Few-body universality in neutron halo nuclei J

Tobias Frederico
tobias@ita.br

Instituto Tecnolégico de Aerondutica (ITA), Brazil

ITP/CAS, Beijing, Feb 05, 2026

Institute of Theoretical Physics

Chinese Academy of Sciences

Tobias Frederico tobias@ita.br (ITA) Few-body universality in neutron halo nuclei 1/53



Drip Line

One-neutron
halo nuclei
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SHe

Four-

fwo neutron mewm # Naidon&Endo Rept. Prog. Phys. 80 (2017) 056001

s-wave 2n Borromean halo 11Li, 14Be, 19B, 2°C, 22C = S,,, @,,, @nc
20B(17B+3n & 1°B+n) 21B(17B+4n)
Universality = model independence & Efimov/Thomas effect

s-wave 2n halo ¢He: S,,, a,,, 2P3; (narrow resonance)

TF, Delfino, Tomio, Yamashita,
“Universal aspects of light halo nuclei” Prog. Part. Nucl. Phys. 67 (2012) 939
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Drip Line

Two-neutron weakly bound s-wave three-body halo nuclei

Borromean

17 4 22C

Tanihata et al., PRL5S, 2676 (1985) Tanaka et al., PRL104, 062701 (2010)
Tmatter = 9.4 0.9 fm

<3 fm
Vi Togano et al., Phys. Lett. B 761, 412 (2016)
Tmatter — 3.44 +0.08 fm
206~ 3 fm
6 fim
n
" 6-8 fim
n n

R~ 6-8 fm
Sy0 =369 keV

Smith et al. PRL101, 202501 (2008) Syn < 70 keV
Mosby et al. NPA 909, 69 (2013)

198=17B+n+n: Sz, =0.14 £ 0.39 MeV

Gaudefroy etal PRL109(2012) 202503

Hiyama, Lazauskas, Marqués, Carbonell, PRC100 (2019) 011603
Hiyama, Lazauskas, Carbonell, TF PRC106 (2022) 064001
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ystems in 3D

Weakly bound quantum systems - large and dilute

* Almost everywhere the wf is an eigenstate of H - short-range force;
* Scale invariance in the UV (E=0);

*  Physics: symmetry (fermions, bosons), scales and dimension (& mass ratios);

> Universality = model independence;

> Limiting case: contact interactions;

> How many scales are needed to describe the physics of these systems 27?7?7777
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Weakly bound systems in 3D

Naive picture - Asymptotic waves: outside the interaction range
Vv

Asymptotic amplitude — large distances from the source

Ve o- &

Low-energy s-wave information: scattering length in 3D & dimer energy in 2D
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Weakly bound systems in 3D

Two-body s-wave phase-shift 3D (large scatt. lenghts)

’ kcot(é):—l—l——/f2 i ]a| >>T0

S-wave scatt. amplitude Im(E;
E) — 1 a > O Bound-state pole
fe=o(k) = Teoot(8) — 1k Tuo-body cut
x—>—x —-——>
< Re(E)
S Virtual-state pol
k= E <t

+  “He-*He bound state: 151.9+13.3 neV (a= 904 A4)
* Feshbach resonance in cold atomic traps large |a] >> R, 4w
* IS, nn virtual state: Eﬁ,;,'w“l =-143 keV (a=-17fm)

* S-wave n-core state: virtual ('°Li ~ -50 keV) or bound (*°C ~ -580 keV) 6
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Efimov effect

Three-boson system: Subtle three-body phenomenum in L, =0:

The Efimov effect

Nuclear Physics

. " continuum resonance
Vitaly Efimov Phys. Lett. B 33, 563 (1970).
~ Frea Aloms Energy )
[ p———— mre ngpmsa.:eﬂ — T Attruamve
LETTERS  virtual state 27
Evidence for Efimov quantum states in an ultracold . I"22 g
gas of caesium atoms oy
T Kraemer', M. Mark', P. Waidburger , . 6. Danal, C. Chin'”, B. Engeser’, A. D. Lange', K. Pilch', A. Jaakiolz' ety &
HC. Nagerl &R. Grimen' T 2 S bound o 0+0+0 =g
dimer tesn “Efimov resonance”
nature et |
. bound
physics o o
three-body
Observation of an Efimov-like trimer resonance in Q’o_ il é’;‘ V atom loss
ultracold atom-dimer scattering o o

S. Knoop'™, F. Ferlaino', M. Mark', M. Berringer', . Schébel', H.-C. Nager!"and R. Grimm'2
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Fall to the center Thomas-Efimov

“Fall to the center” in the 1/r? potential

) — Tulr) = B(r)

Continuous symmetry breaking to a discrete one & r*dimensional scale

V), yEar = 72 Sm(\/ 1 log(r/r"))

K > — 1 dlscrete scale symmetry & log-peridocity

("fall to the center” Landau Quantum Mechanics)
% Boundary condition: Geometric ratio E,/E,; = e2™s

*» Efimov effect & Thomas collapse >

+ one three-body scale
% Adding angular momentum avoids the “fall to the center”
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SKTM equation

