA (2109.04892)
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Vector field evolut;@ﬁ/r\\
A ““

A

Amaral, Jain, MA, Tunnell (2403.02381)
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Vector field evolut Awff T ‘ Spin density‘ structure

Amaral, Jain, MA, Tunnell (2403.02381) 22 MA, Karur, Jain & Mocz (2203.11935)



how spin can effect small scale structure in wave DM

wave interference

solitons

Bose effects

Interactions

initial conditions+growth of structure

23



what effect is relevant?

solitons

Bose effects

Interactions

initial conditions+growth of structure

24



wave interference

SDM VDM

20



MA, Jain, Karur & Mocz (2022)



27

MA, Karur, Jain & Mocz (2203.11935)
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MA, Karur, Jain & Mocz (2203.11935)



VDM

H. o
.
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t/tdyn —

SDM

also see: Lopez-Sanchez et. al (2025) |
Chen, Yao & Marsh (2026) MA, Karur, Jain & Mocz (2203.11935)



wave interference
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Dalal & Kratsov (2203.05750)

MA, Jain, Karur & Mocz (2203.11935)
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wave interference & lensing

my, =3.2x107** eV, fom =0.63m, = 1.5 X 1—2 eV, fom = 0.74

NG

my, = 6.5 x 107 eV, fpu = 0.66

. v\ DN,
y TR LN .
X “ }\\ AN e N AL 1
THINTRE % ) * 3
N A

4.4 x 107" eV

Powell et. al (2023)
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wave interference & radial density profiles

scalar vs. vector dark matter

less dense & broader core

smoother transition to r -(?-3) tail

Mg, /kpc”]

p(r) |

20
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how spin can effect small scale structure in wave DM

solitons

Bose effects

initial conditions+growth of structure

27



Amaral et. al (2024) 28



interference effects and direct detection




interference/polarization effects and direct detection
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30 Amaral, Jain, MA, Tunnell (2403.02381)



what effects are relevant

Interactions

initial conditions+growth of structure

31



interference & Bose: condensation in the kinetic regime

MA, Jain, Thomas, Wanichwecharungruang (2304.01985)



what are these blobs?




condensation in the kinetic regime

100 L :;".,"g'\l.f T
. . E e~ il 25w 1) ¢ :
- nucleation time scale ; B
« Y |
. _ AR 58 I
~ (25 + D70 : 107 A
‘L B o —— : 'a..":;i'.:::‘!:‘é .: Tcg cé’
TR i ¥ if’iii'l iiiil':'s!ilz"""‘ £ 3
TS:O — I:no.grv./\/]_l L | | [ (R N il - | L
1071 1 2 3 45 709
Ogr ~ (Gm/v®)?, N ~ nXig t/o =

MA, Jain, Thomas, Wanichwecharungruang (2304.01985)
33 see Levkov, Panin & Tkachev (2018) for scalar case



what are these blobs?




what are these blobs?




what are these blobs?

MA & Mocz (2019) i - 3 | Gorghetto, Hardy, March-Russell,
NS | Song & West (2022)

MA, May & Mirbabayi (2025)






solitons

very-long lived, dynamical excitation in a field, with nonlinearities
balancing dispersion

Image Credit: Heriot-Watt University

water

- discovered in nonlinear waves in water in canals (John Scott Russell, 1834)

- optics, hydrodynamics, BECs, high energy physics, and cosmology

37
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soliton in a vector field (non-topological)

spatially localized
coherently oscillating (components)

exceptionally long-lived

SN R T =
S T - o -
s = O s o~
= ~ S g ;:;::. =
= e —‘E;‘ S =
Psol(ta ZB) ~ ,0(7“) Xsol(t,x) = fr(r)cos(wt + 0,)x + f,(r)cos(wt + 0,)% + f.(r) cos(wt)z

39 W m



non-relativistic solitons - scalar

%, 12
ih— W = VU 4+ mdU, V20 = ArGmU* U
ot 2m

\Ijsol(ty T) — f(?“)ei““te ee=1 Ww=m — U

—uf =

1
Vif+mdf V20 = 4xGm f?
2m




non-relativistic solitons - vector

1 .
X(t,x) = R (W(t,x)e ™
(t2) = =R [W(t, )]
th—W = VWV +moWw ., VO =4rGm W'V
ot 2m

W, (t,r) = f(r)e e with ele =1 Ww=m— [

1
—uf = Vif+mdf V20 = 4xGm f?
T

2




“polarized” vector solitons

Jain & MA (2109.04892)

W (t,7r) = f(r)ete with ele=1

€ = 2 ei::f:::z'y/ﬂ

f(r) cos|(m — p)t|2 £ ()] cos[(m — w)t] + gsinf(m — )]



“polarized” vector solitons (with macroscopic spin)

S:h/d‘ga’;i\llx\lﬁ

macroscopic intrinsic spin!

