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Observable Gravitational Wave Strain at Second Order

3 JUNE, 2026

The ambiguity in associating gravitational waves with transverse-traceless components of the
metric at second order in perturbation theory is resolved by computing the detector response to

second order for the first time.

Guillem Domeénech, Shi Pi (24), and Ao Wang (£ %)

Phys. Rev. Lett. 136, 221402 (2026)
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monochromatic

B SsIGW-GAUSS + SMBHB
B SIGW-GAUSS

SN .. . ST A
—9 —7 -2 -1 0

A (Ink — Ink,)?
Py = exp
V27 A 207

lognormal [SP and Sasaki 2005.12300]

NANOGrav, 2306.16219



|IGW as nHz SGWB

QMo R IF )RR & ™ 2 (0] &7

e (1) FBAERTFAEITE. (Inomata et al 2306.17834;

lovino et al 2406.20089) :
(@) EIEEMBHRSRWRIEHIGABE, WOEERD T |
FHEE. (Domenech and SP, 2010.03976; Domenech, SP. 2 —23

B SIGW-CAUSS + SMBHB
B SIGW-GAUSS

NANOGrav, 2306.16219

\

ot al, 2402.18965) :
- 3) BERISHERRNBRFE, BEFEAANEY 4
{@"F-t. (SP and Sasaki 2112.12680; Franciolini et al.

1_7||| _2 _1 Ouunnu P S T T 1 T T A

23061 71 49) lggl() f* /HZ loglo A
+ (4) EEE)F—L, BiETERERRDBRFE. o A _(nk—Ink)
V> 247

lognormal [SP and Sasaki 2005.12300]



11.5

Subaru-HSC
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TER=R]

e AMPM is a fast-cadence DECam microlensing survey
targeting the LMC to constrain lunar-mass PBHs. With 5

nights operating, it constraints fppy < 0.3.

25.50

25.65

25.80

Instr. Magnitude (VR)

AMPM 1. — A Targeted Search for Asteroid Mass Primordial Black Hole
Microlenses.

Renee Key,!"?* Edward N. Taylor,! Ken C. Freeman,> Jeremy Mould,»? Abhijit Saha,* Anais Méller,!

Timothy M. C. Abbott,’ and Alan R. Duffy!?

L Centre for Astrophysics and Supercomputing, Swinburne University of Technology, Melbourne, 3122, VIC, Australia

2ARC Centre of Excellence for Dark Matter Particle Physics

3Research School of Astronomy and Astrophysics Australian National University, Canberra, 2611, ACT, Australia

4NSF NOIRLab National Optical-Infrared Astronomy Research Laboratory, 950 North Cherry Ave., Tucson, 85719, AZ, USA

3 Cerro Tololo Inter-American Observatory, Casilla 603, La Serena, Chile
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(Slmplest) Press-Schechter

K > O (3) given o, ., M(5 ) o)
, 4 a >ﬁ:J P(o,) 4 5f~erfc( - )
[ ( %) (2) | ( 5{) (4) Window function 5s M 24 \/5 O

PDF of density contrast

Every step is linear/Gaussian: '
P(0;) ([ ép 4 V2%
* (1) Linear Poisson equation. % = (7)6 " 9 (Hay

* (2) Gaussian PDF P(Z) gives Gauss PDF P(0,): Variance O

P(R)dR = P(5,)ds,

PBH formation
5f > 5f,cr

e (3) Critical density contrast 5&“ given by HYK limit (Harada,

Yoo, Kohri, 1309.4201).
* (4) Window function.

Abundance

{ rare events:
} typically ~ 100

44 Of.c



(Slmplest) Press-Schechter

K 0 3) g1ven o M(o 0
o) g e e > = J P(o,) ( Lﬂ) do, ~ erfc( - )
P(R) 8¢ cr My \/505

PDF of density contrast

(5p) 4 VP
5{5 E— — =

( 5{) (4) Window function

> |

Every step is linear/Gaussian:
P(o,)

p 9 (Ha)?

Variance O

IP(Q?) = P(5,)d5,

e (3) Critical density contrast 55,61, given

PBH formation
5f > 5f,cr

e by HYK limit (Harada,

Yoo, Kohri, 1309.4201).

* (4) Window function.