Continuous Scale invariance and breaking
Skorniakov and Ter-Martirosian equations (1956)

e ————
D e N e P,
- +yE; — /B - i¢? E-q—k2—q-k
h=m =1 (+)dimer bound & (—) dimerw

« SKM integral equation for large momentum
invariant under: k£ — £k and p — €p

f(k) and f(£k) solutions for s-wave 2> f(k:) = k"

Danilov, Sov. Phys. JETP 13 (1961) 349:

f) =apy'™ % +a_y o2 \(y) =y %sin(splny +c

. 8 sin(ms/6) : o
. | = S/ s=disg. 59 &~ 1.00624
Efimov equation: 735 cos(ms)2) ,

Minlos & Faddeev, Sov. Phys. JETP14, 1315 (1962) infinity number of states geometrically separated
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Heavy-Heavy-Light system

LLHH, LLLHH ... systems: B.O. approximation
LLHH Naidon, Few-Body Syst. 59, 64 (2018)
my>>m; L-H interaction only

L
L
“Interwoven limit cycles in the spectra of mass imbalanced many-boson system“
De Paula, Delfino, TF, Tomio, JPB53, 205301 (2020)
Born-Oppenheimer approx. H

Fonseca, Redish, Shanley, Nucl. Phys. A320 (1979) 273

Bhaduri, Chatterjee, van Zyl, Am. J. Phys. 79 (2011) 274-281; Am. J. Phys. 80 (2012) 94\74
R
H—rnn

T

L
H . L
? s+

sv = sw(4) = /(3) (y -2 -4

A=m, /m,

y=e7=0.5671433 (N —2) Light bosons
New limit cycles beyond 3-body

@ Interwoven limit cycles with different geometric ratios!
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Scaling functions: 3-Bosons

Universal Scaling functions, limit cycles & discrete scaling

TF, Delfino, Tomio, Yamashita, PPNP 67 (2012) 939

E E,
Os(E, E3, {£+/|E2|}) = |E3|" %5 R + L
} >1/ 3-BOSONS L=0

2mn

@ Discrete scale invariance: scaling E, Ep, E3 by € 0 (5 = 1.00624...)
o ABC systems

e First example late 60's: Universal Phillips plot E[3H] v.s. a]
Efimov explained as a limit cycle 80's

d

o Generalization to ABCD systems
Yamashita, Tomio, Delfino, TF, EPL 75, 555 (2006)

Hadizadeh, Yamashita, Tomio, TF, PRL107, 135304 (2011)
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3B Energy Plot

What do we know in 3D for three-bosons:

Scaling function as a limit cycle for the trimer bound-state
TF, Tomio, Delfino, Amorim. Phys. Rev. A60, R9 (1999). Yamashita et al PRA66(2003)052702

Thomas-Efimov states

. —  Scaling plot - universal correlation
Discrete scale symmetry

4He3 Kunitski et al, Science 348 (2015) 551

' 1 N=0
— Cut
= = - Subtraction
j O sS-wave[l]
| O S+ Dwaves[1]
a<0 ‘ [ >0 o [
virtual dimer | Bound dimer (8,12 o [3]
A [4]
¢ [6]

Efimov/zero-range limits

[1] Cornelius & Glickle. JCP 85, 1 (1996).
|a |/ro — [2] Huber. PRA31, 3981 (1985).
[3] Barletta & Kievsky. PRAAG64, 042514 (2001).
[4] Fedorov & Jensen. JPA34, 6003 (2001).
[5] Kolganova, Motovilov, Sofianos. PRAS6, R1686 (1997).

Range correction: Thogersen, Fedorov, Jensen PRA78(2008)020501(R) 23
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Route of Efimov states

Analytic structure & Efimov state trajectory

H imE) A b A
Im(E)
3=body bound states
(1st Riemann energy sheet) 3-body bound states

3-body cut 3-body cut

> N SPrPer SN ..

Re(E) e g+ LA Re(E)
3 3 S
"4
3-body virtual state > 2
(2nd Riemann energy sheet) 3-body resonant state

S.K. Adhikari and L. Tomio, Phys. Rev. C 26. 83 (1982): S.K.
Adhikari, A.C. Fonseca, and L. Tomio. ibid. 26. 77 (1982).
Yamashita et al PRA66 (2002) 052702 (atoms)
Rupak, Vaghani, Higa,van Kolck PLB(2018)

Bringas, Yamashita, TF PRA69 (2004) 040702R
Jonsell EPJL 76 (2006) 8

Deltuva PRC102 (2020) 034003 (separable s-wave pot.)
Dietz,Hammer,Konig,Schwen, PRC105(2022)064002
Dawid, Islam, Briceno,Jackura, PRA109(2024) 043325

Continuum resonances of Borromean systems: observation in atomic traps!

