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Strong CP Problem & Axion Solution

QCD Lagrangian allows the interaction which explicitly violates P and CP symmetry:

The physical strong CP Phase: The upper bound on neutron
EDM requires

2 ~
LG — 9 gS GZVG&/.LV - q g 10
f=0+2%(c} +al)=0— Argdet(M*“M*) < 1077 I

3272

The axion solution introduces an additional chiral U(1) symmetry, known as U(I)PQ,

which is spontaneously broken and the axion is the corresponding pseudo-Nambu-Goldstone
boson. Peccei and Quinn (1977)

After QCD confinement, the strong
dynamics generates the axion potential
and dynamically cancel the phase.

T < Agep

¢ a

{ V(a) = mc% fg ] —cos| — .

fﬁ fa T > Aqcp .
e e
; ,

The strong CP phase is promoted to a
dynamical field 6 _(x)

) a(x) 92 =
LD |0+ Npw > _-G% GV
( pr ) 3272 HY




Axion Quality Problem

Additional axion potential induced by non-QCD
PQ-violation can easily spoil the axion solution!

Global symmetries are generically expected to be broken by the Quantum Gravity

effects: Dine, Seiberg (1986), Barr, Seckel (1992),
C n Kamionkowski, March-Russell (1992) ...
EPQV — Mn_4<I) + h.c.
Pl
4 frq \" a
w0V (a) = —2|c| Mp, cos [ n -0
v'2Mp 1PQ

For |c|,6 ~ O(1), foo = 10"°GeV, we need n > 14

Extra-dimensional Axion provides a possible solution to the quality problem!

Choi (2004), Reece (2025), Craig, Kongsore (2025),
Choi, Lee, Shin (2026) ...



5D Orbifold Axion

Consider a U(1) X SU(3) gauge theory on S1/22 /
0 TR
- . i
gauge __ 5) M N MN CS GF
%S /d "’ 493 e 295 ¢ tr (GaunG ) o745 y€l=nR,zR) y=-Y

No light DoFs
SUG) 0,G, 1oz =0 ,s

Massless scalar: axion @ © Massive KK tower

Define the axion — the phase of the Wilson line in the 5th direction

TR
Os(z) = / dy As(z,y) = Aso(z)mR zero mode of A; component
0



5D Orbifold Axion

Consider a U(1) X SU(3) gauge theory on Sl/Zz aGG-coupling h =

_ 1 -
Sgauge _ d5 F FM N t MN SGF
’ / ’ | 495 o 295 ¢ r (gMNg ) s y € |=aR,nR) y=-Y

K
— / d°x 32(;82 MNPRR A, -ty (GnPYoR)

No light DoFs
SUG) 0,G, 1oz =0 ,s

Massless scalar: axion @ © Massive KK tower

Define the axion — the phase of the Wilson line in the 5th direction
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Os(z) = / dy As(z,y) = Aso(z)mR zero mode of A; component
0



Axion Quality
The bulk U(1) gauge symmetry highly constrains the axion shift symmetry violation.
A— A+ da A—-=> A4+ A 95=J‘A—>6’5+‘[ﬂ
I I

= electric one-form symmetry

Two main U(1),:¢-violating channels: Reece (2024) Craig, Kongsore (2025)

e Gauge theory instanton (Focus in this talk)
A couples to additional gauge sectors with CS term ~ g~8ml8”

“Take log of quality problem”

e Charged bulk matter cnhoi, Lee, Shin (2026)

with boundary U(1)-violating operator, induced axion potential ~ e /7"