Abundance

{ rare events: |

 typically ~ 100§
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Why non-Gaussianity?

(1) 4/3
R > %f (3) given €, M (cgf)
[ ( %) (2) | (%f) (4) Window function %mr M 24
Non-Gaussianity must be taken into account:
. Gaussian "= exponential

* (1) Use compaction function ¢ which nonlinearly depends : ! N, tail

on &£. (Harada et al 1503.03934; De Luca et al 1

1904.00970; Gow et al 2211.08348) o
* (2) Primordial non-Gaussianity of &£ is usually non- )

perturbative.

1074 -

* (3) €., depends on profile. (Musco 1809.02127; Escriva et _5
al 1907.13311) o
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rei-pv  INcluding non-Gaussianity

/

log+ofrH(M)

X

B EG/GC y—ray
B Subaru HSC

1 OGLE

I EROS/MACHO
B Planck(disk)
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LISA/Taiji/TianQin can probe PBH-DM.

46
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Vie) | v
€V — 5<7>2 < |
V//
€y ~ Hhg
Ny = 4€y — 21y

Slow-roll inflation

— 2
% —_ :%g + ngL‘%g + *e°

INL =

@

( — 1)
n
12 ’

47

P (k)
107 1
H2
Py X ~ 1077k
10°] 8mey
w
=~ —2e,, _
H 2;7H -

Stewart and Sasaki, astro-ph/9507001
Lyth and Roquigez, astro-ph/0504045
Maldadena, astro-ph/0210603



Ultra-slow-roll inflation

Vi, P (k) :
— _ ([ H
‘v 2<V> < A 9{@%82 x k©
<€
B V// 1 %g — —Eﬁ(p 1072 -
77V_7<< 7,
€, x a O 3
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@ >k
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V(p)

Ultra-slow-roll inflation

Ultra-slow-roll

7
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Next-to-leading order
In gradient expansion

0.10

24

’ \
! slow-roll approx.

n,—1=26
faL = —3/2
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V(p)

Ultra-slow-roll inflation

Ultra-slow-roll

7

49

0.100

0.001

SP, Sasaki, PRL, 2211.13932

Next-to-leading order
In gradient expansion

N\

NL =

S
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24

’ \
! slow-roll approx.
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faL = —3/2
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time

Separate universe approach and o/N formalism

fiducial (@) random ¢,
.......................... random @,
In each separate-universe of size (cH )_1,
ds? ~ a?e*#™ (5. + E ..)dx'dx/
quantum fluctuation d¢ 3 ( it ’lf)
t H(x) = H+ R(x) + O(V)
i ............................................................................................................................................................................................ .~

Hubble patch ! physical scale



time

local expansion obal on N local expansion

A random ¥, “
e fiducial {¢) raneom P

comoving scale
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Starobinsky, JETP Lett. 42 (1985) 152
Salopek and Bond, PRD 42 (1990) 3936
Sasaki and Stewart, astro-ph/9507001
Wands, Malik, Lyth, Liddle, astro-ph/0003278

time

N, = J'eHadt = r(H+ @a)dt+%JV20dtmN+ R(t,) - R(t) =N+ R(1) = R.=06N

(in each patch “a”)

N —
local expansion obal on N local expansion
N, = N+ 5N, JIObal SXpansIon N, = N+N,
l} ........................... random Q)
random @,

fiducial (@)

comoving scale
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Vip)

Pend

Starobinsky, JETP Lett. 42 (1985) 152
Salopek and Bond, PRD 42 (1990) 3936
Sasaki and Stewart, astro-ph/9507001
Wands, Malik, Lyth, Liddle, astro-ph/0003278

N(®) A = ON
l (in each patch “a”)



Vip)

Pend

Starobinsky, JETP Lett. 42 (1985) 152
Salopek and Bond, PRD 42 (1990) 3936
Sasaki and Stewart, astro-ph/9507001
Wands, Malik, Lyth, Liddle, astro-ph/0003278

N(®) A = ON
l (in each patch “a”)

0@

= |55 P(op)

OQ (nearly) Gaussian




oN formalism

E, ¢0 . —
| ‘ {®0

PDF of inflaton ¢
at the horizon exit

| PDF of the comoving
T 2| curvature perturbation at the
< | S end of inflation

' ' |9
O .
-0.5 0.0 0.5 1.0 1.5 2.0

Cruces, SP, Sasaki, 2505.24590



Vip)