Resonant 3-body recombination (Innsbruck, Rice, Heidelberg, Bar-llan, Florence...)
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Boundary for one excited Efimov stat

A=mg/m,

=E e

Tobias Frederico tobias@ita.br

GD)

atomic systems

ooP system

Delfino, TF, Tomio

7876 J. Chem. Phys., Vol. 113, No. 18, 8 November 2000

[ L ) ]
‘Hey - Na

)

B g/ B

FIG. 1. The scaling approach for the three-body system a—a— 8. The
coordinates of the systems with a=*He and 8="*He, "Li, °Li, and **Na are
respectively, represented by a triangle, a star, a square, and a full circle.
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Boundary for one excited Efimov states: 2n-halo nuclei

Boundary for one excited Efimov state

2)

N\
Amorim, TF, Tomio (1997), PRC 56, R2378 0(')0
0

e
o

All-bound

198 7‘ V7
Borromean "

22 -
C ‘ } " — o /O\\

42 4 08 06 04 02 0 02 04 Tango
1/2
sgn(E,,)) (IE, |/ Sy

Fig. 5 The contour plot in sgn(Eyy)+/|Eun|/San versus sgn(Si,)+/|S1x]/S2, for the ground-state
2n halos with core-neutron mass ratios A = 1,10, 100. The hypothetical bound dineutron regime
with E,, > 0 is also included in the theoretical calculation to complete the contour.

Borromean

Based on the plot from Hammer, "Handbook of Nuclear Physics", Springer, 2022,
ed. by I. Tanihata, H. Toki, and T. Kajino arXiv:2203.13074 [nucl-th]

@ Efimov virtual state: 2°C @ 100 keV, (P-wave: 40keV...) Yamashita et al PLB660, 339 (2008)
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Virtual states of 20C
Yamoshita et al. / Physics Letters B 660 (2008) 335

IE20¢ - E19 | (keV)

0 100 200 300 400 500 600
| E1gg| (keV)

Fig. 2. Three-body n-n-18C results for the first excited state, with respect to
the threshold ([ 20 = E 19 ) for varying 1°C binding energies. Three-body
bound (virtual) states occur when [E 1. |is approximately smaller (larger) than
170 keV. s-wave results (solid line) are also presented in the inset (with dots).
Results for the p- and d-waves, divided by a factor 10, are shown with dashed
and dotted lines, respectively.

Virtual states
S-wave ~ 100 KeV (Efimov nature)
P-wave ~ 40 KeV (continuous scale invariance)
D-wave ~ 45 KeV
F-wave

E19C = -500 keV
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Efimov halo-states

Configuration space two-neutron halo wave function
(2n spin singlet) L=0 ["Li, “Be, B, ?C]

. B, R,
H:rz_zm Vh_mv +Z)\-l]5(rl_ )
r«\’ l<j
nn: spin singlet state st of o soonimaes lpmts o and o e
e*’Cm Ira=rwl i Mnn h2q2
U(r,,ry) = /dq ﬁequum fn"(q) Knn = | 2— 7 <S2,, + 2Mnn(>
n n N
e~ Fuclra=rel ll« 202
+ /dq ———— e f(@) + (nen) ke = o (SZM 1 )
|rn - rc| h 2lhne,n

S, P, D... waves

@ unitarity:
analytic bound-state wave function: Rosa, TF, Krein, Yamashita PRA 106, 023311(2022)
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Bethe-Peierls Boundary Conditions@unitarity

Analytic bound-state wave function for abc systems@unitarity limit

[scatt lengths—> 01
Rosa, TF, Krein, Yamashita PRA 106, 023311 (2022)
Rosa, Francisco, TF, Krein, and Yamashita PRA 110, 042803 (2024)

3 3
Faddeev equation: ¥ = ¥, GoV;¥ = ¥ ¥;
i=1 i=1

Bethe-Peierls Boundary condition

3-D
- 2

ql(rf‘pz)
3-D
2

Py z \D(r;‘p,‘)}

T s ,‘I r;—0
;

Kis, ( NN _,_pz) 23: Cmsin (iso (’2—' — arctan (}'7’/ )))

(2 +p%) j=1 sin (2 arctan (%))

where Kj, is the modified Bessel function of the third kind of M

pure imaginary order isp, being sy the Efimov scale parameter

Y(r,p) =

—kg =2E

@ Unatomic trimer: Francisco, Rosa, TF, Krein, Yamashita, PRA 112, 033315 (2025)
@ Application for two-neutron halo nuclei (D=3)
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Scaling function for radii@unita

Root mean square radii: Core+neutron+neutron

. . .. .
a = OC unitary limit A
F.M. Marqués, et al., Phys. Lett. B 476 (2000) 219. P
exp data nn correlation F.M. Marqués, et al., Phys. Rev. C 64 (2001) 061301. nn
a 12 T T T T b 12 : T T T
* 11
L = ' extracted frommatter radius
g i Y=n
(53 | 4
= \
\.
F J
\
- extracted from charge radius
e Y = core
Tomememe o, N
%% ‘lt é 1'2 1‘6 20 °'°o ; é 1'2 1le 20
m_/m m_/m,