Msol
T

Stot = i(e x €')

h € = 2 €. = +iy/V?2

Jain & MA (2109.04892)



“polarized” vector solitons (with macroscopic spin)

Msol
T

h

Stot = i(e X GT)

- all lowest energy for fixed M

- bases for partially-polarized solitons

R EYEE

= GESEE O

> >
D = D

Also see: Aoki et. al (2017 for massive tensor geons), Adshead & Lozanov (2021), Jain & MA (2021)



born to spin

spin density

M core
™

Score ~ h

even when initial total spin is negligible

MA, Jain, Karur & Mocz(2022)
Gorghetto et. al (2022)
Jain, MA, Thomas, Wanichwecharungruang (2023)

43



a different higher energy soliton: the ‘““hedgehogs”

earlier literature " hedgehogs
W;(x,t) = f(r)— coswt, not ground states
r

at least when non-relativistic
Lozanov & Adshead (2021)

Ei, > FE

Es=! ~ 0.33E < (




non-gravitational self-interactions

Zhang, Jain & MA (2022)
A Siot # 0 Also see Jain (2021), Zhang & Ling (2023)

energy

For a review, see Zhang (2024) [2406.05031]



. . . . arXiv:2211.08433
I-SPin: An integrator for multicomponent Mudit jain & Mustafa Amin

Schrodinger-Poisson systems with self-interactions

An algorithm (and publicly available code) to numerically evolve multicomponent

Schrodinger-Poisson (SP) systems, including attractive/repulsive self-interactions + gravity

If SP system represents the non-relativistic limit of a massive vector field, non-
gravitational self-interactions (in particular, spin-spin type interactions) introduce new challenges
related to mass and spin conservation which are not present in purely gravitational systems.

. . . o _ represent the different spin-multiplicity states.
Above challenges addressed with a novel analytical solution for the non-trivial ‘kick’

step in the algorithm (sec 4.3.2) A Nonrelativistic interactions up to guartic order in the Schrodinger

field (both short and long-range, and spin-dependent and spin-independent interactions).
(i) second order accurate evolution (ii) spin and mass conserved to machine precision , T 7 s e s s s TR L T PE. '
including explicit spin-orbit couplings. The algorithm allows for spatially varying cxternal and/

(iif) reversible or self-generated vector potentials that couple to the spin density of the field.

n-component fields with SO(n) symmetry, an expanding universe relevant for (a) Laboratory systems such as spinor Bose-Einstein condensates (BECs). (b)

cosmology, and the inclusion of external potentials relevant for laboratory settings Cosmological fastrophysical systems such as self-interacting bosonic dark matter.

. Qur symplectic algorithm is second-order accurate in time, and is

mass density forward evolution

, R, extensible to the known higher-order accurate methods,
zhﬁtlll:—2—v V+modw X
m

.
~ A(he)?

~ e} [(w-w)wa(wT-ww}

5 . 1 ‘ 1
/ di dailT ;é','),il'{!'n GG — E

MR L, (S-S) , ) —pup¥iz) — 8 - B(z.t) — V,uip 8)
V;urel(pa S) - _8(m02)2 |:3 — B2 ] ’ -

number density p = Wiw = '2(25'—{- 1)
spin density & = AW x Wi

. . v R'}-‘ s Vi}‘"r‘
spin density

backward evolution

-

1 2
I'lf'i"n Apntn |

f igij ié'f; lsilnn' v) wn 1

with B(z,t) = f(t)B[z). and

1
2u?

Vaore {:;‘:,S) = — [}upg -+ X 1’8 * S}] .

number density £ = 'w'.vt.‘ on

. Q. o
spin density S = ¥y Sant Y




solitons in s > (O fields

spatially localized, coherently oscillating, long-lived

6 scalar star Long History!