Ultra-slow-roll inflation

AN = Hdz ¢" + 3H¢p' = 0 (superhorizon, not background)

dg
prdn=0  (n=)
dN

(r = O is the attractor solution)

I (N
NoN, = -~ 2
3 TT,

T = 72'*8_3(N_N*)

P SP Sasaki, 2211.13932
SP, 2404.06151 (PBH book ch.7)



Vip)

Ultra-slow-roll inflation

In the “fiducial” patch

. 1 #(N)
N—-N,=—-——In
3 TT,




Vip)

S H

Ultra-slow-roll inflation

In the “fiducial” patch

. 1 #(N)
N—-N,=——In
3 TT,
In a perturbed patch
1 #2(N)
N—-N,=——In
3 TT,
i JU
T

P
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Vip)

Ultra-slow-roll inflation

In the “fiducial” patch

. 1 #(N)
N—-N,=—-——In
3 TT,
In a perturbed patch
1 #2(N)
N—-N,=——1In
3 TT,
— _ By oN formalism, the curvature perturbation is
T _ 1 (N
3 n(N)

@ > ¢ =—lln(1+5ﬂ(]_v))
" 56 3 7Z'(N)



Ultra-slow-roll inflation

S/

1 0
R =——In 1+—ﬂ
3 T

f _5 B 25
NL—za ENL = 3

Namjoo, Firouzjahi, Sasaki, 1210.3692

Chen, Firouzjahi, Komatsu, Namjoo, Sasaki, 1308.5341
Cai, Chen, Namjoo, Sasaki, Wang, Wang, 1712.09998
Biagetti, Franciolini, Kehagias, Riotto, 1804.07124
Passaglia, Hu, Motohashi, 1812.08243

SP and Sasaki, 2211.13932

SP, 2404.06151, PBH book ch.7

Jackson et al 2410.13683, Cruces et al 2410.17987
Ballestores et al 2412.14106, Caravano et al 2506.11795
Artigas, SP, Tanaka, 2408.09964

Escriva, Garriga, SP, 2512.04986




pleceW|se quadratlc potentlal

Ay =
3H2 - 2
Characteristic roots
(Liyapnov exponent)

A_N

Vilp) = Vy + _(P2 Hy =

slow-roll parameter

QY =cC, e’ N 4 c e

_ AN J_N
T=c A e +c_Ae

¢, and c_ are given by boundary conditions (¢,,, 7,)

\j N, 1) = R = 0N = oN(op,on)

SP, Sasaki, 2211.13932
58 SP, 2404.06151 (PBH book ch.7)
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3
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Vip)

Logarithmic Duality

R

1 ST+ 1.0 1 57.(50.
SN =—1n|{ 1- 00 N _ L[ 4 27090
Ay T+ A Ay 7T, + A,

1 o1, (8¢, O 1 on 0@, Om)
LI (ORI G Y (S
;ti T, + /1$((p>x< o ¢m) /li iy + /11(¢f o (pm)

(5ﬂf) Logarithmic relation (i.e. non-Gaussianity)
"ng===a= |Will be Important when the evolution

[

[

[

[

: (gﬂf’ ”f) : *:‘ deviates from attractor.
[ [

[

: : V2

59

SP, Sasaki, 2211.13932
SP, 2404.06151 (PBH book ch.7)



Logarithmic Duality

[
: (57Tf)
: Ty will be important when the evolutlon
: (gﬂf’ ”f) *.‘ deviates from attractor.
: : : V2
0 Q, @y ®,, SP Sasaki, 2211.13932

59 SP, 2404.06151 (PBH book ch.7)



Logarithmic Duality

SP, Sasaki, 2211.13932
K (0@, or) SP, 2404.06151 (PBH book ch.7)

1 O + A 0@ 1 OT,
Ay T+ /1¢g0 Ay T, + /ligp*

60



Logarithmic Duality

SP, Sasaki, 2211.13932

K (0@, or) SP, 2404.06151 (PBH book ch.7)
c.f. Consisstency rglation P — i mnl1- On + A-0@ _i il 14 o7, L
A = EGV _ g”v Ay T+ A Ay 7T, + A,
NL= g T \ &
5¢p 09 \ =
R =—H—+ —fNL ( ) §
7 7

