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Figure 6: The left panel shows the magnitude of the spin density at the end of the simulation, whereas
the zoomed inset shows the vector spin density in the central core. The time-averaged spin vector per
boson in the core (within 2rc) is shown in the middle, along with its typical precession around the mean
over a de-Broglie time scale. We take the smallness of the variation to be a sign that we have a central
soliton in this case. The top panel of the rightmost plot shows a correlation between the initial spin per
boson in our simulation (which is conserved) and the final spin per boson in the core. The red points
are ensemble mean of the magnitude of the time-averaged vector spin in the core, where the ensemble
consists of similar initial spin/boson simulations. The error bars show a 90% confidence interval within
this ensemble. The bottom panel shows the ensemble mean and standard deviation of the precession
of the core spin. We caution that there might be a core, but not necessarily a soliton present at the
centre in some of the cases. Note that a significant spin density in the core can be generated even at
small initial values of the total spin.

gular momentum) in the non-relativistic limit, the halo carries the rest of the spin (with an
opposite sign).

5 Observational Implications

We discuss three application areas of VDM to astrophysical observations of interest, and future
areas of study.

5.1 Dark matter substructure and dynamical heating

Density fluctuations resulting from wave interference in ultralight dark matter can dynamically
heat the old stellar population in the Milky Way, thickening the scale height of its disk-like
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Figure4:Ontheleft,isthetimeevolutionofthedimensionlesspowerspectrumofDMdensity
perturbations.TheseareadaptedfrommyLecture19inLectureNotes,Spring2017/19.We
startfromthetimewhenallthemodesofinterestareoutsidethehorizon(a=ai),thena=aeq,
aeq<a<1andfinallytoday.Therightmostpanelshowsdataplottedonthisderivedshape,
andisadaptedfrom[28].

2.3.3PowerSpectrumToday(linear)

Evaluatingthepowerspectrumtoday(atoday=1)usingtheabovesolutionfortheevolution
yields

�2

�m(atoday,k)⇠k
3
P�m(ain,k)a

�2

eq

(
[ln(k/keq)]2k�keq,

(k/keq)
4

k⌧keq,
(2.12)

whichexplainsthek
4and[lnk]2dependencesshowninFig.4,assumingk

3
P�m(ain,k)⇠const.

Thisisthedesiredshapeofthematterpowerspectrum,andshouldbecomparedtoobserva-
tions.5

5Apersonalnote:Ifondlyrememebercomingupwiththiswayofderivingtheshapeofthematterpower
spectrumasagraduatestudentmyself,somethingthatwasnotcleartomefromthetextbooksatthattime
(theydiditdi↵erently,whichwasofcoursefinetoo).ItwasthefirsttimeIfeltthatIcouldderivesomethingin
cosmology,andthenitbecameahabittotryandheuristicallyderiveanyimportantcurveincosmology.Inow
alwaysincorporateitinmyownteaching,seeLecture19inLectureNotes,Spring2017/19,whichiswhatIam
doingherealso!
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how spin can effect small scale structure in wave DM

initial conditions+growth of structure

wave interference

Bose effects

solitons+halo profiles

interactions
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spin-0 (scalar) and spin-1(vector) models
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scalar = spin-0 wave dark matter

+ non-grav, interactions 

* assuming classical fields

* can be a QCD axion, can be string-theory axions or some generic axion-like particle 13



non-relativistic limit

scalar = spin-0 wave dark matter

split in “fast” and “slow” parts 

+ non-grav, interactions 

Salehian, Zhang, MA, Kaiser & Namjoo (2104.10128)
Namjoo, Guth & Kaiser (1712.00445)
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Figure 2 | A slice of the density field of the  DM simulation on various
scales at z=0.1. This scaled sequence (each of thickness 60 pc) shows
how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to
the granular structure inside the haloes. Distinct solitonic cores with radii
⇠0.3–1.6kpc are found within collapsed haloes (which have virial masses
Mvir ⇠ 109˘1011 M�). The density shown here spans over nine orders of
magnitude, from 10�1 to 108 (normalized to the cosmic mean density). The
colour map scales logarithmically, with cyan corresponding to density .10.

giving rise to a co-moving Jeans length, �J / (1+z)1/4m�1/2
B , during

the matter-dominated epoch17. The insensitivity of �J to redshift, z ,
generates a sharp cuto�mass belowwhich structures are suppressed.
Cosmological simulations in this context turn out to be much
more challenging than standard N-body simulations, as the highest
frequency oscillations, !, given approximately by the matter wave
dispersion relation, ! /m�1

B �
�2, where � is the wavelength, occur

on the smallest scales, requiring very fine temporal resolution even
formoderate spatial resolution (Supplementary Fig. 1). In this work,
we optimize an adaptive-mesh-refinement (AMR) scheme, with
graphic processing unit acceleration, improving performance by
almost two orders of magnitude22 (see Supplementary Section 1
for details).

Figure 1 demonstrates that despite the completely di�erent
calculations employed, the pattern of filaments and voids generated
by a conventional N-body particle3CDM simulation is remarkably
indistinguishable from the wavelike 3 DM for the same linear
power spectrum (Supplementary Fig. 3). Here 3 represents the
cosmological constant. This agreement is desirable given the
success of standard 3CDM in describing the statistics of large-scale
structure. To examine the wave nature that distinguishes DM from
CDM on small scales, we re-simulate with a very high maximum
resolution of 60 pc for a 2 Mpc co-moving box, so that the densest
objects formed of &300 pc size are well resolved with ⇠103 grids. A
slice through this box is shown in Fig. 2, revealing fine interference
fringes defining long filaments, with tangential fringes near the
boundaries of virialized objects, where the de Broglie wavelengths
depend on the local velocity of matter. An unexpected feature of
our DMsimulations is the generation of prominent dense coherent
standing waves of dark matter in the centre of every gravitational
bound object, forming a flat core with a sharp boundary (Figs 2
and 3). These dark matter cores grow as material is accreted and
are surrounded by virialized haloes of material with fine-scale,
large-amplitude cellular interference, which continuously fluctuate
in density and velocity, generating quantum and turbulent pressure
support against gravity.

The central density profiles of all our collapsed cores fit well
the stable soliton solution of the Schrödinger–Poisson equation, as
shown in Fig. 3 (see also Supplementary Section 2 and Figs 2 and 4).
On the other hand, except for the lightest halo, which has just formed
and is not yet virialized, the outer profiles of other haloes possess a
steepening logarithmic slope, similar to the Navarro–Frenk–White

10−1

101

102

104

103

(r
)/

〈
〉

106

107

108

dSph

NFW

10−1 100
105

100 101 102

r (kpc)

108

107

106

ρ
ρ

Figure 3 | Radial density profiles of haloes formed in the  DMmodel.
Dashed lines with various symbols show six examples of the halo profiles
normalized to the cosmic mean density. All haloes are found to possess a
distinct inner core fitted extremely well by the soliton solution (solid lines).
A detailed soliton fit for the largest halo is inset, where the error is the root-
mean-square scatter of density in each radial bin. A Navarro–Frenk–White
(NFW) profile representing standard CDM is also shown for comparison
(black dot-dashed line, with a very large scale radius of 10kpc), which fits
well the profiles outside the cores. The yellow hatched area indicates the
⇢300 of the dSph satellites around the Milky Way3,24, which is consistent
with the majority of galaxy haloes formed in the  DM simulations.

(NFW) profile23 of standard CDM. These solitonic cores, which are
gravitationally self-bound and appear as additional mass clumps
superposed on the NFW profile, are clearly distinct from the cores
formed by WDM and collisional CDM, which truncate the NFW
cuspy inner profile at lower values and require an external halo for
confinement. The radius of the soliton scales inversely with mass,
such that the widest cores are the least massive and are hosted by the
least massive galaxies. Eighty percent of the haloes in the simulation
have an average density within 300 pc (defined as ⇢300) in the range
5.3⇥ 10�3–6.1⇥ 10�1 M�/pc3, consistent with the dSph satellites
around the Milky Way3,24, and objects like these are resilient to
close interaction with massive galaxies. By contrast, the very lowest
mass objects in our simulation have ⇢300 ⇠ 4.0⇥ 10�4 M�/pc3 and
Mvir ⇠108 M�, but exist only briefly as they are vulnerable to tidal
disruption by large galaxies in our simulations. Together with the
cuto� in the power spectrum at the Jeans scale (Supplementary
Fig. 3), this leads to a marked suppression of substructure below
a few times 108 M� relative to the prediction of standard CDM
(refs 8,9). A quantitative evaluation of the mass function of satellite
galaxies predicted by  DM with larger simulations is thus another
crucial test to be addressed.

The prominent solitonic cores uncovered in our simulations
provide an opportunity to estimate the boson mass, mB, by
comparison with observations, particularly for dSph galaxies where
dark matter dominates. The local Fornax dSph galaxy is the best
studied case, with thousands of stellar velocity measurements,
allowing a detailed comparison with our soliton mass profile.
We perform a Jeans analysis for the dominant intermediate
metallicity stellar population, which exhibits a nearly uniform
projected velocity dispersion (�k; ref. 25). We simultaneously
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scales at z=0.1. This scaled sequence (each of thickness 60 pc) shows
how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to
the granular structure inside the haloes. Distinct solitonic cores with radii
⇠0.3–1.6kpc are found within collapsed haloes (which have virial masses
Mvir ⇠ 109˘1011 M�). The density shown here spans over nine orders of
magnitude, from 10�1 to 108 (normalized to the cosmic mean density). The
colour map scales logarithmically, with cyan corresponding to density .10.

giving rise to a co-moving Jeans length, �J / (1+z)1/4m�1/2
B , during

the matter-dominated epoch17. The insensitivity of �J to redshift, z ,
generates a sharp cuto�mass belowwhich structures are suppressed.
Cosmological simulations in this context turn out to be much
more challenging than standard N-body simulations, as the highest
frequency oscillations, !, given approximately by the matter wave
dispersion relation, ! /m�1
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�2, where � is the wavelength, occur

on the smallest scales, requiring very fine temporal resolution even
formoderate spatial resolution (Supplementary Fig. 1). In this work,
we optimize an adaptive-mesh-refinement (AMR) scheme, with
graphic processing unit acceleration, improving performance by
almost two orders of magnitude22 (see Supplementary Section 1
for details).

Figure 1 demonstrates that despite the completely di�erent
calculations employed, the pattern of filaments and voids generated
by a conventional N-body particle3CDM simulation is remarkably
indistinguishable from the wavelike 3 DM for the same linear
power spectrum (Supplementary Fig. 3). Here 3 represents the
cosmological constant. This agreement is desirable given the
success of standard 3CDM in describing the statistics of large-scale
structure. To examine the wave nature that distinguishes DM from
CDM on small scales, we re-simulate with a very high maximum
resolution of 60 pc for a 2 Mpc co-moving box, so that the densest
objects formed of &300 pc size are well resolved with ⇠103 grids. A
slice through this box is shown in Fig. 2, revealing fine interference
fringes defining long filaments, with tangential fringes near the
boundaries of virialized objects, where the de Broglie wavelengths
depend on the local velocity of matter. An unexpected feature of
our DMsimulations is the generation of prominent dense coherent
standing waves of dark matter in the centre of every gravitational
bound object, forming a flat core with a sharp boundary (Figs 2
and 3). These dark matter cores grow as material is accreted and
are surrounded by virialized haloes of material with fine-scale,
large-amplitude cellular interference, which continuously fluctuate
in density and velocity, generating quantum and turbulent pressure
support against gravity.

The central density profiles of all our collapsed cores fit well
the stable soliton solution of the Schrödinger–Poisson equation, as
shown in Fig. 3 (see also Supplementary Section 2 and Figs 2 and 4).
On the other hand, except for the lightest halo, which has just formed
and is not yet virialized, the outer profiles of other haloes possess a
steepening logarithmic slope, similar to the Navarro–Frenk–White
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Dashed lines with various symbols show six examples of the halo profiles
normalized to the cosmic mean density. All haloes are found to possess a
distinct inner core fitted extremely well by the soliton solution (solid lines).
A detailed soliton fit for the largest halo is inset, where the error is the root-
mean-square scatter of density in each radial bin. A Navarro–Frenk–White
(NFW) profile representing standard CDM is also shown for comparison
(black dot-dashed line, with a very large scale radius of 10kpc), which fits
well the profiles outside the cores. The yellow hatched area indicates the
⇢300 of the dSph satellites around the Milky Way3,24, which is consistent
with the majority of galaxy haloes formed in the  DM simulations.

(NFW) profile23 of standard CDM. These solitonic cores, which are
gravitationally self-bound and appear as additional mass clumps
superposed on the NFW profile, are clearly distinct from the cores
formed by WDM and collisional CDM, which truncate the NFW
cuspy inner profile at lower values and require an external halo for
confinement. The radius of the soliton scales inversely with mass,
such that the widest cores are the least massive and are hosted by the
least massive galaxies. Eighty percent of the haloes in the simulation
have an average density within 300 pc (defined as ⇢300) in the range
5.3⇥ 10�3–6.1⇥ 10�1 M�/pc3, consistent with the dSph satellites
around the Milky Way3,24, and objects like these are resilient to
close interaction with massive galaxies. By contrast, the very lowest
mass objects in our simulation have ⇢300 ⇠ 4.0⇥ 10�4 M�/pc3 and
Mvir ⇠108 M�, but exist only briefly as they are vulnerable to tidal
disruption by large galaxies in our simulations. Together with the
cuto� in the power spectrum at the Jeans scale (Supplementary
Fig. 3), this leads to a marked suppression of substructure below
a few times 108 M� relative to the prediction of standard CDM
(refs 8,9). A quantitative evaluation of the mass function of satellite
galaxies predicted by  DM with larger simulations is thus another
crucial test to be addressed.

The prominent solitonic cores uncovered in our simulations
provide an opportunity to estimate the boson mass, mB, by
comparison with observations, particularly for dSph galaxies where
dark matter dominates. The local Fornax dSph galaxy is the best
studied case, with thousands of stellar velocity measurements,
allowing a detailed comparison with our soliton mass profile.
We perform a Jeans analysis for the dominant intermediate
metallicity stellar population, which exhibits a nearly uniform
projected velocity dispersion (�k; ref. 25). We simultaneously
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Figure 2 | A slice of the density field of the  DM simulation on various
scales at z=0.1. This scaled sequence (each of thickness 60 pc) shows
how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to
the granular structure inside the haloes. Distinct solitonic cores with radii
⇠0.3–1.6kpc are found within collapsed haloes (which have virial masses
Mvir ⇠ 109˘1011 M�). The density shown here spans over nine orders of
magnitude, from 10�1 to 108 (normalized to the cosmic mean density). The
colour map scales logarithmically, with cyan corresponding to density .10.

giving rise to a co-moving Jeans length, �J / (1+z)1/4m�1/2
B , during

the matter-dominated epoch17. The insensitivity of �J to redshift, z ,
generates a sharp cuto�mass belowwhich structures are suppressed.
Cosmological simulations in this context turn out to be much
more challenging than standard N-body simulations, as the highest
frequency oscillations, !, given approximately by the matter wave
dispersion relation, ! /m�1
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�2, where � is the wavelength, occur

on the smallest scales, requiring very fine temporal resolution even
formoderate spatial resolution (Supplementary Fig. 1). In this work,
we optimize an adaptive-mesh-refinement (AMR) scheme, with
graphic processing unit acceleration, improving performance by
almost two orders of magnitude22 (see Supplementary Section 1
for details).

Figure 1 demonstrates that despite the completely di�erent
calculations employed, the pattern of filaments and voids generated
by a conventional N-body particle3CDM simulation is remarkably
indistinguishable from the wavelike 3 DM for the same linear
power spectrum (Supplementary Fig. 3). Here 3 represents the
cosmological constant. This agreement is desirable given the
success of standard 3CDM in describing the statistics of large-scale
structure. To examine the wave nature that distinguishes DM from
CDM on small scales, we re-simulate with a very high maximum
resolution of 60 pc for a 2 Mpc co-moving box, so that the densest
objects formed of &300 pc size are well resolved with ⇠103 grids. A
slice through this box is shown in Fig. 2, revealing fine interference
fringes defining long filaments, with tangential fringes near the
boundaries of virialized objects, where the de Broglie wavelengths
depend on the local velocity of matter. An unexpected feature of
our DMsimulations is the generation of prominent dense coherent
standing waves of dark matter in the centre of every gravitational
bound object, forming a flat core with a sharp boundary (Figs 2
and 3). These dark matter cores grow as material is accreted and
are surrounded by virialized haloes of material with fine-scale,
large-amplitude cellular interference, which continuously fluctuate
in density and velocity, generating quantum and turbulent pressure
support against gravity.

The central density profiles of all our collapsed cores fit well
the stable soliton solution of the Schrödinger–Poisson equation, as
shown in Fig. 3 (see also Supplementary Section 2 and Figs 2 and 4).
On the other hand, except for the lightest halo, which has just formed
and is not yet virialized, the outer profiles of other haloes possess a
steepening logarithmic slope, similar to the Navarro–Frenk–White
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Figure 3 | Radial density profiles of haloes formed in the  DMmodel.
Dashed lines with various symbols show six examples of the halo profiles
normalized to the cosmic mean density. All haloes are found to possess a
distinct inner core fitted extremely well by the soliton solution (solid lines).
A detailed soliton fit for the largest halo is inset, where the error is the root-
mean-square scatter of density in each radial bin. A Navarro–Frenk–White
(NFW) profile representing standard CDM is also shown for comparison
(black dot-dashed line, with a very large scale radius of 10kpc), which fits
well the profiles outside the cores. The yellow hatched area indicates the
⇢300 of the dSph satellites around the Milky Way3,24, which is consistent
with the majority of galaxy haloes formed in the  DM simulations.

(NFW) profile23 of standard CDM. These solitonic cores, which are
gravitationally self-bound and appear as additional mass clumps
superposed on the NFW profile, are clearly distinct from the cores
formed by WDM and collisional CDM, which truncate the NFW
cuspy inner profile at lower values and require an external halo for
confinement. The radius of the soliton scales inversely with mass,
such that the widest cores are the least massive and are hosted by the
least massive galaxies. Eighty percent of the haloes in the simulation
have an average density within 300 pc (defined as ⇢300) in the range
5.3⇥ 10�3–6.1⇥ 10�1 M�/pc3, consistent with the dSph satellites
around the Milky Way3,24, and objects like these are resilient to
close interaction with massive galaxies. By contrast, the very lowest
mass objects in our simulation have ⇢300 ⇠ 4.0⇥ 10�4 M�/pc3 and
Mvir ⇠108 M�, but exist only briefly as they are vulnerable to tidal
disruption by large galaxies in our simulations. Together with the
cuto� in the power spectrum at the Jeans scale (Supplementary
Fig. 3), this leads to a marked suppression of substructure below
a few times 108 M� relative to the prediction of standard CDM
(refs 8,9). A quantitative evaluation of the mass function of satellite
galaxies predicted by  DM with larger simulations is thus another
crucial test to be addressed.

The prominent solitonic cores uncovered in our simulations
provide an opportunity to estimate the boson mass, mB, by
comparison with observations, particularly for dSph galaxies where
dark matter dominates. The local Fornax dSph galaxy is the best
studied case, with thousands of stellar velocity measurements,
allowing a detailed comparison with our soliton mass profile.
We perform a Jeans analysis for the dominant intermediate
metallicity stellar population, which exhibits a nearly uniform
projected velocity dispersion (�k; ref. 25). We simultaneously
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+ non-grav, interactions 

Xµ⌫ = rµX⌫ �r⌫Xµ

vector = spin-1 wave dark matter

* assuming classical fields

* inflationary production (Graham et. al), or post-inflationary (Agrawal et. al) 16



non-relativistic limit

split in “fast” and “slow” parts 

Xµ⌫ = rµX⌫ �r⌫Xµ

vector = spin-1 wave dark matter

Adshead & Lozanov (2101.07265)
 Jain & MA (2109.04892)

Spin - 1
Spin - 2s+1

Schrodinger-Poisson system

+ non-grav, interactions 



and the corresponding multi-component Schrödinger-Poisson (SP) system of equations of mo-
tion:1

i~ @
@t
 = �

~2
2m

r
2 +m� , r

2� = 4⇡Gm † . (2.4)

This is our master equation that we work with throughout this work. We re-iterate that  a
complex 3-tuple with components [ ]i =  i with i = 1, 2, 3 and  † =

P3
i=1 | i|

2. For scalar
dark matter, we have a single component field (which leads to the “usual” Schrödinger-Poisson
system). For a generalization to the spin-s case, see [20].

2.1.1 Conserved Quantities

Note that in our convention the number density, mass density, and spin density are

N (t,x) =  † , ⇢(t,x) = m † , and s = i~ ⇥ †. (2.5)

The conserved quantities associated with our non-relativistic VDM are:

N =

Z
d3x † , and M = mN, (particle number and rest mass) (2.6)
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r ⇥ x
�
. (orbital angular momentum) (2.9)

Note that spin and orbital angular momentum are separately conserved in the non-relativistic
system. Importantly, by definition, spin angular momentum is identically zero for SDM (but
not VDM). For details of the non-relativistic action and conserved quantities for a general spin-s
bosonic field (including VDM) see [20].

2.1.2 Fluid equations

We can also transform our multicomponent SP system eq. (2.4) into a set of three, coupled fluid
equations (following the Madelung transform commonly used in SDM [22]). With the following
field re-definition,  j =

p
⇢j/meiSj , and defining the velocity ui = ~rSi/m, we have

@⇢j
@t

+r · (⇢juj) = 0 ,
@uj

@t
+ (uj ·r)uj =

1

m
r(Qj �m�), where j = 1, 2, 3 (2.10)

1To include the e↵ects of Hubble expansion, simply replace r ! r/a and @t ! @t + 3H/2 where a is the
scalefactor and H = ȧ/a.
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complex 3-tuple with components [ ]i =  i with i = 1, 2, 3 and  † =
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2. For scalar
dark matter, we have a single component field (which leads to the “usual” Schrödinger-Poisson
system). For a generalization to the spin-s case, see [20].

2.1.1 Conserved Quantities

Note that in our convention the number density, mass density, and spin density are

N (t,x) =  † , ⇢(t,x) = m † , and s = i~ ⇥ †. (2.5)

The conserved quantities associated with our non-relativistic VDM are:

N =
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Note that spin and orbital angular momentum are separately conserved in the non-relativistic
system. Importantly, by definition, spin angular momentum is identically zero for SDM (but
not VDM). For details of the non-relativistic action and conserved quantities for a general spin-s
bosonic field (including VDM) see [20].

2.1.2 Fluid equations

We can also transform our multicomponent SP system eq. (2.4) into a set of three, coupled fluid
equations (following the Madelung transform commonly used in SDM [22]). With the following
field re-definition,  j =

p
⇢j/meiSj , and defining the velocity ui = ~rSi/m, we have
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r(Qj �m�), where j = 1, 2, 3 (2.10)

1To include the e↵ects of Hubble expansion, simply replace r ! r/a and @t ! @t + 3H/2 where a is the
scalefactor and H = ȧ/a.
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and the corresponding multi-component Schrödinger-Poisson (SP) system of equations of mo-
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This is our master equation that we work with throughout this work. We re-iterate that  a
complex 3-tuple with components [ ]i =  i with i = 1, 2, 3 and  † =

P3
i=1 | i|

2. For scalar
dark matter, we have a single component field (which leads to the “usual” Schrödinger-Poisson
system). For a generalization to the spin-s case, see [20].

2.1.1 Conserved Quantities

Note that in our convention the number density, mass density, and spin density are

N (t,x) =  † , ⇢(t,x) = m † , and s = i~ ⇥ †. (2.5)

The conserved quantities associated with our non-relativistic VDM are:

N =
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Note that spin and orbital angular momentum are separately conserved in the non-relativistic
system. Importantly, by definition, spin angular momentum is identically zero for SDM (but
not VDM). For details of the non-relativistic action and conserved quantities for a general spin-s
bosonic field (including VDM) see [20].

2.1.2 Fluid equations

We can also transform our multicomponent SP system eq. (2.4) into a set of three, coupled fluid
equations (following the Madelung transform commonly used in SDM [22]). With the following
field re-definition,  j =

p
⇢j/meiSj , and defining the velocity ui = ~rSi/m, we have
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This is our master equation that we work with throughout this work. We re-iterate that  a
complex 3-tuple with components [ ]i =  i with i = 1, 2, 3 and  † =

P3
i=1 | i|

2. For scalar
dark matter, we have a single component field (which leads to the “usual” Schrödinger-Poisson
system). For a generalization to the spin-s case, see [20].

2.1.1 Conserved Quantities

Note that in our convention the number density, mass density, and spin density are

N (t,x) =  † , ⇢(t,x) = m † , and s = i~ ⇥ †. (2.5)

The conserved quantities associated with our non-relativistic VDM are:

N =

Z
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Note that spin and orbital angular momentum are separately conserved in the non-relativistic
system. Importantly, by definition, spin angular momentum is identically zero for SDM (but
not VDM). For details of the non-relativistic action and conserved quantities for a general spin-s
bosonic field (including VDM) see [20].

2.1.2 Fluid equations

We can also transform our multicomponent SP system eq. (2.4) into a set of three, coupled fluid
equations (following the Madelung transform commonly used in SDM [22]). With the following
field re-definition,  j =

p
⇢j/meiSj , and defining the velocity ui = ~rSi/m, we have
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This is our master equation that we work with throughout this work. We re-iterate that  a
complex 3-tuple with components [ ]i =  i with i = 1, 2, 3 and  † =
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2. For scalar
dark matter, we have a single component field (which leads to the “usual” Schrödinger-Poisson
system). For a generalization to the spin-s case, see [20].

2.1.1 Conserved Quantities

Note that in our convention the number density, mass density, and spin density are

N (t,x) =  † , ⇢(t,x) = m † , and s = i~ ⇥ †. (2.5)

The conserved quantities associated with our non-relativistic VDM are:

N =
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d3x † , and M = mN, (particle number and rest mass) (2.6)
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Note that spin and orbital angular momentum are separately conserved in the non-relativistic
system. Importantly, by definition, spin angular momentum is identically zero for SDM (but
not VDM). For details of the non-relativistic action and conserved quantities for a general spin-s
bosonic field (including VDM) see [20].

2.1.2 Fluid equations

We can also transform our multicomponent SP system eq. (2.4) into a set of three, coupled fluid
equations (following the Madelung transform commonly used in SDM [22]). With the following
field re-definition,  j =

p
⇢j/meiSj , and defining the velocity ui = ~rSi/m, we have
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where Qj = (~2/2m)r2p⇢j/
p
⇢j. The spin density si = i(~/m2)✏ijk

p
⇢j⇢kei(Sj�Sk). The vortic-

ity for each of the three fluids !j = r ⇥ uj = 0 if ⇢j 6= 0. Note that zero vorticity does not
imply zero spin density. If !i 6= 0 for some fixed i (with !j 6=i = 0), then s = siî.

We numerically solve eq. (2.4), but the conservation/fluid equations can be useful in gaining
physical intuition for the behaviour of the system (including for example, vortices [12] in three
fluids.).

1To include the e↵ects of Hubble expansion, simply replace r ! r/a and @t ! @t + 3H/2 where a is the
scalefactor and H = ȧ/a.
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Figure 6: The left panel shows the magnitude of the spin density at the end of the simulation, whereas
the zoomed inset shows the vector spin density in the central core. The time-averaged spin vector per
boson in the core (within 2rc) is shown in the middle, along with its typical precession around the mean
over a de-Broglie time scale. We take the smallness of the variation to be a sign that we have a central
soliton in this case. The top panel of the rightmost plot shows a correlation between the initial spin per
boson in our simulation (which is conserved) and the final spin per boson in the core. The red points
are ensemble mean of the magnitude of the time-averaged vector spin in the core, where the ensemble
consists of similar initial spin/boson simulations. The error bars show a 90% confidence interval within
this ensemble. The bottom panel shows the ensemble mean and standard deviation of the precession
of the core spin. We caution that there might be a core, but not necessarily a soliton present at the
centre in some of the cases. Note that a significant spin density in the core can be generated even at
small initial values of the total spin.

gular momentum) in the non-relativistic limit, the halo carries the rest of the spin (with an
opposite sign).

5 Observational Implications

We discuss three application areas of VDM to astrophysical observations of interest, and future
areas of study.

5.1 Dark matter substructure and dynamical heating

Density fluctuations resulting from wave interference in ultralight dark matter can dynamically
heat the old stellar population in the Milky Way, thickening the scale height of its disk-like
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Figure 1: Starting with a collection of N = 21 solitons, we eventually evolve to an an approximately
spherically symmetric configuration with a central core surrounded by a halo. Top row is vector dark
matter (VDM), bottom row is scalar dark matter (SDM). For identical initial conditions in density,
the central core is less dense in VDM compared to SDM and the halo shows less interference in VDM
compared to SDM. The core to halo transition is also smoother in VDM compared to SDM. In the
above images, the color represents the projected mass density in simulation volume. Lighter colors
correspond to higher mass density.

note that that our fs ⇡ 0.61 is less than ⇡ 0.7 quoted in the literature [23], which could be
due to di↵erent ways in which the mass loss fraction is calculated as well as the initial relative
velocities used.

4 Many soliton mergers

We begin with N ⇠ O[10] solitons whose positions are chosen randomly within our simulation
volume. As we let the system evolve, gravitational interactions bring the solitons closer. Field
interference and nonlinear evolution leads to a complex transient phase, after which, the density
settles into an approximately spherically symmetric density configuration. The typical time-
scale of this transient phase is less than the dynamical time scale tdyn = 1/

p
G⇢̄ of our systen.
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Figure 1. Example surface mass density maps (^ , in units of the critical density ⌃2) with the model lensed images in orange contours (top row) and the
corresponding reconstructed source surface brightness maps (� , in units of the peak surface brightness �max; bottom row) for three random realizations of MG
J0751+2716 in an FDM cosmology. Critical curves and caustics are plotted in white. The lensing e�ect of the FDM granules is apparent: The critical curves
wiggle back and forth across the lensed arcs, which would require the presence of multiple images of the same region of the source along the arc. In the absence
of such features in the observed data, the morphology of the inferred source is disrupted as the model attempts to fit the observation.

form of a Gaussian random field with correlation length oj and a
position-dependent variance given by

hX^2
i =
oj

p
c

⌃2
2

π
d2

DM 3;, (2)

where the integral is along the line of sight, dDM is the smooth 3D
density profile of the dark matter component of the lens, ⌃2 is the
lensing critical surface mass density, and oj = \/(<jfE ) corre-
sponds to the (reduced) de Broglie wavelength of the dark matter
particle. In practice, we generate realizations of X^ by first generat-
ing a white noise field modulated by the variance in equation (2),
then correlating using a Gaussian kernel of width oj via an FFT-
based convolution. We then solve for the resulting perturbation to the
lensing potential X using another FFT.

