AskEEErRyERsRETese AP0

Modified Liischer formula for long-range interaction

%FHEAE 2025410531 H

L &3 T K5 (University of Shanghai of Science and Technology)

Based on [JHEP 05 (2024) 168] [arXiv: 2507.18399]
Collaborate with: R. Bubna, H.-W. Hammer, B.-L. Hoid, F. Miiller, A. Rusetski, */£4%

L

UNIVERSITAT

TRy YT . USST




01 Motivation

02 Modified Liischer formula

H %

CONTENTS

03 Zeta function

04 Numerical results

05 Conclusion and outlook



01 Motivation

02 Modified Liischer formula

H %

CONTENTS

03 Zeta function

04 Numerical result

05 Conclusion and outlook



01 Motivation

Lattice QCD

> Lattice QCD - important un-perturbative method

> Discretization of Euclidean space-time
+ Lattice spacing — continue limit
+ Lattice size - finite volume analysis
+ Pion (quark) mass — chiral limit extrapolation

» Euclidean space-time — imaginary time

> Path integral
« Correlation function on lattice

* Match to amplitude in real world
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01 Motivation

Lattice QCD in hadron spectroscog

> Finite volume energy levels I \

+ Build up operator for hadron system

Operator for hadron system Finite volume energy level

+ Extract out discrete energy levels in a finite volume

+ Lattice spectrum (finite volume spectrum)

> One-hadron system - L ' N

1400 | e
+ Stable hadron: inf. vol. limit of energy level - hadron mass

1300 [ e

1200 | \ I
1 1 1 1 1

E (MeV)

» Finite volume correction is exponentially suppressed L

PN

1100 |

> Two-hadron system 1000

« Bound states: inf. vol. limit of energy level - binding energy B (Finite volume correction e ~#*L)
+ Scattering states: inf. vol. limit of energy level is NOTHING but threshold (No-go theorem)

+ Asymptotic state touches the boundary — Finite volume correction is power-law — Finite volume analysis is relevant.

Modiified Liischer formula for long-range interaction EHEBEI KT RAR ﬂ




01 Motivation

Luscher formula

> Lischer formula [\. Liischer, NPB 354 (1991) 531]
* Energy level = phase shift
* Interaction is local: phase shift in the infinite volume
and energy level in a finite volume are generated by

the same potential.

* p meson in it scattering

> EFT and LQCD
* In low energy region
LQCD as finite volume QCD = EFT in a finite volume
+ Lattice spectrum — interaction at hadron level (LEC)
* Quantization condition: the equation that determines
energy levels in a finite volume via dynamical interaction

in the infinite volume.

+ Two-body EFT — model-indept. quantization condition

20+1
q cot &y
det (70 - Otmt'm’ — Zom o' m’ (q(2))> =0
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01 Motivation

Finite volume LS equation

> LS equation

d3kk® Vy(p, k) To(k, q; ¢2
Infinite volume To(p, ¢ 95) = Ve(p,9) + / 2n)? Z(Zz Z ;2( _ZEQO)
+ Solve inf. vol. LS equation —» match to on-shell amplitude 0
1 match to 4
Ti(q5) = == 2 2 Y] Y]
« Solve fin. vol. LS equation with the same short-range kernel Ry (95) — (Ge(g5)) qp ' cotde —iqy
2¢+1
oy . . . . . s renormalization ¢ cot (SE
« Pole position of fin. vol. amplitude = Quantization condition RN (4}) men, 20 g

s B .
> Hamiltonian EFT [J.-J. Wu et al] 2 k)yem(k)ij(k)Tj(l,’;/m/ (k,q; 43)

4 Vi(
Finite volume Te(,f:e/m/ (p,4;43) = Ve(p, q) + s > g
jv k

* Formulate the interaction

* Hamiltonian in plane-wave basis

-1 . . 2041 (5
L -1 renormalization  dp cot 0g 9
[T( )] =R " -7 > yp Somt'm’ — Zom,t'm' (D)

» Cubic projection

2041
q cot oy
det <70 A 5em,e’m’ — Lyt m/ (q§)> =0
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01 Motivation

Finite volume analysis of 3-bod

> Three-hadron system

Physical singularity — 3-body cut
Complicate kinematics

Parameterization of on-shell amplitude

> Three-body quantization condition

Energy level — quantization condition — 3-body force

Relativistic Field Theory
Hansen, Sharpe [PRD90,116003,2014], [PRD92,114509,2015]