S, ["Li]=369.15(65) KeV -- Smith etal PR1.101(08)202501

neutron halo radius ""Li [6.54(38) fm] -- Egelhof et al EJPA15 (02) 27
Charge radius "Li [2.217(35) fm] and °Li [2.467(37) fm]-- Sanchez et al PRL.96(96)03302

TF, Delfino, Tomio, Yamashita, Prog. Part. Nucl. Phys. 67 (2012) 939
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Oy Scaling function for radii

Root mean square radii: 1°B= 17B +n+n close to the unitary limit

Hiyama, Lazauskas, Carbonell, TF, PRC106, 064001 (2022)

Model from Hiyama, Lazauskas, Marqués, Carbonell, PRC100 (2019) 011603 r r
€
oup & cm
—2pr T
¢ —n(R~ : ‘ : n
Ve (1 —-¢ ue T)) "B [Bonn-A and MT13]
18 rn
a0mm ‘ BT 4
=3.0 fm &
— V,=3864 MeV ag= -50 fm o 19 B
— V,=4030 MeV ag=-100 fm K -
123

as < —50 fm
A. Spyrou et al, Phys. Lett. B 683, 129 (2010)

— V,=4081 MeV ag=-150 fm

Son =0.14 £ 0.39 MeV
L. Gaudefroy et al., Phys. Rev. Lett. 109 202503 (2012)

Tobias Frederico tobias@ita.br

Sapn = 0.09 £ 0.56 MeV

M. Wang, G. Audi, F. G. Kondev, W. Huang, S. Naimi,
and X. Xu, Chin. Phys. C 41, 030003 (2017).

(ITA)

,
800
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B - Scalin nction for radii

rms radii scaling functions: 1°B= 17B +n+n

1. Frederico et al./ Progress in Particle and Nuclear Physics 67 (2012) 939-994

Q /Q\
¢« o
Borromean Tango All-bound
System size, for fixed 3-body binding
T T T
091 "B [Bonn-A, AV18 and MT13] B
0.8l v o=nn N g
o F— g
8 g
~ [ . )
o7 P, E -
A
o i
o
| \ \

0.2
-1(ax )

s nc

full square: Casal & Garrido PRC102 (2020)051304
full circle:  4/(r?_,,) = 5.75 £ 0.11 (stat) £ 0.21 (sys) fm
Sen = 0.5MeV as = —50fm

Cook et al., Phys. Rev. Lett. 124, 212503 (2020)

"B [Bonn-A, AV18 and MT13]
P -
i
100 1
a=m
L =T R R ¢
: 0‘2 l|l3 04
'”(3,“.,‘)
nn attractive < 90¢° !
"B [Bonn-A, AV18 and MT13]
L - 1
M Ly |
s oen —
m.i
AP
sootomoa—e o 4
-(ax, )
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B - Coulomb dissoc

Hiyama, Lazauskas, Carbonell, TF
exploratory calculations

@ Exp results from Cook et al
== FYwith S, (°B)=0.53 MeV
= FYwith S, (°B)=0.21 MeV |
= FYwith S, ("*B)=0.11 MeV

)

E_ (MeV)

rel

Figure 5: The Coulomb dissociation cro
compared to experimental results from [
adjusted to reproduce ag = —150 fm.

section of YB—!"B4+n+n as a function of the relative energy E,. is
for several choices of the '°B binding energy. For all of them V, is
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22C = 20 .
C=n+n+ C Souza, Garrido, TF pHYSICAL REVIEW C 94, 064002 (2016)

nn attractive < 90°

FIG. 7. Contour plot of the density F(ri-,r!l) defined in Eq. (22)
for the polar angle 6 defined as in Fig. 4(a). Panels (a), (b), (c), and
(d) correspond to a >C two-neutron separation energy of 1000, 500,
250. and 50 keV. resnectivelv.

erico tobia Few-body universality in neutron halo nuclei
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bbbl .
“C - Core momentum distribution

Core momentum distribution 2C=n + n + 2C

L. A. Souza et al PLB757 (2016) 368 & FBS57 (2016)361

2507 T T T T 3T T

"C+X @240 MeV/A PC+X @240MeV/A |*

shi et al PRC86 (2012) 05464 | PRC86 (2012) 05464
tion 0=27 MeVic

« 5, [7CI147 KeV E [CJ= -1 MeV

l:ln/dPH [mb/(MeV/c)]
da/dP‘ [mb/(MeV/c)]

200 5100 100 200

]
P” [MeV/c]

E [*'C]=1 MeV Mosby et al. NPA 909, 69 (2013) ~ MSU - |a, | < 2.8 fm ( 2'C virtual state)

100KeV < S5, [*2C] < 400KeV
mm)| 7,.C < 4fm
344008 im

Tanaka et al PRL 104, 062701 (2010) Togano et al PLB 761, 412 (2016)

Tobias Frederico tobias@ita.br (ITA) Few-body universality in neutron halo nuclei 24 /53



i and “Be - Core momentum distribution

Core Momentum distribution nnc = AAB: "'Li ,“Be
L. A. Souza et al PLB757 (2016) 368 & FBS57 (2016)361