The correlation length oj is inversely proportional to fE , the ve-
locity dispersion of the dark matter in the lens galaxy, which is a proxy
for the depth of the gravitational potential well in which the dark mat-
ter field resides. There are no resolved kinematic data on this lens
system, so it must be estimated using the Einstein radius of the lens.
Alloin et al. (2007) found fE = 101 km s�1, using a cored pseudo-
isothermal density profile. We derive fE = 108 km s�1, assuming
a singular isothermal profile. To accommodate this uncertainty, we
draw fE from a uniform prior between 100 and 110 km s�1 (see
Table 1).

An additional source of uncertainty in generating FDM lens real-
izations is the dark matter fraction in the lens, 5DM, which directly
determines the granule amplitude. Our composite smooth model
from Powell et al. (2022) gives a baryonic mass (measured within
the critical curve) of 8.6⇥109 M� . This number is in good agreement
with observations by the Hubble Space Telescope (HST) WFPC2 as
part of the CfA-Arizona Space Telescope LEns Survey (CASTLES)
project (e.g. Kochanek et al. 2000); a fit to the +- and �-band lens
galaxy photometry using �������� (Blanton & Roweis 2007) yields

a baryonic mass of 8.0⇥109 M� . The total projected mass of the lens
within the critical curve is set by the Einstein radius at 2.7⇥1010 M� .
Allowing for an uncertainty of ±0.2 dex in the baryonic mass, we
adopt a uniform prior on 5DM between 0.5 and 0.8 (see Table 1).
This prior range is consistent with dark matter fractions in massive
early-type lens galaxies studied by Oldham & Auger (2018).

We assume that all small-scale inhomogeneities in the lensing
convergence are produced by FDM granules in the lens itself. We do
not explicitly consider the e�ects of a central soliton core in the FDM
halo; such a core would be much smaller than the Einstein radius of
the lens (Schive et al. 2014; Chan et al. 2020), and would therefore be
absorbed in the smooth lens model. Unlike the analysis by Laroche
et al. (2022), we do not include subhalo or line-of-sight (LOS) halo
populations in our lens model. This choice is justified because in
the mass range of <j ⇠ 10�22 to 10�20.5 eV, in which our analysis
is most sensitive, an FDM cosmology cannot produce subhaloes or
LOS haloes that are highly concentrated or numerous enough to
mimic the signal of FDM granules (Schive et al. 2016; see also Fig.
5 of Laroche et al. 2022); indeed, any large-scale contribution to the
lens model by di�use low-mass haloes would already be accounted
for in the smooth model. The practical e�ects of excluding low-mass
haloes from our model are the loss of some sensitivity to <j and the
inability to place an upper bound on <j .

3 RESULTS

We show example convergence maps for three FDM lens realizations
with their corresponding maximum a-posteriori (MAP) source sur-
face brightness reconstructions in Fig. 1. For <j . 10�21 eV, the
critical curves (plotted in white) cross back and forth many times
across the lensed arcs. Such a configuration of critical curves would
imply the presence of many images of alternating parity along the arc

MNRAS 000, 1–5 (2019)
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Figure 3: Left panel (3a): Angle averaged late time central core+halo profiles for ⇠ 160 simulations
spanning a range of initial conditions including di↵erent total mass, initial number of solitons, locations
of solitons, phases and spins of solitons (i.e. ⌅ spans an order of magnitude). The radial coordinate
and density are normalized by rc and ⇢(r = 0) to highlight the di↵erences in profile shape of VDM and
SDM coalesced cores independent of the initial conditions. Solid lines indicate average over di↵erent
simulations, the shaded regions indicate the spread in all profiles. A marker at r/rc ⇡ 3.5 shows a
general transition between core/halo regions in both SDM and VDM scenarios. Right panel (3b): Final
radial density from 11 simulations (time averaged over roughly 1 period of radial oscillations of the
core), where the initial mass is narrowly distributed around Mtot = 2.3 ⇥ 105 M� ⇥ M5, the size of
the simulation volume is L = 100 kpc ⇥ (M5m

2
20)

�1 and the number of initial solitons was fixed at
21. Solitons in VDM are less dense, and wider than those in SDM for identical initial conditions. An
approximately ⇠ r

�3 power law is see for both SDM and VDM at large radii.

Beginning with N solitons of mass M i
sol each, and distributed randomly throughout the

box, the total energy is (scaled to yield a dimensionless scale-invariant measure ⌅)

⌅ ⌘
|Etot|

M3
tot(Gm/~)2 ⇡

1

M3
tot(Gm/~)2


N
G(M i

sol)
2

2Ri
sol

+ (1.88)N(N � 1)
G(M i

sol)
2

L

�
, (4.1)

⇡
1

20N2
. (4.2)

In the first line, L is the box size and Ri
sol ⌧ L is the initial solitons’ radius. In the last equality,

we have assumed that the first term in eq. (4.1) dominates over the second.4

4Note that R
i
sol ⌘ 9.95~2/(GM

i
solm

2) contains 99% of the soliton’s mass, and we also include gradient con-
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Figure 1: Starting with a collection of N = 21 solitons, we eventually evolve to an an approximately
spherically symmetric configuration with a central core surrounded by a halo. Top row is vector dark
matter (VDM), bottom row is scalar dark matter (SDM). For identical initial conditions in density,
the central core is less dense in VDM compared to SDM and the halo shows less interference in VDM
compared to SDM. The core to halo transition is also smoother in VDM compared to SDM. In the
above images, the color represents the projected mass density in simulation volume. Lighter colors
correspond to higher mass density.

note that that our fs ⇡ 0.61 is less than ⇡ 0.7 quoted in the literature [23], which could be
due to di↵erent ways in which the mass loss fraction is calculated as well as the initial relative
velocities used.

4 Many soliton mergers

We begin with N ⇠ O[10] solitons whose positions are chosen randomly within our simulation
volume. As we let the system evolve, gravitational interactions bring the solitons closer. Field
interference and nonlinear evolution leads to a complex transient phase, after which, the density
settles into an approximately spherically symmetric density configuration. The typical time-
scale of this transient phase is less than the dynamical time scale tdyn = 1/

p
G⇢̄ of our systen.

– 8 –
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interference effects and direct detection

Figure 1: At each spatial point with a coherence region of size 2⇡/mv0 (scale of interference

“granules”), the dark matter field A (orange vector) traces out an approximately fixed

ellipse (for 2⇡/mc2 = ⌧Comp ⌧ t ⌧ ⌧coh = 2⇡/mv20). These “random” ellipses change their

size and orientations on the coherence time scale and smoothly connect with each other

from one coherence region to another. For the duration of the measurement, we expect to

find ourselves within one such coherence region. The detection signal S(t) is proportional

to the dot product of the dark electric field E ' @tA and the detector orientation ⇣(t)

(green arrow). Also see Fig. 2. Snapshot of the actual simulated field—leftmost panel—

taken from [31].

where � is the noise power spectral density (PSD). Typically, A is an acceleration or a

force for accelerometer studies. With these definitions, the signal periodogram, normalised

by the noise PSD (which we call the excess power �), is given by

�(!) ⌘
P(!)

�2
=

�2

4

n ⇥
↵2
x + ↵2

y + 2↵x↵y sin('y � 'x)
⇤
cos2 � �!, s

+
⇥
↵2
x + ↵2

y � 2↵x↵y sin('y � 'x)
⇤
cos2 � �!, d

+ 4↵2
z sin

2 � �!,m
o
.

(2.9)

Here, we have defined the ‘sum’ and ‘di↵erence’ angular frequencies, s ⌘ m + !� and

d ⌘ m�!�, respectively. The �a, b are Kronecker delta functions over angular frequencies.

We note that � can be frequency dependent. This means that the expected noise PSD

within each signal-containing bin can be di↵erent. However, for the remainder of this work,

we take � to be approximately constant, which is a good approximation in the frequency

range of the signal, �! ⇠ !� ⌘ 2⇡/T� ⇡ 7.3⇥ 10�5Hz, where T� = 23.93 h is the Earth’s

– 7 –
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interference/polarization effects and direct detection
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Figure 4: The 90% CL limits (�lim) on the dimensionless parameter � ⌘
p

A2Tobs/(2�2)

(see Eq. (2.8)) derived from our MC analysis . We show the results of our three-peak

analysis and those of two single-peak analyses focusing on the Compton peak and on one

of the sum or di↵erence peaks. The shaded region indicates the 1� error bar on our three-

peak analysis. The dotted line indicates the latitude of Houston, which we use in Section 4.

Our three-peak analysis generally provides a better/comparable limit to either of the two

single-peak analyses and is largely latitude-independent.

analysis focusing on one of the sum or di↵erence peaks, the situation is the opposite. In

this case, the results of this and the three-peak methods do not converge since half the

power is contained in a single one of the sum or di↵erence peaks at the equator; the three-

peak analysis captures all of this power, whereas the single-peak analysis misses half of

the power. Thus, the strength of our analysis is that the constraining power is retained no

matter where an experiment is placed, such that its latitude is rendered largely irrelevant

from the viewpoint of constraining a ULDM signal.

We emphasize that the interpretation of Fig. 4 is as a set of exclusion lines whereby

background pseudodata is generated and the assumed DM signal strength is constrained.

The key point is that the level of this constraint depends on the assumption one makes

on the nature of the DM signal given a non-detection. Taking this signal to be only a

single peak in Fourier space then leads to constraints that are generally dependent on the

latitude of the experiment, rapidly weakening towards latitude extremes. On the other

hand, employing the full signal model consisting of three peaks yields stronger constraints

that are almost independent of the experiment placement.

– 14 –
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g B
�
L

Tobs > ⌧coh

Figure 5: The 90% CL limits on the B � L gauge coupling, gB�L, for ultralight

B � L DM placed by an optomechanical cavity setup using our statistical framework.

The limits using our three-peak analysis strategy (solid) for three resonance frequencies,

f0 = 1Hz, 10Hz and 100Hz are shown. Existing bounds from MICROSCOPE [89] and

Eöt-Wash [90] are shown in grey. The shaded region indicates where the observation time

Tobs = 10T� becomes greater than the coherence time, where our framework is no longer

valid. The top axis shows the Compton frequency for a given DM mass in Hz.

B � L-coupled DM,

gB�L =
�lim

a0�ij

r
2Saa

T
(4.12)

We show our limits in Fig. 5 for three choices of resonance frequency: 1Hz, 10Hz and

100Hz. For all but the last of these frequencies, we are able to exclude new regions of

the UDLM B � L parameter space, best excluded by the fifth-force satellite experiment

MICROSCOPE [89] and torsion-balance experiment Eöt-Wash [90]. This showcases the

power of such sensors in searching for this DM candidate, as was first pointed out in

Ref. [63]. In a single-peak analysis focusing solely on the Compton peak, our limits would

be weakened by approximately a factor of 2, as can be seen from Fig. 4. This di↵erence

becomes more dramatic for sensors located closer to the equator.

We only extend our limits to where they are appropriate. At the higher mass range,

we are limited by keeping our observation time shorter than the coherence time, Tobs ⌧

⌧coh ' 10 d (5⇥ 10�15 eV/m). At the lower mass range, we must keep our observation time

longer than a day (corresponding to m ' 5 ⇥ 10�20 eV) to be able to resolve the three

– 19 –

Throughout the above analysis, we assumed that the sensitivity axis pointed in the

zenith direction. However, we can relax this assumption and consider what our results

would look like if this axis pointed in some di↵erent direction, say for instance direc-

tions perpendicular to the zenith—namely, the East/West and North/South directions9. If

North/South-pointing, all of the curves in Fig. 4 would be flipped about the line � = 45�.

While the strongest limit for the Compton peak would now occur at the equator instead

of the pole (and vice versa for both the sum and di↵erence peaks), crucially we would

still retain a largely latitude-independent constraint for our three-peak analysis. This is

because, throughout the experiment, the directionality of the detector makes a cone, mak-

ing it sensitive to the vector DM power in all the three directions. If, instead, the axis

pointed towards the East/West, we would only see the sum and the di↵erence peaks. This

is because, throughout the experimental expedition, the directionality of the detector is

restricted to lie on a plane (which would necessarily be perpendicular to the rotation axis

of the Earth). Therefore, it is always insensitive to the power contained across the perpen-

dicular direction, which is tied to the standalone Compton peak. One final possibility is

when the directionality of the detector traces out a line throughout the experiment. This

is only possible when it points parallel to the Earth’s rotation axis (at any given latitude).

In this case, we would naturally be oblivious to the Earth’s rotation and hence to the sum

and di↵erence peaks, and we would only be able to resolve the Compton peak.

In summary, the best-case scenario is when the detector’s sensitivity axis traces out a

cone. In this case, we capture all the three peaks since we are sensitive to the vector DM

power across all three directions (Earth’s rotation axis and the two orthogonal directions).

4 Application to Accelerometer Studies

As an application of our analysis strategy, we consider a concrete sensor and DM model.

As our sensor, we take the canonical optomechanical light cavity, which can be used to

perform acceleration measurements by continuously measuring the distance between fixed

and movable cavity mirrors. As our model, we consider ‘dark photon’ DM stemming from

a gauged U(1)B�L symmetry, leading to wavelike DM in the ultralight regime that couples

to the di↵erence between baryon number, B, and lepton number, L. Gauging such a charge

is popular in the context of particle physics, since it naturally leads to the introduction of

right-handed neutrinos and, hence, can account for the non-zero neutrino masses [84–86].

For clarity, the Lagrangian reads

L � �
1

4
A0µ⌫A0

µ⌫ �
1

2
m2A0µA0

µ � gB�Lj
µ
B�LA

0
µ , (4.1)

where A0µ⌫
⌘ @µA0⌫

� @⌫A0µ is the field strength tensor for the new field, m is the mass of

the field, and jµB�L is the new vector current under this model. This current is given by

jµB�L =
X

f

Qf
B�Lf̄�

µf , (4.2)

9
Here we assume that the sensitivity axis of the detector is locally fixed with respect to the zenith.
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Random Linear Polarization: Some studies make the assumption of linear polarization;

i.e. the vector field oscillates along a line in a fixed direction with this direction chang-

ing randomly every coherence time (see for example [40, 68–70]). However, as we argued

above based on equipartition, an elliptical motion of the vector field is what one should

expect. Nevertheless, we note that a preference for linear (circular) polarization could

be generated by allowing for a non-gravitational attractive (repulsive) self-interaction [71–

73]. While these works argue for such a preference in isolated soliton-like configurations,

whether a significant preference for linear (circular) polarization within each coherence

patch can be achieved dynamically remains to be seen.

Fixed Direction: There could exist a misalignment production mechanism for vectors where

the entire observable Universe (or at least a large portion of it) has the vector field oscillat-

ing in a fixed direction [74, 75]. Such setups indeed lead to a fixed direction of oscillation

of the vector field (apart from randomly oriented small perturbations). This would be

distinct from the equipartition case we consider. However, there are di�culties associated

with their production mechanisms [76–78].

2.2 The Detector Signal

Let ⇣(t) be the “antenna” direction—the time series signal is then given by Ŝ(t) =

g ⇣(t) · Ê(t) ⇡ g ⇣(t) · @tÂ(t). Here, g is some overall coe�cient containing the coupling

constant and any other possible model parameters, and we have used the fact that the

produced dark electric field is approximately given by E ⇡ @tA in the non-relativistic

limit of the vector DM field. In this work, we will take the antenna to always point to-

wards the zenith; however, we will comment on this assumption in Section 3. With �

denoting the latitude (where � = 0� and � = 90� respectively correspond to the equa-

tor and poles), and !� denoting the angular rotation frequency of the Earth, we have

⇣(t) = (cos� cos(!�t), cos� sin(!�t), sin�)|. Then, the signal Ŝ(t) is

Ŝ(t)|T⌧⌧coh ⇡ g
p

2⇢/3
h
↵̂x cos� cos (mt+ '̂x) cos(!�t) + ↵̂y cos� cos (mt+ '̂y) sin(!�t)

+ ↵̂z sin� cos (mt+ '̂z)
i
. (2.6)

Ultimately, we perform our analysis in Fourier space, considering the (one-sided) peri-

odogram generated by Eq. (2.6). This is proportional to the mod-square of the discrete

Fourier transform of Ŝ(t) and is given by

P(!) ⌘ 2
(�t)2

Tobs

�����

N�1X

n=0

Ŝ(tn)e
i!n�t

�����

2

. (2.7)

Here, ! is the angular frequency, N is the number of points sampled in the time domain,

and �t ⌘ Tobs/N is the sampling frequency. The factor of two accounts for the ‘folding’ of

the result from negative angular frequencies to positive angular frequencies, producing the

one-sided periodogram that ignores the former. We define the dimensionless parameter

� ⌘

r
A2Tobs

2�2
, with A ⌘ g

p
2⇢/3 , (2.8)
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kinetic nucleation time scalescondensation in the kinetic regime 

5

FIG. 1. Top panel: Maximum density in the simulation vol-
ume as a function of time for scalar (s = 0), vector (s = 1)
and tensor fields (s = 2). The condensation time scales with
the number of components of the field as ⌧(s) ⇠ ⌧0⇥N , where
N = 2s + 1. The simulated data includes 14 simulations for
s = 0, 1, 2 each. For visual clarity, the output shown are sig-
nificantly under-sampled compared to what is available from
our simulations. Lower panels: In each row (corresponding
to scalar, vector and tensor fields respectively), the first two
panels show a projection of the mass density of the spin-s field
at initial and final times, while the third panel provides the
radial profile of the mass density (solid line is the expected
soliton profile) at the final time. Some simulation animations
are available here.

to �(s) = �0/(2s+1). The time of condensate nucleation
(within any component) is therefore estimated as

⌧(s) ⇠ ⌧0(2s+ 1) . (8)

To verify the above prediction, we have performed ⇠ 50
simulations for s = 0, 1 and 2 (corresponding to scalar,
vector and tensor wavelike dark matter). We provide
necessary details of the actual simulations in appendix C.
Fig. 1 shows our simulation results along with compar-

ison with analytics. The densities are normalized by
(�2m/

p
G)2, and length scales by 1/(m�).

For simulations, we take the condensation time to be
the time when there is a characteristic change in slope
(on a log-log scale) of the maximum density in the simu-
lation volume vs. time. Note that the ⌧0 used to normal-
ize the time axis in the top panel of Fig 1 is extracted
from simulations for the scalar case, chosen to highlight
the scaling of the condensation time with the number of
components.
The density in the box at initial times and after the

soliton is reasonably well formed (we decided this based
on a fixed density threshold ⇢̃max = 1) are also shown
in the lower panels. The soliton profile in total density
shows good agreement with theoretical expectations [9].
We also kept track of densities in individual components
of the fields. For the multicomponent cases (in particular
the tensor one), not all components have the same shape
of the density profile at the final snapshot shown. We
see an increasing approach to similar profile shapes as
time progresses and the agreement of the soliton profile
with the theoretically expected one improves. Note the
reduced interference e↵ects (seen as less contrast in the
colors, but the length scale of the patterns remains the
same) in the initial conditions or in the patterns away
from the soliton, as expected from [16]. The same phe-
nomenon was also seen in [21].
Furthermore, we calculate the spin densities (see [9,

16]) of the condensates at final times in the respective

FIG. 2. The simulation snapshots in the top and bottom
row show the initial and final projections of the magnitude of
the spin-density for vector and tensor cases respectively. The
rightmost column show the radial profile of the magnitude of
the spin density at the final time. Note that spin accumulates
with the density (compare with bottom two rows of Fig. 1).
Restoring factors of ~, the spin per boson in the simulation
volume is O(10�2)~, whereas in the core it concentrates to
O(1)~ . Unlike the magnitude of the radial spin density pro-
file, spin in the core and in the simulation volume is obtained
by vector summation of spin density at each location.

- nucleation time scale


�gr ⇠ (Gm/v2)2, N ⇠ n�3
dB

⌧s ⇠ (2s+ 1)⌧s=0

see Levkov, Panin & Tkachev (2018) for scalar case

<latexit sha1_base64="usiMeU6pfLFfjz+juR1/ZJxqX/I="></latexit>

⌧s=0 = [n�grvN ]�1
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Figure 2 | A slice of the density field of the  DM simulation on various
scales at z=0.1. This scaled sequence (each of thickness 60 pc) shows
how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to
the granular structure inside the haloes. Distinct solitonic cores with radii
⇠0.3–1.6kpc are found within collapsed haloes (which have virial masses
Mvir ⇠ 109˘1011 M�). The density shown here spans over nine orders of
magnitude, from 10�1 to 108 (normalized to the cosmic mean density). The
colour map scales logarithmically, with cyan corresponding to density .10.

giving rise to a co-moving Jeans length, �J / (1+z)1/4m�1/2
B , during

the matter-dominated epoch17. The insensitivity of �J to redshift, z ,
generates a sharp cuto�mass belowwhich structures are suppressed.
Cosmological simulations in this context turn out to be much
more challenging than standard N-body simulations, as the highest
frequency oscillations, !, given approximately by the matter wave
dispersion relation, ! /m�1

B �
�2, where � is the wavelength, occur

on the smallest scales, requiring very fine temporal resolution even
formoderate spatial resolution (Supplementary Fig. 1). In this work,
we optimize an adaptive-mesh-refinement (AMR) scheme, with
graphic processing unit acceleration, improving performance by
almost two orders of magnitude22 (see Supplementary Section 1
for details).

Figure 1 demonstrates that despite the completely di�erent
calculations employed, the pattern of filaments and voids generated
by a conventional N-body particle3CDM simulation is remarkably
indistinguishable from the wavelike 3 DM for the same linear
power spectrum (Supplementary Fig. 3). Here 3 represents the
cosmological constant. This agreement is desirable given the
success of standard 3CDM in describing the statistics of large-scale
structure. To examine the wave nature that distinguishes DM from
CDM on small scales, we re-simulate with a very high maximum
resolution of 60 pc for a 2 Mpc co-moving box, so that the densest
objects formed of &300 pc size are well resolved with ⇠103 grids. A
slice through this box is shown in Fig. 2, revealing fine interference
fringes defining long filaments, with tangential fringes near the
boundaries of virialized objects, where the de Broglie wavelengths
depend on the local velocity of matter. An unexpected feature of
our DMsimulations is the generation of prominent dense coherent
standing waves of dark matter in the centre of every gravitational
bound object, forming a flat core with a sharp boundary (Figs 2
and 3). These dark matter cores grow as material is accreted and
are surrounded by virialized haloes of material with fine-scale,
large-amplitude cellular interference, which continuously fluctuate
in density and velocity, generating quantum and turbulent pressure
support against gravity.

The central density profiles of all our collapsed cores fit well
the stable soliton solution of the Schrödinger–Poisson equation, as
shown in Fig. 3 (see also Supplementary Section 2 and Figs 2 and 4).
On the other hand, except for the lightest halo, which has just formed
and is not yet virialized, the outer profiles of other haloes possess a
steepening logarithmic slope, similar to the Navarro–Frenk–White

10−1

101

102

104

103

(r
)/

〈
〉

106

107

108

dSph

NFW

10−1 100
105

100 101 102

r (kpc)

108

107

106

ρ
ρ

Figure 3 | Radial density profiles of haloes formed in the  DMmodel.
Dashed lines with various symbols show six examples of the halo profiles
normalized to the cosmic mean density. All haloes are found to possess a
distinct inner core fitted extremely well by the soliton solution (solid lines).
A detailed soliton fit for the largest halo is inset, where the error is the root-
mean-square scatter of density in each radial bin. A Navarro–Frenk–White
(NFW) profile representing standard CDM is also shown for comparison
(black dot-dashed line, with a very large scale radius of 10kpc), which fits
well the profiles outside the cores. The yellow hatched area indicates the
⇢300 of the dSph satellites around the Milky Way3,24, which is consistent
with the majority of galaxy haloes formed in the  DM simulations.

(NFW) profile23 of standard CDM. These solitonic cores, which are
gravitationally self-bound and appear as additional mass clumps
superposed on the NFW profile, are clearly distinct from the cores
formed by WDM and collisional CDM, which truncate the NFW
cuspy inner profile at lower values and require an external halo for
confinement. The radius of the soliton scales inversely with mass,
such that the widest cores are the least massive and are hosted by the
least massive galaxies. Eighty percent of the haloes in the simulation
have an average density within 300 pc (defined as ⇢300) in the range
5.3⇥ 10�3–6.1⇥ 10�1 M�/pc3, consistent with the dSph satellites
around the Milky Way3,24, and objects like these are resilient to
close interaction with massive galaxies. By contrast, the very lowest
mass objects in our simulation have ⇢300 ⇠ 4.0⇥ 10�4 M�/pc3 and
Mvir ⇠108 M�, but exist only briefly as they are vulnerable to tidal
disruption by large galaxies in our simulations. Together with the
cuto� in the power spectrum at the Jeans scale (Supplementary
Fig. 3), this leads to a marked suppression of substructure below
a few times 108 M� relative to the prediction of standard CDM
(refs 8,9). A quantitative evaluation of the mass function of satellite
galaxies predicted by  DM with larger simulations is thus another
crucial test to be addressed.

The prominent solitonic cores uncovered in our simulations
provide an opportunity to estimate the boson mass, mB, by
comparison with observations, particularly for dSph galaxies where
dark matter dominates. The local Fornax dSph galaxy is the best
studied case, with thousands of stellar velocity measurements,
allowing a detailed comparison with our soliton mass profile.
We perform a Jeans analysis for the dominant intermediate
metallicity stellar population, which exhibits a nearly uniform
projected velocity dispersion (�k; ref. 25). We simultaneously
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kinetic nucleation time scaleswhat are these blobs?

Figure4:Left:Theevolutionofthemaximumvalue⇢maxoftheenergydensityfieldofthevectorthrough
MRE,inasimulationwithvolume(3.75�?)3.Timeisparameterisedbythescalefactorarelativeto
thatatMRE,aeq.Themeanvectorenergydensity⇢isalsoplotted.Atearlytimes⇢maxfollows⇢,with
smallfluctuationsduetotheoscillationofmodeswithk&kJ,drivenbyquantumpressure.Thecollapse
ofoverdensitieswith�&1,whichintheabsenceofquantumpressurewouldoccurata/aeq'1/�,
ishindereduntilafterMRE.OncekJ/k?/a1/4hasgrownsu�ciently,overdensitiescollapse.After
thecollapse,themaximumdensityisatapointinsideasoliton.Thesolitonisproducedwithexcited
quasinormalmodes,sothemaximumdensitysubsequentlyoscillates.Right:Asliceoftheenergydensity
ata/aeq=7,inthesamesimulationasisplottedintheleftpanel.Theslicepassesthroughthepoint
thathasthelargestdensityatthistime,whichisatthecentreofasoliton.Thesoliton(redregion
ininset)issurroundedbyaspherical‘fuzzy’halo(yellow/greenregion)andtherearecosmicfilaments
connectingittoothersolitons.Sphericalwavescanbeseenaroundthesoliton,whichareduetothe
emissionofenergyfromquasinormalmodes.Avideoshowingtheevolutioncanbefoundat[58].

studythegrowthofdensityperturbationsandtheevolutionofthedensitypowerspectruminmoredetail
inAppendixD.

InFigure4(right)weplotthedensityfield⇢throughthesliceofthesamesimulationthatcontains
thepointwiththelargestdensity,ata/aeq=7.Thereisacentralsoliton(redregion).Thesolitonis
surroundedbyasphericalfuzzyhalo(yellow/greenregion)extendingfarfromitscore,themaximum
densityofwhichisabouttwoordersofmagnitudesmallerthanthesolitoncoredensity.Finally,theearly
stagesofacosmicwebconnectingdi↵erentsolitonshaveformed(seealsoFigure1left,whereweshowa
3Dversionofthesameenergydensity).Sphericalwavescanbeseenbeyondthehalo.Thesearedueto
energyreleasedbythedecayofthesoliton’squasi-normalmodes.

Tounderstandthenatureofthecollapsedobjects,inFigure5(left)weplotthesphericallyaveraged
densityprofilearoundthecentreoftheobjectsata/aeq=5,averagedoveralltheobjectsinourfullset
ofsimulations.Toenabletheprofilesofobjectswithdi↵erentmasstobecombined,foreachobjectthe
densityprofileisnormalisedtoitscentraldensity⇢sandthedistancefromitscentretothequantum
Jeanslength�J(⇢s)correspondingtoitscentraldensity⇢s.AsitisclearfromSection3.1,intermsof
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Solitons in Warm, Noisy and  
Spinning Wave Dark Matter

Mustafa A.  Amin
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solitons

•  discovered in nonlinear waves in water in canals (John Scott Russell, 1834)
• optics, hydrodynamics, BECs, high energy physics, and cosmology

water

Image Credit: Heriot-Watt University

very-long lived, dynamical excitation in a field, with nonlinearities 
balancing dispersion
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spatially localized

coherently oscillating (components)

exceptionally long-lived

soliton in a scalar field (non-topological)
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spatially localized

coherently oscillating (components)

exceptionally long-lived

soliton in a vector field (non-topological)
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non-relativistic solitons - scalar
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Figure 7: Solitons in real-valued scalar fields can be held together by gravitational interac-
tions (oscillatons), non-gravitational self-interactions (oscillons) or a combination of both. They
can be dilute or dense (typically non-gravitational self-interactions are important in the dense
regime). The right panel shows the radial field profile, and the gravitational potential for a
soliton held together by gravitational interactions.

3.2.2 Solitons

Solitons are spatially localized, nonlinear excitations in fields, that are stable over exceptionally
long time scales.9 Typically some nonlinear interaction balances the tendency of the fields to
disperse. For our purposes here, the nonlinear interaction is provided by gravity. 10

There are a number of di↵erent ways about thinking about such solitons. In the nonrela-
tivistic system at hand, the particle number (or equivalently total mass) is conserved. So one
can ask, what is the lowest energy configuration for a fixed total mass. The answer is a (ground
state) soliton! The soliton can also be obtained by balancing the gravitational force and the
wave-related stress on the RHS of (3.6) with a = 1. That is, for solitons v = m

�1
r⇥ = 0, that

is the phase is spatially coherent.
At the level of the SP system of equations (3.10), the soliton solutions (spherically sym-

metric) have the form  (t, r) = e
iµt
f(r) where µ can be thought of as a chemical potential, and

is typically of the order mv
2 where v is the dispersion in the environment where the soliton is

born. For our nonrelativistic system, µ ⌧ m. Substituting this form into the SP equations, we
get

�µf = �
1

2m
r

2
f +m�f r

2� = 4⇡Gmf
2
. (3.12)

9Solitons have a long and rich history. They were accidentally discovered in water waves by John Scott Russell
in the 1800s, in a canal in Edinburough [53]. Solitons have been intensely studied, and experimentally verified
in many branches of physics from fluid dynamics to Bose-Einstein condensates [54]. While extensively studied
in cosmology and particle physics, we have yet to detect them experimentally.