Non-Relativistic Effect Field Theory
Hammer, JYP, Rusetsky [JHEP09, 109,2017], [JHEP10,115,2017]

Finite Volume Unitarity
Mai, Déring [EPJA53, 240, 2017], [PRL, 122, 062503, 2019]
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01 Motivation

D* D
Inclusion of the long-range forces -~
A ¥
\
> Interpretation of T{.(3875) D \‘ D
« Left-hand cut extremely close to threshold T.5(3875)

+ Affects the extraction of the phase shifts and the parameters of the
T (3875) from lattice data 17 Lh.c. DD*rhec

> NN scattering Case of a stable D*

» Left-hand cut: —co < s < (2my)% — M2 right-hand cut: (2mpy)? <5< 400
~ o/ W—/

(1875‘1\r/1ev)2 (1880MeV)? NEx
* Phase shift real below left-handed branch point? N v 0.1,1) (L1 00.2)
0.4
4} I > 03
> Finite volume problem of long-range force b7 ;o iy
N I Qo.l \ K
« Left-hand cut close to threshold: Energy levels below the left- = ' > N o Y :
handed branch point cannot be used NN scattering ol 5 ."3'0" RO, ¢ i
» Slowly converging partial-wave expansion: Expecting strong B
admixture of higher partial-waves in the quantization condition J.R. Green et al., PRL 127(24) (2021) 242003

+ Exponentially suppressed corrections still sizable
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01 Motivation

Schemes to including lona-range force

> Plane-wave basis

» Describe the system in terms of the parameters of the effective Lagrangian
+ Work in the plane-wave basis

+ For the NN scattering, it was shown that, at the physical quark masses, the partial-wave mixing is
sizable [Meng & Epelbaum, 2021]

» A consistent fit of the DD* scattering phases to lattice data in the left-hand cut region has been
performed [Meng et al. 2023]

> Alternative approaches

+ Splitting long- and short-range interactions [Hansen & Raposo, 2023]
» Using LUscher equation plus EFT with long-range force in the infinite volume [Collins et al., 2024]

» Other contributions [Lyu et al., 2023] [Du, Guo & Wu, 2024] [Dawid et al., 2025] etc.

> Our scheme

« Modified Liischer formula [Bubna, Hammer, Miller, JYP, Rusetsky & Jia-Jun Wu, JHEP 05 (2024) 168] Vi) = Wl + Ys(r)
[Bubna, Hammer, Boid, JYP, Rusetsky & Jia-Jun Wu, arXiv:2507.18399] known, local  unknown
20+1
M2y _ g E a1 1., 4
+ Finite volume version of the modified effective range expansion [van Haeringen & Kok, 1982] Ke'(a") = Me(q) + 1f(q)|2 (cot(de(q) — oe(q)) — i) = 3 h 9o +0(q7)
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02 Modified Luscher formula (infinite volume part)
Decomposition of interaction

> Decomposition of potential

V=V,+ Vs

* V;: long-range potential which is known from, e.g., yPT

* Vs: short-range potential which is unknown, but local

> Amplitudes and full propagators

* T,:long-range amplitude which is established only by 1},

* (G, long-range propagator

+ Ts: effective short-range amplitude which is established by both
long- and short-range interaction

> Decomposition of T-matrix

T =T+ 1+ TLG)Ts(GTL +1)

Modlfied Lischer formula for long-range interaction



02 Modified Luscher formula (infinite volume part)

Pole structure

> Pole position

T=Tr+ (1+TG)Ts(GTL +1) H = I‘I T <V> <T>

» Poles of T are equivalent to Ts

» Free energy (pole of G)

» Long-range eigen-energy (pole of T;) i - 1 + 1 . t

+ Eigen-energy (pole of T)

> Effective short-range LS equation .
Ts =Vs+ VsGrTs

» Solve effective equation for T instead of total LS equation for T

Modlified Liischer formula for long-range interaction LEE T KT R4



02 Modified Luscher formula (infinite volume part)

Effective short-range amplitude

> Effective short-range LS equation 2467,
— L (&
(90, m| Q" T Q" |0, tm) = (@ (o), mI Ts ™ (qo), £m) =

qocot &y — igo
Ts =Vs+VsGrTs \
T=Tg +‘QS—J_)TTSQ(L+). ‘ —) d¢ =6, — oo

> Effective short-range amplitude

(+) (42 (+) (o2 = !
[W (q5), &m|Ts|y' ™ (q5), tm) = 9 cot(é_g{g)—iqo. I

« [ (gd), ¢m) : Partial-wave long-range basis 1
[+ (q0), £m) g-rang \ (90, £m|T|qo, Em) = go cot 6 — iqo’
+ &, : phase shift of total interaction (need to determine) 1
<q07em|TL|QOa£m> = .
* o, : phase shift of long interaction (known) gocot oy —1qo
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02 Modified Luscher formula (infinite volume part)