Limit cycle: Scaling function for the FWHM @ unitarity

o B | [Bne
Vo - % (iv S TV 52,,,‘A) FWHM = 2v/2In20
14 . T

ground state

o= Istexcited state _|
“ 14 a—-= 2nd excited state

1 1 1 L
0 10 20 30 40 50
A

Fig. 1. Scaling plot for the core recoil momentum distribution o in the Efimov limit
as a function of the core mass number A. Experimental widths are from Refs. [1]
and [9], for 'Li and "Be, respectively

["'Li] I Tanihata, J. Phys. G 22 (1996) 157;
['“Be] M. Zahar, et al., Phys. Rev. C 48 (1993) R1484.
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1L and ¥Be - nn correlation

Neutron-neutron correlation function: 11Li & 14Be

I ;"}/
— ' ~
° Yamashita, TF, Tomio PRC 72, 011601(R) (2005) X

Sudden Breakup amplitude including the nn FSI

Ya
1/27; ¥(g ,;3)
D =Yg, d’p 4
° Pa 0 (qA pA VE,, — A'[ pi—p’+ie
S - __ - 4
C (q )_IdSqA|q)(qA’pA12 q"__ _7A
m\Pa)= d3 (_,,) (_,) . = _q_A
qu qn P qn q, P4 5

2

One-body density (g,,)=[d'q,,

= — qn — én'
q)(_ an - qn'A > AzAj

Tobias Frederico tobias@ita.br (ITA) Few-body universality in neutron halo nuclei 26 /53




1L and ¥Be - nn correlation

Neutron-neutron correlation function: 11Li

F. M. Marqués et al.

R Phys. Rev. C 64, 061301 (2001)
O —---

M. Petrascu et al.

Nucl. Phys. A 738, 503 (2004)
. E; = 0.29 MeV

Ena = 0.05 MeV

E; = 0.37 MeV

E.a = 0.8 MeV

E; = 0.37 MeV
Ena = 0.05 MeV

80 Enn = 0.143 MeV

p,[MeVic]

Yamashita, TF, Tomio PRC 72, 011601(R) (2005)
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1L and ¥Be - nn correlation

Neutron-neutron correlation function: 14Be

14

12

10

F. M. Marqués et al.
Phys. Rev. C 64, 061301 (2001)

A

F. M. Marqués et al.
Phys. Lett. B 476, 219 (2000)

E; = 1.337 MeV
—— En=02MeV
Epn = 0.143 MeV

asymptotic region ?

Yamashita, TF, Tomio PRC 72, 011601(R) (2005)

Tobias Frederico tobias@ita.br
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He sudden breakup

6He sudden breakup
Gobel, Aumann, Bertulani, TF, Hammer, Phillips, PRC104, 024001 (2021)
6He [0+] = n+n+4He  S,,= 975.45(5) KeV
5He: n+4He 2P;;, resonance [735(20) KeV ]
He(p,pa)2n knockout reactions at around 200 MeV /nucleon

FSI model (coherent model & Watson-Migdal enhancement factor)

-15.5 T
currently accepted val.
-16.0 A PLB 444,252 (1998)
E PRL 83, 3788 (1999)
-165 B PRC 63, 014003 (2000)
— —17.0 — PRC 71, 044003 (2005)
= —— (95% CL)
=-175 PRC 73, 034001 (2006)
© -18.0f — ‘ PRC 74, 014001 (2006)
| — PRC 77, 054002 (2008)
-185; A :
_19.0 e dashed: d+n~ - y+n+n
solid: d+n - p+n+n

- H . 2
1957998 2000 2002 2004 2006 2008  dotted: d+d - ZHe+n<+n
year

T. Aumann et al., Proposal for a Nuclear-Physics Experiment at the RI Beam Factory: Determination of the nn icancnng

length lmm a lugh resolution measurement of the nn relative-energy spectrum produced in the *He(p, pa)*n, t(p, 2p)*n,

and d("Li,"Be)®n reactions, proposal No. NP2012-SAMURAI55R1 (2020).
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%He sudden breakup

Framework to study the model dependence breakup °He:

» nn S-wave and SHe ?P3, : EFT@LO & Yamaguchi 1-term potential

oy —l—1
gip) =p'OA —p)  gvaulp) =1 (1 + 155)

(p, Vil 'y = 47610605 091, (D) Nijgu, ()

» LGM (Local Gaussian Models) + 3BF.

_ s

vO(r) =0 exp(=r*/ (a2,)) Vin(0) = 5 ol
R . 3

Vs(lo)(r) = VS(QLS exp (—Tz/ (aéo;l)) . psp = 5.0fm and azp = 3

e LGM1: standard version of LGM input parameters for “He;
e LGM2: LGM1, but ne interaction only in 2P3/2 (nc interaction in s-wave, d-wave and 2P /2 is turned off);

e LGM3: LGM2, but three-body potential deactivated.
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G(p) =
(wFSI) 2
U (p,q) = We(p, q) + ;!Jo(l}) -

all) = —16.7fm,

= g
w» =)

0.80 MeV)

Iy
=)

P(Enn)/ pEnn
=4
o

0.0

p(Pan)

(P + @I /2)

Final State Interaction

2
dg ¢*p2, [Ye(Pnn: )|

- 2
- )+

Ann

Qnn — "52p? +ip.

o = 1/ru(l + /1= 2ru/am)

|Enhancement factor|

' . . 9 -1
/ dp' pg0(p') (p* — 0™ +i€) L', q)

Sudden breakup model [ Yamashita, TF, Tomio PRC 72, 011601(R) (2005)]

al)) = —18.7fm,

(1.5,7,) = —20.7fm

— tay --- G af

taf)  --- Giaf)

— taf) --- Giaf

0.0 0.2 0.4 0.6 0.8 1.0

Enn [MeV]

FIG. 5. C¢ ison of nn relati gy for differ-
ent nn scattering lengths obtained with different FSI schemes. The
calculation using the n t-matrix is labeled as “t”" r,, = 2.73 fm is
used. All results are computed using the projection W, (p, ¢)and A =
1500 MeV. Uncertainty bands based on comparison with calculation
with half as many mesh points and A = 1000 MeV are negligible
In order to be ion i
divided by its value at the energy indicated by the red cross. The
solid and dashed vertical lines indicate the approximate positions
of the maxima in the t-matrix based FSI scheme for afy and af}’,
respectively.

of the normalization the is
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Probing the halo

Probing the halo dynamics: low relative momentum (weakly bound)

Perspectives on few-body cluster structures in exotic nuclei
Bazin, Becker, Bonaiti, Elster, Fossez, TF...FBS64 (2023) 25

Borromean, Samba, (Tango), All-bound

‘ ) ‘ 6He +A- n+n+ 4He+X
n
n

c c*
n n

Final state interactions

‘Sholchi et al./ Pysics Letters B 764 (2017) 196

1C+A->19C+n+X n-19C

S (b)

mor
N

FAnIE e socyn (50

n U RS B R R |
) 400 800 1200 1600
E, (keV)

bias Frederico tobia
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Probing the halo

Probing the halo dynamics: low relative momentum; (d,p) and
(t,p) reactions

Perspectives on few-body cluster structures in exotic nuclei
Bazin, Becker, Bonaiti, Elster, Fossez, TF...FBS64 (2023) 25

C+d->18C +n+n+ p

) 2
QD w- .
d n ¢ n-19C

\ n

Final state interactions

p-—"

p

n n n
t

I N

Tobias Frederico tobias@ita.br (ITA)
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Beyond 2n halos

Hiyama, Lazauskas, Carbonell, TF

How rﬁany scales determines the halo state?

21B =17E an -S2n for 19B =17B + 2n 20C =18C + 2n
- annand anc
- Enough for 7B + 3n and 7B + 4n
22C=18C + 4 18C + 3n and 18C + 4n

- S2n for 6He =4H
- annand 5He =4He + n (Pa/z) @ 735(20) keV

8He=4H
=i " - Enough for 6He + 4n !
-S2n for 260 =2 + 2n
- annand 250 =24B + n (D32) @ 749(10) keV &
280=2 - width 88(6) keV

- Possibly enough for 240 + 4n!
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Nuclear core + 3n systems: preliminary studies

Beyond 2n halos: initial explorations

Hiyama, Lazauskas, Carbonell, TF

e~ 2mr

Vorg(r) = Vi (1 —e*MR*')) 17B + 3n: no-bound state

r

19B + n -> 19B + n: elastic scattering below B.U. thres.
Faddeev-Yakuboski calculations

007

e
L=0 Scattering n-'"°B . i L=1

Iasans}
Scattering n-'°8

" R=3fmu=07fm"
x10°#
4 o+ £(°B)=-0.105 MeV (a=-150 fm)

-+ £("°8)=-0.133 MeV (a=-1000 fm) 3

/
o S == E("*8)=-0.526 MeV (a=-150 fm)

08| et N B os
o

q cot(d)

R=15fmp=1.4fm" et
i 06 o e

osE /_v,.—'""'h‘:‘S!mp:!dlm‘

I I I I I I L I |
(] 0.001 0002 0.003 0 0000 0002 0005 0004 0005 0006 0007 0008 0009 00

q° (im?) q° (im?)

17B + 3n: no-bound state with FY
Leblond et al. First observation of 20B and 21B. PRL 121, 262502 (2018)

@ No new scales beyond core+2n system (Pauli principle)!
@ Scaling functions?
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Tobias Fre

Nuclear cc

f+(Al+2f ) scattering @unitarity

Hiyama, Lazauskas, Carbonell, TF

Minnesota potential for f-f and I-f: range ~ 1fm

A|E[I+2f]|ar-0]| aL=1

[MeV] | [fm] | [fm?)
1| -2.598 [4.977]-272.2| 321-124: [0.124-0.0477i
2 20 |4.8 5 3181 0.251-0.143i
3| -2.130 [4.757 79i 0.292-0.178:
5| -2.079 |4.613 665-4137 | 0.320-0.199:
16| -2.058 |4.400 695 - 4251

TABLE VI: Faddeev-Yakubovski calculations for the I + 2f
and I + 3f systems (the neutron is the adopted fermion).
Minnesota potential at unitarity with V,=98.40275 MeV and
m,=939.5654 MeV. First column: ground state energy for
the I + 2f in MeV. Second column: scattering length for the
[+ (I +2f) collision. Third column: scattering volume for
the f 4 (I + 2f) collision. Fourth column: p-wave resonance
position, E5™, in KeV. Fifth column: R{3' = ELZ'(I +
3f1/|E[T + 2f]| is the ratio of the resonance energy with the
three-body ground state energy.