10However, important classes of such solitons exist where the nonlinear interaction is provided by non-
gravitational self-interactions or combination of both (see for example, [38, 55, 56]).
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Figure 7: Solitons in real-valued scalar fields can be held together by gravitational interac-
tions (oscillatons), non-gravitational self-interactions (oscillons) or a combination of both. They
can be dilute or dense (typically non-gravitational self-interactions are important in the dense
regime). The right panel shows the radial field profile, and the gravitational potential for a
soliton held together by gravitational interactions.

3.2.2 Solitons

Solitons are spatially localized, nonlinear excitations in fields, that are stable over exceptionally
long time scales.9 Typically some nonlinear interaction balances the tendency of the fields to
disperse. For our purposes here, the nonlinear interaction is provided by gravity. 10

There are a number of di↵erent ways about thinking about such solitons. In the nonrela-
tivistic system at hand, the particle number (or equivalently total mass) is conserved. So one
can ask, what is the lowest energy configuration for a fixed total mass. The answer is a (ground
state) soliton! The soliton can also be obtained by balancing the gravitational force and the
wave-related stress on the RHS of (3.6) with a = 1. That is, for solitons v = m

�1
r⇥ = 0, that

is the phase is spatially coherent.
At the level of the SP system of equations (3.10), the soliton solutions (spherically sym-

metric) have the form  (t, r) = e
iµt
f(r) where µ can be thought of as a chemical potential, and

is typically of the order mv
2 where v is the dispersion in the environment where the soliton is

born. For our nonrelativistic system, µ ⌧ m. Substituting this form into the SP equations, we
get

�µf = �
1

2m
r

2
f +m�f r

2� = 4⇡Gmf
2
. (3.12)

9Solitons have a long and rich history. They were accidentally discovered in water waves by John Scott Russell
in the 1800s, in a canal in Edinburough [53]. Solitons have been intensely studied, and experimentally verified
in many branches of physics from fluid dynamics to Bose-Einstein condensates [54]. While extensively studied
in cosmology and particle physics, we have yet to detect them experimentally.

10However, important classes of such solitons exist where the nonlinear interaction is provided by non-
gravitational self-interactions or combination of both (see for example, [38, 55, 56]).
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non-relativistic solitons - vector

and the corresponding multi-component Schrödinger-Poisson (SP) system of equations of mo-
tion:1

i~ @
@t
 = �

~2
2m

r
2 +m� , r

2� = 4⇡Gm † . (2.4)

This is our master equation that we work with throughout this work. We re-iterate that  a
complex 3-tuple with components [ ]i =  i with i = 1, 2, 3 and  † =

P3
i=1 | i|

2. For scalar
dark matter, we have a single component field (which leads to the “usual” Schrödinger-Poisson
system). For a generalization to the spin-s case, see [20].

2.1.1 Conserved Quantities

Note that in our convention the number density, mass density, and spin density are

N (t,x) =  † , ⇢(t,x) = m † , and s = i~ ⇥ †. (2.5)

The conserved quantities associated with our non-relativistic VDM are:

N =

Z
d3x † , and M = mN, (particle number and rest mass) (2.6)

E =

Z
d3x

h ~2
2m

r †
·r �

Gm2

2
 † 

Z
d3y

4⇡|x� y|
 †(y) (y)

i
, (energy) (2.7)

S = ~
Z

d3x i ⇥ † , (spin angular momentum)

(2.8)

L = ~
Z

d3x<
�
i †

r ⇥ x
�
. (orbital angular momentum) (2.9)

Note that spin and orbital angular momentum are separately conserved in the non-relativistic
system. Importantly, by definition, spin angular momentum is identically zero for SDM (but
not VDM). For details of the non-relativistic action and conserved quantities for a general spin-s
bosonic field (including VDM) see [20].

2.1.2 Fluid equations

We can also transform our multicomponent SP system eq. (2.4) into a set of three, coupled fluid
equations (following the Madelung transform commonly used in SDM [22]). With the following
field re-definition,  j =

p
⇢j/meiSj , and defining the velocity ui = ~rSi/m, we have

@⇢j
@t

+r · (⇢juj) = 0 ,
@uj

@t
+ (uj ·r)uj =

1

m
r(Qj �m�), where j = 1, 2, 3 (2.10)

1To include the e↵ects of Hubble expansion, simply replace r ! r/a and @t ! @t + 3H/2 where a is the
scalefactor and H = ȧ/a.
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Figure 7: Solitons in real-valued scalar fields can be held together by gravitational interac-
tions (oscillatons), non-gravitational self-interactions (oscillons) or a combination of both. They
can be dilute or dense (typically non-gravitational self-interactions are important in the dense
regime). The right panel shows the radial field profile, and the gravitational potential for a
soliton held together by gravitational interactions.

3.2.2 Solitons

Solitons are spatially localized, nonlinear excitations in fields, that are stable over exceptionally
long time scales.9 Typically some nonlinear interaction balances the tendency of the fields to
disperse. For our purposes here, the nonlinear interaction is provided by gravity. 10

There are a number of di↵erent ways about thinking about such solitons. In the nonrela-
tivistic system at hand, the particle number (or equivalently total mass) is conserved. So one
can ask, what is the lowest energy configuration for a fixed total mass. The answer is a (ground
state) soliton! The soliton can also be obtained by balancing the gravitational force and the
wave-related stress on the RHS of (3.6) with a = 1. That is, for solitons v = m

�1
r⇥ = 0, that

is the phase is spatially coherent.
At the level of the SP system of equations (3.10), the soliton solutions (spherically sym-

metric) have the form  (t, r) = e
iµt
f(r) where µ can be thought of as a chemical potential, and

is typically of the order mv
2 where v is the dispersion in the environment where the soliton is

born. For our nonrelativistic system, µ ⌧ m. Substituting this form into the SP equations, we
get

�µf = �
1

2m
r

2
f +m�f r

2� = 4⇡Gmf
2
. (3.12)

9Solitons have a long and rich history. They were accidentally discovered in water waves by John Scott Russell
in the 1800s, in a canal in Edinburough [53]. Solitons have been intensely studied, and experimentally verified
in many branches of physics from fluid dynamics to Bose-Einstein condensates [54]. While extensively studied
in cosmology and particle physics, we have yet to detect them experimentally.

10However, important classes of such solitons exist where the nonlinear interaction is provided by non-
gravitational self-interactions or combination of both (see for example, [38, 55, 56]).
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Figure 7: Solitons in real-valued scalar fields can be held together by gravitational interac-
tions (oscillatons), non-gravitational self-interactions (oscillons) or a combination of both. They
can be dilute or dense (typically non-gravitational self-interactions are important in the dense
regime). The right panel shows the radial field profile, and the gravitational potential for a
soliton held together by gravitational interactions.

3.2.2 Solitons

Solitons are spatially localized, nonlinear excitations in fields, that are stable over exceptionally
long time scales.9 Typically some nonlinear interaction balances the tendency of the fields to
disperse. For our purposes here, the nonlinear interaction is provided by gravity. 10

There are a number of di↵erent ways about thinking about such solitons. In the nonrela-
tivistic system at hand, the particle number (or equivalently total mass) is conserved. So one
can ask, what is the lowest energy configuration for a fixed total mass. The answer is a (ground
state) soliton! The soliton can also be obtained by balancing the gravitational force and the
wave-related stress on the RHS of (3.6) with a = 1. That is, for solitons v = m

�1
r⇥ = 0, that

is the phase is spatially coherent.
At the level of the SP system of equations (3.10), the soliton solutions (spherically sym-

metric) have the form  (t, r) = e
iµt
f(r) where µ can be thought of as a chemical potential, and

is typically of the order mv
2 where v is the dispersion in the environment where the soliton is

born. For our nonrelativistic system, µ ⌧ m. Substituting this form into the SP equations, we
get

�µf = �
1

2m
r

2
f +m�f r

2� = 4⇡Gmf
2
. (3.12)

9Solitons have a long and rich history. They were accidentally discovered in water waves by John Scott Russell
in the 1800s, in a canal in Edinburough [53]. Solitons have been intensely studied, and experimentally verified
in many branches of physics from fluid dynamics to Bose-Einstein condensates [54]. While extensively studied
in cosmology and particle physics, we have yet to detect them experimentally.

10However, important classes of such solitons exist where the nonlinear interaction is provided by non-
gravitational self-interactions or combination of both (see for example, [38, 55, 56]).
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“polarized” vector solitons
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compared to scalars (if we fix the total density in a region). For example, for a collection of
waves with unit amplitude, we expect the variance of the density fluctuations due to interference
to scale as (�⇢/⇢)2
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Since interference allows the total to be both significantly larger and smaller the individual
densities, we expect that the reduced interference will lead to fewer departures from the mean in
the vector case compared to the scalar. One can obtain probability distribution of interference
related densities analytically under simplifying assumptions [33], and see the e↵ects of multiple
components (2s + 1). One important aspect is that while �⇢/⇢ changes, there is no change in
the deBroglie scale (mv)�1 for the same boson mass m and velocity dispersion. This provides
us with a handle on spin (or number of components). See Fig. 9. You can also see this e↵ect
clearly in upper right panels in Fig. 12, where we started the simulation with a collection of
idealized halos first. Interference patterns are a robust feature of wave dynamics, and so is the
suppression with the number of components!

4.3 Polarized Solitons

What about solitons? For the vector case the soliton solutions are provided by

 (t, r) = f(r)eiµt✏ with ✏†✏ = 1. (4.14)

where ✏ is spatially and temporally independent. The profile f(r) is the same one that we
found in the scalar case (at least for purely gravitational interactions). The di↵erence is that
because of the vector nature, we now have a polarization. A basis for the polarization vectors
✏0 = ẑ and ✏± = x̂ ± iy/

p
2. Recall that the real valued vector field X =

p
2/m<[ e

�imt].
So, ✏0 will correspond to a linearly polarized, coherently oscillating field in the z direction:
X / f(r) cos[(m�µ)t]ẑ. Similarly, ✏± will lead to coherent, circularly polarized configurations:
X / f(r)[x̂ cos[(m � µ)t] + ŷ sin[(m � µ)t]]. More generally, the solitons will be fractionally
polarized (ie. neither perfectly circular, nor linear polarized).

Regardless of ✏ (as long as it is a constant), all configurations have the same energy for
fixed particle number. However, as soon as one introduces either relativistic corrections or
non-gravitational self-interactions, only the extremal cases linear, or circularly polarized, yield
solitonic solutions. Furthermore, amongst these solitons, the polarization of the the lowest
energy soliton depends on the sign of the interaction! That is, the polarization of the ground
state solitons depends on the attractive or repulsive nature of the self interaction [71, 72].

The total spin for these solitons
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Since interference allows the total to be both significantly larger and smaller the individual
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polarized (ie. neither perfectly circular, nor linear polarized).

Regardless of ✏ (as long as it is a constant), all configurations have the same energy for
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waves with unit amplitude, we expect the variance of the density fluctuations due to interference
to scale as (�⇢/⇢)2

vector
/ 1/3(�⇢/⇢)2

scalar
where 3 is just the number of components of the field.

More generally, for a spin-s field [33]:

✓
�⇢

⇢

◆2

s

⇠
1

2s+ 1

✓
�⇢

⇢

◆2

s=0

suppressed interference related density fluctuations

(4.13)

Since interference allows the total to be both significantly larger and smaller the individual
densities, we expect that the reduced interference will lead to fewer departures from the mean in
the vector case compared to the scalar. One can obtain probability distribution of interference
related densities analytically under simplifying assumptions [33], and see the e↵ects of multiple
components (2s + 1). One important aspect is that while �⇢/⇢ changes, there is no change in
the deBroglie scale (mv)�1 for the same boson mass m and velocity dispersion. This provides
us with a handle on spin (or number of components). See Fig. 9. You can also see this e↵ect
clearly in upper right panels in Fig. 12, where we started the simulation with a collection of
idealized halos first. Interference patterns are a robust feature of wave dynamics, and so is the
suppression with the number of components!

4.3 Polarized Solitons

What about solitons? For the vector case the soliton solutions are provided by

 (t, r) = f(r)eiµt✏ with ✏†✏ = 1. (4.14)

where ✏ is spatially and temporally independent. The profile f(r) is the same one that we
found in the scalar case (at least for purely gravitational interactions). The di↵erence is that
because of the vector nature, we now have a polarization. A basis for the polarization vectors
✏0 = ẑ and ✏± = x̂ ± iy/

p
2. Recall that the real valued vector field X =

p
2/m<[ e

�imt].
So, ✏0 will correspond to a linearly polarized, coherently oscillating field in the z direction:
X / f(r) cos[(m�µ)t]ẑ. Similarly, ✏± will lead to coherent, circularly polarized configurations:
X / f(r)[x̂ cos[(m � µ)t] + ŷ sin[(m � µ)t]]. More generally, the solitons will be fractionally
polarized (ie. neither perfectly circular, nor linear polarized).

Regardless of ✏ (as long as it is a constant), all configurations have the same energy for
fixed particle number. However, as soon as one introduces either relativistic corrections or
non-gravitational self-interactions, only the extremal cases linear, or circularly polarized, yield
solitonic solutions. Furthermore, amongst these solitons, the polarization of the the lowest
energy soliton depends on the sign of the interaction! That is, the polarization of the ground
state solitons depends on the attractive or repulsive nature of the self interaction [71, 72].

The total spin for these solitons
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components (2s + 1). One important aspect is that while �⇢/⇢ changes, there is no change in
the deBroglie scale (mv)�1 for the same boson mass m and velocity dispersion. This provides
us with a handle on spin (or number of components). See Fig. 9. You can also see this e↵ect
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idealized halos first. Interference patterns are a robust feature of wave dynamics, and so is the
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where ✏ is spatially and temporally independent. The profile f(r) is the same one that we
found in the scalar case (at least for purely gravitational interactions). The di↵erence is that
because of the vector nature, we now have a polarization. A basis for the polarization vectors
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X / f(r) cos[(m�µ)t]ẑ. Similarly, ✏± will lead to coherent, circularly polarized configurations:
X / f(r)[x̂ cos[(m � µ)t] + ŷ sin[(m � µ)t]]. More generally, the solitons will be fractionally
polarized (ie. neither perfectly circular, nor linear polarized).

Regardless of ✏ (as long as it is a constant), all configurations have the same energy for
fixed particle number. However, as soon as one introduces either relativistic corrections or
non-gravitational self-interactions, only the extremal cases linear, or circularly polarized, yield
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~

and the corresponding multi-component Schrödinger-Poisson (SP) system of equations of mo-
tion:1

i~ @
@t
 = �

~2
2m

r
2 +m� , r

2� = 4⇡Gm † . (2.4)

This is our master equation that we work with throughout this work. We re-iterate that  a
complex 3-tuple with components [ ]i =  i with i = 1, 2, 3 and  † =

P3
i=1 | i|

2. For scalar
dark matter, we have a single component field (which leads to the “usual” Schrödinger-Poisson
system). For a generalization to the spin-s case, see [20].

2.1.1 Conserved Quantities

Note that in our convention the number density, mass density, and spin density are

N (t,x) =  † , ⇢(t,x) = m † , and s = i~ ⇥ †. (2.5)

The conserved quantities associated with our non-relativistic VDM are:

N =

Z
d3x † , and M = mN, (particle number and rest mass) (2.6)

E =

Z
d3x

h ~2
2m

r †
·r �

Gm2

2
 † 

Z
d3y

4⇡|x� y|
 †(y) (y)

i
, (energy) (2.7)

S = ~
Z

d3x i ⇥ † , (spin angular momentum) (2.8)

L = ~
Z

d3x<
�
i †

r ⇥ x
�
. (orbital angular momentum) (2.9)

Note that spin and orbital angular momentum are separately conserved in the non-relativistic
system. Importantly, by definition, spin angular momentum is identically zero for SDM (but
not VDM). For details of the non-relativistic action and conserved quantities for a general spin-s
bosonic field (including VDM) see [20].

2.1.2 Fluid equations

We can also transform our multicomponent SP system eq. (2.4) into a set of three, coupled fluid
equations (following the Madelung transform commonly used in SDM [22]). With the following
field re-definition,  j =

p
⇢j/meiSj , and defining the velocity ui = ~rSi/m, we have

@⇢j
@t

+r · (⇢juj) = 0 ,
@uj

@t
+ (uj ·r)uj =

1

m
r(Qj �m�), where j = 1, 2, 3 (2.10)

where Qj = (~2/2m)r2p⇢j/
p
⇢j. The spin density si = i(~/m2)✏ijk

p
⇢j⇢kei(Sj�Sk). The vortic-

ity for each of the three fluids !j = r ⇥ uj = 0 if ⇢j 6= 0. Note that zero vorticity does not
imply zero spin density. If !i 6= 0 for some fixed i (with !j 6=i = 0), then s = siî.

We numerically solve eq. (2.4), but the conservation/fluid equations can be useful in gaining
physical intuition for the behaviour of the system (including for example, vortices [12] in three
fluids.).

1To include the e↵ects of Hubble expansion, simply replace r ! r/a and @t ! @t + 3H/2 where a is the
scalefactor and H = ȧ/a.
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“polarized” vector solitons (with macroscopic spin)
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- bases for partially-polarized solitons
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Also see: Aoki et.  al (2017 for massive tensor geons), Adshead & Lozanov (2021), Jain & MA (2021)
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born to spin
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FIG. 1. Top panel: Maximum density in the simulation vol-
ume as a function of time for scalar (s = 0), vector (s = 1)
and tensor fields (s = 2). The condensation time scales with
the number of components of the field as ⌧(s) ⇠ ⌧0⇥N , where
N = 2s + 1. The simulated data includes 14 simulations for
s = 0, 1, 2 each. For visual clarity, the output shown are sig-
nificantly under-sampled compared to what is available from
our simulations. Lower panels: In each row (corresponding
to scalar, vector and tensor fields respectively), the first two
panels show a projection of the mass density of the spin-s field
at initial and final times, while the third panel provides the
radial profile of the mass density (solid line is the expected
soliton profile) at the final time. Some simulation animations
are available here.

same mass m. Assuming equipartition of mass density,
i.e. ⇢̄a = ⇢̄/(2s+1) for all components where ⇢̄ is the total
average mass density, alongwith equal velocity dispersion
� for all components, the evolution equation (c.f (5)) for
any component becomes ġ = ⌧

�1
gr (2g3 � �g)/(2s + 1).7

7
Here we have assumed that all the � factors are same, owing to

democratic initial conditions.

Notice that the only di↵erence as compared to the scalar
(s = 0) case is that we have democratically populated
all the components, giving rise to an overall ⇢̄2/(2s+1)2

factor, and a 2s+ 1 factor owing to the summation over
the 2s + 1 components (due to universality of gravity).
The net result is a 1/(2s+1) factor in the rate of kinetic
relaxation. Equivalently, the rate defined in (6) evaluates
to �(s) = �0/(2s+1). The time of condensate nucleation
(within any component) is therefore estimated as

⌧(s) ⇠ ⌧0(2s+ 1) . (8)

To verify the above prediction, we have performed ⇠ 50
simulations for s = 0, 1 and 2 (corresponding to scalar,
vector and tensor wavelike dark matter).8 We provide
necessary details of the actual simulations in appendix C.
Fig. 1 shows our simulation results along with compar-
ison with analytics. The densities are normalized by
(�2

m/
p
G)2, and length scales by 1/(m�).

For simulations, we take the condensation time to be
the time when there is a characteristic change in slope
(on a log-log scale) of the maximum density in the simu-
lation volume vs. time. Note that the ⌧0 used to normal-
ize the time axis in the top panel of Fig 1 is extracted
from simulations for the scalar case, chosen to highlight

FIG. 2. The simulation snapshots in the top and bottom
row show the initial and final projections of the magnitude of
the spin-density for vector and tensor cases respectively. The
rightmost column show the radial profile of the magnitude of
the spin density at the final time. Note that spin accumulates
with the density (compare with bottom two rows of Fig. 1).
Restoring factors of ~, the spin per boson in the simulation
volume is O(10�2)~, whereas in the core it concentrates to
O(1)~ . Unlike the magnitude of the radial spin density pro-
file, spin in the core and in the simulation volume is obtained
by vector summation of spin density at each location.

8
To verify the robustness of our scaling result ⌧ ⇠ ⌧0 N , we also

performed ⇠ 10 simulations for N = 2 and N = 4 cases.
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Figure 6: The left panel shows the magnitude of the spin density at the end of the simulation, whereas
the zoomed inset shows the vector spin density in the central core. The time-averaged spin vector per
boson in the core (within 2rc) is shown in the middle, along with its typical precession around the mean
over a de-Broglie time scale. We take the smallness of the variation to be a sign that we have a central
soliton in this case. The top panel of the rightmost plot shows a correlation between the initial spin per
boson in our simulation (which is conserved) and the final spin per boson in the core. The red points
are ensemble mean of the magnitude of the time-averaged vector spin in the core, where the ensemble
consists of similar initial spin/boson simulations. The error bars show a 90% confidence interval within
this ensemble. The bottom panel shows the ensemble mean and standard deviation of the precession
of the core spin. We caution that there might be a core, but not necessarily a soliton present at the
centre in some of the cases. Note that a significant spin density in the core can be generated even at
small initial values of the total spin.

gular momentum) in the non-relativistic limit, the halo carries the rest of the spin (with an
opposite sign).

5 Observational Implications

We discuss three application areas of VDM to astrophysical observations of interest, and future
areas of study.

5.1 Dark matter substructure and dynamical heating

Density fluctuations resulting from wave interference in ultralight dark matter can dynamically
heat the old stellar population in the Milky Way, thickening the scale height of its disk-like
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a different higher energy soliton: the “hedgehogs”

11

FIG. 5. The left panel shows collisions between vector solitons that can be replicated by solitons in a single scalar field. The
right panel shows examples of collisions which cannot be replicated by solitons in a single scalar field.

D. Beyond ground-state solitons

Spherically symmetric, single node solitons for the
spin-1 and spin-2 fields are the ‘hedgehog’-like configura-
tions, with Cartesian components [13, 14]11

Wj(x, t) = f(r)
x
j

r
cos!t ,

Hij(x, t) = g(r)

✓
3
x
i
x
j

r2
� �ij

◆
cos!t , (52)

where f(0) = g(0) = 0. That is, there is a node in the
profile at the origin. Both hedgehogs have higher ener-
gies (at a fixed particle number) compared to the ground
state solitons discussed earlier, and have zero spin and
orbital angular momentum. Explicitly, after fixing the
particle number to be the same as the polarized solitons
(Ns

hh
= N), we have E

s=1

hh
⇡ 0.33E and E

s=2

hh
⇡ 0.17E

where E < 0 and N are given in (40). Note that
�E = E

s

hh
� E > 0. A linear stability analysis was pro-

vided in [14] to argue that the hedgehogs in spin-2 case
are unstable and might transition to p-solitons. As with
scalar solitons, excited configurations with additional
nodes and orbital angular momentum might be pos-
sible with higher-spin fields, albeit with shorter lifetimes.

So far we have only allowed for spherically symmet-
ric energy densities. It is possible to construct non-
spherically symmetric configurations, such as domain
walls, strings/vortices etc. [13]; the possible space of ex-
tended field configurations with higher-spin fields is likely
to be quite rich. The full classification is beyond the
scope of the present paper, but it is worth pursuing since

11
For relativistic hedgehogs in complex-valued Proca-fields, see

[29].

it might provide new avenues to probe these higher-spin
fields.

V. DISTINGUISHABILITY & PROBES OF
POLARIZED SOLITONS

Having shown that we have quite a rich space of soliton
solutions, we briefly discuss some of the phenomenolog-
ical implications. Alongside these implications, we ad-
dress some conceptual questions: Can higher-spin soli-
tons be distinguished from scalar solitons? Can solitons
with di↵erent polarizations be distinguished using only
gravitational interactions?

A. Gravitational interactions

Let us consider collisions between solitons A and B

in a spin-s field. We show below that only if the two
solitons di↵er by just an overall phase, can the collision be
mimicked by two scalar solitons. Otherwise, in general,
the higher-spin nature of the fields will leave an imprint in
the observables related to the collision of the two solitons.
For simplicity, let us consider a collision between two

extremally polarized solitons, initially far away from each
other, such that the field admits the following ansatz
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right panel shows examples of collisions which cannot be replicated by solitons in a single scalar field.
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non-gravitational self-interactions

energy
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i-SPin:  An integrator for multicomponent 

Schrodinger-Poisson systems with self-interactions 

Mudit Jain & Mustafa Amin

i-SPin: An algorithm (and publicly available code) to numerically evolve multicomponent 
Schrodinger-Poisson (SP) systems, including attractive/repulsive self-interactions + gravity  

problem: If SP system represents the non-relativistic limit of a massive vector !eld, non-
gravitational self-interactions (in particular, spin-spin type interactions) introduce new challenges 
related to mass and spin conservation which are not present in purely gravitational systems.  

solution: Above challenges addressed with a novel analytical solution for the non-trivial ‘kick’ 
step in the algorithm (sec 4.3.2) 

features: (i) second order accurate evolution (ii) spin and mass conserved to machine precision 
(iii) reversible 

generalizations: n-component !elds with SO(n) symmetry, an expanding universe relevant for 
cosmology, and the inclusion of external potentials relevant for laboratory settings  

arXiv: 2211.08433
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Figure 1: Mass and spin conservation: Top panel shows snapshots of projected mass density
at three instants t = 0, 13, and 40 (upper panel). Lower panel are snapshots of magnitude of
spin density at the same times. One of the solitons is initialized with maximal spin, whereas
the other two have zero spin initially. The bottom plot shows quantitative measures of total
spin (blue curve) and total mass (red curve) conservation; both are conserved to better than
one part in 1011.
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forward evolution
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Figure 2: Tracking reversibility: Top panel shows snapshots of projected mass density at
three instants t = 0, 13, and 40 (upper panel). The self-interaction was chosen to be repulsive
(� = �0.01). Lower panel include snapshots from the backward evolution at the same instants.
The unwinding of the final state to the initial state gives a qualitative proof of reversibility of
our algorithm. In the bottom graph we show the asymmetry parameter �(t) . 10�19, which
provides a quantitative measure of reversibility.
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our work. A collection of appendices provide a derivation of the nonrelativistic action, fluid
and spin conservation equations, and polarized soliton solutions in vector fields including both
gravitational and non-gravitational interactions.

2 Spin-1 Schrödinger-Poisson system

We begin with a 3-component Schrödinger-Poisson system with SO(3) symmetry with non-
relativistic and massive spin-1 vector fields in mind. That is, the Schrödinger field  =
( 1, 2, 3) transforms as  i ! Rij j with R 2 SO(3), but leaves the action unchanged.1

On account of this, we have the following general action that includes both Newtonian gravity
and point self-interactions

Snr=

Z
dt d3

x

"
i~
2
 † ·  ̇+ c.c.� ~2

2m
r † ·r +

1

8⇡G
�r2��m� † · � Vnrel( , †)

#
.

(2.1)

Here, the first two terms dictate the usual free field evolution (of each of the field component
 i), while the third and fourth terms account for the Gauss’ law for Newtonian gravity where
only the mass density m † · = m 

⇤

i  i contributes to the Newtonian potential �. Finally, the
last term accounts for point interactions of the vector field  , and takes the following specific
form for quartic self-interaction

Vnrel( 
†
, ) = � �(~c)3

8(mc2)2

h
( · ) ( † · †) + 2 ( † · )2

i
. (2.2)

In terms of the number density ⇢ =  † and spin density S = i~ ⇥  †, the spin-spin
interaction becomes apparent:

Vnrel(⇢,S) = � �(~c)3
8(mc2)2


3⇢2 � (S · S)

~2

�
. (2.3)

This admits the following Schrödinger-Poisson system of equations

i~ @t = � ~2
2m

r2 +m� � �(~c)3
4(mc2)2

h
( · ) † + 2 ( † · ) 

i
,

r2� = 4⇡Gm † · . (2.4)

The above form of the potential in eq. (2.2) arises from the relativistic quartic potential

Vrel = ��(WµW
µ)2 , (2.5)

upon taking the non-relativistic limit of an e↵ective theory of a self-interacting massive spin-1
field Wµ that is minimally coupled to gravity. See [14, 55] for details. For completeness, we also
provide salient aspects of this derivation in appendix A.1.

1We use the Einstein summation convention througout the paper
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solitons in  fieldss ≥ 0
spatially localized, coherently oscillating, long-lived

gr
av
it
y

self-interaction

oscillon

scalar star

hi
gh
er
sp
in

vector/tensor oscillons

vector/tensor stars

Long History!

Geons 
Oscillons/I-balls 
Q-balls 
Boson Stars 
non-rel. Solitons

* existence, stability, radiation — rich physics
see Review: Zhou [2411.16604]
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.
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novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.
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FIG. 4. The mass-radius relationship of the simulated Proca stars. In all panels the bars show ranges of the radial changes
observed in simulations (after a short initial “settling in” period of ??). For some stars, the bars are replaced by arrows,
indicating that the Proca star collapses into a black hole. The grey dashed lines show the lines of constant compactness, and
the dark grey line show the compactness of a black hole, with its photosphere as its radius, in isotropic coordinates. Left,
Middle and Right panels show the results for four hedgehog Proca stars, six linearly polarized Proca stars, and five circularly
polarized respectively. For C . 0.1, the middle and left panels demonstrate the stability of compact, gravitationally supported
polarized stars. Near the upper bound of this range, hedgehogs collapse at the lowest initial compactness (C ⇡ 0.06), followed
by linearly polarized (C ⇡ 0.08), and then (likely) circularly polarized stars (C > 0.08, although we were unable to simulate
collapse in circularly polarized stars). For non-collapsing polarized stars, the mean of the radial variations provides insight into
the mass-radius relationship at these compactness. Note that the orange line in the hedgehog panel shows the pertrubation-free
mass-radius relationship of the stable relativistic stationary hedgehogs solved in isotropic coordinates [19], such a line is not
yet available for the polarized cases in the high compactness regime.

erature [16, 17], the large amplitude here might bring
additional complications, see [31, 32].

IV. SUMMARY & IMPLICATIONS

We simulated two types of polarized Proca stars (lin-
ear and circularly polarized), along with hedgehog-like
Proca stars for comparison, using general relativistic field
equations. The initial conditions were based on field pro-
files of related Proca star solutions in Newtonian gravity
[15](see our Fig. 2), scaled to a higher compactness.