Effective short-range LS equation

> Effective LS equation in long-range bases

w e e w (o)

, = >k 1 .
B(p,q; g +ic) = Vs(p, q) +/ 2n)? Vs(p, k) 15— o —B(k, q; g5 +ic)
- Effective amplitude B(p,q; g3 +ic) = (1[)1()+)|T5 (g2 + ie)|¢((l+)>

- Effective short-range potential  Vg(p,q) = (1/)1(,+)|V5|1/)‘g+))

* Long-range propagator

= +
SIS
(27)3 p? — q3 — e

Modlified Liischer formula for long-range interaction EHEBEI KT RAR ﬂ

(2m)°6(p — k)
k2 — g2 — ie

—— (|G 1 (g3 + i€)| ) =

Long-range propagator’s spectral representation (G L(qg + ie) = /




02 Modified Luscher formula (infinite volume part)

Separation of effective short-range potential

, ~ d3k -~ 1 ;
B(p, q; g5 + i€) = Vs(p, q) +/ Ok Vs(p k) m— o Bllo s g5 + ie)
0
> Effective short-range potential in long-range bases VS (p,q) = (¢§)+) |VS|¢<(]+)> Low-energy constants

» Polynomial representation of local potential
(p|Vs|a) —47rzyem(p) 2) yem( )
+ Potential in long-range bases
~ e / a * /
74Ok, ) = (Ae<k>> ALK

» Separation of long- and short-range interaction ol _T 7—
+
/ (p?)p*v; " (p; k)

UV integral of long-range wave-function Ay (k) =

(27)°

Véf)( q) = (P;I)E* VS(Z) (,q) Separation of UV integral Ay (k) = vé“(k Local polynomials
[(28 + 1)”] le (p)fﬂ(q h e

/ W Short-range kernel — 1 d’p p‘¢(+) (p; k) = e
e Y
o ot { 7O (p, q) = Z Cipa(P)p6(g 2)] (2m)3 (20 + 1)!@

in effective potential Long-range Jost function
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02 Modified Luscher formula (infinite volume part)

Solve effective LS equation in the infinite volume

> Threshold expansion

. ~ &Pk = 1 ,
[ Be(p,q;45 + ic) = V" (p,0) +/ 0, k) gz Belk 0: 5 +l€)-]

(27)3 k* — g
£ . (PQ)Z 5 2,
V(Z) p, (pq) ‘w Bf(pa q; qg + 16) = * Z(p7 4549 + ZG)
- Equation driven by short-range kernel Vs [(2¢ + D)2 f7 (p) felq [(2¢ + )12 f7 (p) fe(@)
i7(£) R cn2 g
> . A2 -\ _ 8) d3k k2£ VS ( ) k)BZ(k7 q; 90 + ’LG)
[Be(PaQaQO +i€) = V5" (p,q) +/ 27)3 [(20 + DI f. (k)2 k2 — g8 —ie
L Singularity-free

+ Singularity-free R-equation B 2t = ) \Ro(k, 4: 2) %G )( VRo(k, 2)

R q; 2 :V(Z) , +/ S p? 74 q;490) — S D,q0) 1w q0;9)

¢(P, 4 90) s () (2m)3 [(2¢ + D)12| fo( k)|\ k2 — g2
* On-shell effective amplitude 2! \ 1
Bg(qg + i€) = 0

[(2¢ + 1)!!]2|fe(QO)|2[RZl(qo‘, ) (Gg)(qg + i€))

&k 1 k2
2m)3 (20 + D)2 fo(K)|? k2 — g5 — i
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02 Modified Luscher formula (infinite volume part)

Renormalization in the infinite volume

> Match equation in the infinite volume
Match

24
. do 1 2 | .
ng2—|—ze = ﬁ By(qg + i€
(% +99) = [ P (o) P R; (g0, q0; 42) — (GV) (g2 + i€)) (45 +de) = 5" cot (8 — og) —igy