DyQ > (05 +1A45)Q  axion-dep. in KK masses



5D Gauge Theory is Non-Renormalizable

1
Sgauge — /d5£13 .FMN.FMN

—tr (GunG"™) | + S5° + S5

Gauge coupling constants have negative mass dimension (generic for higher dim.)
[85] =851 =—1/2 <0
¢ $E

oD gauge theory breaks down when the coupling gets strong 74,3 ™
247° 24#3}

2 2
95 g5,c




Dimensional Deconstruction

Akani-Hamed, Cohen, Georgi (2001)

| Discretize the 5th dim
5D field theory

Y S [OaﬂR] — y] :jaaj — 19'"9N 7R = Na

201 @ 212 2IN—2 @21\/—1

\Ijlan \P27Q2 \IJN—vaN—l ‘IJN7QN

4D field theory

Dirichlet BC

v

No U(1),,U(1l)y




Dimensional Deconstruction

Akani-Hamed, Cohen, Georgi (2001)

| Discretize the 5th dim
5D field theory

Y S [OaﬂR] — y] :jaaj — 19'"9N 7R = Na

201 @ 212 2IN—2 @21\/—1

4D field theory

Dirichlet BC

v

No U(1),,U(1l)y

\P27Q2 \IJN—vaN—l ‘IJN7QN
Link fields | yq). vy, sve), sue),, Breaking pattern:
. (@) =vh/2
P | I 1 j
ol O B U(l), X -+ X U(1)yn_4 0
- (%) = v,
Vil 0 1 SUB3); X --- X SUQB)y
Q; | +1 0 1 1
Phase directions as link variables D, ~ (v/\/z)e%‘/" )(j/V A CZA]-’S



Deconstruction — Gauge Sector

Deconstructed 1 — —
U(l 7, *
ST — / d*z ( 17 Y FFiw+ Y DOIDMD; - V(<I>)>
j=2 j=1

action
Reproducing the 5D action: Dictionary
SUM — [ g ! N—l]-“‘“’]-“- L2 Ay ) + (8 A 2 ™R
D = X 492 Z i g T 2” [( uX1/v — Ag)” + (Ouxn-1/v + An-1,) ] a = “ (gv)_l
J=2 N !
1 N-—-2 .
+§v2 (Ouxi/v + Ajp — Aj-l-l,u)z) yi/a 7,
j=2
/ 1 N-1 1 N-1 ) A:U'((I;7 y]) (—> A]nu(a:) Y
= [ dz ( Fi Fjuw 90,5 + gv(Aj — Ajiay)) ) (3-3)
492 ; J Js 4 292 j:1 K] Js J M A5(x, y]) H gX](x) :
N—1 N—-1 r 1 2 1
4 a pv AT . AM (yJ + a’) — AM (yJ) a AN
< /d Xr ( 4gg F Fuy(yj) | 2g§ (9#145(3/]) q ) gg 92 )

Continuum limit: N - + 00,a —» 0 «— v — + oo with 7R fixed.



Deconstruction — Gauge Sector
1 - ~— MU(I) = g°v* Ay _,

Lgm:_gv A% + (A'-I—l _-’4) ‘I‘A ' -1 2 -1 --- 0
2 [ : J s JH N— 1;1.

2 4= Discrete Laplacian 5 e -
0 0 -1 2
Spectrum
Ak _ V2 Z—lsin ((j — 1)k7r) N N — 2 massive gauge bosons with eigenmasses
Y ON-14 N -1 e s , Jor
1 L m — ’U sin
X(k)=\/N2 ljvz—:cos((]]\;i)fﬂ)xj, with k=1,--- N —2, y ? (QN_Z)
j=1 N = o 5 5 k*r? k? -
One massless Goldstone left — the axion — (N — 1) 7 R2 KK
L - — KK's
_ | _ pectrum reproduced
1) = N ; Xi(2) “ fajdy A5, ) in the continuum limit!



Deconstruction — Gauge Sector
1 - ~— MU(I) = g°v* Ay _,

Egm:_gv A% + (A'-i—l _-’4) ‘I‘A -1 2 -1 --- 0
2 Ny . J b Js N — 1;1, #

2 Discrete Laplacian 5 e 1
| 0 0 1 2
Spectrum
W V2 ~ . ((G—1kn N — 2 massive gauge bosons with eigenmasses
A :N_lgsm( N1 )Aj“ -
” 2
N-1 - m; = 4¢°v* sin ( )
X(k)—\/Nz_lZcos((]]\;_a)im)xj, with k=1,--- , N -2, 2N — 2
j=1 N = o 5 5 k*r? k? -
One massless Goldstone left — the axion — (N — 1) < o2 = MKk
N—-1
1 KK t duced
a(z) = (2) «— a: =1 |dy A:(x, K spectrum reproduce
) VN —1 ;X]( ) : f“J y As(x, ) in the continuum limit!