Slow-roll inflation
Stewart and Sasaki, 1995
Lyth and Roquigez, 2005
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Logarithmic Duality

SP, Sasaki, 2211.13932
FK (0@, om) SP, 2404.06151 (PBH book ch.7)

c.f. consistency relation \

_ 1 o + /11540 1 571'*
5 5 R=—In{ 1 ———In{ 14 4.
fNL — €y — —Ny /1— T+ j‘lqﬁ /li 7T, + /1¢§0*

2 6

(=gt~
NL — 6_N 6’7

0 5
%——H_¢+—fNL< ¢>
P P

Slow-roll inflation
Stewart and Sasaki, 1995
Lyth and Roquigez, 2005

‘%g
7= —un(1-2)
U

Constant-roll

Atal, Garriga, Marcos-Caballero, 1905.13202

Atal, Cid, Escriva, Garriga, 1908.11357

Escriva, Atal, Garriga, 2306.09990

Inui, Motohashi, SP, et al, 2409.13500 50



Logarithmic Duality

SP, Sasaki, 2211.13932

FK (0@, om) SP, 2404.06151 (PBH book ch.7)
c.f. Consisstency rglation | . 57@ L
— e, == | T, + A
INL 2€V 6’7V
5 5
<NL: _E/L ~ —g’?>

0 5
%——H_¢+—fNL< q0>
¥ P

Slow-roll inflation
Stewart and Sasaki, 1995
Lyth and Roquigez, 2005

gf:—ﬂln(l—%) %:-%m( 5”*)

U T,

Constant-roll
Atal, Garriga, Marcos-Caballero, 1905.13202
Atal, Cid, Escriva, Garriga, 1908.11357
Escriva, Atal, Garriga, 2306.09990

Inui, Motohashi, SP, et al, 2409.13500

Ultra-slow-roll

Namjoo, Firouzjahi, Sasaki, 1210.3692
Cai, Chen, et al 1712.09998

Biagetti et al 1804.07124

Passaglia et al 1812.08243



Logarithmic Duality

SP, Sasaki, 2211.13932

FK (0@, om) SP, 2404.06151 (PBH book ch.7)
c.f. consistency relation | 57T>,<
f . . T+ A T
= — €y, — — —
NL = 5V 6’7v "
(ho=-g2-~—2n)
NL — 6 ~ 6’7
0 5
% = —H—<”+—fNL< ¢>
@ P
Slow-roll inflation
Stewart and Sasaki, 1995
Lyth and Roquigez, 2005
K 1 5 2
% =—puin(1-—-) F=——In i R =21 +0)
Constant-roll 3 : & 3
] Ultra-slow-roll Curvaton scenario,

Atal, Garriga, Marcos-Gaballero, 1905.13202 106 Firouzjahi, Sasaki, 1210.3692  SP and Sasaki, 2112.12680

Atal, Cid, Escriva, Garriga, 1908.11357 Cai. Ch t al 1712.09998

Escriva, Atal, Garriga, 2306.09990 gl, .en, et a . Ferrante et al, 2211.01728

’ ! ! ' Biagetti et al 1804.07124 Hooper et al. 2308.00756

Inui, Motohashi, SP, et al, 2409.13500 Passaglia et al 1812.08243



Logarithmic Duality

R(o@, Or)
c.f. consistency relation
S S
NL = 5€V - g’?v
S S
<NL: _E/L ~ —g’?>

0 5
%_—H_¢+—fNL< q0>
¥ ¥

Slow-roll inflation
Stewart and Sasaki, 1995
Lyth and Roquigez, 2005

gf:—ﬂln(l—%) @:-%m( 5”)

U T,

Constant-roll
Atal, Garriga, Marcos-Caballero, 1905.13202
Atal, Cid, Escriva, Garriga, 1908.11357
Escriva, Atal, Garriga, 2306.09990

Inui, Motohashi, SP, et al, 2409.13500

Ultra-slow-roll

Namjoo, Firouzjahi, Sasaki, 1210.3692
Cai, Chen, et al 1712.09998

Biagetti et al 1804.07124

Passaglia et al 1812.08243

SP, Sasaki, 2211.13932
SP, 2404.06151 (PBH book ch.7)