47rq§e

* Renormalization of loop integral

o . B d3k 1 k2€
G+ = [ Goys s AR - = <> @ ‘

2 i £ 2¢+1
<G(L‘)<q3+ie>>=ﬂﬁff[q{;)ﬁl€f!(!-§lﬁb conertems () = Gt = lim S [ fulan] Se(a) = (%_1)” lim [r* fu(g, )]

» Match equation and modified K-matrix [Phys. Rev. A 26 (1982) 1218]

Renormalization

condition [47T [(2¢+ D)M*R; (90, 903 95) = K7 (a5) + Pe(qg)] Modified K-matrix [KzM (40) = Me(go) +

qge+1 cot(dy — op) — zngl
| fe(qo0)|?
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02 Modified Luscher formula

Finite volume effective LS equation

I NN ERgN BN BN 1

Equation in the infinite volume

3

N 3k
B(p,q; g5 + i) = Vs(p,q) + / 2n)?

¢

Equation in a finite volume ?

8 1 _
Vs(p, k)mB(k, q; g5 + ie)

> Finite volume basis B(p, q; g5 + i€) @ s(qa + :o@ B(n,n ,qo) = (Yn|Ts q0)|¢
V. = (pDNVglypH) V n,n
- Discrete long-range bases s(p,a) = (%" |Vslg™) |t%n) = I8 Ziﬁn(p)lp s(n,m)
+ Finite volume effective LS equation in discrete long-range bases <¢n|¢n > =
Z |"pn><¢n| =1.
n

Equation in a finite volume [B(n, n/;qo) Vs(n,n ) + ZVS(n k) —— pogp 5B(k,n ,qo)}

Modlified Lischer formula for long-range interaction EER T K R4FE ﬂ




02 Modified Luscher formula

Separation of effective short-range potential in a finite volume

1

[B(n n'; @) = Vs(n, n)+ZVS n, k) 2 qOB(k n,qo)]

> Finite volume effective short-range potential in long-range bases Vs (n, n ) — <¢n|VS|¢n’>
» Polynomial representation of local potential is the same in both inf. and fin. volume. b
(pIVsla) = 47> Vem ()| D (@] Vi (@)
Im
» Potential in long-range bases n n _ 4WZ‘( Ae Az ( )
m m
Im a,b
UV summation of long- range wave-funcl A7 (n =73 Z ) Vo (P)¥n (D)

» Separation of long- and short-range interaction

% (5)(qm ) gm( ') Separation of UV summation A7 (n) = ’Uem(n

— 1 ‘ Local polynomials:
Long-range contribution V(Z) Z 2) ) Vem(n) = I3 Z Vi (P)¥n(p) UV limits of V;, and its derivative
in effective potential p ’ p a P b\q p are NOT affected by finite vol.

Short-range kernel NOT affected by finite vol.
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02 Modified Luscher formula

Solve effective LS equation in a finite volume

> “Threshold expansion” in a finite volume

+ Finite volume effective LS equation in long-range bases

[B(nn,qo)—VS(nn)+ZVsnk) > 2 B(kn,qo)]

« Equation driven by short-range kernel Vg

Vs(n n —47erem n VS( )(qun em (N I)

= = (¢
Bém,f'm' (Qn, a4y’ q(2)) = V,S(' )(Qna qn')(slm,e’m/ l — _—
+47TZE (e) vem(k)v;-‘l,(k)B o » 2)
g—qg ot Bnn'sq)) =4r Y. vim(n)
m, ' m
 Singularity-free R-equation * “On-shell” amplitude
2y _ () . Byt ' (90,905 86) = R g7 m’ (405 905 45)
Ryt m? (@ns 03 95) = Vg (qn,qn/)ézm’e/m/ + 47r22vgm(k)’ujv(k)x m,£'m m,f'm . 2
L + Z Rem’jy(qo’qO;QO)Hju,j'ul (qO)B]II/I 2m’ (q07q0;QO)
— e — Z . A
{Vs( (@0 )Ry (@1s 073 63) — V&2 (G 20) Ry g7 (a0 '3 42) g’y
2 _ 42
= ()

Ve (D),
f H =4
Singularity-free Modified zeta-function Hy,, y/,,' (45) = Z .
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02 Modified Luscher formula