No bound I+3f!

-0.3¢ L L .
0.1 0.2 0.3 0.4

RelR; ]

FIG. 4: Position of the p-wave resonance of the elastic fermion
and fermion+impurity scattering. The plot presents the ratic
between the real and imaginary parts of resonance energy
with the binding energy of the I +2f ground state computed
close to unitarity (see Table VI). The dotted line guide the
eyes.
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Nuclear core +4n systems: preliminary studies

Preliminary calculations

for the |+4f systems Hiyama, Lazauskas, Carbonell, TF

! !
@

(a)

Binding of 2f in (1+2f)

Halo structure rises!

I v t 22C=18C+4n ?

simplified model: in collaboration with Francisco, Issifu, Rosa, Yamashita and Hupin
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Nuclear core +4n systems: preliminary studies

22C = 18C—|—4n © unitarity Francisco, Issifu, Rosa, Yamashita, Hupin, TF

Wy, = AV] @ UF

RMS radius (fm)
w w (=] o
o b o b

3
»
o

0.30 0.35 0.40 0.45 0.50 0.55 0.60
Son (MeV)

Neutron RMS[2C] vs. $3n[2C]. (S20[*C]=3.5MeV). (S2[**C] = 0.567%2) MeVT)

[T

()2 ~6.4fm (PC=2C+2n) & (3 ~53fm (PC="8C+4n)

" Togano et al. PLB761(2016)412: r,[*°C] = 2.971%% fm & rn[**C] = 3.44 4+ 0.08 fm
Kanungo et al. PRL117(2016)102501: rn[*®C] = 2.86 4+ 0.04 fm
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Discrete scaling: 4-bosons

Faddeev-Yakubovski eqs (4-bosons), zero-range int., reg. and renor.:
Scaling-plot

Collapse of the 4B system & 3B energy fixed
Yamashita, Tomio, Delfino, TF, EPL 75
(2006) 555

Skorniakov and Ter-
Martirosian (1956)

D244 - (©)

=2 +

(d) - (e)

Subtracted Green’s Functions: G = T s
IN—

with uz (RED): 3B scale & u4 (BLUE): 4B scale
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Hadi Plot 4-bosons

Scaling plot

g, &
@ o
Hadizadeh, Yamashita, Tomio, Delfino, TF,
1075 (a) 1C (b) 71 PRL107, 135304 (2011)
¢ 10 100 10" 100 100 10° 100 | e B Bsoolem
B;O) ’ B,/B,=50.01 (a<0)

B,/B,=498.60 (a>0)

,=229.45 (a>0)

BN/ B\NTY L 151

Hiyama et al. PRASS (2012)
Gattobigio et al. PRA84 (2012)
Deltuva PRAS2 (2010) & arXiv:1202.016%
Stecher JPB43 (2010)

Nat. Phy. 5 (2009)

at. Phys. 5 Suppl. (2009)
Hammer et al. EPJA3]
Hammer et al. EPJA3;
Hammer et al. EPJA3!
Hammer et al. EPJA32 (2007) [interpolation @ 1/a=0)
Lazauskas et al. PRA73 (2006)

Platter et al. PRAT0 (2004)

Blume et al. JCP112 (2000)

PR PR | S S N | "

1. 0.1 0.2 0.3 04
N
22.7 \/33 / BZ )

xeveeeORmENO+OA
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Hadi Plot 4-bosons: pot. model

Universal tetramer limit-cycle at the unitary limit

TF & M. Gattobigio, PRA 108, 033302 (2023)

Gaussian two, three and four-body potentials @ unitarity

Tobias Frederico tobias@ita.br

—100
V(R /mr3)

GD)

—N=0
—N=1
—N=2

N=3
—o- Ref.[18]
B Ref.[29

0.0 0.1

- - - Hadizadeh et al PRL 107, 135304 (2011)

0.2
(BT

m Deltuva PRA82 (2010) & arXiv 1202.0167

Limit Cycle in potential models
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Hadi Plot: EFT

4B Scaling function: EFT fitting

Wau, TF, Higa, van Kolck, PRA 109, 043301 (2024)

Four-boson first excited state near two-body unitarity

1.01 [ © Deltuva FBSS4 (2013) (1/a=0) 9|
= Deltuva PRAS2 (2010) (1/a=0)
- -Hadizadeh et al PRL107 (2011)