Similar stories for the G(O) B L N __ Na_=R_ 1

G, . . =
sector: Z P ith coupling const. 9ep 92 95. G5. Y.
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Deconstruction — Gauge Sector

y — o0 can only be a formal limit.

For deconstruction to be a successful UV completion, we require:
Below the 5D cutoff A5, the mass spectrum should be correctly reproduced.

k. k.
As 2 my,. = 2gvsin ( W) ~ —

2N R
critical level
R-1 A % —1
e 06 0o 5 o 06 0o ® 6 o //t, p
ml mkc ~ kC/R mtop

——

Deconstruction 10



Gauged Wess-Zumino-Witten Term
Axion-gluon Coupllng IS provided by the gauged WZW term

\rzr\lflgw T Z /}24 167T2 (A'l + Ai"‘l + (:D’I, d¢’b) I (G2+1dGZ+1 + G'L+1>

. .\3 o i ) T
_gAz- tr (EidZ;‘ ) +dA; tr (ZIdEiGz‘—H + GG St + Gizidz);f) e

A, — A Az+1<—)A—|—CL65A(I)(—>1—I-aA5, |
G, - G,Gi11 & G+ a0s5G, Z 1+ aGs

/ —Atr gz — / d*z / dy 327T2 eNPREA ) tr (GnpPY0oR)
R

5D CS term
reproduced!

11



Gauged Wess-Zumino-Witten Term
Axion-gluon Coupllng IS provided by the gauged WZW term

\r}I\I/}%(W — E /R4 ]_67-(2 (Az -+ Ai-l—l -+ (I)z d(I)z) I (Gz+1dGz+l -+ Gz+1)

N o i ] T )
_gAz- tr (ZidZI ) +dA; tr (ZIdEiGi-l-l + GG+ Gz-Ez-dZ;‘) e

A, — A Az+1(—)A—|—CL85A (I) < 1+ aAs,
G; < G Gz+1<—>G+a85GE<—>1+aG5 I

/ —Atl” gz = / d*z / dy327r2 eNPREA ) tr (GnpPYoR)
R

N-1 5D CS term
tr (gl,wél‘“’ +23 6,6 + gN,Wg]’\,“”) reproduced!
tr (Qﬁ?j)g(()) )
Decay constant Dimensionless field
v v/g 1 _ _ae) = x(@) _
a — — a 9 — — A s Yq) = 9
S e Il b PR DL LR

11
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Axion Quality Revisited

Since the 5D theory of axion is just a low-energy EF T, we want to see whether

the high-quality is preserved in the UV completion — deconstruction theory.
N-—1

: @ Charged bulk matter:
- Deconst. calc. consistent with 5D result

U (1)shist
Collective I1,U(1); gauge symmetry highly constrained the U(1)g;s-violating operators!

The one with lowest dimension: - HSPI‘GSSiOH for N > 1

Viwite = +h.c. = 2|k| M |

12
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Instanton Effect

Take the bulk SU(3) as a prototype, the discussion can be easily generalized.

Ordinary QCD potential calculated from yPT — regime
2m,mg | a =\
Vocp(a) = —m2 f24 /1 — l—cos( 0)
Q ( ) (mu _|_ md)z - fa C -
Instanton calculus in the weak coupling regime single (BPST) instanton solution
& dilute gas approximation
—FE|+—0(V4 : — : —i(n—m — . _
€ [fa ] — Vllinoo <9‘ € HT ‘9) — V}lli)noo - € ( )0 <n — m\ € HT ‘O) W[[CL] — Vli_r>noo 6—29 <1| 6_HT |O> _ ZAZC(Q)—I

ﬁgy(m o xO)V
(= 20)*((z — 20)* — p*)?