Our key results are as follows (see Fig. 4):

• We provided evidence that high-compactness po-
larized stars can be stable for C . 0.1.

• As we increase the initial compactness from ap-
proximately 0.01 to 0.1, the linearly polarized, cir-
cularly polarized, and hedgehog stars evolve away
from their initial configurations and towards new,
and slightly di↵erent fixed points.

• At su�ciently high compactness, some types of
stars collapse to black holes. We found that cir-
cularly polarized stars avoid collapse to black holes
at higher initial compactness than linearly polar-
ized ones or hedgehog-like stars. The large intrin-
sic spin angular momentum of circularly polarized

stars ~M/m [15](see Fig. 3) might be playing a role
here.

For circularly polarized stars, we did not observe collapse
to a black hole up to C = 0.08. We were unable to simu-
late stars with initial compactness & 0.08 due to numer-
ical limitations. An improved procedure for constructing
the initial data which allows for control of perturbations
away from the stationary solution is needed. This can be
either done by systematically and perturbatively incor-
porating relativistic corrections (for the scalar case, see
[33]), or by a numerically relaxing the field profiles (but
with reduced symmetry) as done for the hedgehog case
[19]. [TH: Not sure if these points address fun-

damentally the numerical issues we had. Doesn’t

hurt to mention alternatives either]

We hope our findings provide new phenomenology that
can be incorporated in the search for compact objects
(beyond black holes and neutron stars, and even scalar
boson stars [34]) through gravitational and electromag-
netic radiation. Polarized Proca stars can form in dark
photon/ vector dark matter fields [9–12], potentially pro-
viding access the nature of the dark sector. Also see foot-
note 1.
For the purpose of gravitational wave physics, both the

increased compactness, and the polarization of the stars,
can have important implications. The increased maximal
compactness of polarized stars in this paper (compared
to, for example, the previously examined hedgehog stars),

compactness of polarized solitons
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ� which leads to the usual
massless spin-2 fluctuations: hµ� (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ� = �µ� = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ� , along with their leading interac-

2 We use ḡµ� = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding
universe when needed. Here, a(t) is the scale factor normalized
to unity today.
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novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ� which leads to the usual
massless spin-2 fluctuations: hµ� (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ� = �µ� = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ� , along with their leading interac-

2 We use ḡµ� = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding
universe when needed. Here, a(t) is the scale factor normalized
to unity today.

Nonrelativistic ICscoll
aps

e to
 BH

increasing compactness

(for example phase of gravitational waves in the weak field limit. Let us assume that we have two
solitons of mass M1 and M2 whose separated by a distance r which is much larger than their radii
R1 and R2. The spin of the solitons are S1 and S2 respectively. The e↵ective potential governing
their dynamics can be written as [37, 38]

V = �
GM1M2

r

�
1 +O(v2/c2)�

2

rc
[r̂ ⇥ (v1 � v2)] ·

2�

a=1

Sa

Ma

+
1

r2c2

�
S1

M1
·
S2

M2
� 3

�
S1

M1
· r̂

��
S2

M2
· r̂

�
+

2�

a=1

C
(a)
ES2

2M1M2

�
S
2
a � 3(Sa · r̂)

2
�
�

+ . . .

� (0.1)

The third term on the first line is the spin-orbit interaction, and the 2nd line is the spin-spin

interaction, both of which are absent in configurations without spin. The coe�cient C
(a)
ES2 is a

property of the object, which the PI will calculate for the configurations of interest.4 Note that the
intuition is that the spin generates a quadrupole moment: Q ⇠ CES2S

2
/Mc

2, is not accurate since
the intrinsic spin still results in spherically symmetric objects (at leading order in the Newtonian
Limit).

The changes in the dynamics of a binary configuration, and emitted gravitational waves can
be estimated using the above e↵ective potential. Using these estimates as a guide, the PI and
collaborators will generate accurate templates of the gravitational waves from binary mergers using
GRChombo. These template would depend on the internal structure of the objects as well as the
spin of each configurations, and could be a valuable asset in the search for exotic compact objects.
They provide a direct probe of the underlying spin of the fields.

4Note that for a Kerr black-hole, C(a)
ES2 = 1, while it is larger (� 4 � 8) for spinning neutron stars, and is related

to the quadrupole distortion of the objects (and hence to the Love numbers).

8

2

Klein-Gordon (s =0) 

Proca           (s = 1) 

Fierz-Pauli    (s = 2)

2s+1 component 

Schrödinger 

non-relativistic limit

Ei
ns

tei
n 

   
 +

s+1 solitons s =0

s = 1s = 2

spin multiplicity = 0

1

2

Po
iss

on
 

   
 +

FIG. 1. A
visual summary of some of the main

results of our paper.

novel class
of extremally

polarized
solitons

with
spin

S
tot /~ =

�
M
/m

which
can

be macroscopically large for

M

�

m.
Here,

m
is the

mass of the
field,

M

is the

mass of the soliton
and

�
is the spin

multiplicity. These

coherent
solitons

(along
with

fractionally
polarized

ones mentioned
earlier) might open

up
new

avenues for

observationally probing higher-spin fields.

W
e find

that even
within

Newtonian
gravity

it might

be possible to
distinguish

interacting
solitons with

dif-

ferent polarizations.
Going

beyond
Newtonian

gravity,

which we do not pursue here, might remove degeneracies

between
di↵erent polarizations of the higher-spin

fields

even
further.

W
e
also

discuss
possibilities

of probing

this
higher-spin

dark
matter

via
non-gravitational

interactions, taking
advantage of the polarization

state

of the solitons.
The

paper is organized
as follows.

In
section

II we

discuss
our

model for
the

case
of dark

scalar, vector,

and
tensor massive

fields, leaving
additional details in

Appendix A. In section III we provide the e↵ective non-

relativistic action (which is the Schrödinger-Poisson sys-

tem) for these dark
integer spin

fields, and
discuss the

various symmetries of the action. In
section

IV
we dis-

cuss the gravitationally bound
solitons. In

section
V
we

discuss their distinguishability, primarily
within

Newto-

nian
gravity, and

also
mention

other non-gravitational

couplings that can probe the spin nature of the fields. In

section VI we summarize and also highlight some future

directions worth investigating.
II.

M
OD

ELS

Our matter Lagrangian consists of the usual Standard

M
odel (SM

) sector, along
with

some
dark

sector that

includes additional massive spin-0, spin-1, or even spin-2

fields. W
e take these fields to be real valued.

Explicitly, our general action has the form

S
=
S
EH +

S
dark +

S
vis ,

(1)

where
S
EH

is
the

gravity
sector,

S
dark is

some
dark

sector
(incluing

dark
integer

spin
fields),

and
S
vis is

the
visible

sector
(comprising

of the
SM

). Our
focus

is
only

on
the

gravity
+

dark
sector

in
this

paper.

W
e
consider

perturbations
of

di↵erent
fields

around

some
background

metric
ḡ
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Figure 3. Left: Impact of macroscopic spin on the e↵ective gravitational potential for two orbiting bodies,
and hence gravitational wave emission before & during merger. Right: Full numerical relativity evolution
of circularly polarized (maximal spin) and linearly polarized (zero spin) solitons as they evolve from non-
relativistic initial conditions for 3 initial compactness per pair: C ⇡ 0.04, 0.06, 0.1 show in black [where we
expect relativistic corrections & 10%]. The maximal spin solitons S ⇡ ~Msol/m (orange) do not collapse
to a BH at the largest initial compactness considered, whereas the linearly polarized ones (blue) do. Spin
provides a barrier against collapse in this regime (preliminary). Middle: Hamiltonian constraint for the initial
configurations, showing convergence with increasing resolution and order of numerical algorithms.

Proposed Tasks & Expected Outputs.

(a) Spin & Maximal Compactness: Without relativistic corrections, all configurations with the
same total particle number have the same energy, independent of the spin: 0  |S|  ~Msol/m

[9]. However, with relativistic corrections, it is expected that this degeneracy is broken. The
spherical symmetry is also expected to be weakly broken [31]. Using GRChombo[81], the PI and
collaborators will determine which solutions are preferred in full general relativity, starting with
di↵erent Newtonian configurations (with arbitrary polarization). This task is challenging, however,
preliminary work guided by the limiting Newtonian solutions shows strong promise in terms of
results as well as technical aspects such as constraint preservation during the evolution (see middle
panel of Fig. 3). Each run takes ⇠ 104 CPU hrs.

Another output of this calculation will be determining the maximum compactness possible for
solitons with macroscopic spin, beyond which they collapse to BHs. For similar analysis of scalar
solitons, see [87, 88]. Preliminary investigations reveal that the compactness allowed is higher
for solitons with intrinsic spin, compared to those without. Hedgehog configurations which also
have zero spin, and are not extremally polarized (not shown here), collapse at an even smaller
compactness. Moreover, as compactness increases the M vs. R relationship di↵ers between solitons
with macroscopic spin and those without. See right panel of Fig. 3 for preliminary results, where
points represent time averages. The maximum compactness before collapse to BH determines
the amplitude of gravitational waves that can be generated from such objects in the final merger
phase. If an e�cient production mechanism exists, the above results also could potentially tell us a
relationship between spin and mass of the formed black holes from this process [89].

(b) Spin & Gravitational Waves: Consider two solitons of mass M1 and M2 separated by
a distance r, individual radii R1 and R2, and maximal, macroscopic intrinsic spin S1 and S2

respectively (see Fig. 3). The e↵ective potential governing their orbital dynamics [90, 91] is also
shown in the top left of Fig. 3. The third term on the first line is the spin-orbit interaction, and
the 2nd line is the spin-spin interaction, both of which are absent in configurations without spin.
Both a↵ect the orbital dynamics and emission of gravitational waves. The evolution of the phase
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novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ� which leads to the usual
massless spin-2 fluctuations: hµ� (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ� = �µ� = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ� , along with their leading interac-

2 We use ḡµ� = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding
universe when needed. Here, a(t) is the scale factor normalized
to unity today.
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novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ� which leads to the usual
massless spin-2 fluctuations: hµ� (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ� = �µ� = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ� , along with their leading interac-

2 We use ḡµ� = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding
universe when needed. Here, a(t) is the scale factor normalized
to unity today.

Nonrelativistic ICscoll
aps

e to
 BH

increasing compactness

(for example phase of gravitational waves in the weak field limit. Let us assume that we have two
solitons of mass M1 and M2 whose separated by a distance r which is much larger than their radii
R1 and R2. The spin of the solitons are S1 and S2 respectively. The e↵ective potential governing
their dynamics can be written as [37, 38]

V = �
GM1M2

r

�
1 +O(v2/c2)�

2

rc
[r̂ ⇥ (v1 � v2)] ·

2�

a=1

Sa

Ma

+
1

r2c2

�
S1

M1
·
S2

M2
� 3

�
S1

M1
· r̂

��
S2

M2
· r̂

�
+

2�

a=1

C
(a)
ES2

2M1M2

�
S
2
a � 3(Sa · r̂)

2
�
�

+ . . .

� (0.1)

The third term on the first line is the spin-orbit interaction, and the 2nd line is the spin-spin

interaction, both of which are absent in configurations without spin. The coe�cient C
(a)
ES2 is a

property of the object, which the PI will calculate for the configurations of interest.4 Note that the
intuition is that the spin generates a quadrupole moment: Q ⇠ CES2S

2
/Mc

2, is not accurate since
the intrinsic spin still results in spherically symmetric objects (at leading order in the Newtonian
Limit).

The changes in the dynamics of a binary configuration, and emitted gravitational waves can
be estimated using the above e↵ective potential. Using these estimates as a guide, the PI and
collaborators will generate accurate templates of the gravitational waves from binary mergers using
GRChombo. These template would depend on the internal structure of the objects as well as the
spin of each configurations, and could be a valuable asset in the search for exotic compact objects.
They provide a direct probe of the underlying spin of the fields.

4Note that for a Kerr black-hole, C(a)
ES2 = 1, while it is larger (� 4 � 8) for spinning neutron stars, and is related

to the quadrupole distortion of the objects (and hence to the Love numbers).
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Figure 3. Left: Impact of macroscopic spin on the e↵ective gravitational potential for two orbiting bodies,
and hence gravitational wave emission before & during merger. Right: Full numerical relativity evolution
of circularly polarized (maximal spin) and linearly polarized (zero spin) solitons as they evolve from non-
relativistic initial conditions for 3 initial compactness per pair: C ⇡ 0.04, 0.06, 0.1 show in black [where we
expect relativistic corrections & 10%]. The maximal spin solitons S ⇡ ~Msol/m (orange) do not collapse
to a BH at the largest initial compactness considered, whereas the linearly polarized ones (blue) do. Spin
provides a barrier against collapse in this regime (preliminary). Middle: Hamiltonian constraint for the initial
configurations, showing convergence with increasing resolution and order of numerical algorithms.

Proposed Tasks & Expected Outputs.

(a) Spin & Maximal Compactness: Without relativistic corrections, all configurations with the
same total particle number have the same energy, independent of the spin: 0  |S|  ~Msol/m

[9]. However, with relativistic corrections, it is expected that this degeneracy is broken. The
spherical symmetry is also expected to be weakly broken [31]. Using GRChombo[81], the PI and
collaborators will determine which solutions are preferred in full general relativity, starting with
di↵erent Newtonian configurations (with arbitrary polarization). This task is challenging, however,
preliminary work guided by the limiting Newtonian solutions shows strong promise in terms of
results as well as technical aspects such as constraint preservation during the evolution (see middle
panel of Fig. 3). Each run takes ⇠ 104 CPU hrs.

Another output of this calculation will be determining the maximum compactness possible for
solitons with macroscopic spin, beyond which they collapse to BHs. For similar analysis of scalar
solitons, see [87, 88]. Preliminary investigations reveal that the compactness allowed is higher
for solitons with intrinsic spin, compared to those without. Hedgehog configurations which also
have zero spin, and are not extremally polarized (not shown here), collapse at an even smaller
compactness. Moreover, as compactness increases the M vs. R relationship di↵ers between solitons
with macroscopic spin and those without. See right panel of Fig. 3 for preliminary results, where
points represent time averages. The maximum compactness before collapse to BH determines
the amplitude of gravitational waves that can be generated from such objects in the final merger
phase. If an e�cient production mechanism exists, the above results also could potentially tell us a
relationship between spin and mass of the formed black holes from this process [89].

(b) Spin & Gravitational Waves: Consider two solitons of mass M1 and M2 separated by
a distance r, individual radii R1 and R2, and maximal, macroscopic intrinsic spin S1 and S2

respectively (see Fig. 3). The e↵ective potential governing their orbital dynamics [90, 91] is also
shown in the top left of Fig. 3. The third term on the first line is the spin-orbit interaction, and
the 2nd line is the spin-spin interaction, both of which are absent in configurations without spin.
Both a↵ect the orbital dynamics and emission of gravitational waves. The evolution of the phase
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3.0

<latexit sha1_base64="MzW+ItqCXwrss5RoM5rN1dCmmGY=">AAACEHicbVC7TsNAEDzzDOEVoKQ5ESGoIhtFQBlBQxkkAkiJFa0va3Lizrbu1ojIyifQ8Cs0FCBES0nH32CHFJAw1WhmVzs7QaKkJdf9cmZm5+YXFktL5eWV1bX1ysbmpY1TI7AlYhWb6wAsKhlhiyQpvE4Mgg4UXgW3p4V/dYfGyji6oEGCvoabSIZSAOVSt7LXCeOIQtBSDTKlzbDcoT4S8HaH8J4yA72hX+blbqXq1twR+DTxxqTKxmh2K5+dXixSjREJBda2PTchPwNDUijMz6QWExC3cIPtnEag0frZ6KEh382VHg9jw4t0fKT+3shAWzvQQT6pgfp20ivE/7x2SuGxn8koSQkj8XMoTBWnmBft8J40KEgNcgLCyDwrF30wICjvsCjBm3x5mlwe1LzDWv28Xm2cjOsosW22w/aZx45Yg52xJmsxwR7YE3thr86j8+y8Oe8/ozPOeGeL/YHz8Q2bb5zq</latexit> ✓[
ra

d]

<latexit sha1_base64="91qv1qdX0/Xla/Hn1a2EXSGj0z0="></latexit>

O3 andO4, linear pol.
<latexit sha1_base64="yT0wN8/L64ewXLU1DeSOrbOyN7s="></latexit>

O3 andO4, circular pol.

<latexit sha1_base64="ZirONJMStFJBCBPYUpUyy0ozbDw=">AAACD3icbVC7TsMwFHXKq4RXgJHFogK1AyWpKmCsYGEsEn1ITVo5rtNatZPIdpCiKH/Awq+wMIAQKysbf0PSdoCWMx2dc6/uuccNGZXKNL+1wsrq2vpGcVPf2t7Z3TP2D9oyiAQmLRywQHRdJAmjPmkpqhjphoIg7jLScSc3ud95IELSwL9XcUgcjkY+9ShGKpMGxqntBb7yEKcsTpgSqV6enPHKeXnUr9kuEkk37dd4ZWCUzKo5BVwm1pyUwBzNgfFlDwMcceIrzJCUPcsMlZMgoShmJNXtSJIQ4QkakV5GfcSJdJLpPyk8yZQh9AIB83Bwqv7eSBCXMuZuNsmRGstFLxf/83qR8q6chPphpIiPZ4e8iEEVwLwcOKSCYMXijCAsaJYV4jESCKusQj0rwVp8eZm0a1Xrolq/q5ca1/M6iuAIHIMysMAlaIBb0AQtgMEjeAav4E170l60d+1jNlrQ5juH4A+0zx+mE5vE</latexit>

(k �m)/(g2X̄2m)
<latexit sha1_base64="ZirONJMStFJBCBPYUpUyy0ozbDw=">AAACD3icbVC7TsMwFHXKq4RXgJHFogK1AyWpKmCsYGEsEn1ITVo5rtNatZPIdpCiKH/Awq+wMIAQKysbf0PSdoCWMx2dc6/uuccNGZXKNL+1wsrq2vpGcVPf2t7Z3TP2D9oyiAQmLRywQHRdJAmjPmkpqhjphoIg7jLScSc3ud95IELSwL9XcUgcjkY+9ShGKpMGxqntBb7yEKcsTpgSqV6enPHKeXnUr9kuEkk37dd4ZWCUzKo5BVwm1pyUwBzNgfFlDwMcceIrzJCUPcsMlZMgoShmJNXtSJIQ4QkakV5GfcSJdJLpPyk8yZQh9AIB83Bwqv7eSBCXMuZuNsmRGstFLxf/83qR8q6chPphpIiPZ4e8iEEVwLwcOKSCYMXijCAsaJYV4jESCKusQj0rwVp8eZm0a1Xrolq/q5ca1/M6iuAIHIMysMAlaIBb0AQtgMEjeAav4E170l60d+1jNlrQ5juH4A+0zx+mE5vE</latexit>

(k �m)/(g2X̄2m)
<latexit sha1_base64="ZirONJMStFJBCBPYUpUyy0ozbDw=">AAACD3icbVC7TsMwFHXKq4RXgJHFogK1AyWpKmCsYGEsEn1ITVo5rtNatZPIdpCiKH/Awq+wMIAQKysbf0PSdoCWMx2dc6/uuccNGZXKNL+1wsrq2vpGcVPf2t7Z3TP2D9oyiAQmLRywQHRdJAmjPmkpqhjphoIg7jLScSc3ud95IELSwL9XcUgcjkY+9ShGKpMGxqntBb7yEKcsTpgSqV6enPHKeXnUr9kuEkk37dd4ZWCUzKo5BVwm1pyUwBzNgfFlDwMcceIrzJCUPcsMlZMgoShmJNXtSJIQ4QkakV5GfcSJdJLpPyk8yZQh9AIB83Bwqv7eSBCXMuZuNsmRGstFLxf/83qR8q6chPphpIiPZ4e8iEEVwLwcOKSCYMXijCAsaJYV4jESCKusQj0rwVp8eZm0a1Xrolq/q5ca1/M6iuAIHIMysMAlaIBb0AQtgMEjeAav4E170l60d+1jNlrQ5juH4A+0zx+mE5vE</latexit>

(k �m)/(g2X̄2m)

<latexit sha1_base64="yNhzRblv8eLR1lSLUJnebNJ8kZs=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEN4ZEirosunFZwT6gDWUynbRD5xFmJkIIBX/FjQtF3Pod7vwbkzYLbT2rwzn3cs89YcyoNp73bVVWVtfWN6qb9tb2zu6es3/Q1jJRmLSwZFJ1Q6QJo4K0DDWMdGNFEA8Z6YST28LvPBKlqRQPJo1JwNFI0IhiZHJp4Bz1IylMhDhlaca4mtrnvusNnJrnejPAZeKXpAZKNAfOV38occKJMJghrXu+F5sgQ8pQzMjU7ieaxAhP0Ij0cioQJzrIZvGn8DRXhjCSChZZ4Ez9vZEhrnXKw3ySIzPWi14h/uf1EhNdBxkVcWKIwPNDUcKgkbDoAg6pItiwNCcIK5pnhXiMFMImb8zOS/AXX14m7QvXv3Tr9/Va46asowqOwQk4Az64Ag1wB5qgBTDIwDN4BW/Wk/VivVsf89GKVe4cgj+wPn8AcJ6VJA==</latexit>�1.0
<latexit sha1_base64="g5nAO3F7HEiJ+67L0M6RZPZJ2HY=">AAAB/nicbVDLSsNAFJ34rPEVFVduBovgxpBIfSyLblxWsA9oQ5lMJ+3QmUmYmQghFPwVNy4Ucet3uPNvnLRZaOtZHc65l3vuCRNGlfa8b2tpeWV1bb2yYW9ube/sOnv7LRWnEpMmjlksOyFShFFBmppqRjqJJIiHjLTD8W3htx+JVDQWDzpLSMDRUNCIYqSN1HcOe1EsdIQ4ZVnOuJzYZ5570XeqnutNAReJX5IqKNHoO1+9QYxTToTGDCnV9b1EBzmSmmJGJnYvVSRBeIyGpGuoQJyoIJ/Gn8ATowxgFEtYZIFT9fdGjrhSGQ/NJEd6pOa9QvzP66Y6ug5yKpJUE4Fnh6KUQR3Dogs4oJJgzTJDEJbUZIV4hCTC2jRmmxL8+ZcXSevc9S/d2n2tWr8p66iAI3AMToEPrkAd3IEGaAIMcvAMXsGb9WS9WO/Wx2x0ySp3DsAfWJ8/dqyVKA==</latexit>�0.5

<latexit sha1_base64="Wn42y88+IVibZvvyQaolEYrXVlw=">AAAB/nicbVDLSsNAFJ34rPEVFVduBovgqiRS1GXRjcsK9gFtKJPppB06jzAzEUIo+CtuXCji1u9w5984abPQ1rOZwzn3cs+cKGFUG9//dlZW19Y3Nitb7vbO7t6+d3DY1jJVmLSwZFJ1I6QJo4K0DDWMdBNFEI8Y6UST28LvPBKlqRQPJktIyNFI0JhiZKw08I77sRQmRpyyLGdcTV2/5rsDr2qfGeAyCUpSBSWaA++rP5Q45UQYzJDWvcBPTJgjZShmZOr2U00ShCdoRHqWCsSJDvNZ/Ck8s8oQxlLBIgucqb83csS1znhkJzkyY73oFeJ/Xi818XWYU5Gkhgg8PxSnDBoJiy7gkCqCDcssQVhRmxXiMVIIG9tYUUKw+OVl0r6oBZe1+n292rgp66iAE3AKzkEArkAD3IEmaAEMcvAMXsGb8+S8OO/Ox3x0xSl3jsAfOJ8/OhOVAA==</latexit>

0.0
<latexit sha1_base64="zvEyzzpbgQHYoQDFsE2m5O4ddA4=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyGR+lgW3bisYB/QhjKZTtqh8wgzEyGEgr/ixoUibv0Od/6NSZuFtp7V4Zx7ueeeMGZUG8/7tiorq2vrG9VNe2t7Z3fP2T9oa5koTFpYMqm6IdKEUUFahhpGurEiiIeMdMLJbeF3HonSVIoHk8Yk4GgkaEQxMrk0cI76kRQmQpyyNGNcTW3PvbAHTs1zvRngMvFLUgMlmgPnqz+UOOFEGMyQ1j3fi02QIWUoZmRq9xNNYoQnaER6ORWIEx1ks/hTeJorQxhJBYsscKb+3sgQ1zrlYT7JkRnrRa8Q//N6iYmug4yKODFE4PmhKGHQSFh0AYdUEWxYmhOEFc2zQjxGCmGTN1aU4C++vEza565/6dbv67XGTVlHFRyDE3AGfHAFGuAONEELYJCBZ/AK3qwn68V6tz7moxWr3DkEf2B9/gBBrJUF</latexit>

0.5
<latexit sha1_base64="4WlytiUafRxdq8pb6UEFBhAKKg4=">AAAB/nicbVDLSsNAFL3xWeMrKq7cDBbBVUmkqMuiG5cV7APaUCbTSTt0JhNmJkIIBX/FjQtF3Pod7vwbkzYLbT2rwzn3cs89QcyZNq77ba2srq1vbFa27O2d3b195+CwrWWiCG0RyaXqBlhTziLaMsxw2o0VxSLgtBNMbgu/80iVZjJ6MGlMfYFHEQsZwSaXBs5xP5SRCbFgPM24UFPbq7n2wKm6NXcGtEy8klShRHPgfPWHkiSCRoZwrHXPc2PjZ1gZRjid2v1E0xiTCR7RXk4jLKj2s1n8KTrLlSEKpUJFFjRTf29kWGidiiCfFNiM9aJXiP95vcSE137GojgxNCLzQ2HCkZGo6AINmaLE8DQnmCiWZ0VkjBUmJm+sKMFbfHmZtC9q3mWtfl+vNm7KOipwAqdwDh5cQQPuoAktIJDBM7zCm/VkvVjv1sd8dMUqd47gD6zPHzualQE=</latexit>

1.0
<latexit sha1_base64="yNhzRblv8eLR1lSLUJnebNJ8kZs=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEN4ZEirosunFZwT6gDWUynbRD5xFmJkIIBX/FjQtF3Pod7vwbkzYLbT2rwzn3cs89YcyoNp73bVVWVtfWN6qb9tb2zu6es3/Q1jJRmLSwZFJ1Q6QJo4K0DDWMdGNFEA8Z6YST28LvPBKlqRQPJo1JwNFI0IhiZHJp4Bz1IylMhDhlaca4mtrnvusNnJrnejPAZeKXpAZKNAfOV38occKJMJghrXu+F5sgQ8pQzMjU7ieaxAhP0Ij0cioQJzrIZvGn8DRXhjCSChZZ4Ez9vZEhrnXKw3ySIzPWi14h/uf1EhNdBxkVcWKIwPNDUcKgkbDoAg6pItiwNCcIK5pnhXiMFMImb8zOS/AXX14m7QvXv3Tr9/Va46asowqOwQk4Az64Ag1wB5qgBTDIwDN4BW/Wk/VivVsf89GKVe4cgj+wPn8AcJ6VJA==</latexit>�1.0

<latexit sha1_base64="g5nAO3F7HEiJ+67L0M6RZPZJ2HY=">AAAB/nicbVDLSsNAFJ34rPEVFVduBovgxpBIfSyLblxWsA9oQ5lMJ+3QmUmYmQghFPwVNy4Ucet3uPNvnLRZaOtZHc65l3vuCRNGlfa8b2tpeWV1bb2yYW9ube/sOnv7LRWnEpMmjlksOyFShFFBmppqRjqJJIiHjLTD8W3htx+JVDQWDzpLSMDRUNCIYqSN1HcOe1EsdIQ4ZVnOuJzYZ5570XeqnutNAReJX5IqKNHoO1+9QYxTToTGDCnV9b1EBzmSmmJGJnYvVSRBeIyGpGuoQJyoIJ/Gn8ATowxgFEtYZIFT9fdGjrhSGQ/NJEd6pOa9QvzP66Y6ug5yKpJUE4Fnh6KUQR3Dogs4oJJgzTJDEJbUZIV4hCTC2jRmmxL8+ZcXSevc9S/d2n2tWr8p66iAI3AMToEPrkAd3IEGaAIMcvAMXsGb9WS9WO/Wx2x0ySp3DsAfWJ8/dqyVKA==</latexit>�0.5
<latexit sha1_base64="Wn42y88+IVibZvvyQaolEYrXVlw=">AAAB/nicbVDLSsNAFJ34rPEVFVduBovgqiRS1GXRjcsK9gFtKJPppB06jzAzEUIo+CtuXCji1u9w5984abPQ1rOZwzn3cs+cKGFUG9//dlZW19Y3Nitb7vbO7t6+d3DY1jJVmLSwZFJ1I6QJo4K0DDWMdBNFEI8Y6UST28LvPBKlqRQPJktIyNFI0JhiZKw08I77sRQmRpyyLGdcTV2/5rsDr2qfGeAyCUpSBSWaA++rP5Q45UQYzJDWvcBPTJgjZShmZOr2U00ShCdoRHqWCsSJDvNZ/Ck8s8oQxlLBIgucqb83csS1znhkJzkyY73oFeJ/Xi818XWYU5Gkhgg8PxSnDBoJiy7gkCqCDcssQVhRmxXiMVIIG9tYUUKw+OVl0r6oBZe1+n292rgp66iAE3AKzkEArkAD3IEmaAEMcvAMXsGb8+S8OO/Ox3x0xSl3jsAfOJ8/OhOVAA==</latexit>

0.0
<latexit sha1_base64="zvEyzzpbgQHYoQDFsE2m5O4ddA4=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyGR+lgW3bisYB/QhjKZTtqh8wgzEyGEgr/ixoUibv0Od/6NSZuFtp7V4Zx7ueeeMGZUG8/7tiorq2vrG9VNe2t7Z3fP2T9oa5koTFpYMqm6IdKEUUFahhpGurEiiIeMdMLJbeF3HonSVIoHk8Yk4GgkaEQxMrk0cI76kRQmQpyyNGNcTW3PvbAHTs1zvRngMvFLUgMlmgPnqz+UOOFEGMyQ1j3fi02QIWUoZmRq9xNNYoQnaER6ORWIEx1ks/hTeJorQxhJBYsscKb+3sgQ1zrlYT7JkRnrRa8Q//N6iYmug4yKODFE4PmhKGHQSFh0AYdUEWxYmhOEFc2zQjxGCmGTN1aU4C++vEza565/6dbv67XGTVlHFRyDE3AGfHAFGuAONEELYJCBZ/AK3qwn68V6tz7moxWr3DkEf2B9/gBBrJUF</latexit>

0.5
<latexit sha1_base64="4WlytiUafRxdq8pb6UEFBhAKKg4=">AAAB/nicbVDLSsNAFL3xWeMrKq7cDBbBVUmkqMuiG5cV7APaUCbTSTt0JhNmJkIIBX/FjQtF3Pod7vwbkzYLbT2rwzn3cs89QcyZNq77ba2srq1vbFa27O2d3b195+CwrWWiCG0RyaXqBlhTziLaMsxw2o0VxSLgtBNMbgu/80iVZjJ6MGlMfYFHEQsZwSaXBs5xP5SRCbFgPM24UFPbq7n2wKm6NXcGtEy8klShRHPgfPWHkiSCRoZwrHXPc2PjZ1gZRjid2v1E0xiTCR7RXk4jLKj2s1n8KTrLlSEKpUJFFjRTf29kWGidiiCfFNiM9aJXiP95vcSE137GojgxNCLzQ2HCkZGo6AINmaLE8DQnmCiWZ0VkjBUmJm+sKMFbfHmZtC9q3mWtfl+vNm7KOipwAqdwDh5cQQPuoAktIJDBM7zCm/VkvVjv1sd8dMUqd47gD6zPHzualQE=</latexit>

1.0

<latexit sha1_base64="XAmQGsA2NyUVv0ATexGPoyeXWnA="></latexit>

O1 andO2, linear pol.