1
A =——In (%))

Generations,
Celoria et al, 2103.09244
Kawaguchi et al, 2305.18140

2
% ==In(1+0)

Curvaton scenario,

SP and Sasaki, 2112.12680
Ferrante et al, 2211.01728
Hooper et al. 2308.00756



Probability Distribution Function

SP, Sasaki, 2211.13932

1 o + /1+5(p SP, 2404.06151 (PBH book ch.7)
For the simplest single-logarithm case: A =06N=—In|1
A T+ AL

Gaussian PDF with variance 0§¢

JL P(R)AR =|P(6@)dog

eﬂ_% 2 o 5

P(R) = M_‘goexp > (e— —1)
2705 2053,
@
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Probability Distribution Function

SP, Sasaki, 2211.13932

1 o + /1+5(p SP, 2404.06151 (PBH book ch.7)
For the simplest single-logarithm case: A =06N=—In|1
A T+ AL

Gaussian PDF with variance 0§¢

JL P(R)AR =|P(O@)dop

AR 2 5

P(R) = ‘/1_‘ @ eXP > (e’l—‘% — 1)
2705 2053,
@
4 BN

P(A) ~ exp (—6262/1—‘%)

Gumbel-distribution-like tail

61



log+ofrH(M)

PB
X

|

B EG/GC y—ray
B Subaru HSC

1 OGLE

I EROS/MACHO
B Planck(disk)

15 10 -5 0
log1o(MpeH/M)

* Press-Schechter: Young & Byrnes 1307.4995
Extended Press-Schechter: Biagetti et al 2105.07810; Gow et al

2211.08348

2501.00295

abundnce

| extended PS/peak theory
| ineludible non-Gaussianity
| primordial non-Gaussianity

H Dark Matter

Peak theory: Kitajima et al 2109.00791; SP, Sasaki, Takhistov, Wang,

Non-Gaussianity must be considered when calculating the PBH
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SP, Sasaki, 2211.13932
SP, 2404.06151 (PBH book ch.7)



PBH Dark Matter

* Quadratic expansion: Cai, SP, Sasaki 1810.11000

* Higher orders: Adshead+ 2105.01659. Abe+ 2209.13891. Garcia- ‘@%(k)
Saenz+ 2207.14267. Yuan+, 2308.07155; Li+, 2309.07792. Perna+,
2403.06962

* Lattice simulation marks the breakdown of perturbativity: Zeng+
2508.10812, Caravano+ 2604.03628

* Non-Gaussianity impact on the induced GW is mild

~oot0 ' Cai, SP, Sasaki, 1810.11000
f/Hz o



PBH Dark Matter

* Quadratic expansion: Cai, SP, Sasaki 1810.11000

* Higher orders: Adshead+ 2105.01659. Abe+ 2209.13891. Garcia- ‘@%(k)
Saenz+ 2207.14267. Yuan+, 2308.07155; Li+, 2309.07792. Perna-+,
2403.06962

* Lattice simulation marks the breakdown of perturbativity: Zeng+
2508.10812, Caravano+ 2604.03628

* Non-Gaussianity impact on the induced GW is mild (?77?)

_____________________ ' Zeng, Ning, Cai, Wang 2508.10812
————————— ' Caravano, Franciolini, Renaux-Petel 2604.03628

=
l—’

—eo— Flull lattice result
107184 --- Analytical
------ Analytical with lattice P
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Bubble relics

PDF of inflaton ¢
at the horizon exit

f' %.. _
| ‘ {®0

| PDF of the comoving
T 2| curvature perturbation at the
- | Sn end of inflation

' ' |9
O .
-0.5 0.0 0.5 1.0 1.5 2.0

Cruces, SP, Sasaki, 2505.24590



Bubble relics

/-2 {Po

PDF of inflaton ¢

at the horizon exit
- | “stuck” trajectories
2 .
gl with ON — oo
< | .
| :
normal trajectories /"2 . on §
0 with ON = X%
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Bubble relics

D

/—2 </5o'

\ 16

PDF of inflaton ¢

at the horizon exit
- | “stuck” trajectories
2t .
4 with ON — oo
Q. |
1 - o
| { Eternal inflation
| normal trajectories /"2 . on §
0} with ON = X
-0.5 0.0 0.5 1.0 1.5 2.0

n
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Vip)