(Wila])"(Wila))™ = exp (Wila] + Wial) GEFST _ 3,2

Jo

. > Weak coupling at high energy/ > Small instanton effect
Asymptotically free small size of instanton

Could be enhanced in extra dim & deconstruction! ,,
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Instanton Effect

N—-1
1 CL(ZB) ~ UV ~ LV —~— UV
LaGG = 550 Iy =1y (gl,u,,gl +2;gi,wgi + GG )

Instanton configurations / j-th instanton number

(1,1,---,1),.., — all instantons aligned

A - Zero-mode instanton GLO) (x) = GEPST(IE)

(1,1,---,1) — all instantons
exist but not aligned
Ve //\\ /\ /\ ] Constrained by

d mass mixing term

(0,1,1,0---,0) — not all J 303 (G — Gju)’
/\ iInstantons exist

“Fractional” instanton

\‘><

\x \‘><

14
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Instanton Effect

For extremely small instantons with p < v, L they don’t feel the effects of Higgssing.

N
—} N independent gauge fields & instanton effects Wi ot = H (W )™
j=1
: - — ZAQ=1,j Q27,27 —1
Each is asymptotically free W, = x exp (—872/%(p; ")) << |

2 j
For instantons with p 2 123 1, the Higgssing becomes effective:

e Only (1,1,---,1) .
Gj.(x) = GEPST(:B), j=1,--- N <= GLO)(x) = GEPST(:E),

IS the exact solution to the classical EoM:

corresponding to the 5D instanton — G,(x,y) = GBS (z), Gs(z,y) =0

BPST instanton wrapping around Sth dim Gherghetta, Khoze, Pomarol, Shirman (2020)

* Other configurations are not the saddle points of the classical action.

No 5D counterpart.., - | attice artifacts??
Poppitz, Shirman (2002) 15
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Instanton Effect — Zero-mode

Giu(x) =GP (z), j=1,--,N = G9(z)=GC"(z), < SUB)V

Under $ U(3)(O), all the massive modes Glgk) transform as adjoint representations

A G = Y2 o ((J —2 k”) 7,Gyy = LoBy0(z) 3 cos ((3 —2) ’”) +ia(2), G)7] = i [a(2), G

N 4 N N P N “
and contribute to the effective action K(p): # of modes
2 3 K(p) lighter than p~ 1
_Se{ff(R_1<P_1SfU3) = exp om 11 In P 111 mn
( gg,D(l/R) I Z °)
1
5D regime R~ < p~! < A;,m, = n/R, K(p) ~ Rlp Vil = =3, an[ | = —2K cos (f)
2 d o1 \°® _a
e_SeIff(R_1<<p_1f§A5) — exp ST 3R 47 In ﬁ K = / pC3 (a:rD) e Sert(P)
9:p(l/R) 2p 4 R
Power-law enhancement
amplitude peaked at 2T 0 I,5,p—1
1 Ks~C Ade=5er (N5 )
P = AS ° ) OZC,D(A5) 0

16



Instanton Effect — Zero-mode

Giu(x) =GP (z), j=1,--,N = G9(z)=GC"(z), < SUB)V

Under $ U(3)(O), all the massive modes Glgk) transform as adjoint representations

A G = Y2 o ((] —2 k”) 7Gyy = YEBuala) 3 cos ((J —2) ’“’) +i[a(e), GP] = ifa(2), G

N N N p N 2
and contribute to the effective action K(p): # of modes
2 K(p) lighter than p— 1
_Se{ff(R 1<p_1N’U3) = exp il | 111In P 111 mn
( gcz;,D(l/R) R Z 2
1
5D regime R~ < p~! < As,m, = n/R, K(p) ~ R/p Vila] = __an[ | = —2K cos (]%)
2 d o1 \° _ai
o—SL(R™1<p™1SAs) _ exp 87r 3R 47 P K — / doe, (a;) o—Sla(p)