<latexit sha1_base64="bDbg3gm18jEXfL0HlXXQ9Dd6gMc="></latexit> µk,max

g2X̄2m

<latexit sha1_base64="/YLmYNuRvWr3AzO6OxfVGIJe+/U=">AAAB+3icbVC7TsMwFHXKq4RXKCOLRYXEVCWoAsYKFsYi0YfURpXjOq1V24lsBzWK8issDCDEyo+w8Tc4bQZoOdPROffqnnuCmFGlXffbqmxsbm3vVHftvf2DwyPnuNZVUSIx6eCIRbIfIEUYFaSjqWakH0uCeMBIL5jdFX7viUhFI/Go05j4HE0EDSlG2kgjpzYMI6FDxClLM6Zlbs9HTt1tuAvAdeKVpA5KtEfO13Ac4YQToTFDSg08N9Z+hqSmmJHcHiaKxAjP0IQMDBWIE+Vni+w5PDfKGIaRhEUQuFB/b2SIK5XywExypKdq1SvE/7xBosMbP6MiTjQReHkoTBjUESyKgGMqCdYsNQRhSU1WiKdIIqxNXbYpwVt9eZ10LxveVaP50Ky3bss6quAUnIEL4IFr0AL3oA06AIM5eAav4M3KrRfr3fpYjlascucE/IH1+QOPBZTJ</latexit>x
<latexit sha1_base64="wczNExxE7r0OXBQ0oOiQcS0WJAg=">AAAB+3icbVC7TsMwFHXKq4RXKCOLRYXEVCUIAWMFC2OR6ENqo8pxndaqH5HtIKKov8LCAEKs/Agbf4PTZoCWMx2dc6/uuSdKGNXG97+dytr6xuZWddvd2d3bP/AOax0tU4VJG0smVS9CmjAqSNtQw0gvUQTxiJFuNL0t/O4jUZpK8WCyhIQcjQWNKUbGSkOvNoilMDHilGU5M2rmZkOv7jf8OeAqCUpSByVaQ+9rMJI45UQYzJDW/cBPTJgjZShmZOYOUk0ShKdoTPqWCsSJDvN59hk8tcoIxlLBIgicq783csS1znhkJzkyE73sFeJ/Xj818XWYU5Gkhgi8OBSnDBoJiyLgiCqCDcssQVhRmxXiCVIIG1uXa0sIll9eJZ3zRnDZuLi/qDdvyjqq4BicgDMQgCvQBHegBdoAgyfwDF7BmzNzXpx352MxWnHKnSPwB87nD5CJlMo=</latexit>y

<latexit sha1_base64="nddzV7z7xTwI4rZkRg7szlB1a3A=">AAAB+3icbVC7TsMwFHXKq4RXKCOLRYXEVCWoAsYKFsYi0YfURpXjOq1V24lsBxGi/AoLAwix8iNs/A1OmwFaznR0zr26554gZlRp1/22KmvrG5tb1W17Z3dv/8A5rHVVlEhMOjhikewHSBFGBeloqhnpx5IgHjDSC2Y3hd97IFLRSNzrNCY+RxNBQ4qRNtLIqQ3DSOgQccrSjGmZ208jp+423DngKvFKUgcl2iPnaziOcMKJ0JghpQaeG2s/Q1JTzEhuDxNFYoRnaEIGhgrEifKzefYcnhplDMNIwiIInKu/NzLElUp5YCY50lO17BXif94g0eGVn1ERJ5oIvDgUJgzqCBZFwDGVBGuWGoKwpCYrxFMkEdamLtuU4C2/vEq65w3votG8a9Zb12UdVXAMTsAZ8MAlaIFb0AYdgMEjeAav4M3KrRfr3fpYjFascucI/IH1+QOSDZTL</latexit>z

<latexit sha1_base64="/YLmYNuRvWr3AzO6OxfVGIJe+/U=">AAAB+3icbVC7TsMwFHXKq4RXKCOLRYXEVCWoAsYKFsYi0YfURpXjOq1V24lsBzWK8issDCDEyo+w8Tc4bQZoOdPROffqnnuCmFGlXffbqmxsbm3vVHftvf2DwyPnuNZVUSIx6eCIRbIfIEUYFaSjqWakH0uCeMBIL5jdFX7viUhFI/Go05j4HE0EDSlG2kgjpzYMI6FDxClLM6Zlbs9HTt1tuAvAdeKVpA5KtEfO13Ac4YQToTFDSg08N9Z+hqSmmJHcHiaKxAjP0IQMDBWIE+Vni+w5PDfKGIaRhEUQuFB/b2SIK5XywExypKdq1SvE/7xBosMbP6MiTjQReHkoTBjUESyKgGMqCdYsNQRhSU1WiKdIIqxNXbYpwVt9eZ10LxveVaP50Ky3bss6quAUnIEL4IFr0AL3oA06AIM5eAav4M3KrRfr3fpYjlascucE/IH1+QOPBZTJ</latexit>x
<latexit sha1_base64="wczNExxE7r0OXBQ0oOiQcS0WJAg=">AAAB+3icbVC7TsMwFHXKq4RXKCOLRYXEVCUIAWMFC2OR6ENqo8pxndaqH5HtIKKov8LCAEKs/Agbf4PTZoCWMx2dc6/uuSdKGNXG97+dytr6xuZWddvd2d3bP/AOax0tU4VJG0smVS9CmjAqSNtQw0gvUQTxiJFuNL0t/O4jUZpK8WCyhIQcjQWNKUbGSkOvNoilMDHilGU5M2rmZkOv7jf8OeAqCUpSByVaQ+9rMJI45UQYzJDW/cBPTJgjZShmZOYOUk0ShKdoTPqWCsSJDvN59hk8tcoIxlLBIgicq783csS1znhkJzkyE73sFeJ/Xj818XWYU5Gkhgi8OBSnDBoJiyLgiCqCDcssQVhRmxXiCVIIG1uXa0sIll9eJZ3zRnDZuLi/qDdvyjqq4BicgDMQgCvQBHegBdoAgyfwDF7BmzNzXpx352MxWnHKnSPwB87nD5CJlMo=</latexit>y

<latexit sha1_base64="nddzV7z7xTwI4rZkRg7szlB1a3A=">AAAB+3icbVC7TsMwFHXKq4RXKCOLRYXEVCWoAsYKFsYi0YfURpXjOq1V24lsBxGi/AoLAwix8iNs/A1OmwFaznR0zr26554gZlRp1/22KmvrG5tb1W17Z3dv/8A5rHVVlEhMOjhikewHSBFGBeloqhnpx5IgHjDSC2Y3hd97IFLRSNzrNCY+RxNBQ4qRNtLIqQ3DSOgQccrSjGmZ208jp+423DngKvFKUgcl2iPnaziOcMKJ0JghpQaeG2s/Q1JTzEhuDxNFYoRnaEIGhgrEifKzefYcnhplDMNIwiIInKu/NzLElUp5YCY50lO17BXif94g0eGVn1ERJ5oIvDgUJgzqCBZFwDGVBGuWGoKwpCYrxFMkEdamLtuU4C2/vEq65w3votG8a9Zb12UdVXAMTsAZ8MAlaIFb0AYdgMEjeAav4M3KrRfr3fpYjFascucI/IH1+QOSDZTL</latexit>z
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Figure 1: Electromagnetic radiation arising from a homogeneous dark photon field coupled to electro-
magnetism though several dimension-6 operators via the phenomenon of parametric resonance. Top:
The maximal Floquet exponent µk,max is shown as a function of the wavenumber k of the electro-
magnetic radiation and the polar angle ✓ such that cos ✓ = k · ẑ/k. The dominant Floquet band is
centered at k ⇡ m and has width O(g2X̄2m), where m is the dark photon mass, X̄ is the field am-
plitude, and g is the coupling to electromagnetism with Lint = g2Oi. The three panels correspond to
di↵erent operators Oi and di↵erent polarizations for the dark photon field. Bottom: These graphics
illustrate the orientation of the radiation’s polarization. The green arrows denote the polarization of
the dark photon field (e.g., vector soliton), while the red and blue arrows denote the polarization of
the emitted radiation (for di↵erent operators). For operators O1 and O2 (bottom-left) the radiation
is emitted isotropically, and has no preferred polarization direction. For operators O3 and O4 with
a linearly-polarized dark photon field (bottom-middle) the radiation is predominatly emitted in the
directions normal to ẑ, whereas for a circularly-polarized dark photon field (bottom-right) the emission
is predominantly aligned with ±ẑ.

Next we discuss operators O3 and O4. The analytic calculations are facilitated by moving to a
circular polarization basis for the outgoing radiation. The top-right panel of figure 1 shows the Floquet
chart for operator O3, and the chart for O4 is indistinguishable. The Floquet exponent is maximized for
✓ = 0 and ⇡, corresponding to radiation in the direction normal to the plane of the dark photon field,

– 12 –

to setting rXµ = 0.1 The temporal component of the dark photon field, X0(x), is non-dynamical in
the theories that we study. Its equation of motion is an algebraic constraint equation, which has the
solution X0 =

�
r

2
�m2

��1�r·Ẋ), neglecting gravitational and electromagnetic interactions. Working
to leading order in the gradient expansion, we set X0(x) = 0.

2.2 Interactions with electromagnetism

Since we seek to study electromagnetic radiation from vector solitons, it is necessary to introduce a
coupling between the dark photon field Xµ(x) and the electromagnetic field Aµ(x). Working in the
context of e↵ective field theory (EFT), we consider all operators that are consistent with electromagnetic
gauge invariance, and we organize the operators based on their mass dimension. The only such operator
with mass dimension-4 is the so-called gauge-kinetic mixing [45, 46]

L (4)
int � Fµ⌫X↵� , (2.2)

where Fµ⌫ = @µA⌫ � @⌫Aµ is the usual electromagnetic field strength tensor and X↵� = @↵X� � @�X↵.
The Lorentz indices can be contracted using any combination of the diagonal inverse Minkowski metric
⌘µ⌫ and the totally-antisymmetric Levi-Civita symbol ✏µ⌫⇢�; we normalize �⌘00 = ⌘11 = ⌘22 = ⌘33 =
✏0123 = 1. The gauge kinetic mixing can be exchanged for a coupling to charged matter by performing a
field redefinition. In this work we consider systems in the absence of free charges, and the gauge-kinetic
mixing operators do not lead to electromagnetic radiation from a dark photon field. At mass dimension-
5 there are no operators coupling the vector soliton to electromagnetism, since such operators would
carry an odd number of Lorentz indices, which cannot be fully contracted using only the two-index
metric and the four-index Levi-Civita symbol. At dimension-6 the following operators are available:

L (6)
int � Fµ⌫F⇢�X↵X� , Fµ⌫F⇢�@↵X� , Fµ⌫X⇢X�@↵X� , Fµ⌫@⇢X�@↵X� , Fµ⌫@⇢@�@↵X� . (2.3)

The third, fourth, and fifth operators involve only one factor of the electromagnetic field Aµ(x). In the
presence of a background dark photon field Xµ(x), these operators provide a source for Aµ(x). The
radiation arising from such source terms is highly suppressed for long-wavelength background fields if
plasma e↵ects can be neglected [52], and we do not discuss these operators further here.

The dimension-6 operators that we study are summarized as follows:2

O1 = �
1
2Fµ⌫F̃

µ⌫(X ·X) ⇡ 2(E ·B)(X ·X) (2.4a)

O2 = �
1
2Fµ⌫F

µ⌫(X ·X) ⇡ (E ·E)(X ·X)� (B ·B)(X ·X) (2.4b)

O3 = Fµ⇢F
⌫⇢XµX⌫ ⇡ (B ·B)(X ·X)� (E ·X)2 � (B ·X)2 (2.4c)

O4 = F̃µ⇢F̃
⌫⇢XµX⌫ ⇡ (E ·E)(X ·X)� (E ·X)2 � (B ·X)2 (2.4d)

O5 = Fµ⇢F
⌫⇢@µX⌫ ⇡ (E ⇥B) · Ẋ . (2.4e)

To move from the Lorentz-covariant expressions to the 3-vector expressions, we have dropped terms
containing X0 and spatial gradients rXµ, which is an excellent approximation for non-relativistic
modes of the dark photon field.

1
We work in the zero spatial gradient approximation locally, but indirectly take spatial gradients into account by

including the finite size e↵ects of dark photon configurations in the phenomenology.
2
Some of these operators are related to one another using integration by parts (dropping total derivatives) and equa-

tions of motion. For the non-relativistic dark photon field, a few other operators reduce to one of these; for instance

Fµ⇢F̃
⌫⇢XµX⌫ ⇡ �O1.

– 4 –

µR & 1, µ ⇠ g2X2m

R = soliton radius, µ = Floquet exponent
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.

spin multiplicity � =

macroscopic spin 


N =  # of particles in soliton

Stot/~ = �Nẑscale separation 


- phenomenology/numerical simulations
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.

spin multiplicity � =

macroscopic spin 


N =  # of particles in soliton

Stot/~ = �Nẑ
-phenomenology/numerical simulations


- interference ~1/(2s+1)

spin-s fields as light dark matter
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.

spin multiplicity � =

macroscopic spin 


N =  # of particles in soliton

Stot/~ = �Nẑ
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ� which leads to the usual
massless spin-2 fluctuations: hµ� (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ� = �µ� = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ� , along with their leading interac-

2 We use ḡµ� = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding
universe when needed. Here, a(t) is the scale factor normalized
to unity today.
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ� which leads to the usual
massless spin-2 fluctuations: hµ� (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ� = �µ� = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ� , along with their leading interac-

2 We use ḡµ� = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding
universe when needed. Here, a(t) is the scale factor normalized
to unity today.

Nonrelativistic ICscoll
aps

e to
 BH

increasing compactness

(for example phase of gravitational waves in the weak field limit. Let us assume that we have two
solitons of mass M1 and M2 whose separated by a distance r which is much larger than their radii
R1 and R2. The spin of the solitons are S1 and S2 respectively. The e↵ective potential governing
their dynamics can be written as [37, 38]

V = �
GM1M2

r

�
1 +O(v2/c2)�

2

rc
[r̂ ⇥ (v1 � v2)] ·

2�

a=1

Sa

Ma

+
1

r2c2

�
S1

M1
·
S2

M2
� 3

�
S1

M1
· r̂

��
S2

M2
· r̂

�
+

2�

a=1

C
(a)
ES2

2M1M2

�
S
2
a � 3(Sa · r̂)

2
�
�

+ . . .

� (0.1)

The third term on the first line is the spin-orbit interaction, and the 2nd line is the spin-spin

interaction, both of which are absent in configurations without spin. The coe�cient C
(a)
ES2 is a

property of the object, which the PI will calculate for the configurations of interest.4 Note that the
intuition is that the spin generates a quadrupole moment: Q ⇠ CES2S

2
/Mc

2, is not accurate since
the intrinsic spin still results in spherically symmetric objects (at leading order in the Newtonian
Limit).

The changes in the dynamics of a binary configuration, and emitted gravitational waves can
be estimated using the above e↵ective potential. Using these estimates as a guide, the PI and
collaborators will generate accurate templates of the gravitational waves from binary mergers using
GRChombo. These template would depend on the internal structure of the objects as well as the
spin of each configurations, and could be a valuable asset in the search for exotic compact objects.
They provide a direct probe of the underlying spin of the fields.

4Note that for a Kerr black-hole, C(a)
ES2 = 1, while it is larger (� 4 � 8) for spinning neutron stars, and is related

to the quadrupole distortion of the objects (and hence to the Love numbers).
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visual summary of some of the main

results of our paper.

novel class
of extremally

polarized
solitons

with
spin

S
tot /~ =

�
M
/m

which
can

be macroscopically large for

M

�

m.
Here,

m
is the

mass of the
field,

M

is the

mass of the soliton
and

�
is the spin

multiplicity. These

coherent
solitons

(along
with

fractionally
polarized

ones mentioned
earlier) might open

up
new

avenues for

observationally probing higher-spin fields.

W
e find

that even
within

Newtonian
gravity

it might

be possible to
distinguish

interacting
solitons with

dif-

ferent polarizations.
Going

beyond
Newtonian

gravity,

which we do not pursue here, might remove degeneracies

between
di↵erent polarizations of the higher-spin

fields

even
further.

W
e
also

discuss
possibilities

of probing

this
higher-spin

dark
matter

via
non-gravitational

interactions, taking
advantage of the polarization

state

of the solitons.
The

paper is organized
as follows.

In
section

II we

discuss
our

model for
the

case
of dark

scalar, vector,

and
tensor massive

fields, leaving
additional details in

Appendix A. In section III we provide the e↵ective non-

relativistic action (which is the Schrödinger-Poisson sys-

tem) for these dark
integer spin

fields, and
discuss the

various symmetries of the action. In
section

IV
we dis-

cuss the gravitationally bound
solitons. In

section
V
we

discuss their distinguishability, primarily
within

Newto-

nian
gravity, and

also
mention

other non-gravitational

couplings that can probe the spin nature of the fields. In

section VI we summarize and also highlight some future

directions worth investigating.
II.

M
OD

ELS

Our matter Lagrangian consists of the usual Standard

M
odel (SM

) sector, along
with

some
dark

sector that

includes additional massive spin-0, spin-1, or even spin-2

fields. W
e take these fields to be real valued.

Explicitly, our general action has the form

S
=
S
EH +

S
dark +

S
vis ,

(1)

where
S
EH

is
the

gravity
sector,

S
dark is

some
dark

sector
(incluing

dark
integer

spin
fields),

and
S
vis is

the
visible

sector
(comprising

of the
SM

). Our
focus

is
only

on
the

gravity
+

dark
sector

in
this

paper.

W
e
consider

perturbations
of

di↵erent
fields

around

some
background

metric
ḡ
µ� which

leads to
the

usual

massless spin-2
fluctuations:

h
µ� (the

graviton), along

with
other

perturbations
in

di↵erent
fields.

W
e
will

focus
on

a
given

spin-s
field

+
gravity,

instead
of

considering
massive spin-0, 1

and
2
together, although

our formalism
can accomodate the latter scenario as well.

For
most

part,
we

are
interested

in
sub-horizon

physics
where

length
scales

associated
with

config-

urations
of

these
dark

fields
are

much
smaller

than

the
Hubble

horizon.
As

a
result,

we
ignore

Hub-

ble
expansion, and

take
the

background
metric

to
be 2

ḡ
µ� =

�
µ� =

diag(1,�1,�1,�1). W
e also take ~ =

c =
1.

In
the next three subsections, we provide the general

action up-to quadratic order in the fields of interest, along

with
leading

order gravitational interactions.
For the

non-relativistic limit that we are interested
in, the lead-

ing
order actions provided

here are su�cient.
The full

nonlinear actions are discussed in the Appendix.

A.
Spin-0

The quadratic (free) action
for the spin-0 field

�, and

metric fluctuations
h
µ� , along with their leading interac-

2
W
e
use

ḡ
µ� =

diag(1,�a 2
(t),�a 2

(t),�a 2
(t)) for an

expanding

universe when
needed. Here, a(t) is the scale factor normalized

to unity
today.
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Figure 3. Left: Impact of macroscopic spin on the e↵ective gravitational potential for two orbiting bodies,
and hence gravitational wave emission before & during merger. Right: Full numerical relativity evolution
of circularly polarized (maximal spin) and linearly polarized (zero spin) solitons as they evolve from non-
relativistic initial conditions for 3 initial compactness per pair: C ⇡ 0.04, 0.06, 0.1 show in black [where we
expect relativistic corrections & 10%]. The maximal spin solitons S ⇡ ~Msol/m (orange) do not collapse
to a BH at the largest initial compactness considered, whereas the linearly polarized ones (blue) do. Spin
provides a barrier against collapse in this regime (preliminary). Middle: Hamiltonian constraint for the initial
configurations, showing convergence with increasing resolution and order of numerical algorithms.

Proposed Tasks & Expected Outputs.

(a) Spin & Maximal Compactness: Without relativistic corrections, all configurations with the
same total particle number have the same energy, independent of the spin: 0  |S|  ~Msol/m

[9]. However, with relativistic corrections, it is expected that this degeneracy is broken. The
spherical symmetry is also expected to be weakly broken [31]. Using GRChombo[81], the PI and
collaborators will determine which solutions are preferred in full general relativity, starting with
di↵erent Newtonian configurations (with arbitrary polarization). This task is challenging, however,
preliminary work guided by the limiting Newtonian solutions shows strong promise in terms of
results as well as technical aspects such as constraint preservation during the evolution (see middle
panel of Fig. 3). Each run takes ⇠ 104 CPU hrs.

Another output of this calculation will be determining the maximum compactness possible for
solitons with macroscopic spin, beyond which they collapse to BHs. For similar analysis of scalar
solitons, see [87, 88]. Preliminary investigations reveal that the compactness allowed is higher
for solitons with intrinsic spin, compared to those without. Hedgehog configurations which also
have zero spin, and are not extremally polarized (not shown here), collapse at an even smaller
compactness. Moreover, as compactness increases the M vs. R relationship di↵ers between solitons
with macroscopic spin and those without. See right panel of Fig. 3 for preliminary results, where
points represent time averages. The maximum compactness before collapse to BH determines
the amplitude of gravitational waves that can be generated from such objects in the final merger
phase. If an e�cient production mechanism exists, the above results also could potentially tell us a
relationship between spin and mass of the formed black holes from this process [89].

(b) Spin & Gravitational Waves: Consider two solitons of mass M1 and M2 separated by
a distance r, individual radii R1 and R2, and maximal, macroscopic intrinsic spin S1 and S2

respectively (see Fig. 3). The e↵ective potential governing their orbital dynamics [90, 91] is also
shown in the top left of Fig. 3. The third term on the first line is the spin-orbit interaction, and
the 2nd line is the spin-spin interaction, both of which are absent in configurations without spin.
Both a↵ect the orbital dynamics and emission of gravitational waves. The evolution of the phase
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ� which leads to the usual
massless spin-2 fluctuations: hµ� (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ� = �µ� = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ� , along with their leading interac-

2 We use ḡµ� = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding
universe when needed. Here, a(t) is the scale factor normalized
to unity today.
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ� which leads to the usual
massless spin-2 fluctuations: hµ� (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ� = �µ� = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ� , along with their leading interac-

2 We use ḡµ� = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding
universe when needed. Here, a(t) is the scale factor normalized
to unity today.

Nonrelativistic ICscoll
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e to
 BH

increasing compactness

(for example phase of gravitational waves in the weak field limit. Let us assume that we have two
solitons of mass M1 and M2 whose separated by a distance r which is much larger than their radii
R1 and R2. The spin of the solitons are S1 and S2 respectively. The e↵ective potential governing
their dynamics can be written as [37, 38]
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The third term on the first line is the spin-orbit interaction, and the 2nd line is the spin-spin

interaction, both of which are absent in configurations without spin. The coe�cient C
(a)
ES2 is a

property of the object, which the PI will calculate for the configurations of interest.4 Note that the
intuition is that the spin generates a quadrupole moment: Q ⇠ CES2S

2
/Mc

2, is not accurate since
the intrinsic spin still results in spherically symmetric objects (at leading order in the Newtonian
Limit).

The changes in the dynamics of a binary configuration, and emitted gravitational waves can
be estimated using the above e↵ective potential. Using these estimates as a guide, the PI and
collaborators will generate accurate templates of the gravitational waves from binary mergers using
GRChombo. These template would depend on the internal structure of the objects as well as the
spin of each configurations, and could be a valuable asset in the search for exotic compact objects.
They provide a direct probe of the underlying spin of the fields.

4Note that for a Kerr black-hole, C(a)
ES2 = 1, while it is larger (� 4 � 8) for spinning neutron stars, and is related

to the quadrupole distortion of the objects (and hence to the Love numbers).
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Figure 3. Left: Impact of macroscopic spin on the e↵ective gravitational potential for two orbiting bodies,
and hence gravitational wave emission before & during merger. Right: Full numerical relativity evolution
of circularly polarized (maximal spin) and linearly polarized (zero spin) solitons as they evolve from non-
relativistic initial conditions for 3 initial compactness per pair: C ⇡ 0.04, 0.06, 0.1 show in black [where we
expect relativistic corrections & 10%]. The maximal spin solitons S ⇡ ~Msol/m (orange) do not collapse
to a BH at the largest initial compactness considered, whereas the linearly polarized ones (blue) do. Spin
provides a barrier against collapse in this regime (preliminary). Middle: Hamiltonian constraint for the initial
configurations, showing convergence with increasing resolution and order of numerical algorithms.

Proposed Tasks & Expected Outputs.

(a) Spin & Maximal Compactness: Without relativistic corrections, all configurations with the
same total particle number have the same energy, independent of the spin: 0  |S|  ~Msol/m

[9]. However, with relativistic corrections, it is expected that this degeneracy is broken. The
spherical symmetry is also expected to be weakly broken [31]. Using GRChombo[81], the PI and
collaborators will determine which solutions are preferred in full general relativity, starting with
di↵erent Newtonian configurations (with arbitrary polarization). This task is challenging, however,
preliminary work guided by the limiting Newtonian solutions shows strong promise in terms of
results as well as technical aspects such as constraint preservation during the evolution (see middle
panel of Fig. 3). Each run takes ⇠ 104 CPU hrs.

Another output of this calculation will be determining the maximum compactness possible for
solitons with macroscopic spin, beyond which they collapse to BHs. For similar analysis of scalar
solitons, see [87, 88]. Preliminary investigations reveal that the compactness allowed is higher
for solitons with intrinsic spin, compared to those without. Hedgehog configurations which also
have zero spin, and are not extremally polarized (not shown here), collapse at an even smaller
compactness. Moreover, as compactness increases the M vs. R relationship di↵ers between solitons
with macroscopic spin and those without. See right panel of Fig. 3 for preliminary results, where
points represent time averages. The maximum compactness before collapse to BH determines
the amplitude of gravitational waves that can be generated from such objects in the final merger
phase. If an e�cient production mechanism exists, the above results also could potentially tell us a
relationship between spin and mass of the formed black holes from this process [89].