Geons
Oscillons/I-balls

(Q-balls
Boson Stars
non-rel. Solitons

gravity

vector /tensor stars

oscillon

self-interaction

* existence, stability, radiation — rich physics

see Review: Zhou [2411.16604]

vector /tensor oscillons

*these are non-topological solitons, for topological solitons such as strings, domain walls etc. see talk by Ligong Bian



probing intrinsic spin of solitons

47



compactness of polarized solitons

more resistance to collapse to BH for circularly polarized stars

C$<C¢ <(3O

hedgehog linearly polarized circularly polarized
o o % o o e [ To I e
I B ~ S = ~ S L 15 ~ S
l4r 12 15 & |— GRh 2SS Jr S-SR Jr
TN Y - TN Y Q’ BTN Y N
12T 1g v /0 ¥ ERE % SRS ¥
5 5 s
1.0 F 15 collapse 1S
3 - & o
L Q.Q‘l I Qg‘?»
Mo ~().8--|I .7 '|I =T &
o [
0.6 1 -1 —
L | —
N 40-(“'_] 40.(“
0.4} C | — C
N N
0.2 - l a
N H
0.0 11 1 PR T T IR I TR TR TR SR N | I l’-kl 1 PR T T | O T TR T TR S | a1 TR B T
0 10 30 40 50 0 10 20 30 40 50
R95 X m
Rsol Rsol RSOI
C = GM/Rc? A8

Wang, Helfer & MA (2309.04345)




gravitational waves and spin

V = 1+ Ow*/c?)

2 (a) ]
| ]. S]_ SQ S]_ A SZ A CESZ 2 ~ 2
r2c? {M1 M, (Ml r) (Mz T) " < 2M; Mo 5o = 3(Sa- )] 0+

49



what effects are relevant!?

wave interference

initial conditions+growth of structure

60



MA, Mou, Schiappacasse & Long (2019, 2022)
Amaral, Schiappacasse & Zhang (2025)

61



MA, Mou, Schiappacasse & Long (2019, 2022)

Amaral, Schiappacasse & Zhang (2025)
61



spin of soliton & polarization of photons

explosive photon production (under certain conditions)

Oy = —%F, F"(X - X)
Oy = —3F,, F* (X - X)
O3 = F,,F""X"X,
Oy =F,,F""X"X,
Os5 = F,,F"Po" X,

pRZ1, p~g?X*m

R = soliton radius, u© = Floquet exponent

MA, Long & Schiappacasse (2301.11470) 62



generalization to arbitrary spin

63



spin-s field as dark matter

Klein-Gordon (s =0)

+ Proca (15[ )

Einstein

Fierz-Pauli ' (s = 2)

64



non-relativistic limit = multicomponent Schrodinger-Poisson

spin-s fields as light dark matter

Klein-Gordon (s =0)

2s+1 component

_|_

L Proca (s =/1) non-relativistic limit Sehntdinees

Einstein
Poisson

Fierz-Pauli ' (s = 2)

-phenomenology /numerical simulations

- interference ~1/(2s+1)

65



extremally polarized solitons

spin-s fields as dark matter

Q

Klein-Gordon (s =0) 57
,GE) 5 2s+1 component .
% .+ Proca (s =/1) non-relativistic limit @+ _ s+1 solitons
= >  Schrodinger
= a¥

Fierz-Pauli ' (s = 2)

spin multiplicity A = 0 1 2

macroscopic spin Siot / h = \N?Z%

N = 4 of particles in soliton

66 Jain & MA (2021)



summary so far

reduced wave interference

- dynamical heating, lensing, nucleation
times, core-halo relation ...

solitons & spin

-
- polarized emission, compactness ...