Modified Liischer formula

> Determination of finite volume energy levels - @ + <VS >
~—_

+ Finite volume energy levels are determined by poles of T

5 L2\ O
+ T’s poles are equivalent to effective short-range part T B (@03 8’3 90) = Vs (dns G’ )0 0/
_ ¢ Uem(k) v (K) -
* Tg can be formulated by effective amplitude B + 4m Z Z Vs ) (gn, qx) 7 — qg Bju,e’m’ (qkaqnl;qg)'
k
+ On-shell effective amplitude B
=(R'—H)! By (40,905 95) = R, ' (90, 905 95)
det(R™' — H) =0 ' + Z Rem,ju (90,903 40) Hju 507 (48) By 7 ¢ (405 903 45)
]V,J v’
> Quantization condition Singularity-free = Exponentially suppression
det(R™'— H) =0 1 &3k
( ) —Z---=/—---+O(6_E“‘L)
L3 (2m)3

+ Finite volume correction of R-function is exponentially suppressed R, ,/, .+ = R0, /' + O(e‘EthL) «

* Long-range interaction is encoded in modified zeta function H

Vom n)v, /(n)
Hyp o (63) = 4 Z ‘ Zygm )(P|GL(a3)|Q) Ve (Q)

Modlified Liischer formula for long-range interaction LR T RS R4



02 Modified Luscher formula

Renormalization in a finite volume

> Regularization in quantization condition

[ det ,Q{(qg) =0 ] quantization matrix &y, /. (g3) = R;l(qo,qo;qg)dem,gfm/ —Hypp g (¢3)

* Renormalization of R-function in the finite volume

2441 241

Conter-terms
R lizati _ . . q cot(dg — 0p) — iq
condition [47r[<2e + DRy (g0, 903 3) = K7 (a5) + Modified K-matrix [KéM (@) = Me(@o) + 17—

* Regularization of modified zeta function H in a finite volume

Infinite vol. limit H;O py /(qg) = 47r/
m,l m

Hig o (q3) = L6 Zyem(P) (PIGL(a)9) Yy (@) ——

3 3
L BHPIGLE +i0la Yy (@

= Oy o' (G (a2 + i€)),

Regularization in the infinite volume Conter-terms
+ + + -
d3k 1 k2t M, 2
(G (g} +ie)) = _ _ Melao) +2ulg

2m)3 [0+ D)2 fok)2 k2 — @ —ie  dm[(26+ 1)I]2

RM(q0) + Pe(q5)
Ar[(20 + 1)I1]2

Modlified Liischer formula for long-range interaction EHEBEI KT RAR ﬂ
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02 Modified Luscher formula

Modified Liischer formula

> Modified Liischer formula

[ det o/ (g3) =0 ] quantization matrix .,y (95) =Ry (405905 46 )Ipm. ¢ m’

* Regularized quantization matrix

Conter-term

Rzl(qo,qo;qg) = Kéu(q(z’) cancellation KM
A((26+ DUP 2 — T (45) = L

H, (@) =AH, i (qd)+0, . Melao) +@elg
tm,¢'m’ \490 tm,¢'m’ \40 tm,l'm 4r[(2¢ + 1)!1]2

Infinite (Finite) volume function

» Advantage of modified Lischer formula determined by only long-range
2041 1 1 4 interaction
gy '« cotd, = _a_e + 5”% + O(qp) (poor convergence for long-range force)
2641 cot (8 — o) — zq%“l 1

—— lfqu + O(qg) (much larger convergence radius)

R(G) = Melao)+ 7 a2

* Reproduce of standard Luscher formula

Long-range interaction disappears AHg, g Zylm )pIG(@) )Yy, (q) Quantization matrix in standard Lischer formula
— 2 2 _

or =0 [2¢+1)1%fe(go)|* =1 d3p &3q , g2+ cot 6@ 4n Vs (K) yg (k)
M/ 2 2 2041 — 4R (2r 3yem P)(P|G(gp + i€)|a) Yy .y (Q) - gmg m T T3 Z 5

KM (qd) — [(2¢ + D!)?qa" cot 8, ) 4 L k2 — g2

k) 47V (Y (K)
RMq(go) = 0 = <ﬁ§k:‘PV/ (2@3) RGEr i
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03 Zeta function