(b) Spin & Gravitational Waves: Consider two solitons of mass M1 and M2 separated by
a distance r, individual radii R1 and R2, and maximal, macroscopic intrinsic spin S1 and S2

respectively (see Fig. 3). The e↵ective potential governing their orbital dynamics [90, 91] is also
shown in the top left of Fig. 3. The third term on the first line is the spin-orbit interaction, and
the 2nd line is the spin-spin interaction, both of which are absent in configurations without spin.
Both a↵ect the orbital dynamics and emission of gravitational waves. The evolution of the phase
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novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.
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novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-
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We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding
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k/aim
<latexit sha1_base64="ojes4IeJ76XQij48X/tcNaCHc/I=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21okl2SrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//ci04bF6sJOEBZIMFY84JdZJbdLnWOKnfrniVb058Crxc1KBHI1++as3iGkqmbJUEGO6vpfYICPacirYtNRLDUsIHZMh6zqqiGQmyObnTvGZUwY4irUrZfFc/T2REWnMRIauUxI7MsveTPzP66Y2ug4yrpLUMkUXi6JUYBvj2e94wDWjVkwcIVRzdyumI6IJtS6hkgvBX355lbQuqn6tWru/rNRv8jiKcAKncA4+XEEd7qABTaAwhmd4hTeUoBf0jj4WrQWUzxzDH6DPH5b0jxk=</latexit>

aimx

Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density

– 25 –

<latexit sha1_base64="QDtXlcbzY9BXecfT55ZN67vb6O8=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUg2VXpHoseumxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0e3Ubz1RpVkk7804pr7AA8lCRrCx0kMJ184e03Nv0isU3bI7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhNd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5PmRdmrlCt3l8XqTRZHDo7hBErgwRVUoQZ1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w91Ho+N</latexit>

(aH)�1

reviews for axions: by O’hare (2403.17697)

* for simplicity focus on spin-0 first
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<latexit sha1_base64="/98CYGf6bO2fUSQvjhZx3iZrid0=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6cJgR7bS7opsuK9iHtGPJpJk2NMkMSUYoQ7/CjQtF3Po57vwb03YEFT1w4XDOvdx7TxAzqrTjfFhLyyura+u5jfzm1vbObmFvv6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6a+e17IhWNxI2exMTnaChoSDHSRrotofrJXXrqTvuFomN7jlu9qMAF8aoZKXvQtZ05iiBDo1947w0inHAiNGZIqa7rxNpPkdQUMzLN9xJFYoTHaEi6hgrEifLT+cFTeGyUAQwjaUpoOFe/T6SIKzXhgenkSI/Ub28m/uV1Ex1W/JSKONFE4MWiMGFQR3D2PRxQSbBmE0MQltTcCvEISYS1yShvQvj6FP5PWme2W7bL1+fF2mUWRw4cgiNQAi7wQA3UQQM0AQYcPIAn8GxJ69F6sV4XrUtWNnMAfsB6+wT7iI/q</latexit>

(aH)�1
<latexit sha1_base64="/98CYGf6bO2fUSQvjhZx3iZrid0=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6cJgR7bS7opsuK9iHtGPJpJk2NMkMSUYoQ7/CjQtF3Po57vwb03YEFT1w4XDOvdx7TxAzqrTjfFhLyyura+u5jfzm1vbObmFvv6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6a+e17IhWNxI2exMTnaChoSDHSRrotofrJXXrqTvuFomN7jlu9qMAF8aoZKXvQtZ05iiBDo1947w0inHAiNGZIqa7rxNpPkdQUMzLN9xJFYoTHaEi6hgrEifLT+cFTeGyUAQwjaUpoOFe/T6SIKzXhgenkSI/Ub28m/uV1Ex1W/JSKONFE4MWiMGFQR3D2PRxQSbBmE0MQltTcCvEISYS1yShvQvj6FP5PWme2W7bL1+fF2mUWRw4cgiNQAi7wQA3UQQM0AQYcPIAn8GxJ69F6sV4XrUtWNnMAfsB6+wT7iI/q</latexit>

(aH)�1

<latexit sha1_base64="/98CYGf6bO2fUSQvjhZx3iZrid0=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6cJgR7bS7opsuK9iHtGPJpJk2NMkMSUYoQ7/CjQtF3Po57vwb03YEFT1w4XDOvdx7TxAzqrTjfFhLyyura+u5jfzm1vbObmFvv6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6a+e17IhWNxI2exMTnaChoSDHSRrotofrJXXrqTvuFomN7jlu9qMAF8aoZKXvQtZ05iiBDo1947w0inHAiNGZIqa7rxNpPkdQUMzLN9xJFYoTHaEi6hgrEifLT+cFTeGyUAQwjaUpoOFe/T6SIKzXhgenkSI/Ub28m/uV1Ex1W/JSKONFE4MWiMGFQR3D2PRxQSbBmE0MQltTcCvEISYS1yShvQvj6FP5PWme2W7bL1+fF2mUWRw4cgiNQAi7wQA3UQQM0AQYcPIAn8GxJ69F6sV4XrUtWNnMAfsB6+wT7iI/q</latexit>

(aH)�1
<latexit sha1_base64="/98CYGf6bO2fUSQvjhZx3iZrid0=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6cJgR7bS7opsuK9iHtGPJpJk2NMkMSUYoQ7/CjQtF3Po57vwb03YEFT1w4XDOvdx7TxAzqrTjfFhLyyura+u5jfzm1vbObmFvv6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6a+e17IhWNxI2exMTnaChoSDHSRrotofrJXXrqTvuFomN7jlu9qMAF8aoZKXvQtZ05iiBDo1947w0inHAiNGZIqa7rxNpPkdQUMzLN9xJFYoTHaEi6hgrEifLT+cFTeGyUAQwjaUpoOFe/T6SIKzXhgenkSI/Ub28m/uV1Ex1W/JSKONFE4MWiMGFQR3D2PRxQSbBmE0MQltTcCvEISYS1yShvQvj6FP5PWme2W7bL1+fF2mUWRw4cgiNQAi7wQA3UQQM0AQYcPIAn8GxJ69F6sV4XrUtWNnMAfsB6+wT7iI/q</latexit>

(aH)�1

<latexit sha1_base64="zu2qV9W+QMvaKLgsNbmUScu0SCA=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahgpREpLosunFZwT6gCWUynbRDJw9mJsUQ6q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe48WcSWVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjjW9nfmdChWRR+KDSmLoBHobMZwQrLfXNsjPBIh6xquqzc8fzs8fpWd+sWDVrDrRK7JxUIEezb345g4gkAQ0V4VjKnm3Fys2wUIxwOi05iaQxJmM8pD1NQxxQ6Wbz46foVCsD5EdCV6jQXP09keFAyjTwdGeA1UguezPxP6+XKP/azVgYJ4qGZLHITzhSEZolgQZMUKJ4qgkmgulbERlhgYnSeZV0CPbyy6ukfVGz67X6/WWlcZPHUYRjOIEq2HAFDbiDJrSAQArP8ApvxpPxYrwbH4vWgpHPlOEPjM8fcW+Upw==</latexit>

'(ti,x)

<latexit sha1_base64="zu2qV9W+QMvaKLgsNbmUScu0SCA=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahgpREpLosunFZwT6gCWUynbRDJw9mJsUQ6q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe48WcSWVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjjW9nfmdChWRR+KDSmLoBHobMZwQrLfXNsjPBIh6xquqzc8fzs8fpWd+sWDVrDrRK7JxUIEezb345g4gkAQ0V4VjKnm3Fys2wUIxwOi05iaQxJmM8pD1NQxxQ6Wbz46foVCsD5EdCV6jQXP09keFAyjTwdGeA1UguezPxP6+XKP/azVgYJ4qGZLHITzhSEZolgQZMUKJ4qgkmgulbERlhgYnSeZV0CPbyy6ukfVGz67X6/WWlcZPHUYRjOIEq2HAFDbiDJrSAQArP8ApvxpPxYrwbH4vWgpHPlOEPjM8fcW+Upw==</latexit>

'(ti,x)

<latexit sha1_base64="PjXjYWadzxWRI/kxdQ0aqJ4zXpo=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3U7IZR9jTplcpexZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zil+tVO8uyrXrPI4CHMMJnIEPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD9rzj1U=</latexit>x

<latexit sha1_base64="PjXjYWadzxWRI/kxdQ0aqJ4zXpo=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3U7IZR9jTplcpexZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zil+tVO8uyrXrPI4CHMMJnIEPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD9rzj1U=</latexit>x

 eg. axions with PQ before inflation

eg. axions with PQ after inflation

Quiet vs. Noisy Fields

* significant zero mode

      inflaton just at end of inf.

field after inflation fragmentation 

*insignificant zero mode
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<latexit sha1_base64="/98CYGf6bO2fUSQvjhZx3iZrid0=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6cJgR7bS7opsuK9iHtGPJpJk2NMkMSUYoQ7/CjQtF3Po57vwb03YEFT1w4XDOvdx7TxAzqrTjfFhLyyura+u5jfzm1vbObmFvv6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6a+e17IhWNxI2exMTnaChoSDHSRrotofrJXXrqTvuFomN7jlu9qMAF8aoZKXvQtZ05iiBDo1947w0inHAiNGZIqa7rxNpPkdQUMzLN9xJFYoTHaEi6hgrEifLT+cFTeGyUAQwjaUpoOFe/T6SIKzXhgenkSI/Ub28m/uV1Ex1W/JSKONFE4MWiMGFQR3D2PRxQSbBmE0MQltTcCvEISYS1yShvQvj6FP5PWme2W7bL1+fF2mUWRw4cgiNQAi7wQA3UQQM0AQYcPIAn8GxJ69F6sV4XrUtWNnMAfsB6+wT7iI/q</latexit>

(aH)�1
<latexit sha1_base64="/98CYGf6bO2fUSQvjhZx3iZrid0=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6cJgR7bS7opsuK9iHtGPJpJk2NMkMSUYoQ7/CjQtF3Po57vwb03YEFT1w4XDOvdx7TxAzqrTjfFhLyyura+u5jfzm1vbObmFvv6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6a+e17IhWNxI2exMTnaChoSDHSRrotofrJXXrqTvuFomN7jlu9qMAF8aoZKXvQtZ05iiBDo1947w0inHAiNGZIqa7rxNpPkdQUMzLN9xJFYoTHaEi6hgrEifLT+cFTeGyUAQwjaUpoOFe/T6SIKzXhgenkSI/Ub28m/uV1Ex1W/JSKONFE4MWiMGFQR3D2PRxQSbBmE0MQltTcCvEISYS1yShvQvj6FP5PWme2W7bL1+fF2mUWRw4cgiNQAi7wQA3UQQM0AQYcPIAn8GxJ69F6sV4XrUtWNnMAfsB6+wT7iI/q</latexit>

(aH)�1

<latexit sha1_base64="/98CYGf6bO2fUSQvjhZx3iZrid0=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6cJgR7bS7opsuK9iHtGPJpJk2NMkMSUYoQ7/CjQtF3Po57vwb03YEFT1w4XDOvdx7TxAzqrTjfFhLyyura+u5jfzm1vbObmFvv6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6a+e17IhWNxI2exMTnaChoSDHSRrotofrJXXrqTvuFomN7jlu9qMAF8aoZKXvQtZ05iiBDo1947w0inHAiNGZIqa7rxNpPkdQUMzLN9xJFYoTHaEi6hgrEifLT+cFTeGyUAQwjaUpoOFe/T6SIKzXhgenkSI/Ub28m/uV1Ex1W/JSKONFE4MWiMGFQR3D2PRxQSbBmE0MQltTcCvEISYS1yShvQvj6FP5PWme2W7bL1+fF2mUWRw4cgiNQAi7wQA3UQQM0AQYcPIAn8GxJ69F6sV4XrUtWNnMAfsB6+wT7iI/q</latexit>

(aH)�1
<latexit sha1_base64="/98CYGf6bO2fUSQvjhZx3iZrid0=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6cJgR7bS7opsuK9iHtGPJpJk2NMkMSUYoQ7/CjQtF3Po57vwb03YEFT1w4XDOvdx7TxAzqrTjfFhLyyura+u5jfzm1vbObmFvv6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6a+e17IhWNxI2exMTnaChoSDHSRrotofrJXXrqTvuFomN7jlu9qMAF8aoZKXvQtZ05iiBDo1947w0inHAiNGZIqa7rxNpPkdQUMzLN9xJFYoTHaEi6hgrEifLT+cFTeGyUAQwjaUpoOFe/T6SIKzXhgenkSI/Ub28m/uV1Ex1W/JSKONFE4MWiMGFQR3D2PRxQSbBmE0MQltTcCvEISYS1yShvQvj6FP5PWme2W7bL1+fF2mUWRw4cgiNQAi7wQA3UQQM0AQYcPIAn8GxJ69F6sV4XrUtWNnMAfsB6+wT7iI/q</latexit>

(aH)�1

<latexit sha1_base64="zu2qV9W+QMvaKLgsNbmUScu0SCA=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahgpREpLosunFZwT6gCWUynbRDJw9mJsUQ6q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe48WcSWVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjjW9nfmdChWRR+KDSmLoBHobMZwQrLfXNsjPBIh6xquqzc8fzs8fpWd+sWDVrDrRK7JxUIEezb345g4gkAQ0V4VjKnm3Fys2wUIxwOi05iaQxJmM8pD1NQxxQ6Wbz46foVCsD5EdCV6jQXP09keFAyjTwdGeA1UguezPxP6+XKP/azVgYJ4qGZLHITzhSEZolgQZMUKJ4qgkmgulbERlhgYnSeZV0CPbyy6ukfVGz67X6/WWlcZPHUYRjOIEq2HAFDbiDJrSAQArP8ApvxpPxYrwbH4vWgpHPlOEPjM8fcW+Upw==</latexit>

'(ti,x)

<latexit sha1_base64="zu2qV9W+QMvaKLgsNbmUScu0SCA=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahgpREpLosunFZwT6gCWUynbRDJw9mJsUQ6q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe48WcSWVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjjW9nfmdChWRR+KDSmLoBHobMZwQrLfXNsjPBIh6xquqzc8fzs8fpWd+sWDVrDrRK7JxUIEezb345g4gkAQ0V4VjKnm3Fys2wUIxwOi05iaQxJmM8pD1NQxxQ6Wbz46foVCsD5EdCV6jQXP09keFAyjTwdGeA1UguezPxP6+XKP/azVgYJ4qGZLHITzhSEZolgQZMUKJ4qgkmgulbERlhgYnSeZV0CPbyy6ukfVGz67X6/WWlcZPHUYRjOIEq2HAFDbiDJrSAQArP8ApvxpPxYrwbH4vWgpHPlOEPjM8fcW+Upw==</latexit>

'(ti,x)

<latexit sha1_base64="PjXjYWadzxWRI/kxdQ0aqJ4zXpo=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3U7IZR9jTplcpexZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zil+tVO8uyrXrPI4CHMMJnIEPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD9rzj1U=</latexit>x

<latexit sha1_base64="PjXjYWadzxWRI/kxdQ0aqJ4zXpo=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6rHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3U7IZR9jTplcpexZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zil+tVO8uyrXrPI4CHMMJnIEPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD9rzj1U=</latexit>x

*quantitatively, warmth will depend on parameters

<latexit sha1_base64="w+zloCY76EdnhcGXJwjHCpqv/dY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBBEMOyKRI9BLx4jmAcka5id9CZDZmfXmVkhLPkJLx4U8ervePNvnDwOmljQUFR1090VJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwM/YbT6g0j+W9GSboR7QnecgZNVZqDjqnD9mZN+oUim7JnYAsEm9GijBDtVP4andjlkYoDRNU65bnJsbPqDKcCRzl26nGhLIB7WHLUkkj1H42uXdEjq3SJWGsbElDJurviYxGWg+jwHZG1PT1vDcW//NaqQmv/IzLJDUo2XRRmApiYjJ+nnS5QmbE0BLKFLe3EtanijJjI8rbELz5lxdJ/bzklUvlu4ti5XoWRw4O4QhOwINLqMAtVKEGDAQ8wyu8OY/Oi/PufExbl5zZzAH8gfP5A0apj30=</latexit>

k�1
⇤
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<latexit sha1_base64="R+Nth3RwykHUP8reD0wc7t2AFpI=">AAACA3icbVDLSsNAFL3xWesr6k43g0UQFyURqS6LblxWsA9oQphMJ+3QmSTMTIQSCm78FTcuFHHrT7jzb5y2WWjrgWEO59zLvfeEKWdKO863tbS8srq2Xtoob25t7+zae/stlWSS0CZJeCI7IVaUs5g2NdOcdlJJsQg5bYfDm4nffqBSsSS+16OU+gL3YxYxgrWRAvvQU6wvMDKfQF4kMcmHwdk4x2Ic2BWn6kyBFolbkAoUaAT2l9dLSCZorAnHSnVdJ9V+jqVmhNNx2csUTTEZ4j7tGhpjQZWfT28YoxOj9FCUSPNijabq7w6zkVIjEZpKgfVAzXsT8T+vm+noys9ZnGaaxmQ2KMo40gmaBIJ6TFKi+cgQTCQzuyIywCYIbWIrmxDc+ZMXSeu86taqtbuLSv26iKMER3AMp+DCJdThFhrQBAKP8Ayv8GY9WS/Wu/UxK12yip4D+APr8wfmYpe2</latexit>
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FIG. 2. To illustrate our main point, we sketch the dimensionless power spectrum of dark matter density fluctuations at
matter-radiation equality including the white noise excess and free-streaming cuto↵. For keq < k < kJ(t), after equality this
curve approximately shifts upwards with a

2(t)/a2
eq. Note that kfs(t) ⌧ kJ(t). The orange shaded region is observationally

constrained to be roughly scale-invariant. The orange curve is sketched using m = 10�20 eV and kwn ⇠ 103 Mpc�1– the
suppression of power due to free-streaming for k < kobs ⇠ 10Mpc�1 makes this spectrum inconsistent with observations. More
generally, for the white noise contribution not to exceed the scale-invariant one at k . kobs, requires kwn & 102 kobs, which
together with kfs & kobs, leads to our lower bound: m & 10�19 eV.

k space where the density perturbations become nonlin-
ear. Furthermore, while not necessary for the follow-
ing sections, a parameterization of kwn ⇠ k⇤ in terms of
the time and lengthscale associated with the production
mechanism, and mass m, is provided in the supplemen-
tary material section (VIA).

The reader who is familiar with the theory of structure
formation might be skeptical about this flat spectrum.
Indeed, it is well known that the stochastic contribution
to the nonlinear P�(t, k) arising from clustering behaves
as k

4 rather than k
0 at low k. This is a consequence of

mass and momentum conservation (see [11], chapter 28).
A white-noise contribution / k

0, would imply that start-
ing from the same initial matter density ⇢̄(t1), a finite-
volume universe could end up with di↵erent final values
of ⇢̄(t2), as a result of random clustering. Of course, this
is impossible. On the other hand, it is perfectly possible
that an initially radiation dominated universe ends up
with di↵erent amounts of matter (i.e. di↵erent Teq) be-
cause of random fluctuations in the dark matter produc-
tion scenario. For instance, there is a finite, though ex-
tremely small, probability that after Peccei-Quinn sym-
metry breaking, everywhere in a finite-volume universe
the axion field finds itself near the bottom of the would
be axion potential.

III. FREE-STREAMING

Now we include adiabatic perturbations. Initially, they
modulate the energy density in ' in the standard way,
leading to the usual adiabatic contribution to the matter
power spectrum at very large scales. At smaller scales,
however, the subsequent evolution is non-standard due
to the sizable momentum ⇠ k⇤ carried by the field fluc-

tuations. The small scale adiabatic perturbations will be
washed out up to a free streaming length. During radi-
ation epoch this length is known to grow logarithmically
after k⇤ < a(t)m [12]
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where we assume that t . teq. In the supplementary
material section (VIF 2), we will see that the e↵ect can
be approximated (at about 10%) for k  k

⇤
fs as a multi-

plicative correction to the adiabatic transfer function
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For small k, using (4), one can define the free-
streaming cuto↵ more accurately via
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which can be physically understood as a variance of the
free-steaming length for each comoving momentum q. If
this integral gets most of its contribution from q ⇠ k⇤,
then k

⇤
fs in (3) will provide a good approximation to kfs(t),

otherwise kfs in (5) should be used instead of k
⇤
fs. In

general, if q
3
P'(t, q > k⇤) / q

�↵ with ↵ > 2, then
kfs ⇠ k

⇤
fs, otherwise kfs ⌧ k

⇤
fs since in the latter case,

the integral in (5) receives significant contribution from
q ⇠ a(t)m � k⇤. In what follows, we use kfs ⇠ k

⇤
fs, mak-

ing our mass bound rather conservative. In an additional
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FIG. 2. To illustrate our main point, we sketch the dimensionless power spectrum of dark matter density fluctuations at
matter-radiation equality including the white noise excess and free-streaming cuto↵. For keq < k < kJ(t), after equality this
curve approximately shifts upwards with a

2(t)/a2
eq. Note that kfs(t) ⌧ kJ(t). The orange shaded region is observationally

constrained to be roughly scale-invariant. The orange curve is sketched using m = 10�20 eV and kwn ⇠ 103 Mpc�1– the
suppression of power due to free-streaming for k < kobs ⇠ 10Mpc�1 makes this spectrum inconsistent with observations. More
generally, for the white noise contribution not to exceed the scale-invariant one at k . kobs, requires kwn & 102 kobs, which
together with kfs & kobs, leads to our lower bound: m & 10�19 eV.

k space where the density perturbations become nonlin-
ear. Furthermore, while not necessary for the follow-
ing sections, a parameterization of kwn ⇠ k⇤ in terms of
the time and lengthscale associated with the production
mechanism, and mass m, is provided in the supplemen-
tary material section (VIA).

The reader who is familiar with the theory of structure
formation might be skeptical about this flat spectrum.
Indeed, it is well known that the stochastic contribution
to the nonlinear P�(t, k) arising from clustering behaves
as k

4 rather than k
0 at low k. This is a consequence of

mass and momentum conservation (see [11], chapter 28).
A white-noise contribution / k

0, would imply that start-
ing from the same initial matter density ⇢̄(t1), a finite-
volume universe could end up with di↵erent final values
of ⇢̄(t2), as a result of random clustering. Of course, this
is impossible. On the other hand, it is perfectly possible
that an initially radiation dominated universe ends up
with di↵erent amounts of matter (i.e. di↵erent Teq) be-
cause of random fluctuations in the dark matter produc-
tion scenario. For instance, there is a finite, though ex-
tremely small, probability that after Peccei-Quinn sym-
metry breaking, everywhere in a finite-volume universe
the axion field finds itself near the bottom of the would
be axion potential.

III. FREE-STREAMING

Now we include adiabatic perturbations. Initially, they
modulate the energy density in ' in the standard way,
leading to the usual adiabatic contribution to the matter
power spectrum at very large scales. At smaller scales,
however, the subsequent evolution is non-standard due
to the sizable momentum ⇠ k⇤ carried by the field fluc-

tuations. The small scale adiabatic perturbations will be
washed out up to a free streaming length. During radi-
ation epoch this length is known to grow logarithmically
after k⇤ < a(t)m [12]
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where we assume that t . teq. In the supplementary
material section (VIF 2), we will see that the e↵ect can
be approximated (at about 10%) for k  k
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fs as a multi-

plicative correction to the adiabatic transfer function
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For small k, using (4), one can define the free-
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which can be physically understood as a variance of the
free-steaming length for each comoving momentum q. If
this integral gets most of its contribution from q ⇠ k⇤,
then k

⇤
fs in (3) will provide a good approximation to kfs(t),

otherwise kfs in (5) should be used instead of k
⇤
fs. In

general, if q
3
P'(t, q > k⇤) / q

�↵ with ↵ > 2, then
kfs ⇠ k

⇤
fs, otherwise kfs ⌧ k
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fs since in the latter case,

the integral in (5) receives significant contribution from
q ⇠ a(t)m � k⇤. In what follows, we use kfs ⇠ k
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fs, mak-

ing our mass bound rather conservative. In an additional

<latexit sha1_base64="2u0m2w3MDww0axj+Gc9BF6hXCLk=">AAACCHicbVBNS8NAEN3Ur1q/qh49GCxCBSlJleqx6MVjBfsBTVs2m027ZLMJuxOhhB69+Fe8eFDEqz/Bm//GbZuDVh8MPN6bYWaeG3OmwLK+jNzS8srqWn69sLG5tb1T3N1rqSiRhDZJxCPZcbGinAnaBAacdmJJcehy2naD66nfvqdSsUjcwTimvRAPBfMZwaClQfHQ8SUmadA/m6RVJ2b96qQxcDzKAZfhNDgZFEtWxZrB/EvsjJRQhsag+Ol4EUlCKoBwrFTXtmLopVgCI5xOCk6iaIxJgIe0q6nAIVW9dPbIxDzWimf6kdQlwJypPydSHCo1Dl3dGWIYqUVvKv7ndRPwL3spE3ECVJD5Ij/hJkTmNBXTY5IS4GNNMJFM32qSEdbJgM6uoEOwF1/+S1rVil2r1G7PS/WrLI48OkBHqIxsdIHq6AY1UBMR9ICe0At6NR6NZ+PNeJ+35oxsZh/9gvHxDdUpmTg=</latexit>

k
3

2⇡
2
P
�
(t
,k
)

<latexit sha1_base64="nAIFnZaTZv5Mkg6AzPFIgaB7/Jo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIVI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSw6h33iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhNd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6R5UfGqler9Zbl2k8dRgGM4gTPw4ApqcAd1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz/wyY2X</latexit>

k⇤

Jeansfree-streaming free-streaming

79

<latexit sha1_base64="w+zloCY76EdnhcGXJwjHCpqv/dY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBBEMOyKRI9BLx4jmAcka5id9CZDZmfXmVkhLPkJLx4U8ervePNvnDwOmljQUFR1090VJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwM/YbT6g0j+W9GSboR7QnecgZNVZqDjqnD9mZN+oUim7JnYAsEm9GijBDtVP4andjlkYoDRNU65bnJsbPqDKcCRzl26nGhLIB7WHLUkkj1H42uXdEjq3SJWGsbElDJurviYxGWg+jwHZG1PT1vDcW//NaqQmv/IzLJDUo2XRRmApiYjJ+nnS5QmbE0BLKFLe3EtanijJjI8rbELz5lxdJ/bzklUvlu4ti5XoWRw4O4QhOwINLqMAtVKEGDAQ8wyu8OY/Oi/PufExbl5zZzAH8gfP5A0apj30=</latexit>

k�1
⇤

<latexit sha1_base64="R+Nth3RwykHUP8reD0wc7t2AFpI=">AAACA3icbVDLSsNAFL3xWesr6k43g0UQFyURqS6LblxWsA9oQphMJ+3QmSTMTIQSCm78FTcuFHHrT7jzb5y2WWjrgWEO59zLvfeEKWdKO863tbS8srq2Xtoob25t7+zae/stlWSS0CZJeCI7IVaUs5g2NdOcdlJJsQg5bYfDm4nffqBSsSS+16OU+gL3YxYxgrWRAvvQU6wvMDKfQF4kMcmHwdk4x2Ic2BWn6kyBFolbkAoUaAT2l9dLSCZorAnHSnVdJ9V+jqVmhNNx2csUTTEZ4j7tGhpjQZWfT28YoxOj9FCUSPNijabq7w6zkVIjEZpKgfVAzXsT8T+vm+noys9ZnGaaxmQ2KMo40gmaBIJ6TFKi+cgQTCQzuyIywCYIbWIrmxDc+ZMXSeu86taqtbuLSv26iKMER3AMp+DCJdThFhrQBAKP8Ayv8GY9WS/Wu/UxK12yip4D+APr8wfmYpe2</latexit>

� ⇠ k⇤
am

Jeans

“Po
isso

n” 
no

ise
 

MA, May & Mirbabayi (2506.12131)
MA & Mirbabayi (2211.09775)

<latexit sha1_base64="e0ZxXobZKAdtArrFO4PifrQOQ4k="></latexit>

kJ(aeq) ⇠ 50Mpc�1
⇣ m

10�19 eV

⌘✓
103 Mpc�1

k⇤

◆“Po
isso

n” 
no

ise
 

76



field power spectrum of noisy cosmological fields 

80

A lower bound on dark matter mass

Mustafa A. Amin1 and Mehrdad Mirbabayi2

1
Department of Physics and Astronomy, Rice University, Houston, Texas 77005, U.S.A.,

⇤

2
International Centre for Theoretical Physics, Trieste, Italy

†

We argue that there is a lower bound of order 10�18 eV on dark matter mass if it is produced
after inflation via a process with finite correlation length.

I. INTRODUCTION

Dark matter is essential to our understanding of the
cosmos – from the astrophysical scales relevant for dwarf
galaxies to the cosmological scales in the Cosmic Mi-
crowave Background (CMB) [1]. Dark matter makes up
approximately 84% of the non-relativistic matter in our
cosmos [2]. Its detailed nature, however, is not well un-
derstood. For example, the mass or spin of dark matter
particles is not known, and we have yet to confirm any
non-gravitational interactions of dark matter. Further-
more, we do not have a unique formation mechanism for
dark matter in the early universe. Given the relevance of
dark matter to our understanding of the cosmos, any rel-
atively model-independent constraint on some of its mi-
croscopic properties would be valuable. In this letter, we
provide such a relatively model-independent lower bound
on the mass of dark matter particles.

An approximately scale invariant initial power spec-
trum of dark matter density fluctuations for comoving
wavenumbers k < kobs ⇠ 10Mpc�1 is consistent with
current observations [3, 4]. We use two e↵ects, (1) excess
white noise power and (2) suppression of power due to
free-steaming, to provide a relatively model-independent
lower bound on the mass of the dark matter particles
produced after inflation, m & 10�18 eV. The bound is
independent of the nature of the field (scalar, vector, ten-
sor etc.) and details of the post-inflationary production
mechanism, but assumes this field constitutes all of dark
matter and interacts only gravitationally after produc-
tion. With more details of the production mechanism
included, the bound can be strengthened further. Our
lower bound is at least 1-2 orders of magnitude stronger
than that due to the finite Jeans scale in fuzzy dark mat-
ter [3, 5]. It is comparable to the recent bound due to
dynamical heating of stars in ultra-faint white dwarfs [6].
Our bound is more general, but weaker than the one
of [7, 8], who use a model-specific version of (1) alone.
Based on inferred quasar spins and hence lack of super-
radiance, [9] also claims a stronger bound on the mass
than ours.

To demonstrate our idea, we provide a concrete exam-
ple of scalar field dark matter. We set ~ = c = 1.
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II. WHITE NOISE

Consider a scalar field, '(t,x) of mass m, that gets
excited at time ti after inflation with Heq ⌧ m < Hi.
For now, let us neglect the inflationary adiabatic fluctu-
ations. Then, the correlation length of the excitations is
expected to be subhorizon because of causality. Near
matter-radiation equality, the matter density is given
by[10]

⇢̄(t) ⇡ m
2

Z
d ln q

q
3

2⇡2
P'(t, q) , (1)

where integration over all momenta (without a UV cut-
o↵) is a justifiable approximation because by this time
the integral must be dominated by momenta much less
than ma(t). Meanwhile, since Heq ⌧ Hi, the main con-
tribution comes from momenta much larger than keq. For
simplicity, we take it to be a single scale k⇤. Because of
the finite correlation length, at momenta k ⌧ k⇤ there
is a white-noise contribution to the spectrum of the frac-
tional density perturbation �. The isocurvature transfer
function is close to one and we can approximate

P
(iso)
� (t, k) ⇡

m
4

⇢̄2(t)

Z
d ln q

q
3

2⇡2
[P'(q, t)]

2
⌘

2⇡2

k
3
nl

. (2)

knl is understood as being defined by the above equa-
tion. With a single scale in the problem, we expect a
time-independent knl ⇠ k⇤. Further details of the order
unity isocurvature transfer function can be found in the
supplementary material (VF).
We stress that despite the suggestive subscript, knl

only parametrizes the slope of the white-noise part of
the density power spectrum at su�ciently small k. It is
not necessarily the location in k space where the density
perturbations become nonlinear. Furthermore, while not
necessary for the following sections, a parameterization
of knl ⇠ k⇤ in terms of the time and lengthscale asso-
ciated with the production mechanism, and mass m, is
provided in the supplementary material section (VA).
The reader who is familiar with the theory of struc-

ture formation might be skeptical about this flat spec-
trum. Indeed, it is well known that the stochastic con-
tribution to the nonlinear P�(t, k) arising from clustering
behaves as k

4 rather than k
0 at low k. This is a con-

sequence of mass and momentum conservation (see [11],
chapter 28). A white-noise contribution / k

0, would im-
ply that starting from the same initial matter density
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inflationary gravitational particle production 


- eg. dark photon dark matter

non-gravitational production after inflation (“causal”)


phase transitions


- axion-like fields (including QCD)


resonant/tachyonic energy transfer from fields, defects eg. strings

also works for thermal production, but nothing new there
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1. small length scale “isocurvature” component

2. larger scale adiabatic component
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We argue that there is a lower bound of order 10�18 eV on dark matter mass if it is produced
after inflation via a process with finite correlation length.

I. INTRODUCTION

Dark matter is essential to our understanding of the
cosmos – from the astrophysical scales relevant for dwarf
galaxies to the cosmological scales in the Cosmic Mi-
crowave Background (CMB) [1]. Dark matter makes up
approximately 84% of the non-relativistic matter in our
cosmos [2]. Its detailed nature, however, is not well un-
derstood. For example, the mass or spin of dark matter
particles is not known, and we have yet to confirm any
non-gravitational interactions of dark matter. Further-
more, we do not have a unique formation mechanism for
dark matter in the early universe. Given the relevance of
dark matter to our understanding of the cosmos, any rel-
atively model-independent constraint on some of its mi-
croscopic properties would be valuable. In this letter, we
provide such a relatively model-independent lower bound
on the mass of dark matter particles.

An approximately scale invariant initial power spec-
trum of dark matter density fluctuations for comoving
wavenumbers k < kobs ⇠ 10Mpc�1 is consistent with
current observations [3, 4]. We use two e↵ects, (1) excess
white noise power and (2) suppression of power due to
free-steaming, to provide a relatively model-independent
lower bound on the mass of the dark matter particles
produced after inflation, m & 10�18 eV. The bound is
independent of the nature of the field (scalar, vector, ten-
sor etc.) and details of the post-inflationary production
mechanism, but assumes this field constitutes all of dark
matter and interacts only gravitationally after produc-
tion. With more details of the production mechanism
included, the bound can be strengthened further. Our
lower bound is at least 1-2 orders of magnitude stronger
than that due to the finite Jeans scale in fuzzy dark mat-
ter [3, 5]. It is comparable to the recent bound due to
dynamical heating of stars in ultra-faint white dwarfs [6].
Our bound is more general, but weaker than the one
of [7, 8], who use a model-specific version of (1) alone.
Based on inferred quasar spins and hence lack of super-
radiance, [9] also claims a stronger bound on the mass
than ours.

To demonstrate our idea, we provide a concrete exam-
ple of scalar field dark matter. We set ~ = c = 1.
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II. WHITE NOISE

Consider a scalar field, '(t,x) of mass m, that gets
excited at time ti after inflation with Heq ⌧ m < Hi.
For now, let us neglect the inflationary adiabatic fluctu-
ations. Then, the correlation length of the excitations is
expected to be subhorizon because of causality. Near
matter-radiation equality, the matter density is given
by[10]

⇢̄(t) ⇡ m
2

Z
d ln q

q
3

2⇡2
P'(t, q) , (1)

where integration over all momenta (without a UV cut-
o↵) is a justifiable approximation because by this time
the integral must be dominated by momenta much less
than ma(t). Meanwhile, since Heq ⌧ Hi, the main con-
tribution comes from momenta much larger than keq. For
simplicity, we take it to be a single scale k⇤. Because of
the finite correlation length, at momenta k ⌧ k⇤ there
is a white-noise contribution to the spectrum of the frac-
tional density perturbation �. The isocurvature transfer
function is close to one and we can approximate

P
(iso)
� (t, k) ⇡

m
4

⇢̄2(t)

Z
d ln q

q
3

2⇡2
[P'(q, t)]

2
⌘

2⇡2

k
3
nl

. (2)

knl is understood as being defined by the above equa-
tion. With a single scale in the problem, we expect a
time-independent knl ⇠ k⇤. Further details of the order
unity isocurvature transfer function can be found in the
supplementary material (VF).
We stress that despite the suggestive subscript, knl

only parametrizes the slope of the white-noise part of
the density power spectrum at su�ciently small k. It is
not necessarily the location in k space where the density
perturbations become nonlinear. Furthermore, while not
necessary for the following sections, a parameterization
of knl ⇠ k⇤ in terms of the time and lengthscale asso-
ciated with the production mechanism, and mass m, is
provided in the supplementary material section (VA).
The reader who is familiar with the theory of struc-

ture formation might be skeptical about this flat spec-
trum. Indeed, it is well known that the stochastic con-
tribution to the nonlinear P�(t, k) arising from clustering
behaves as k

4 rather than k
0 at low k. This is a con-

sequence of mass and momentum conservation (see [11],
chapter 28). A white-noise contribution / k

0, would im-
ply that starting from the same initial matter density
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Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density
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Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density
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Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density
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free streaming — numerical
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density evolution during matter domination

<latexit sha1_base64="iBSvHJLTxw8vIG3Kbt3zC2bBlNc=">AAACA3icbVC7SgNBFJ2Nr7i+opY2g0GwCruCj0YM2lhGMA/ILmF2MpsMmZ0ZZmaVsKT0F2wVLO3E1tpPEFu/xMmjMIkHLhzOuZdzOZFkVBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9MiVZhUsWBCNSKkCaOcVA01jDSkIiiJGKlHvauhX78jSlPBb01fkjBBHU5jipGxUtALFO10DVJK3LcKRa/kjQDniT8hxYtP91y+fLmVVuEnaAucJoQbzJDWTd+TJsyQMhQzMnCDVBOJcA91SNNSjhKiw2z08wAeWKUNY6HscANH6t+LDCVa95PIbibIdPWsNxT/85qpic/CjHKZGsLxOChOGTQCDguAbaoINqxvCcKK2l8h7iKFsLE1TaVEycC1pfizFcyT2lHJPykd33jF8iUYIw/2wD44BD44BWVwDSqgCjCQ4BE8gWfnwXl13pz38WrOmdzsgik4H7+d6Zvv</latexit>

k !

<latexit sha1_base64="bR1rgb891YL+9ZzrMLsxacAvf/U="></latexit>

k3

2⇡2
P�(t, k)

<latexit sha1_base64="iBSvHJLTxw8vIG3Kbt3zC2bBlNc=">AAACA3icbVC7SgNBFJ2Nr7i+opY2g0GwCruCj0YM2lhGMA/ILmF2MpsMmZ0ZZmaVsKT0F2wVLO3E1tpPEFu/xMmjMIkHLhzOuZdzOZFkVBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9MiVZhUsWBCNSKkCaOcVA01jDSkIiiJGKlHvauhX78jSlPBb01fkjBBHU5jipGxUtALFO10DVJK3LcKRa/kjQDniT8hxYtP91y+fLmVVuEnaAucJoQbzJDWTd+TJsyQMhQzMnCDVBOJcA91SNNSjhKiw2z08wAeWKUNY6HscANH6t+LDCVa95PIbibIdPWsNxT/85qpic/CjHKZGsLxOChOGTQCDguAbaoINqxvCcKK2l8h7iKFsLE1TaVEycC1pfizFcyT2lHJPykd33jF8iUYIw/2wD44BD44BWVwDSqgCjCQ4BE8gWfnwXl13pz38WrOmdzsgik4H7+d6Zvv</latexit>

k !

<latexit sha1_base64="F4K29fyswBoZlt+fKyHwZKXSESk=">AAACC3icbVC7SgNBFJ2NrxhfawQbm8EgiEXYFXyUITaWCZgHZMMyO5kkQ2Zml5lZNSz7Cf6CrTZWdmKpH2Fj4Zc4eRQm8cCFwzn3ci4niBhV2nG+rMzS8srqWnY9t7G5tb1j7+brKowlJjUcslA2A6QIo4LUNNWMNCNJEA8YaQSDq5HfuCVS0VDc6GFE2hz1BO1SjLSRfDs/8E88RTkc+IknObwTqW8XnKIzBlwk7pQUSvvVb/pS/qj49o/XCXHMidCYIaVarhPpdoKkppiRNOfFikQID1CPtAwViBPVTsa/p/DIKB3YDaUZoeFY/XuRIK7UkAdmkyPdV/PeSPzPa8W6e9lOqIhiTQSeBHVjBnUIR0XADpUEazY0BGFJza8Q95FEWJu6ZlICnuZMKe58BYukflp0z4tnVdNOGUyQBQfgEBwDF1yAErgGFVADGNyDR/AEnq0H69V6s94nqxlrerMHZmB9/gI5dp5n</latexit>

k⇤ ⇠ kwn

isoc
urv

atu
re

adiabatic

<latexit sha1_base64="bR1rgb891YL+9ZzrMLsxacAvf/U="></latexit>

k3

2⇡2
P�(t, k)

<latexit sha1_base64="F4K29fyswBoZlt+fKyHwZKXSESk=">AAACC3icbVC7SgNBFJ2NrxhfawQbm8EgiEXYFXyUITaWCZgHZMMyO5kkQ2Zml5lZNSz7Cf6CrTZWdmKpH2Fj4Zc4eRQm8cCFwzn3ci4niBhV2nG+rMzS8srqWnY9t7G5tb1j7+brKowlJjUcslA2A6QIo4LUNNWMNCNJEA8YaQSDq5HfuCVS0VDc6GFE2hz1BO1SjLSRfDs/8E88RTkc+IknObwTqW8XnKIzBlwk7pQUSvvVb/pS/qj49o/XCXHMidCYIaVarhPpdoKkppiRNOfFikQID1CPtAwViBPVTsa/p/DIKB3YDaUZoeFY/XuRIK7UkAdmkyPdV/PeSPzPa8W6e9lOqIhiTQSeBHVjBnUIR0XADpUEazY0BGFJza8Q95FEWJu6ZlICnuZMKe58BYukflp0z4tnVdNOGUyQBQfgEBwDF1yAErgGFVADGNyDR/AEnq0H69V6s94nqxlrerMHZmB9/gI5dp5n</latexit>

k⇤ ⇠ kwn

isoc
urv

atu
re

adiabatic

z = 99

100

6£ 10°1

2£ 100

3£ 100

4£ 100

Ω
/
hΩ
i

z = 499999

100

6£ 10°1

2£ 100

3£ 100

4£ 100

Ω
/
hΩ
i

applications

Schrödinger Poisson simulations with S. May
82



86

evolution of the matter power spectrum
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k⇤ sets kwn which set amplitude of isocurvature part

k⇤/m sets kfs which determines free-streaming suppression

k⇤/m sets kJ which determines Jeans suppression
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We argue that there is a lower bound of order 10�18 eV on dark matter mass if it is produced
after inflation via a process with finite correlation length.

I. INTRODUCTION

Dark matter is essential to our understanding of the
cosmos – from the astrophysical scales relevant for dwarf
galaxies to the cosmological scales in the Cosmic Mi-
crowave Background (CMB) [1]. Dark matter makes up
approximately 84% of the non-relativistic matter in our
cosmos [2]. Its detailed nature, however, is not well un-
derstood. For example, the mass or spin of dark matter
particles is not known, and we have yet to confirm any
non-gravitational interactions of dark matter. Further-
more, we do not have a unique formation mechanism for
dark matter in the early universe. Given the relevance of
dark matter to our understanding of the cosmos, any rel-
atively model-independent constraint on some of its mi-
croscopic properties would be valuable. In this letter, we
provide such a relatively model-independent lower bound
on the mass of dark matter particles.

An approximately scale invariant initial power spec-
trum of dark matter density fluctuations for comoving
wavenumbers k < kobs ⇠ 10Mpc�1 is consistent with
current observations [3, 4]. We use two e↵ects, (1) excess
white noise power and (2) suppression of power due to
free-steaming, to provide a relatively model-independent
lower bound on the mass of the dark matter particles
produced after inflation, m & 10�18 eV. The bound is
independent of the nature of the field (scalar, vector, ten-
sor etc.) and details of the post-inflationary production
mechanism, but assumes this field constitutes all of dark
matter and interacts only gravitationally after produc-
tion. With more details of the production mechanism
included, the bound can be strengthened further. Our
lower bound is at least 1-2 orders of magnitude stronger
than that due to the finite Jeans scale in fuzzy dark mat-
ter [3, 5]. It is comparable to the recent bound due to
dynamical heating of stars in ultra-faint white dwarfs [6].
Our bound is more general, but weaker than the one
of [7, 8], who use a model-specific version of (1) alone.
Based on inferred quasar spins and hence lack of super-
radiance, [9] also claims a stronger bound on the mass
than ours.

To demonstrate our idea, we provide a concrete exam-
ple of scalar field dark matter. We set ~ = c = 1.

⇤ mustafa.a.amin@rice.edu
† mehrdad.mirbabayi@gmail.com

II. WHITE NOISE

Consider a scalar field, '(t,x) of mass m, that gets
excited at time ti after inflation with Heq ⌧ m < Hi.
For now, let us neglect the inflationary adiabatic fluctu-
ations. Then, the correlation length of the excitations is
expected to be subhorizon because of causality. Near
matter-radiation equality, the matter density is given
by[10]

⇢̄(t) ⇡ m
2

Z
d ln q

q
3

2⇡2
P'(t, q) , (1)

where integration over all momenta (without a UV cut-
o↵) is a justifiable approximation because by this time
the integral must be dominated by momenta much less
than ma(t). Meanwhile, since Heq ⌧ Hi, the main con-
tribution comes from momenta much larger than keq. For
simplicity, we take it to be a single scale k⇤. Because of
the finite correlation length, at momenta k ⌧ k⇤ there
is a white-noise contribution to the spectrum of the frac-
tional density perturbation �. The isocurvature transfer
function is close to one and we can approximate

P
(iso)
� (t, k) ⇡

m
4

⇢̄2(t)

Z
d ln q

q
3

2⇡2
[P'(q, t)]

2
⌘

2⇡2

k
3
nl

. (2)

knl is understood as being defined by the above equa-
tion. With a single scale in the problem, we expect a
time-independent knl ⇠ k⇤. Further details of the order
unity isocurvature transfer function can be found in the
supplementary material (VF).
We stress that despite the suggestive subscript, knl

only parametrizes the slope of the white-noise part of
the density power spectrum at su�ciently small k. It is
not necessarily the location in k space where the density
perturbations become nonlinear. Furthermore, while not
necessary for the following sections, a parameterization
of knl ⇠ k⇤ in terms of the time and lengthscale asso-
ciated with the production mechanism, and mass m, is
provided in the supplementary material section (VA).
The reader who is familiar with the theory of struc-

ture formation might be skeptical about this flat spec-
trum. Indeed, it is well known that the stochastic con-
tribution to the nonlinear P�(t, k) arising from clustering
behaves as k

4 rather than k
0 at low k. This is a con-

sequence of mass and momentum conservation (see [11],
chapter 28). A white-noise contribution / k

0, would im-
ply that starting from the same initial matter density
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1. and 2. not seen for k < kobs ⇠ 10Mpc�1
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1. white-noise excess in isocurvature density pert.

2. free-streaming suppression in adiabatic density pert.
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Then in density power spectrum:

MA & Mirbabayi (2022/24)

and see Long & Venegas (2024), Liu, Hu, Xiao (2024/25)
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comparison  with literature

Rogers and Peiris (2021) — Lyα

Dalal & Kravtsov (2022) — dynamical heating
Powell et. al (2023) — lensing
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m & 3⇥ 10�21 eV

MA & Mirbabayi (2022/24)

* constraints come from different observations and assumptions about production mechanisms, compare with care.


* For thermal production, bound is ~ few keV  — why the difference ? — Ask me.
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Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density
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the lower bound on wave DM mass

<latexit sha1_base64="jwUDrouDKkFXRiebLKgwxNsD3HU=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBg5REpHosevFYwX5AEspmu2mX7mbD7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMi1LBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaMyTVmbKqF0LyKGCZ6wNnAQrJdqRmQkWDca38387hPThqvkESYpCyUZJjzmlICVfBlc+IGWmHXCfrXm1t058CrxClJDBVr96lcwUDSTLAEqiDG+56YQ5kQDp4JNK0FmWEromAyZb2lCJDNhPj95is+sMsCx0rYSwHP190ROpDETGdlOSWBklr2Z+J/nZxDfhDlP0gxYQheL4kxgUHj2Px5wzSiIiSWEam5vxXRENKFgU6rYELzll1dJ57LuNeqNh6ta87aIo4xO0Ck6Rx66Rk10j1qojShS6Bm9ojcHnBfn3flYtJacYuYY/YHz+QNsE5C2</latexit> m
[e
V
]

<latexit sha1_base64="K+G+H4Ich9F0km2s3wtKWWv6jjk=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEES2JSHVZdONGqGAfkMQwmU7aoZNJmJkIJQT8FTcuFHHrd7jzb5y2WWjrgQuHc+7l3nuChFGpLOvbKC0sLi2vlFcra+sbm1vm9k5bxqnApIVjFotugCRhlJOWooqRbiIIigJGOsHweux3HomQNOb3apQQL0J9TkOKkdKSb+4N/WP3xMlcEcHbBOcP2amde75ZtWrWBHCe2AWpggJN3/xyezFOI8IVZkhKx7YS5WVIKIoZyStuKkmC8BD1iaMpRxGRXjY5P4eHWunBMBa6uIIT9fdEhiIpR1GgOyOkBnLWG4v/eU6qwksvozxJFeF4uihMGVQxHGcBe1QQrNhIE4QF1bdCPEACYaUTq+gQ7NmX50n7rGbXa/W782rjqoijDPbBATgCNrgADXADmqAFMMjAM3gFb8aT8WK8Gx/T1pJRzOyCPzA+fwD+n5Tj</latexit>

k⇤ [Mpc�1]
<latexit sha1_base64="sXceOON4zCXXz1mYRmktwhGs9s8=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/cA2lM120i7dbOLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LejBP0IzqQPOSMGis9jHpZV0UEHye9UtmtuDOQZeLlpAw56r3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2cUTcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU145WdcJqlByeaLwlQQE5Pp+6TPFTIjxpZQpri9lbAhVZQZG1LRhuAtvrxMmucVr1qp3l2Ua9d5HAU4hhM4Aw8uoQa3UIcGMJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AI61kNw=</latexit>

keq
<latexit sha1_base64="3CAC/wlgFXTGSJ5uPpsOyuXntgc=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCCy0zKtVl0Y0boYJ9QGdaMmnahiaZIckIdRj8FTcuFHHrf7jzb0zbWWjrgQuHc+7l3nuCiFGlHefbyi0sLi2v5FcLa+sbm1v29k5dhbHEpIZDFspmgBRhVJCappqRZiQJ4gEjjWB4PfYbD0QqGop7PYqIz1Ff0B7FSBupY++5TvvMO048yeFthNN2cuKmHbvolJwJ4DxxM1IEGaod+8vrhjjmRGjMkFIt14m0nyCpKWYkLXixIhHCQ9QnLUMF4kT5yeT6FB4apQt7oTQlNJyovycSxJUa8cB0cqQHatYbi/95rVj3Lv2EiijWRODpol7MoA7hOArYpZJgzUaGICypuRXiAZIIaxNYwYTgzr48T+qnJbdcKt+dFytXWRx5sA8OwBFwwQWogBtQBTWAwSN4Bq/gzXqyXqx362PamrOymV3wB9bnD7IHlB8=</latexit>

103 Mpc�1

<latexit sha1_base64="LwfUzodBlZjE68xL8KY9WnnZwqs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBg5ZEpOqt6MVjBfsBTSyb7aRdupuE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWcSgoNGvNYtgOigLMIGpppDu1EAhEBh1YwvJv6rRFIxeLoUY8T8AXpRyxklGgjdW3bdZ6yc/dm4p15UmBodu2yU3FmwMvEzUkZ5ah37S+vF9NUQKQpJ0p1XCfRfkakZpTDpOSlChJCh6QPHUMjIkD52ezyCT4xSg+HsTQVaTxTf09kRCg1FoHpFEQP1KI3Ff/zOqkOr/2MRUmqIaLzRWHKsY7xNAbcYxKo5mNDCJXM3IrpgEhCtQmrZEJwF19eJs2LilutVB8uy7XbPI4iOkLH6BS56ArV0D2qowaiaISe0St6szLrxXq3PuatBSufOUR/YH3+AG8KkkI=</latexit>

10�19 eV

allowed
al

lo
w

ed

also see Long & Venegas (2024)
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from MW satelites

<latexit sha1_base64="/98CYGf6bO2fUSQvjhZx3iZrid0=">AAAB8HicdVDLSgMxFM34rPVVdekmWIS6cJgR7bS7opsuK9iHtGPJpJk2NMkMSUYoQ7/CjQtF3Po57vwb03YEFT1w4XDOvdx7TxAzqrTjfFhLyyura+u5jfzm1vbObmFvv6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6a+e17IhWNxI2exMTnaChoSDHSRrotofrJXXrqTvuFomN7jlu9qMAF8aoZKXvQtZ05iiBDo1947w0inHAiNGZIqa7rxNpPkdQUMzLN9xJFYoTHaEi6hgrEifLT+cFTeGyUAQwjaUpoOFe/T6SIKzXhgenkSI/Ub28m/uV1Ex1W/JSKONFE4MWiMGFQR3D2PRxQSbBmE0MQltTcCvEISYS1yShvQvj6FP5PWme2W7bL1+fF2mUWRw4cgiNQAi7wQA3UQQM0AQYcPIAn8GxJ69F6sV4XrUtWNnMAfsB6+wT7iI/q</latexit>

(aH)�1

<latexit sha1_base64="zu2qV9W+QMvaKLgsNbmUScu0SCA=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahgpREpLosunFZwT6gCWUynbRDJw9mJsUQ6q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe48WcSWVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjjW9nfmdChWRR+KDSmLoBHobMZwQrLfXNsjPBIh6xquqzc8fzs8fpWd+sWDVrDrRK7JxUIEezb345g4gkAQ0V4VjKnm3Fys2wUIxwOi05iaQxJmM8pD1NQxxQ6Wbz46foVCsD5EdCV6jQXP09keFAyjTwdGeA1UguezPxP6+XKP/azVgYJ4qGZLHITzhSEZolgQZMUKJ4qgkmgulbERlhgYnSeZV0CPbyy6ukfVGz67X6/WWlcZPHUYRjOIEq2HAFDbiDJrSAQArP8ApvxpPxYrwbH4vWgpHPlOEPjM8fcW+Upw==</latexit>

'(ti,x)

<latexit sha1_base64="w+zloCY76EdnhcGXJwjHCpqv/dY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBBEMOyKRI9BLx4jmAcka5id9CZDZmfXmVkhLPkJLx4U8ervePNvnDwOmljQUFR1090VJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwM/YbT6g0j+W9GSboR7QnecgZNVZqDjqnD9mZN+oUim7JnYAsEm9GijBDtVP4andjlkYoDRNU65bnJsbPqDKcCRzl26nGhLIB7WHLUkkj1H42uXdEjq3SJWGsbElDJurviYxGWg+jwHZG1PT1vDcW//NaqQmv/IzLJDUo2XRRmApiYjJ+nnS5QmbE0BLKFLe3EtanijJjI8rbELz5lxdJ/bzklUvlu4ti5XoWRw4O4QhOwINLqMAtVKEGDAQ8wyu8OY/Oi/PufExbl5zZzAH8gfP5A0apj30=</latexit>

k�1
⇤

<latexit sha1_base64="R+Nth3RwykHUP8reD0wc7t2AFpI=">AAACA3icbVDLSsNAFL3xWesr6k43g0UQFyURqS6LblxWsA9oQphMJ+3QmSTMTIQSCm78FTcuFHHrT7jzb5y2WWjrgWEO59zLvfeEKWdKO863tbS8srq2Xtoob25t7+zae/stlWSS0CZJeCI7IVaUs5g2NdOcdlJJsQg5bYfDm4nffqBSsSS+16OU+gL3YxYxgrWRAvvQU6wvMDKfQF4kMcmHwdk4x2Ic2BWn6kyBFolbkAoUaAT2l9dLSCZorAnHSnVdJ9V+jqVmhNNx2csUTTEZ4j7tGhpjQZWfT28YoxOj9FCUSPNijabq7w6zkVIjEZpKgfVAzXsT8T+vm+noys9ZnGaaxmQ2KMo40gmaBIJ6TFKi+cgQTCQzuyIywCYIbWIrmxDc+ZMXSeu86taqtbuLSv26iKMER3AMp+DCJdThFhrQBAKP8Ayv8GY9WS/Wu/UxK12yip4D+APr8wfmYpe2</latexit>

� ⇠ k⇤
am
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<latexit sha1_base64="WYVjNUZk8OTmOyoJG3c5I/XO8VQ=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqCAlKVJdFnXhsoK9QBPDZDJth04uzJwINRRfxY0LRdz6Hu58GydtFtr6w8DHf87hnPm9mDMJpvmtFZaWV1bXiuuljc2t7R19d68to0QQ2iIRj0TXw5JyFtIWMOC0GwuKA4/Tjje6yuqdByoki8I7GMfUCfAgZH1GMCjL1Q/sa8oB39dc28+gAqejE1cvm1VzKmMRrBzKKFfT1b9sPyJJQEMgHEvZs8wYnBQLYITTSclOJI0xGeEB7SkMcUClk06vnxjHyvGNfiTUC8GYur8nUhxIOQ481RlgGMr5Wmb+V+sl0L9wUhbGCdCQzBb1E25AZGRRGD4TlAAfK8BEMHWrQYZYYAIqsJIKwZr/8iK0a1WrXq3fnpUbl3kcRXSIjlAFWegcNdANaqIWIugRPaNX9KY9aS/au/Yxay1o+cw++iPt8wc+nZR1</latexit> �
2 �
(t
,
k
)

<latexit sha1_base64="WYVjNUZk8OTmOyoJG3c5I/XO8VQ=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqCAlKVJdFnXhsoK9QBPDZDJth04uzJwINRRfxY0LRdz6Hu58GydtFtr6w8DHf87hnPm9mDMJpvmtFZaWV1bXiuuljc2t7R19d68to0QQ2iIRj0TXw5JyFtIWMOC0GwuKA4/Tjje6yuqdByoki8I7GMfUCfAgZH1GMCjL1Q/sa8oB39dc28+gAqejE1cvm1VzKmMRrBzKKFfT1b9sPyJJQEMgHEvZs8wYnBQLYITTSclOJI0xGeEB7SkMcUClk06vnxjHyvGNfiTUC8GYur8nUhxIOQ481RlgGMr5Wmb+V+sl0L9wUhbGCdCQzBb1E25AZGRRGD4TlAAfK8BEMHWrQYZYYAIqsJIKwZr/8iK0a1WrXq3fnpUbl3kcRXSIjlAFWegcNdANaqIWIugRPaNX9KY9aS/au/Yxay1o+cw++iPt8wc+nZR1</latexit> �
2 �
(t
,
k
)

<latexit sha1_base64="WYVjNUZk8OTmOyoJG3c5I/XO8VQ=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqCAlKVJdFnXhsoK9QBPDZDJth04uzJwINRRfxY0LRdz6Hu58GydtFtr6w8DHf87hnPm9mDMJpvmtFZaWV1bXiuuljc2t7R19d68to0QQ2iIRj0TXw5JyFtIWMOC0GwuKA4/Tjje6yuqdByoki8I7GMfUCfAgZH1GMCjL1Q/sa8oB39dc28+gAqejE1cvm1VzKmMRrBzKKFfT1b9sPyJJQEMgHEvZs8wYnBQLYITTSclOJI0xGeEB7SkMcUClk06vnxjHyvGNfiTUC8GYur8nUhxIOQ481RlgGMr5Wmb+V+sl0L9wUhbGCdCQzBb1E25AZGRRGD4TlAAfK8BEMHWrQYZYYAIqsJIKwZr/8iK0a1WrXq3fnpUbl3kcRXSIjlAFWegcNdANaqIWIugRPaNX9KY9aS/au/Yxay1o+cw++iPt8wc+nZR1</latexit> �
2 �
(t
,
k
)

<latexit sha1_base64="79p22BAECf82syFuzDpczWBlMFc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8xV2R6DHoxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN0TnuMdErlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSvKgE1Ur1/rJcu8njKMAxnMAZBHAFNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/QoyO8Q==</latexit>

k/aim
<latexit sha1_base64="ojes4IeJ76XQij48X/tcNaCHc/I=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21okl2SrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//ci04bF6sJOEBZIMFY84JdZJbdLnWOKnfrniVb058Crxc1KBHI1++as3iGkqmbJUEGO6vpfYICPacirYtNRLDUsIHZMh6zqqiGQmyObnTvGZUwY4irUrZfFc/T2REWnMRIauUxI7MsveTPzP66Y2ug4yrpLUMkUXi6JUYBvj2e94wDWjVkwcIVRzdyumI6IJtS6hkgvBX355lbQuqn6tWru/rNRv8jiKcAKncA4+XEEd7qABTaAwhmd4hTeUoBf0jj4WrQWUzxzDH6DPH5b0jxk=</latexit>

aimx

Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density
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key input and output

<latexit sha1_base64="bR1rgb891YL+9ZzrMLsxacAvf/U="></latexit>

k3

2⇡2
P�(t, k)

<latexit sha1_base64="tS+VD9L+hucEgUPxY6AA5SbEypo="></latexit>

k !
<latexit sha1_base64="M1sG4SP2TmG86GOftUPBBmF1wu4=">AAAB83icbVDJSgNBEK1xjXGLelSkMQiewozgcgx68ZiAWSAZQk+nJ2nS0z129yhhyNFf8OJBEa/e8x3e/AZ/ws5y0MQHBY/3qqiqF8ScaeO6X87C4tLyympmLbu+sbm1ndvZrWqZKEIrRHKp6gHWlDNBK4YZTuuxojgKOK0FveuRX7unSjMpbk0/pn6EO4KFjGBjpeZdU7FO12Cl5EMrl3cL7hhonnhTki8eDMvfj4fDUiv32WxLkkRUGMKx1g3PjY2fYmUY4XSQbSaaxpj0cIc2LBU4otpPxzcP0LFV2iiUypYwaKz+nkhxpHU/CmxnhE1Xz3oj8T+vkZjw0k+ZiBNDBZksChOOjESjAFCbKUoM71uCiWL2VkS6WGFibExZG4I3+/I8qZ4WvPPCWdmmcQUTZGAfjuAEPLiAItxACSpAIIYneIFXJ3GenTfnfdK64Exn9uAPnI8fiCCVuQ==</latexit>q !

<latexit sha1_base64="59pNOQhSBnBdaugQhCPGrX1Llvk="></latexit>

p3

2⇡2
P (t0, q)
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how is the calculation done?

<latexit sha1_base64="jGoNhJ9ScTGEupfP7X/Q+Gl+y24="></latexit>

i@⌘ = �r2

2m
 +ma2� 

<latexit sha1_base64="8kFngM59pzouwWIGUUNJLTbqFm8="></latexit>

r2� =
4⇡G

a
(⇢� ⇢̄), ⇢ = m| |2

<latexit sha1_base64="brMUDAZ2UVHxUxAxKISASQcXO78=">AAACrnicbVFdb9MwFHXC1wgf6+BxL1dUlYagVVJNGy+VBjyA4KVItJtUZ9WN46zW7CTYDlKV5WfxY3jll+CkBbGNK1k6Oud++dyklMLYMPzp+Xfu3rv/YOdh8Ojxk6e7vb1nc1NUmvEZK2ShzxI0XIqcz6ywkp+VmqNKJD9NLt+3+ul3ro0o8q92XfJY4UUuMsHQOmrZ+zEQtERtBcol5RaBlkbABIY008hqmmMi8Xzc1GPVdN IrUOAIoNOV6JIDgAEA/VZhGjj0p6LTJ7Bpc0hLAR+aGpsDqlcFDIEmqOsWNy9ft2V/O3TN2pwJqKu2/9X5OEi71SZucD0cN6ld9vrhKOwCboNoC/pkG9Nl7xdNC1Ypnlsm0ZhFFJY2rtuPM8mbgFaGl8gu8YIvHMxRcRPXnb0NDByTQlZo93ILHftvRY3KmLVKXKZCuzI3tZb8n7aobPYmrkVeVpbn7NoWdaI2g7NKgi2gvR2kQnNm5doBZFq43YGt0Bls3YUDZ0p004LbYD4eRUejoy+H/ZN3W3t2yD55QQ5IRI7JCflIpmRGmLfvvfU+eZ/90J/7sb/cpPretuY5uRb+6jfOaMuO</latexit>

d⌘ = a�2dt

<latexit sha1_base64="bR1rgb891YL+9ZzrMLsxacAvf/U="></latexit>

k3

2⇡2
P�(t, k)

<latexit sha1_base64="tS+VD9L+hucEgUPxY6AA5SbEypo="></latexit>

k !