67



summary so far

reduced wave interference

- dynamical heating, lensing, nucleation
times, core-halo relation ...

solitons & spin

-
- polarized emission, compactness ...

initial conditions+growth of structure

63
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production mechanisms

* for simplicity focus on spin-0 first
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inflationary vs. post-inflationary

71 reviews for axions: by O’hare (2403.17697)



eg. axions with PQ before inflation

inflaton just at end of inf.

p(ti,x) % significant zero mode
< (aH)™* > < (aH)™* >
©(ti,X)  *insignificant zero mode

I

f

<

AM ATV

ViV

(aH)™

l

ALV
V

| ‘ ‘ ‘ ‘“ “‘ [\ o] 4 . e&- axions with PQ after inflation

" ! \/ ' ! ' field after inflation fragmentation

>

72



(aH)™ - | (aH)™!

gp(t@', X)

l‘ A”l“ A‘lu l““
SR

(aH)™

ﬂu

| yyv'

,u
V

76 *quantitatively, warmth will depend on parameters



cold & quiet wave dark matter

X
k?° .
3 Ps(t,k)  cold & quiet wave DM
-
PN Wave-dynamical Jeans — “quantum”
-1 m
kj ~ 200 Mpc 10-19 oV

74 Hu, Barkana & Gruzinov (2000)



warm & noisy wave dark matter

MA & Mirbabayi (2211.09775)
s MA, May & Mirbabayi (2506.12131) 78



warm & noisy wave dark matter

«—> k*_l T ~
amn

free-streaming Jeans .
free-streaming

—1
e () ~ 10 Mpc—" ( m ) (1()3Mpc )

10-19 eV k.

Jeans
1 m 102 Mpc ™!
ka(deq) ~ 50Mpe (10—19 eV) < k.
oé\c’e
102 10! 10° 101 102 103 104 : s"o(\
Q07 (k/ky)®, ki 2 103Mpc~?
k[Mpe ] ’ ~

MA & Mirbabayi (2211.09775)

-6 MA, May & Mirbabayi (2506.12131)79



field power spectrum of noisy cosmological fields

non-gravitational production after inflation (“causal”)

phase transitions

- axion-like fields (including QCD)

resonant /tachyonic energy transfer from fields, defects eg. strings ’\/\/\M/\/\]\ﬁ J\[\/V\,\/\[V\\/\A/\I\

also works for thermal production, but nothing new there *

inflationary gravitational particle production

- eg. dark photon dark matter

i 80



initial conditions

A gy

1. small length scale “isocurvature” component

2. larger scale adiabatic component

k?)
—— Ps(t, k

=

éaH

e

S 7~ |

Q v d |

| |
.%O | (k/kwn) \

adiabatic

k* ™ kwn

78

k —

8l



density evolution during radiation domination

o ] / ” 1 - - -
- \ - i L o - v
J S ) o- \ 4 re - : . 07 "hee!. ;’ (o‘

Klein Gordon field simulations with Siyang Ling 82



density evolution during radiation domination
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free streaming — numerical

0 (averaged over an axis)

. ' ‘ %ﬂ ‘ .
10— v ——r—— ' ——
; ° — |Initial 3
mt_OO E — Currenti
15'
"k 0.100F ]
N ; :
<¢° .
oz 0.010
0.001
10_4 3 ISP R N o | g i Plam— P 5 S x A,
0.005 0.010 0.050 0.100 0.500
k \
a;m

Ling & MA (2023) 84



density evolution during matter domination

kS
—P
on2 0

s K3
—— Ps(t, k
27_‘_2 5( Y )

adiabatic

82 Schrodinger Poisson simulations with S. May



evolution of the matter power spectrum

white noise

free-streaming ' ke —
——Ps(t, k PO\ \
V2 5( ’ ) g \ \}Sq@ \\
adiabatic \ O \
k
Jeans ! e ~ R




the lower bound on wave DM mass

MMWWW

Then in density power spectrum:

1. 'white-noise excess
2. free-streaming suppression

1. and 2. not seen for k£ < k. ps ~ 10 Mpc_1

| MA & Mirbabayi (2022/24)
m z 1019 eV 2211.09775

and see Long & Venegas (2024), Liu, Hu, Xiao (2024/25) 87



comparison with literature

m > 1 x 10721 eV Banik et. al (2019) — Streams

m >3 x 10721 eV Nadler et. al (2021) — MW satellites

m 2 2 X 102V Rogers and Peiris (2021) — Lya

m > 4 x 107t eV Powell et. al (2023) — lensing

m > 3 X 1012V Dalal & Kravtsov (2022) — dynamical heating

+May, Dalal & Kravtsov (2025)

m > 10" eV MA & Mirbabayi (2022/24)

* constraints come from different observations and assumptions about production mechanisms, compare with care.

* For thermal production, bound is ~ few keV — why the difference ? — Ask me. 88
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also see Long & Venegas (2024)



from MWV satelites

103 10% 10° 109 107
k. [Mpc™']

Nadler et. al (2605.15371) 9



key input and output




how is the calculation done?

.P
k — 9



2-pt density correlation function = 4 pt field corr. func.

A

10p Y = v+ ma* P
2m
4G ~
Vi@ = ——(p—p), p=ml
dn = a *dt

.P
k — 93



power spectrum evolution

T
= b C
Ps(n, k) = Ps(no, k) + 3H§ / dn'a(g )T (0, YT (0, ')
70
) S (2 3H2 ' / S
T (n,m0) = T2 (1, 10) - 20/ dn'a(n YT (n, YT (', o) i=b,c
710

pure free-streaming  gravitational clustering (with free-streaming)

fs(b 2m . k2 _ —iM !
T (n, n)—psm zm(" ) /f(zv)6 m (171,
- D

15 ) = | £llp+ /2 F (1 — /2 50
p

A2 = (S37G/3)p  Awfp) = (—im/k?) [f(Ip+ k/2]) — f(p — k/2])] 94



generality of the framework

https://github.com/mustafaaamin/warm-and-random

9 - works for point particles, solitons and fields
with arbitrary initial spectra

- includes effects of oo v ot (not

+ captured by CLASS, AxiCAMB etc.)*

@ @

*0 @ %% @0 " - works for arbitrary # of components
9 - can include non-gravitational interactions™

[ \W\ AL 7 N

2211.09775, 2408.05591, 2503.20881, 2506.12131, 2510.15046, 2510.17977

with Delos, Ling, May, Mirbabayi & Yang

92 recently applied to high-redshift obs. by Gorghetto et. al (2025), Niemeyer & Kulkarni (in progress)


https://arxiv.org/abs/2211.09775
https://arxiv.org/abs/2408.05591
https://arxiv.org/abs/2503.20881
https://arxiv.org/abs/2506.12131
https://arxiv.org/abs/2510.15046

honlinear structures

white noise

free-streaming ' k —
I \

.3 - e \
— Ps(t, k o>
V2 5( ’ ) : \ \}:&q‘b" \

adiabatic \ \

k
Jeans ’ i ~ K




comparison with simulations

*solid curves are ‘analytic’ results

107 E
10‘1§ =
2 : -
S 1072 Y=0/0eq -
AS P m30.
. |k _3; m 10. :
< | 5 10 - . ?
: . -
10_4§ m 0.31 =
- mo.12 -
10_5: m 0.0068

101 104

-1
MA, May, Mirbabayi (2506.12131) k [Mpc™]




early nonlinear structure formation

halos-+solitons at z > 100

- [00hRkpe MA, May, Mirbabayi (2506.12131) ¢g



solitons — when do they form, in what fraction ?

MA, May, Mirbabayi (2025) |

* can be order unity fraction of mass in collapsed objects, at least at early times. r / kpc

% MA, May, Mirbabayi (2506.12131)



we can “predict” the halo mass function

100 h;l kpe

MA, May, Mirbabayi (2506.12131)



I”’ .

simulations

scalars and vectors — ““cosmologica

100 hjl kper

MA, May & Mirbabayi (2025) Gorghetto, Hardy, March-Russell, Song & West (2022)

vectors

scalars



production mechanism ultralight vectors

solitons, DM abundance 7

arg(o)

East & Huang (2022) o

100
a/a;

Zhang et. al (2025)
99



production mechanism + cosmology questions

production mechanisms for ultralight vectors post-inflation

mixed scalar and vectors

mass functions of halos, survival probability of solitons

baryons, connections to observables

100
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many things | did not discuss

pulsar timing arrays, gravitational waves

more on non-gravitational self-interactions (~ Hai-Bo Yu’s talk)

conversions around compact objects

the classical vs. quantum nature of wave DM

102



summary

reduced wave interference

- dynamical heating, lensing, nucleation
times, core-halo relation ...

solitons & spin

- polarized emission, compactness ...

initial conditions+growth of structure

- free-streaming suppression+enhancement,

mass bound, very early growth of structure
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