Ultra-slow-roll inflation

~ R, L1 wih R, K 1 vanilla universe
1
ON = — 3 ln<1 — 39%) { = PBH with &£, > K, 4, local closed universe

— 00(?) with &£, > 1/3 eternal inflation
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Vip)

g,Cr

Ultra-slow-roll inflation

ON =

%g > 1/3

P

~ %g <1
1
——1n(1—39?) _ PBH
3 8
— 00(?)

with %g < 1
\A/itf] gfzgfé; > éEZEég,tll

with %g > 1/3

theycantalke

that's one
huge fish.

you must have a big
family to feed, huh?

vanilla universe
local closed universe

eternal inflation

baby universe




dm

PBH phase diagr

S
R=—— 1n(1 P )
Type |l y )
R, = ppsinc(k,r) ~
oy sine(ksr) > 1
— XA - 0
—> ON — o0 -
md —
e, N
Ty, +\\\¢§\B N Ty
0ol +'h|-+;l-++++_|__|_+f\? B_
OO ] | | | | | | | | | | | | | | | | | | |
-6 -4 -2 0 2 4 6

Y
69 Inui, Joana, Motohashi, SP, Tada, Yokoyama, 2411.07647



M2

PBH phase diagram

0.50 v
0.45 - A -
- Sy
Ly %) _
0.40 *+++{7 ZI/ J,'O@

" & :
0.35 - Ty g
Vo p, o |
0.30 - pBH ’

0.25 - ]
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i N""\"\-lk_,__k 1
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70 Inui, Joana, Motohashi, SP, Tada, Yokoyama, 2411.07647



dm

PBH phase diagr

—
R = —— ln<1 R )
Type 1 y /ot ]
R, = ppsinc(k,r) :
oy sinc(k.r) > 1
— AR —> 0 .
— ON — oo~
PBH from bubbles §
PBH Type A +:_?++ g B =
N H
I +++":ﬂ+:+++++z.+ype B
H:D(e% g) =1 P ——
| | | |
-4 -2 0 2 4 6

Y
7 Inui, Joana, Motohashi, SP, Tada, Yokoyama, 2411.07647



PBH In

logarit

— o,
% = — —ln<1 _ ygség)

Y ]
R, = ppsinc(k,r) }

hmic &%

wy sinc(kr) > 1

— % — 0 i
— 0N — 0 -
. ++-k|‘+ +ﬁ\ _
: ++++'; “hy \P B H Ty
_ P, YPE
0.2 - e W B
O . O ] | | | | | | | |
-6 4 2 2 4 6

Inui, SP, et al. 2411.07647
c.f. Shimada et al. 2411.07648



PBH in logarithmic %

N
9?:--111(1— 17 )

Type |l y )
R, = ppsinc(k,r) }

wy sinc(kr) > 1

% Inui, SP, et al. 2411.07647
72 c.f. Shimada et al. 2411.07648



0.2

0.0

PBH In logarithmi

We should expect a small
population of bubble-

: channel PBHs from USR!

R=——1In

wy sinc(kr) > 1

CHA

y (1-r,)

R, = ppsinc(k,r)

-6 4 -2

/2

0

r USR fy1 '

Inui, SP, et al. 2411.07647
c.f. Shimada et al. 2411.07648



Eternal-inflating PBHSs

Escriva, Garriga, SP, 2512.04986

2 1
' ' ' ' = =s | |
N 0 _ (’I’L,m):(—l,O)
— 0= (nm) =@0) -
= B (n,m):(—l,—l
~ = 1072H (nm)=(2,-1)
Eé — Adiabatic
N -- Bubbles
~—
_ /E 10—4_
-
= -6
_ = 107°
.
S
107
—10
10 10—

I
103

I I I
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Eternal-inflating PBHSs

Escriva, Garriga, SP, 2512.04986
102 ! UL L LN LA ! LN L LN T T T TTTT] T T T T 11

C Adiabatic”_ . A

tot
n m pup(n,m

—-1.0 -1.0 2.35 x 1071 36.05
20 —1.0 1.29 x 102 104.06
40 0.0 2.08 x 105 260.07 10

feeu(Ween)/ fiot (0,0)
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