1.008

By

' 1.006

Bua/

1.004

1.002

45 4.6 4.7 48 49 5
Bio/Bs

Bia
B3 BS

B4,0
~ 0.9255 4 0.0159741 —=

In EFT 4-body scale @ NLO
Perturbative effect of the Four-body force
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Summary & Outlook

Summary
@ Few-body framework for dilute neutron halos: dominance of few scales;
@ Universal scaling functions (limit cycles) depending on few parameters: weakly bound
systems / zero-range interactions / close to unitarity (Efimov limit);
@ Significant model independence in the halo properties, scalings as seen in the examples:
SHe, 11Li, 1Be, 1B, 2°C, 22C
@ Neutron-halo systems close to the unitarity limit carry the scales of the 2n-core system
(Pauli principle);
@ Extension to dilute neutron halos — 4n: possible dominance of few scales.
@ Interwoven limit cycles for increasing boson number (seen in Hamiltonian model with 4B
interaction);
Outlook..
@ Structure & spectrum:
(core + n+n), (core4+n+n+n), (core+n+n+n+n),...
@ Universal properties of multi-neutron halos, e.g. 22C?
@ FSI between fragments of the halo in the continuum with low relative energies:
(core + n+ n), (core® + n+n), (core+n+n-+n), (core+n+n+n-+n),...
@ Probe the halo in the continuum (description within a few-body framework);
@ RIKEN experiments...
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Backup Material

BACKUP MATERIAL

Tobias Frederico tobias@ita.br (ITA) Few-body universality in neutron halo nuclei 46 /53



Continuous to discrete scale invariance

Scale invariance and Breaking: example integral equation

f(k) = /\/0 dpp—k;ff)pg

int. eq. invariant under: k — &k and p — &p
f(k) and f(&k) solutions f(k)= k"

2
transcendental eq.: A = ——sin <%77>
m

2
A<A=—for —2< <0
m

Maximum value
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Continuous to discrete scale invariance

2
IF A > A, = — then n=—1+4159
70

Solution: f(k) = k™' sin(sg log k/k*)

Continuous symmetry breaking to a discrete one & k*dimensional scale

k — exp(nm/sg) k

Applies to 3bosons, 4bosons @unitarity, relativistic bound states (Bethe-Salpeter eq.)
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Scales & SKT equation

Regularization: Skorniakov and Ter-Martirosyan equations (1956)

» Thomas-Efimov effect (s-wave SR— ZR interactions)
> continuous scale symmetry broken to a discrete one
> a,le,), a,le,)S, (defineall low-energy observables)

> Correlations between observables: scaling functions (limit cycles discrete scaling)

Adhikari, TF, Goldman, PRL74, 487 (1995); Adhikari, TF, ibid. 74, 4572 (1995)(Subtracted Egs.)
TF, Timéteo, Tomio NPA 653, 209 (1999) — Weinberg delta+OPEP (Subtracted Egs.)
Bedaque, Hammer, Van Kolck PRL 82, 463(1999) (EFT)

Subtracted equations equivalent to the introduction of a three-body potential in H (EFT)
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Efimov reson

nct

Scaling function & Limit Cycle - Resonance

TRIATOMIC CONTINUUM RESONA!

BringaS, PHYSICAL REVIEW A 69, 040702(R) (2004)
Yamashita, TF
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FIG. 2. Imaginary part of the three-body resonance energy as a . .
function of the two-body virtual state energy in units of u=1. The FIG. 4. Ratio of the imaginary part of i and B)™" as a
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Scaling function from Bethe-Peierls BC

credits to R. M. Francisco (PD/ITA)

C@ c-(nn) ->0 for A->0
C@ = C® n-(nc)
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4-Bosons scale symmetry breaking

Four-Boson continuous scale symmetry breaking
TF, de Paula, Delfino, Tomio, FBS60, 46 (2019)

. Solution: UV FY eqs. )
q q
K(¢,p) = ———=—=fx (¢/p) and H(q,p) = ——=9u (p/q)
\34® + 32 \/34° +1°

Approximate UV form of FY eqs.: 3-boson eq. SKTM

4 1+
@) = 75 400 g e ) Y e () 0 ()

@) =2 [7 B L) +2 () 1 ()}

’y2+l'2

Efimov parameter for geometric
= — N
fK (37) - fO & 9H (IB) =z ] series of bound states

1/_ 1 1—sin(ng)
37 | 1+ sin (ng)

Few-body universality in neutron halo nuclei

- 8 sin [(n+1)%]
%

V3 (n+1)cos [(n+1)F]
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4-Bosons scale symmetry breaking

Scale symmetry breaking to a Discrete scale symmetry

Solution of the transcendental equation n = —0346 :E 15521

sin(s4 log q/A* sin(s4 log p/A*
(34 gz/ ) & H(q,p)% (‘i g / )
107 + 3D \/ 34% + P

\
4-body scale 9 |p

K(q,p) = fo

Compare to imaginary part: 1.25i from Hadizadeh et al. PRL107 (2011) 135304

BziN)/BA(;NH) =151 = exp(2n/s4) & s4=1.25

In EFT 4-body scale @ NLO - Bazak et al. PRL 122 (2019) 143001
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