Power-law enhancement

amplitude peaked at 2T I,5,p—1
< Ky~ C Age it (s ) /C
p=As o (aC,D(Ae) a < Adeconst

16
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Instanton Effect — “Fractional”

For instantons damaged by the Higgssing/SSB, we can revive them by considering the
“constrained instantons” — non-trivial configuration of Higgs field can realize an
approximate saddle point.  asfeck (1981)

as solution to the classical EoM

D?(Ay)o =0

o\ /2
(ﬂip?) (Din) for 1 = 1,2
(Pin) fori=3,...,N.

Pin(T) =

Csaki, Ruhdorfer, Shirman (1981)

2

==l Additional contribution to action S = 7; 21 p? L LI Din) \2 + 6

1n1 N

For simplicity, we consider the aligned “fractional” instanton configuration

(0,---,0,1,1,---,1,0,---,0), o (x)_{GEPST(x), j=r+1,--.r+s,
N— N — sk — ,

17



Instanton Effect — “Fractional”

We can define the sub-zero mode for such configuration

, 1 rTSs ,
GY' =< ), Giulw) < SUB)Y
J=r—+1

The sub-diagonal group SU(3) is finally broken by the VEV of nearby link fields 2y 2

—

Negligible for 5D region p~! < A < v; € No 5D counterpart

4 N—r—s

Wlfra,c X 6—87r2p2v§

It is consistent that the “fractional” instantons are included in the deconstruction setup
as a UV completion of the 5D theory, which can be understood as UV completing the
Stueckelberg mechanism to the Higgs mechanism so that constrained instantons can

be considered.

18



Instanton Effect
diC/dp

: f N-independent
. : : asymptotically free
: o . 1 instantons
Zero-mode instanton effect |
Pure YM enhanced by massive tower ;
in IR : : i :
. ' “Fractional” (constrained)
! : . instanton effects contribute
5 = V;P[a]

According to [Gherghetta, Khoze, Pomarol, Shirman (2020)] VISD[a] can exceed the ordinary QCD potential

VQCD[a]. The deconstruction contribution could very likely be larger! 19



Summary & Outlook

e \We construct a four-dimensional deconstruction of the extra-dim axion based on a
moose of U(1) X SU(3) gauge theory.

* Axion-gluon coupling is reproduced by a gauged Wess-Zumino-Witten term.

e “Fractional” instantons are consistent with the 5D LEFT due to the exponential
suppression.

 The axion potential from the smaller instantons probing the deconstructed regime
may be much larger than the estimate based on the 5D theory.

 Deconstruction opens up the window of the post-inflationary cosmology for extra-dim
axion...

Thank you!

20
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5D Orbifold Axion — Gauge Fields

KK spectrum
1
2 | W As(ay).

1 a
7.‘.R/dyG' (:IZ y) gl =fS =1, g;f:f,f:ﬁcosnﬁy forn>1,

Towers of massive gauge bosons with masses my, =n/R:

One scalar zero mode: Aso(x) = n
f,,fl =gf = \/ésinﬁy forn >0,

One gauge field zero mode: G} o(z) =

L[ L[y “mechanism
Vin() = — [y £ @Vilor), Vonl@) = — [ dy s @Vaoy), n>1
Define the axion — the phase of the Wilson line in the 5th direction
" v
0s() = [ dyAs(a.y) = Asalo)mR 2 7-periodicity

zero mode of A; component

22



5D Orbifold Axion — Gauge Fields

Substitute the KK expansion Au(z,y) = ;Au,n(w)ff(y), As(z,y) = ;Aan(x)gﬁ(y),
into the field strength (canonically normalized): Co@) =S G IS, Golors) =S Gan()e(y).

gMN D fO (auGO,V — 8I/GO,M 7:95,ch [GO,;M GO,I/])

4D effective coupling:

into kinetic term: Decay constant
. - - , u " ‘
— dy—z.FMN.F D dy —28MA5,()8 A5,() =
495 0 295 L4957 Y]

1
Canonically normalized field: a. = /0. = \/ O
gznR

23



Chern-Simons Term

S = — / 5 —C8 eV RE AN tr (GnpGor)

3272
' KCS a5($) =
Inserting the zero mode Loge = ‘r (g,w,o ()G (:c))
Gauge invariant or not?
5U(1) = ;2(;8 /d4 / dy €"P? 05 [01° (2, y) Tr (GG, )] + 4D total derivatives . _
A= o (g’“’gﬂ )

= KOS /d4 o’ (z,y =7mR)A(y = mR) — o7’ (x,y = 0)A(y = 0)]

24



Chern-Simons Term

K
S5 = —/d5:v 32(;82 eMNPCE AL tr (GnpGoR)

Inserting the zero mode Logg = s d5(2) tr (QW,O(:E) ‘“’(a;))

Gauge invariant or not?

5U(1)SCS S /d4 / dy €"P? 05 [01° (2, y) Tr (GG, )] + 4D total derivatives

- 3272 1

A= 1672

tr (G, G*
= KCS /d4 a°(z,y =7"R)A(y = mR) — a7 (z,y = 0)A(y = 0)] = O ( )

Remnant gauge symmetry under BC:

(x,y=0,7R) =0 mmmp }°(z,0)=0af(z,7R) =0

U(1) reduced to global symmetry on boundaries y



5D Orbifold Axion — Matter Fields

For later discussion, we introduce a fermion Uz, y)
and a complex scalar in the bulk. 0 (m’y)
Scalar
55 / dia / dy ([DuQ(z, v)]* DuQ(x,y) — M2|Q(z,y)") with Neumann BC ~ 9,Q(,1)|oxr =
KK spectrum:  f5( ! £2(y) ,/_COS_ m2 = M2 1 n’
P ' ° TR’ TR 0, Q,n QT R2

Fermion ¥ = (1, )"

= 0
) R . - with different BCs for Vlosr
Si = /d z |¥(z,y)iTY Dy (z,y) — MgV (z,y)¥(z,y)| different chiralities Oynloxr =0
2 . ny 2 o, M
f(;p:O, f;f: ——sin— forn>1, mf,n:M\Il | 2 .
VR~ R " ==y Generating CS term

f1 = Noe My 1= 2 (M—sin PP cos %) forn > 1, Adachi, Lim, Maru (2022),
TR R m,R R Bonnefoy, Cox, etc (2021)

25
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Deconstruction — Gauge Sector

SU(3) action Sls)U(g) — /d4:1: ( 242 Ztr gwgy uv Ztr ((DMZ]-)T D“Zj) - VQ}))

— j:l
Mass matrix obtained by 2 ~ vyexplin;/v3) , m; = ' 1"
Replacing (2 10 0 with [t o o)
1 2 =1 --- 0 -1 2 -1 .-+ 0
A%: o -1 2 . A%: o -1 2 . MSU(3 — gcngN
: e 1 ; e~
\0 0 - -1 2 \0 0 - -1 1
Spectrum N
2 — Lk , ki
Gf{“):%Zcos (( ]\?) W) Gju, k=1,---,N—-1, mz:4g§v§st (ﬁ)
j=1
One massless gauge field — , corresponding to the remaining
N
1 _ _ 1 N Na ™R 1
G = N » Gj, with coupling const. 22 N Sy

=1 06



Deconstruction — Matter Sector

Discretizing fermion is non-trivial... e
Nielson, Ninomiya (1981), Wilson (1974) % ‘ (I):.”'-:(’}, oo, \." @3’..."” . . A
We consider the “Wilson fermion” approach e SRS O e
Hill, Leibovich (2002), Abe, Kobayashi, etc (2003) s e TS RO LT i
Hopping terms

Correct mass dimension

N—1 7 -
( YiMiv1 — gunY; + h.c.)
—1
;% imir1 — 1
2 Z (,% 7'+ J
71=1
| o - V29,
Covariant derivatives @i = .
defined with link variables >y
23 — J



Deconstruction — Matter Sector

. . f
Hopping terms seems non-renormalizable... 9 wg 3773'+1
Introducing heavy scalar mediators S] with mass M. and U(1); U()js1 SUB); SU(3)j41
the same charge as the product of the two link fields 5+~
YsHUs \/59
Ls D —ys;Sinj+1 — A ’0_3
Mass spectrum
N ;N\ j—1 N ) 12(i—1)
Zero mode: 1'% = N Z (—M\I’)J nj NG| 72 = Z My | , X
im1 gvu o1 | gy 2 _ 2 +4[( Y o [ MTT 12 n-
2= M3 +4](gv)? — My(gv)]sin® (5 ) ¢ M3+ 2.

Massive Dirac fermions with mass squared m — M\'I,2 + (gv) + 2My gv 003(7;\7;):

[2 N1 I (7 — Dnxw
nM = ~ Z — [M(I, sin (JT) + gv Sin( / N )] M5 5 (3.38)

zp(n)_\fzsm(]m)%, n=1..N-1. (3.39)

Match 5D KK spectrum well!

28
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Deconstruction — Matter Sector

- N N—-1 i
D= /d45” > ((DuQy) DFQ; — M3IQ,1°) — ¢° ) | IV2®,Q;41 — vQ, I
Lj=1 7=l -
- N N-1 ~ ] 0
a3 (00 D - M) - 7 S 051 - 08| > 1DFOGy)

Mass diagonalization gives

c,. = 1ltork=0and c, =2for k>1

... N-—1.

Everything in 5D has been reproduced except the Chern-Simons term...

29



Gauged Wess-Zumino-Witten Term
5D CS term can be generated by integrating out a bulk fermion W(x, y) charged under U(1), SU(3).

Gauged WZW term can also be derived using bulk fermions ¥ .(x), guided by the anomalies.

- One unit of deconstructed fermion action .‘{bl -
®, %
U, — ( . T) _ _ . o
’ s ¥s Loinit; = 77ZT+1W "D,niv1 + ¢;r 10 “DZ%: — gv (%‘bz‘zimﬂ + h.c.) O ‘o1 C.‘
m .%,..772‘:
Three types of anomalies exist: 3 U1y 1 U(1) X SU(3)?
61‘Sunit,i — /R4 3972 [az‘/——? o ai+1f:zl—l] 1672 [ai tr (gzz) — Q41 tr ( ’IZQ—I—I)] )
53Sunit,z' = / 2471‘2 tr €; dszGz -+ §d(Gz) — €541 dGi+1dG@'+1 + §d(Gz+1) 3

WZW term for mixed anomaly: Manohar, Moore (1984)

mix 1 - =% 1.5 2 1 ~  ~2\9
WZW,i — 1672 _(Ai + Aip1 + P d(I)i) tr (Gi+1dGi+1 T gG?Jrl) — §Ai tr (Zidzj)
+dA; tr (z‘f d5Gii1 + GG 5! + G,35,d5 ) _pel . (4.6)
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Gauged Wess-Zumino-Witten Term

In the limit My, = 0, focus on one unit of hopping term: Y s
Loniti = N), 100" Dymiy1 + ) ic* D — gv (%“Pizmﬁl + h-C-) (}- W”%Q—

P> .

gauge anomalies exist in the unit Lagrangian 5, “*«,,  »5s

Similar to the scenario considered in [Manohar, Moore (1984)], where the SU(3) flavor symmetries are
gauged based on a phenomenological Lagrangian containing both quarks and pions.