Definition of zeta function

> Definition

* H function is regularized by sum-integral difference in our formalism

Hyp o (@) = Zyem )(PIGL(ad) )Yy (),

AHEm Om' (‘18) = Hem,e’m’ (qo) %HZ?L /'m '(qo) d3 #a
HS, e (a8) = 4 / G {2y Vin PICLG + 90V e ()

. + ‘ [ G =G+ GTL.G ]

+ Finite volume H function is composed of free part and long-range part

4 N F rt .
Hyp ' (45) = 76 > Vi (®)(PIG(@) )Yy () ree pa > Hégz oo (@0) = ye""(;)y‘“’qm '(p) (Standard zeta function)
pP,q ’ b — 40
4 * y y ') q
S Vi ORI L (@) O Q)Y (@) > Hyp g (42) — ggj o (@) = im(P) (5, g; g2y Yem (D
P.q pa P qO q 4y

* Finite volume long-range LS equation

1
k
Modlified Lischer formula for long-range interaction LT KF REFHK ﬂ




03 Zeta function

UV property of zeta function

> Definition

* AH is also composed of free part and long-range part

AHEO) e (@0) ( L3Z —PV / )47024";) z);‘ '(p) (Standard zeta function)
AHppy e (68) = AHLY 1 (60) = AH, 0 (20)
AH' ygm(p)

2
em,l'm (90) = Lﬁ < P2

TL(p, q; o)y‘m( —dn m/(dap d’q yem( ) oo ()

P;q;q
B @n)3p?— @ L £ °)q — 2

* Free part is regularized directly in all methods to calculate standard zeta function

> UV property

» Direct subtraction in long-range part AH' is numerically unstable UV div. UV div.

Z GT.G}|-

UV div.-free
but numerically unstable

UV div. UV div. ,
[/ {TLVL+ZVLGVL+ . ———— B Y avie > aviavialr -
—

TL =Vr+ | VLGV +--- —»HOO:[/GVLG {-/GVLGVLG'F"'

g

« One-by-one Subtraction is not feasible in practice for un-separatable V;, AH =() - /)GVLG +0O - /)GVLGVLG + -

UV div.-free UV div.-free
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03 Zeta function

Fast convergent method for long-range part

> Decomposition of propagator

1
* G :singular and UV slowly convergent Glp) = p—q’

1 2, 2 2, 2\2 2, 2\n—1
* G, : regular but UV slowly convergent G =G+ AG Gi(p) = PR (p/é ::20)2 E’;; izgig’ . %;
* AG: singular but UV fast convergent AG(p) = 1 (M2 + q(z))n

p? — g5 (P + p2)™
» Decomposition is u-dept. but result is u-indept.

> Decomposition of long-range propagator regular[ T, =V, +ViGiTy ] [ G=AG+ AG{TL)AG] » T = Vi + Vi.GTy,
* G, :regular [ V\V\X
* Gy : UV fast convergent / N
G1 =[G+ GG+ (L+ GT)GTE: + 1)
Gy G
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03 Zeta function

Fast convergent method for long-range part

> Decomposition of zeta function GL=G1+ G1T1G1 +(1+ GlTl)G(T1G1 +1)
G,L Gf

* G, isregular > AH® is exponentially suppressed

Hem,e’m’ = —Zyem( )GL(P,A) Yy, (Q)
AH® = HW — g = g(e~Ful) EC ‘e
4 4
= — *m G y /m/ —|— = *m G s /m/

* Gy is UV fast convergent » HO) and H* are both UV convergent LS Z;ye (P)Cu(P, DYV (@) LS Zye ()G (P, )Yy (a)

Y, HO

m * uv : s
AH g —{ 5 2 Vin ()G (P, DV (Q)} o AH® = HW _ gW= — 0(e-Bnly  AHP) = HU) _ gHeo

P.q
d3p d3q . - _ AH =AHY) O(e_EthL)
—Elﬂ- Wwygm(p)Gf (P, q)yglm, (@) UV conv.

471' i ’ ’
HY o= 25 3 Vin(Q)G (K )V ()
k,k’

« HY) and H*® can be calculated separately

(floo 4_71' B3k d3k'
tm'm’ " [6 (27r)3 (2m)3

535 Vim KGF (kK )V (k)
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03 Zeta function

Fast convergent method for long-range part

> Wave-function in modified zeta function Gs = (1+GT)G(T,G, +1)

= U*GVY
Ar ) : : oo Bk Pk, o 1 :
H,)) s = 76 2 Yim(0)G 106X )Yy (K) