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Outline
Motivation

® ALEPH and CLEO dataon t - v3m
® 7 - v3m offers a clean view of a;(1260) production

® a,(1420) triangle singularity in a;(1260) » KK* - fomr - 37
Dispersive framework for three-pion decays

® construction by unitarity and analyticity
® phase-shifts with good accuracy available

® integral equations for a; — 3m
Numerical calculation



T - v3m decay
ALEPH dataon t - v3m
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The spectral function for the 3x final state

ALEPH Collaboration, Phys. Rept. 421, 191(2005).

® accurate measurements of the mass distribution
® component J¥¢ = 0~ * is suppressed by the
PCAC

® the J°¢ = 17 * is dominant

J. H. Kuhn and E. Mirkes, Z. Phys. C 56, 661
(1992)



T - v3m decay ’
Final-state interactions in hadronic three-body w-

decays play essential role

T

® three-body unitary framework used to describe 3 interaction

KK

Daniel Sadasivan et al., Phys. Rev. D 105, 054020 (2022)

® a,(1260) generated from 31 interaction

® approximate three-body unitary JPAC Collaboration, Phys. Rev. D 98, 096021 (2018)
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T - v3m decay

. W=
® model of this work T — v3m decay
drl’ A)L(O')
— = cons.(m2 —g)? ) | |2 dd3 -
da m Z o— mgi)z + X(0) ‘ .
® unitarity relation of a; — 3@ N. Khuri, S. Treiman, Phys. Rev. 119, 1115 (1960)

Ol

® self-energy (o)

=+=@=+=<%



Three-body decay a; — 37«

scattering region — decay region

continuation in

is three-
o < 3m, o and s o >3m, o is three-body
2 5 5 Invariant mass
s€[(og+my)°, ] s€[4ms;, (0 —my)°]
dispersive treatment Cartesian isospin indices
a C a C a b a C
= + +
b d b d c d d b
s-channel t-channel u-channel

amplitude can be decomposed as

AﬁS)ade (s,t,u) = Eﬁs)abcd (s,t,u) + Z;y(—l)’l d,{q(wt)gﬁ?)“bd (t,s,1) + Za’(_l)l dl{ll(wu)gﬂ(}i)adbc(u, ts)



From unitarity to integral equations

AP (s, tu) =35 2 + 1)%(9 )ay (s)
° Unltanty relat|0n T (s, cosh,) = 32n2(2l + 1) P;(cosf, )Tl(l) (s)

Ag)(s, t,u) =Z/(11)(S, t,u) +Z/1r(—1)’1’d/{,/1(a)t)A (t S, u) C”/+ (= 1)7Ud] A(wu)A OI)(u t, S) C”
Disc A(D(s t,u) = p(s) = [dQ' T*D (s, t",u"") X A( ) (s, t',u)

Jv

: (1) _ (1) (1) —( )
Disc aia (s) = p(S)Tj (s) {ajﬂt (s) + (S)} JPAC, Phys. Rev. D 101, 054018

\—'—’ (2020)

right-nand cut left-hand cut
® kKinematic singularities arising from the kinematics (spinor)

Kallén or triangle function

112 (s) = A(s, M2, m2)

kKinematic singularities free (KSF) amplitude

(1) A 2 ()AL % (s))) Aa)
( ) = SI1/2 ( ) A2 (s) = A(s, m2 ,m2) 7




From unitarity to integral equations

° unitarity relation

DiSCa (S) p(s)r()(s){ (S) + ~(I)(S)}
\_'_l

rlght -hand cut left-hand cut

ol O

® homogeneity contribution

a7 (s) = P(s)Q(s) = P(s) eXPL oz

5}(5’)

25" (s —s—ig)

ds’]

R. Omnes, Nuovo Cim. 8, 316 (1958)



Integral equations

A. V. Anisovich and H. Leutwyler, Phys. Lett. B 375,

® unitarity relation 335 (1996)

DISCa (S) p(s)r()(s) {A()(s) + d()(s)}

‘ It does not determine the amplitude uniquely
. o —ish (s
~(I o ds' sinsh(she ~(I ~(I
a0 () = P() + T o S — (a0 + )}
(o) / - I /
a® 1 s™ ds’ _sin% (S) .
= 0l(s)P(s) + —
() (s>{ &+ ) e = i )



Singularities
~(I) (S) Cyr = @I + 1) z:a,b,c,cPalt,b,c,dl')cll,b,c,d

® inhomogeneities a . y
d),(8) = (sin8)*d;] ,(6)

a0 (s) = (“D)* Sy (2)' + 1) Cr fdcosd’ ¢ (5,07 dl (0%, (09al ()

l cosf’' — s’
2S

a0 = (=D ) @)+ DGy
I’,A’,j,

d K ’ Iq1
oo 65 3)

Y
n=135

o ) singularities
Cl (s,0) = (sin”0) M K31 (s,0) dyr (0 (5,0))K;1,:(t(s,0),6.(s,6)) J