SUG) i1 — SUG)Le Ly =Gidg—m[f, 3, +p.c]+- -

In the low energy theory below the quark mass scale, the anomaly information should be manifest by
an effective operator, called the gauged Wess-Zumino-Witten (WZW) term

~ 1
By definition oI

=a J 4 wi(&,, A;)— wi(€s, AL) a)j: integrated SU(3)> anomaly
S

__ 1 Farmys o
A T Lm tr (U'dU)* + = L Z, | +tr[d3¥3" dA,3A, 3 -pc]+itr(A,d3Z3'A,dZ3" - p.c]

a <

Ordinary WZW term +tr [EAerA, dEZ* dZZT — pC]

| —u[AS'dZAZ'AS-pc]-ltr(AS'AZASA,S). |



Gauged Wess-Zumino-Witten Term
Our case is more complicated — U(1),, U(1),,,SU(3),, SU(3),,, are gauged.
Lunit,z’ — 77;[+1i5” D;ﬂ?z‘+1 =+ ¢;r z’E“D,";wi — gv (%‘i’z‘iimﬂ + h.c.)

Three types of anomalies exist: U1y U(1) x SU(3)?
3 1
51Sunit,i = / [047:}_7:2 — CYv:+1-7:7;2+1] [O‘i tr (Qf) — Qi BT ( 7:2+1)] )
R4

3272 1672

T (e s ta6) — e (46 dan + )
03 Sunit; = /124 Y tr _6, (dszGz + zd(Gi)) — €i+1 (dGH_ldGH_l + 2d(Gi+1))- SU(3)3

WZW term for mixed anomaly:

- 1| " 9 1 i\ 3
WZW.i = (Az' + A1 + @ dq)i) tr { Gi1dGig1 + =G5, ) — S Aitr (EidE;f)
! 1672 3 3
+dA; tr (fl;’dfliGi L4 OGS + Giflz-dflg) _pel . (4.6)
| 1 1
tggls% 5£§2nx;)z{W,z' — 1672 [dOéz' tr (ws,z') — d04z‘+1 tr (w3,i+l)] — 1672 [ o; tr (sz) + o4 tr ( 7;2+1
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Instanton Effect — Zero-mode
6
W :/d4$0/%03 ( e ) e Sen(+) = Functional determinants

e D
" Collective coordinates from zero frequency mode of 5G/§O)

_— . . I (p—1 -1 .
Contributions to the effective action —5_ (R~ < p™ < v3):

. . 87° 87 11N, TN,
Classical action: — In(MR) 2 In(M/m,)
gC,D(M)2 gC,D(R_l)2 3 2 "
N 11N
5G/§O), 5cV) —— 4N . In(Mp) — ?C In(Mp) = 3 - In(Mp)
Zero freq. mode of  Positive freq. mode S bYM

5G/fto) of 5G/§O) & 5¢V)
N
- ~1
Light m < p AN.In(M/m) — 3 X ?C In(Mp)
(n) (n) (n) Would-be zero freq. Positive freq. mode
5Gﬂ , 01", 0C ' mode of 5G/§”) of 5G//(t”), s, 5x™

1 N. TN,
Heavy m, > p AN . In(M/m,) — 3 X r3 InM/m,) = —In(M/m,)
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Instanton Effect — Zero-mode

9 K(p)
—SL (R 1<p™1<w3) _ 3 C111 p 9 1 K(p): # of modes
‘ P gZD(l/R) "R 2 nzzjl 0(1mnp) lighter than p~!

Massive (KK) tower enhancement
Especially for 5D regime R~ < p~! < As,m, = n/R, K(p) ~ R/p

K(p) K(p)

A (p)! Stirling formula for large K(p)

~. MM-K (PH% il (e)

2
_SeIff(R_1<<,0_l,§A5) _ ST | 3R | 47 1 B
— ¢ exp( RO

) Power-law enhancement

fa 6
T \° _g Kr~C A ~S,5 (A5 1)
K = / d—pC;g (2—) e et (P) O 3 (ac,D (A5)> 5€C

p° Qe D

Resulting axion v, = — X 1n Z{a] = —2K cos (g) with 5D region amplitude peaked at p ~ AZ'
potential V4 o
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