<latexit sha1_base64="4QwbSMeyRmWI8nruZNimOsmKGaQ="></latexit>

h�k�k0i / P�(k)
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2-pt density correlation function = 4 pt field corr. func.

<latexit sha1_base64="jGoNhJ9ScTGEupfP7X/Q+Gl+y24="></latexit>

i@⌘ = �r2

2m
 +ma2� 

<latexit sha1_base64="8kFngM59pzouwWIGUUNJLTbqFm8="></latexit>

r2� =
4⇡G

a
(⇢� ⇢̄), ⇢ = m| |2

<latexit sha1_base64="brMUDAZ2UVHxUxAxKISASQcXO78=">AAACrnicbVFdb9MwFHXC1wgf6+BxL1dUlYagVVJNGy+VBjyA4KVItJtUZ9WN46zW7CTYDlKV5WfxY3jll+CkBbGNK1k6Oud++dyklMLYMPzp+Xfu3rv/YOdh8Ojxk6e7vb1nc1NUmvEZK2ShzxI0XIqcz6ywkp+VmqNKJD9NLt+3+ul3ro0o8q92XfJY4UUuMsHQOmrZ+zEQtERtBcol5RaBlkbABIY008hqmmMi8Xzc1GPVdN IrUOAIoNOV6JIDgAEA/VZhGjj0p6LTJ7Bpc0hLAR+aGpsDqlcFDIEmqOsWNy9ft2V/O3TN2pwJqKu2/9X5OEi71SZucD0cN6ld9vrhKOwCboNoC/pkG9Nl7xdNC1Ypnlsm0ZhFFJY2rtuPM8mbgFaGl8gu8YIvHMxRcRPXnb0NDByTQlZo93ILHftvRY3KmLVKXKZCuzI3tZb8n7aobPYmrkVeVpbn7NoWdaI2g7NKgi2gvR2kQnNm5doBZFq43YGt0Bls3YUDZ0p004LbYD4eRUejoy+H/ZN3W3t2yD55QQ5IRI7JCflIpmRGmLfvvfU+eZ/90J/7sb/cpPretuY5uRb+6jfOaMuO</latexit>

d⌘ = a�2dt
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generality of the framework 

- works for point particles, solitons and fields 
with arbitrary initial spectra

- includes effects of noise and warmth (not 
captured by CLASS, AxiCAMB etc.)*

- works for arbitrary # of components

- can include non-gravitational interactions*

2211.09775,     2408.05591,     2503.20881,    2506.12131,    2510.15046,    2510.17977  

with Delos, Ling, May, Mirbabayi & Yang   

recently applied to high-redshift obs. by Gorghetto et. al (2025), Niemeyer & Kulkarni (in progress) 

https://github.com/mustafaaamin/warm-and-random
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nonlinear structures
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We argue that there is a lower bound of order 10�18 eV on dark matter mass if it is produced
after inflation via a process with finite correlation length.

I. INTRODUCTION

Dark matter is essential to our understanding of the
cosmos – from the astrophysical scales relevant for dwarf
galaxies to the cosmological scales in the Cosmic Mi-
crowave Background (CMB) [1]. Dark matter makes up
approximately 84% of the non-relativistic matter in our
cosmos [2]. Its detailed nature, however, is not well un-
derstood. For example, the mass or spin of dark matter
particles is not known, and we have yet to confirm any
non-gravitational interactions of dark matter. Further-
more, we do not have a unique formation mechanism for
dark matter in the early universe. Given the relevance of
dark matter to our understanding of the cosmos, any rel-
atively model-independent constraint on some of its mi-
croscopic properties would be valuable. In this letter, we
provide such a relatively model-independent lower bound
on the mass of dark matter particles.

An approximately scale invariant initial power spec-
trum of dark matter density fluctuations for comoving
wavenumbers k < kobs ⇠ 10Mpc�1 is consistent with
current observations [3, 4]. We use two e↵ects, (1) excess
white noise power and (2) suppression of power due to
free-steaming, to provide a relatively model-independent
lower bound on the mass of the dark matter particles
produced after inflation, m & 10�18 eV. The bound is
independent of the nature of the field (scalar, vector, ten-
sor etc.) and details of the post-inflationary production
mechanism, but assumes this field constitutes all of dark
matter and interacts only gravitationally after produc-
tion. With more details of the production mechanism
included, the bound can be strengthened further. Our
lower bound is at least 1-2 orders of magnitude stronger
than that due to the finite Jeans scale in fuzzy dark mat-
ter [3, 5]. It is comparable to the recent bound due to
dynamical heating of stars in ultra-faint white dwarfs [6].
Our bound is more general, but weaker than the one
of [7, 8], who use a model-specific version of (1) alone.
Based on inferred quasar spins and hence lack of super-
radiance, [9] also claims a stronger bound on the mass
than ours.

To demonstrate our idea, we provide a concrete exam-
ple of scalar field dark matter. We set ~ = c = 1.

⇤ mustafa.a.amin@rice.edu
† mehrdad.mirbabayi@gmail.com

II. WHITE NOISE

Consider a scalar field, '(t,x) of mass m, that gets
excited at time ti after inflation with Heq ⌧ m < Hi.
For now, let us neglect the inflationary adiabatic fluctu-
ations. Then, the correlation length of the excitations is
expected to be subhorizon because of causality. Near
matter-radiation equality, the matter density is given
by[10]

⇢̄(t) ⇡ m
2

Z
d ln q

q
3

2⇡2
P'(t, q) , (1)

where integration over all momenta (without a UV cut-
o↵) is a justifiable approximation because by this time
the integral must be dominated by momenta much less
than ma(t). Meanwhile, since Heq ⌧ Hi, the main con-
tribution comes from momenta much larger than keq. For
simplicity, we take it to be a single scale k⇤. Because of
the finite correlation length, at momenta k ⌧ k⇤ there
is a white-noise contribution to the spectrum of the frac-
tional density perturbation �. The isocurvature transfer
function is close to one and we can approximate

P
(iso)
� (t, k) ⇡

m
4

⇢̄2(t)

Z
d ln q

q
3

2⇡2
[P'(q, t)]

2
⌘

2⇡2

k
3
nl

. (2)

knl is understood as being defined by the above equa-
tion. With a single scale in the problem, we expect a
time-independent knl ⇠ k⇤. Further details of the order
unity isocurvature transfer function can be found in the
supplementary material (VF).
We stress that despite the suggestive subscript, knl

only parametrizes the slope of the white-noise part of
the density power spectrum at su�ciently small k. It is
not necessarily the location in k space where the density
perturbations become nonlinear. Furthermore, while not
necessary for the following sections, a parameterization
of knl ⇠ k⇤ in terms of the time and lengthscale asso-
ciated with the production mechanism, and mass m, is
provided in the supplementary material section (VA).
The reader who is familiar with the theory of struc-

ture formation might be skeptical about this flat spec-
trum. Indeed, it is well known that the stochastic con-
tribution to the nonlinear P�(t, k) arising from clustering
behaves as k

4 rather than k
0 at low k. This is a con-

sequence of mass and momentum conservation (see [11],
chapter 28). A white-noise contribution / k

0, would im-
ply that starting from the same initial matter density
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solitons — when do they form, in what fraction ?
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a/aeq = 5.6

MA, May, Mirbabayi (2025)

* can be order unity fraction of mass in collapsed objects, at least at early times. 
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we can “predict” the halo mass function
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scalars and vectors — “cosmological” simulations
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Figure4:Left:Theevolutionofthemaximumvalue⇢maxoftheenergydensityfieldofthevectorthrough
MRE,inasimulationwithvolume(3.75�?)3.Timeisparameterisedbythescalefactorarelativeto
thatatMRE,aeq.Themeanvectorenergydensity⇢isalsoplotted.Atearlytimes⇢maxfollows⇢,with
smallfluctuationsduetotheoscillationofmodeswithk&kJ,drivenbyquantumpressure.Thecollapse
ofoverdensitieswith�&1,whichintheabsenceofquantumpressurewouldoccurata/aeq'1/�,
ishindereduntilafterMRE.OncekJ/k?/a1/4hasgrownsu�ciently,overdensitiescollapse.After
thecollapse,themaximumdensityisatapointinsideasoliton.Thesolitonisproducedwithexcited
quasinormalmodes,sothemaximumdensitysubsequentlyoscillates.Right:Asliceoftheenergydensity
ata/aeq=7,inthesamesimulationasisplottedintheleftpanel.Theslicepassesthroughthepoint
thathasthelargestdensityatthistime,whichisatthecentreofasoliton.Thesoliton(redregion
ininset)issurroundedbyaspherical‘fuzzy’halo(yellow/greenregion)andtherearecosmicfilaments
connectingittoothersolitons.Sphericalwavescanbeseenaroundthesoliton,whichareduetothe
emissionofenergyfromquasinormalmodes.Avideoshowingtheevolutioncanbefoundat[58].

studythegrowthofdensityperturbationsandtheevolutionofthedensitypowerspectruminmoredetail
inAppendixD.

InFigure4(right)weplotthedensityfield⇢throughthesliceofthesamesimulationthatcontains
thepointwiththelargestdensity,ata/aeq=7.Thereisacentralsoliton(redregion).Thesolitonis
surroundedbyasphericalfuzzyhalo(yellow/greenregion)extendingfarfromitscore,themaximum
densityofwhichisabouttwoordersofmagnitudesmallerthanthesolitoncoredensity.Finally,theearly
stagesofacosmicwebconnectingdi↵erentsolitonshaveformed(seealsoFigure1left,whereweshowa
3Dversionofthesameenergydensity).Sphericalwavescanbeseenbeyondthehalo.Thesearedueto
energyreleasedbythedecayofthesoliton’squasi-normalmodes.

Tounderstandthenatureofthecollapsedobjects,inFigure5(left)weplotthesphericallyaveraged
densityprofilearoundthecentreoftheobjectsata/aeq=5,averagedoveralltheobjectsinourfullset
ofsimulations.Toenabletheprofilesofobjectswithdi↵erentmasstobecombined,foreachobjectthe
densityprofileisnormalisedtoitscentraldensity⇢sandthedistancefromitscentretothequantum
Jeanslength�J(⇢s)correspondingtoitscentraldensity⇢s.AsitisclearfromSection3.1,intermsof
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production mechanism ultralight vectors

Figure 8. Left: Evolution of the maximum axion density ⇢�,max for di↵erent values of the coupling
constant ↵. The increase of ⇢�,max, driven by axion self-resonance, facilitates the formation of oscillons,
within which the maximum density remains approximately constant. These oscillons can subsequently
convert into dark photons, provided ↵ & 2. For comparison, the case of a homogeneous axion field
with zero coupling is shown as the black solid line. Here the initial conditions are set to �0 = 5f�,
�� ⇠ 10�5

�0, and �Xi ⇠ 10�35
�0. Right: Snapshot of the energy densities of axions and dark

photons at a/ai = 88.8 for ↵ = 2.

physical momentum k/a ' 0.5m�, consistent with narrow parametric resonance occurring
within axion oscillons. After the resonance saturates, energy continues to transfer from
low-momentum axions into higher-momentum dark photons.

In the left panel of figure 8, we present the evolution of the maximum energy density of
the axion field for various values of the coupling constant ↵. The maximum density begins
to increase around a/ai ' 60, followed by a rapid decline. For moderate couplings, e.g.,
↵ = 2, the maximum density plateaus and remains nearly constant over an extended period,
indicating the formation of oscillons. Furthermore, we find that e�cient energy transfer
from oscillons to dark photons requires a coupling strength ↵ & 2, in agreement with the
expectations from our linear instability analysis. In the right panel, we present the energy
densities of axions and dark photons at a/ai = 88.8 for ↵ = 2, which illustrates the role of
oscillons as local sources for dark photon production.

5 Discussion and conclusions

We have proposed a novel and e�cient mechanism for the production of ultralight dark pho-
ton DM in the early universe, driven by an oscillating scalar field with a flattened, unbounded
potential. Such potentials naturally arise in multiscalar extensions of field theory and in var-
ious string theory constructions, and they allow for initial field displacement significantly
larger than the characteristic mass scale f�. Our framework relies on a moderately large ini-
tial misalignment of the homogeneous scalar field, which facilitates dark photon production
through parametric resonance. This enhancement results from both the large amplitude of
oscillations and the delayed onset of scalar field oscillations. We have shown that, depending
on the interplay between the axion–dark photon coupling and the role of axion self-resonance,
dark photons can be e�ciently produced via either broad/tachyonic resonance from the ho-

– 12 –

Figure 10. Scalar field from a fully 3D dimensional case with �/g2D = 25. Contours of |�| = v/10

are indicated in green, while the complex phase of � is indicated on a representative two dimensional slice.

The left panel shows a snapshot ⇡ 3mA0 after vortices first form. The right panel shows a snapshot at a time

⇡ 48mA0 after the first, illustrating how reconnections have lead to a larger number of smaller scale loops. The

length of the domain is the wavelength of the dominant mode of the axion instability, which is approximately

equal to the Compton wavelength of the dark photon (L = 2⇡/kp where kp ⇡ 1.055mA0).

The post vortex formation evolution of dark photon dark matter di↵ers conceptually from the
superconductor case in two ways. Firstly, as mentioned in the context of vortex production, there
is not really an edge of the superconductor in the case of dark photon dark matter. Secondly, the
strings start in random directions at the time of formation on large scales, but are aligned on small
scales. In the case of longitudinal mode production during inflation, these dark photon strings evolve
in a manner that is very similar to the case of gauge strings. However, in the case of magnetic mode
production in the late universe, there will be a superheating period during the production of magnetic
modes, which ends with the rapid formation of strings with length per Hubble patch much larger than
the density of a scaling solution. This sets o↵ a period of rapid evolution, during which there is rapid
reconnection, and a burst of dark photon and gravitational wave emission.

At formation, assuming that m⇢ � mA0 ⇠ kc ⇠ H, the vortices form as roughly parallel lines
with distances of 1/kc, which evolves eventually to aL ⇠ (m⇢mA0)�1/2 and the energy density of these
vortices in their ground state is

⇢v ⇠ v
2
/a

2

L ' m⇢mA0v
2
, (5.1)

whereas the energy density in the dark photon field before vortex formation is B
2
⇠ v

3
m⇢ � ⇢v, as

expected from the superheated nature of the phase transition. On the other hand, the total energy
stored in the electric field and magnetic field before the phase transition, even if all converted into
thermal energy of the radial mode, can barely reheat the system enough to totally restore the symmetry.
Therefore, the evolution of the string network post vortex formation is determined by the e↵ective
theory of the vortices interacting with a background dark electromagnetic field.

– 16 –

Zhang et. al (2025)

East & Huang (2022)

solitons, DM abundance ?
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production mechanism + cosmology questions

production mechanisms for ultralight vectors post-inflation

mass functions of halos, survival probability of solitons

mixed scalar and vectors

baryons, connections to observables
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- more early universe cases
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many things I did not discuss

pulsar timing arrays, gravitational waves

conversions around compact objects

more on non-gravitational self-interactions (~ Hai-Bo Yu’s talk)

the classical vs. quantum nature of wave DM
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ� which leads to the usual
massless spin-2 fluctuations: hµ� (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ� = �µ� = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ� , along with their leading interac-

2 We use ḡµ� = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding
universe when needed. Here, a(t) is the scale factor normalized
to unity today.
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novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ� which leads to the usual
massless spin-2 fluctuations: hµ� (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ� = �µ� = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ� , along with their leading interac-

2 We use ḡµ� = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding
universe when needed. Here, a(t) is the scale factor normalized
to unity today.

Nonrelativistic ICscoll
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e to
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increasing compactness

(for example phase of gravitational waves in the weak field limit. Let us assume that we have two
solitons of mass M1 and M2 whose separated by a distance r which is much larger than their radii
R1 and R2. The spin of the solitons are S1 and S2 respectively. The e↵ective potential governing
their dynamics can be written as [37, 38]

V = �
GM1M2

r

�
1 +O(v2/c2)�

2

rc
[r̂ ⇥ (v1 � v2)] ·

2�

a=1

Sa

Ma

+
1

r2c2

�
S1

M1
·
S2

M2
� 3

�
S1

M1
· r̂

��
S2

M2
· r̂

�
+

2�

a=1

C
(a)
ES2

2M1M2

�
S
2
a � 3(Sa · r̂)

2
�
�

+ . . .

� (0.1)

The third term on the first line is the spin-orbit interaction, and the 2nd line is the spin-spin

interaction, both of which are absent in configurations without spin. The coe�cient C
(a)
ES2 is a

property of the object, which the PI will calculate for the configurations of interest.4 Note that the
intuition is that the spin generates a quadrupole moment: Q ⇠ CES2S

2
/Mc

2, is not accurate since
the intrinsic spin still results in spherically symmetric objects (at leading order in the Newtonian
Limit).

The changes in the dynamics of a binary configuration, and emitted gravitational waves can
be estimated using the above e↵ective potential. Using these estimates as a guide, the PI and
collaborators will generate accurate templates of the gravitational waves from binary mergers using
GRChombo. These template would depend on the internal structure of the objects as well as the
spin of each configurations, and could be a valuable asset in the search for exotic compact objects.
They provide a direct probe of the underlying spin of the fields.

4Note that for a Kerr black-hole, C(a)
ES2 = 1, while it is larger (� 4 � 8) for spinning neutron stars, and is related

to the quadrupole distortion of the objects (and hence to the Love numbers).
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novel class
of extremally

polarized
solitons

with
spin

S
tot /~ =

�
M
/m

which
can

be macroscopically large for

M

�

m.
Here,

m
is the

mass of the
field,

M

is the

mass of the soliton
and

�
is the spin

multiplicity. These

coherent
solitons

(along
with

fractionally
polarized

ones mentioned
earlier) might open

up
new

avenues for

observationally probing higher-spin fields.

W
e find

that even
within

Newtonian
gravity

it might

be possible to
distinguish

interacting
solitons with

dif-

ferent polarizations.
Going

beyond
Newtonian

gravity,

which we do not pursue here, might remove degeneracies

between
di↵erent polarizations of the higher-spin

fields

even
further.

W
e
also

discuss
possibilities

of probing

this
higher-spin

dark
matter

via
non-gravitational

interactions, taking
advantage of the polarization

state

of the solitons.
The

paper is organized
as follows.

In
section

II we

discuss
our

model for
the

case
of dark

scalar, vector,

and
tensor massive

fields, leaving
additional details in

Appendix A. In section III we provide the e↵ective non-

relativistic action (which is the Schrödinger-Poisson sys-

tem) for these dark
integer spin

fields, and
discuss the

various symmetries of the action. In
section

IV
we dis-

cuss the gravitationally bound
solitons. In

section
V
we

discuss their distinguishability, primarily
within

Newto-

nian
gravity, and

also
mention

other non-gravitational

couplings that can probe the spin nature of the fields. In

section VI we summarize and also highlight some future

directions worth investigating.
II.

M
OD

ELS

Our matter Lagrangian consists of the usual Standard

M
odel (SM

) sector, along
with

some
dark

sector that

includes additional massive spin-0, spin-1, or even spin-2

fields. W
e take these fields to be real valued.

Explicitly, our general action has the form

S
=
S
EH +

S
dark +

S
vis ,

(1)

where
S
EH

is
the

gravity
sector,

S
dark is

some
dark

sector
(incluing

dark
integer

spin
fields),

and
S
vis is

the
visible

sector
(comprising

of the
SM

). Our
focus

is
only

on
the

gravity
+

dark
sector

in
this

paper.

W
e
consider

perturbations
of

di↵erent
fields

around

some
background

metric
ḡ
µ� which

leads to
the

usual

massless spin-2
fluctuations:

h
µ� (the

graviton), along

with
other

perturbations
in

di↵erent
fields.

W
e
will

focus
on

a
given

spin-s
field

+
gravity,

instead
of

considering
massive spin-0, 1

and
2
together, although

our formalism
can accomodate the latter scenario as well.

For
most

part,
we

are
interested

in
sub-horizon

physics
where

length
scales

associated
with

config-

urations
of

these
dark

fields
are

much
smaller

than

the
Hubble

horizon.
As

a
result,

we
ignore

Hub-

ble
expansion, and

take
the

background
metric

to
be 2

ḡ
µ� =

�
µ� =

diag(1,�1,�1,�1). W
e also take ~ =

c =
1.

In
the next three subsections, we provide the general

action up-to quadratic order in the fields of interest, along

with
leading

order gravitational interactions.
For the

non-relativistic limit that we are interested
in, the lead-

ing
order actions provided

here are su�cient.
The full

nonlinear actions are discussed in the Appendix.

A.
Spin-0

The quadratic (free) action
for the spin-0 field

�, and

metric fluctuations
h
µ� , along with their leading interac-

2
W
e
use

ḡ
µ� =

diag(1,�a 2
(t),�a 2

(t),�a 2
(t)) for an

expanding

universe when
needed. Here, a(t) is the scale factor normalized

to unity
today.
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Figure 3. Left: Impact of macroscopic spin on the e↵ective gravitational potential for two orbiting bodies,
and hence gravitational wave emission before & during merger. Right: Full numerical relativity evolution
of circularly polarized (maximal spin) and linearly polarized (zero spin) solitons as they evolve from non-
relativistic initial conditions for 3 initial compactness per pair: C ⇡ 0.04, 0.06, 0.1 show in black [where we
expect relativistic corrections & 10%]. The maximal spin solitons S ⇡ ~Msol/m (orange) do not collapse
to a BH at the largest initial compactness considered, whereas the linearly polarized ones (blue) do. Spin
provides a barrier against collapse in this regime (preliminary). Middle: Hamiltonian constraint for the initial
configurations, showing convergence with increasing resolution and order of numerical algorithms.

Proposed Tasks & Expected Outputs.

(a) Spin & Maximal Compactness: Without relativistic corrections, all configurations with the
same total particle number have the same energy, independent of the spin: 0  |S|  ~Msol/m

[9]. However, with relativistic corrections, it is expected that this degeneracy is broken. The
spherical symmetry is also expected to be weakly broken [31]. Using GRChombo[81], the PI and
collaborators will determine which solutions are preferred in full general relativity, starting with
di↵erent Newtonian configurations (with arbitrary polarization). This task is challenging, however,
preliminary work guided by the limiting Newtonian solutions shows strong promise in terms of
results as well as technical aspects such as constraint preservation during the evolution (see middle
panel of Fig. 3). Each run takes ⇠ 104 CPU hrs.

Another output of this calculation will be determining the maximum compactness possible for
solitons with macroscopic spin, beyond which they collapse to BHs. For similar analysis of scalar
solitons, see [87, 88]. Preliminary investigations reveal that the compactness allowed is higher
for solitons with intrinsic spin, compared to those without. Hedgehog configurations which also
have zero spin, and are not extremally polarized (not shown here), collapse at an even smaller
compactness. Moreover, as compactness increases the M vs. R relationship di↵ers between solitons
with macroscopic spin and those without. See right panel of Fig. 3 for preliminary results, where
points represent time averages. The maximum compactness before collapse to BH determines
the amplitude of gravitational waves that can be generated from such objects in the final merger
phase. If an e�cient production mechanism exists, the above results also could potentially tell us a
relationship between spin and mass of the formed black holes from this process [89].

(b) Spin & Gravitational Waves: Consider two solitons of mass M1 and M2 separated by
a distance r, individual radii R1 and R2, and maximal, macroscopic intrinsic spin S1 and S2

respectively (see Fig. 3). The e↵ective potential governing their orbital dynamics [90, 91] is also
shown in the top left of Fig. 3. The third term on the first line is the spin-orbit interaction, and
the 2nd line is the spin-spin interaction, both of which are absent in configurations without spin.
Both a↵ect the orbital dynamics and emission of gravitational waves. The evolution of the phase
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FIG. 1. A visual summary of some of the main results of our paper.

novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.
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novel class of extremally polarized solitons with spin
Stot/~ = �M/m which can be macroscopically large for
M � m. Here, m is the mass of the field, M is the
mass of the soliton and � is the spin multiplicity. These
coherent solitons (along with fractionally polarized
ones mentioned earlier) might open up new avenues for
observationally probing higher-spin fields.

We find that even within Newtonian gravity it might
be possible to distinguish interacting solitons with dif-
ferent polarizations. Going beyond Newtonian gravity,
which we do not pursue here, might remove degeneracies
between di↵erent polarizations of the higher-spin fields
even further. We also discuss possibilities of probing
this higher-spin dark matter via non-gravitational
interactions, taking advantage of the polarization state
of the solitons.

The paper is organized as follows. In section II we
discuss our model for the case of dark scalar, vector,
and tensor massive fields, leaving additional details in
Appendix A. In section III we provide the e↵ective non-
relativistic action (which is the Schrödinger-Poisson sys-
tem) for these dark integer spin fields, and discuss the
various symmetries of the action. In section IV we dis-
cuss the gravitationally bound solitons. In section V we
discuss their distinguishability, primarily within Newto-
nian gravity, and also mention other non-gravitational
couplings that can probe the spin nature of the fields. In
section VI we summarize and also highlight some future
directions worth investigating.

II. MODELS

Our matter Lagrangian consists of the usual Standard
Model (SM) sector, along with some dark sector that
includes additional massive spin-0, spin-1, or even spin-2
fields. We take these fields to be real valued.

Explicitly, our general action has the form

S = SEH + Sdark + Svis , (1)

where SEH is the gravity sector, Sdark is some dark
sector (incluing dark integer spin fields), and Svis is
the visible sector (comprising of the SM). Our focus
is only on the gravity + dark sector in this paper.
We consider perturbations of di↵erent fields around
some background metric ḡµ⌫ which leads to the usual
massless spin-2 fluctuations: hµ⌫ (the graviton), along
with other perturbations in di↵erent fields. We will
focus on a given spin-s field + gravity, instead of
considering massive spin-0, 1 and 2 together, although
our formalism can accomodate the latter scenario as well.

For most part, we are interested in sub-horizon
physics where length scales associated with config-
urations of these dark fields are much smaller than
the Hubble horizon. As a result, we ignore Hub-
ble expansion, and take the background metric to be2

ḡµ⌫ = ⌘µ⌫ = diag(1,�1,�1,�1). We also take ~ = c = 1.

In the next three subsections, we provide the general
action up-to quadratic order in the fields of interest, along
with leading order gravitational interactions. For the
non-relativistic limit that we are interested in, the lead-
ing order actions provided here are su�cient. The full
nonlinear actions are discussed in the Appendix.

A. Spin-0

The quadratic (free) action for the spin-0 field �, and
metric fluctuations hµ⌫ , along with their leading interac-

2
We use ḡµ⌫ = diag(1,�a2(t),�a2(t),�a2(t)) for an expanding

universe when needed. Here, a(t) is the scale factor normalized

to unity today.
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initial conditions+growth of structure

reduced wave interference

- dynamical heating, lensing, nucleation 
times, core-halo relation …  

solitons & spin

- polarized emission, compactness … 

- free-streaming suppression+enhancement, 
mass bound, very early growth of structure
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Figure4:Left:Theevolutionofthemaximumvalue⇢maxoftheenergydensityfieldofthevectorthrough
MRE,inasimulationwithvolume(3.75�?)3.Timeisparameterisedbythescalefactorarelativeto
thatatMRE,aeq.Themeanvectorenergydensity⇢isalsoplotted.Atearlytimes⇢maxfollows⇢,with
smallfluctuationsduetotheoscillationofmodeswithk&kJ,drivenbyquantumpressure.Thecollapse
ofoverdensitieswith�&1,whichintheabsenceofquantumpressurewouldoccurata/aeq'1/�,
ishindereduntilafterMRE.OncekJ/k?/a1/4hasgrownsu�ciently,overdensitiescollapse.After
thecollapse,themaximumdensityisatapointinsideasoliton.Thesolitonisproducedwithexcited
quasinormalmodes,sothemaximumdensitysubsequentlyoscillates.Right:Asliceoftheenergydensity
ata/aeq=7,inthesamesimulationasisplottedintheleftpanel.Theslicepassesthroughthepoint
thathasthelargestdensityatthistime,whichisatthecentreofasoliton.Thesoliton(redregion
ininset)issurroundedbyaspherical‘fuzzy’halo(yellow/greenregion)andtherearecosmicfilaments
connectingittoothersolitons.Sphericalwavescanbeseenaroundthesoliton,whichareduetothe
emissionofenergyfromquasinormalmodes.Avideoshowingtheevolutioncanbefoundat[58].

studythegrowthofdensityperturbationsandtheevolutionofthedensitypowerspectruminmoredetail
inAppendixD.

InFigure4(right)weplotthedensityfield⇢throughthesliceofthesamesimulationthatcontains
thepointwiththelargestdensity,ata/aeq=7.Thereisacentralsoliton(redregion).Thesolitonis
surroundedbyasphericalfuzzyhalo(yellow/greenregion)extendingfarfromitscore,themaximum
densityofwhichisabouttwoordersofmagnitudesmallerthanthesolitoncoredensity.Finally,theearly
stagesofacosmicwebconnectingdi↵erentsolitonshaveformed(seealsoFigure1left,whereweshowa
3Dversionofthesameenergydensity).Sphericalwavescanbeseenbeyondthehalo.Thesearedueto
energyreleasedbythedecayofthesoliton’squasi-normalmodes.

Tounderstandthenatureofthecollapsedobjects,inFigure5(left)weplotthesphericallyaveraged
densityprofilearoundthecentreoftheobjectsata/aeq=5,averagedoveralltheobjectsinourfullset
ofsimulations.Toenabletheprofilesofobjectswithdi↵erentmasstobecombined,foreachobjectthe
densityprofileisnormalisedtoitscentraldensity⇢sandthedistancefromitscentretothequantum
Jeanslength�J(⇢s)correspondingtoitscentraldensity⇢s.AsitisclearfromSection3.1,intermsof
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