Kja (5,0) = (s™/?sin ) (4,7 ()l 112" ())/

s'=(M?+3m2—5s)/2 + /111\,1/2(5)/1,1/2(5) /(2s) cos 0’ 10



Decay region

® continuation into the decay region
0 s0+4+id

— EE— J. B. Bronzan and C. Kacser,

Phys. Rev. 132, 2703 (1963)

® path deformation needed

A
Im s ’
o <3m, o >3m,
5+(5) /
Re s
s_(s) s_(;)"'v ..... e
Integration does not run over Integration does run over the cut

the cut 1



Amplitude structure

- _ +
® Decay amplitude A4, (s,t,u) 4 = (p1) T () 77 (pa)

Only I =1, ] = 1 trr scattering

Ay (s,t,u)=A, (s, t,u) + ZA/(—l)’l’ di,)l(a)t)ﬁ,l (t,s,u) constrained
11/2 j—-1 2.1/2 j
Ay (560 =% @ + Ddf@)ap(s)  ap(s) = IO 4 ()

O e T

© ds' sin 51 (s)) A (o
m2 S 1Q|(s" — s —i¢)

aip(s) = Q(s) {P(S) +—

N
® Self-energy Z(o) * N * @
% ImZ(o”)
ImZ(0)~ [ Z;|A;(s, t,u)|* dsdt 2(0) ~%Lm2 o U,m_ UG Zie) do Real s,t,u and ¢

ImE(0)~ [ £345(s, t,u) * AP™) (s, t,u) dsdt Complex s, t,u and o
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® Analytic structure of 6'=1(s)

A2 [ — A2 A2
Tans!=1(s) = |2 dmz (s~ dma (@ +b S — 4man ) A. Schenk, Nucl.Phys.B 363, 97 (1991)
2 2
S 4ms 4ms G. Colangelo, J. Gasser and H. Leutwyler,

Nucl.Phys.B 603, 125 (2001)

I=1 _ 1 1+ i Tand!=1(s)
57 (s) = 2i10 1 —i Tané1=1(s)

Re 6/=1(s) Im §'=1(s)

1.5 -0.20

Branch point: pole of p meson |
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® Analytic structure of omnes function Q(s)
o &(s")

First Riemann sheet Q(s) = exp[ f4m S,(S i)

ds’]

Second Riemann sheet (D (s) = exp[S f:o () ds' + i6"=1(s)]

mé s (s —s —ig)

® Analytic structure of singularities free amplitude a;, (s)

I=1
st [® ds' e 0T sin 5]-1 (s") o
. . /\. — Q P ~. [
First Riemann sheet ajl(s) (s){ (s) + — - ST OGNG =5 —18) a; (s")

—

ds' e =) 51n51 (s")
A(II) _ o ~(I) o
Across two-body cut (s) = Q( )(s) {P(S) + j mOGE) (s — s —1 e) ajy (s")

Contour deformation (Plck
up a residue)

=& e




® Three-body and complex two-body cut

ImX(0)~ [ Z;A;(s, t,u) * ALumphy) (s,t,u)dsdt x(o) NEJOO Im2(c’) do Complex s, t,u and o
YRRV g A g n.gm%:o.l(o.l_o._ig) » &
I !
(ID () — © Sils) rranch oint
QI (s) = exp[ [, S,gs, = ))dS P
n —i51=1(s) in ! )
=) P(s) +
T (S){ M T T TV
€ [2m2, (V& — Mg )?] zere
s Imo
fan 7~ o
! @
O —TH— -
I I I
®
(mp® +my )

-1.0 >
0 1.0 fSie o



Phase-shift input

P-wave, [ =1

nr scattering constrained by analyticity and unitarity

R. Garcia-Martin et al., Phys. Rev. D 83, 074004
(2011)

Roy equations = partial-wave dispersion
relations + crossing symmetry + unitarity

Schenk parameterization
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A. Schenk, Nucl.Phys.B 363, 97 (1991)

Vs GeV

B. Hyams et al., Nucl.Phys.B 64, 134 (1973)
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Numerical results

Dalitz plots
ay; > (py) n~(p2) m*(p3)
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M=1.1GeV M =13 GeV
Dalitz plot shows p-resonance bands 17



Numerical results
Fit A

drl’ A)(o
— = cons. (Mm% — 0)*? 2 | > a( _) |2 dp3
do o—mg. + ilmX(o)

A 1

Im3(0) = 2= [ T3|45(s, t,1)|? D

ob—m———————————— *

o
w

dl/ds[arb. units]

x?/d.o.f=220.7/(77-3)
Mg, = 1.253 GeV

Fit B
dr’ A)(o
- = cons. (m2 — 0)* Z | ((/})(2 ) |2 dp3
o T S—my "~ +2I(0)
o (% ImXZ (o’
Z(a)z—j —— () do’
T )omz0'(0" — 0 —ig)
b :
: ALEPH data]
@ 0.3} |
c L
>
£
S,
S
—
©

x?/d.o.f=143.3/(77-3)
my)= 3.24 GeV
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Summary

® Only P-wave mr scattering is included

®* The 3 mass distribution was fitted

® The pole position will be explored

® a,(1420) triangle singularity in a,(1260) » KK* - fom - 37

will be studied

Thank you !
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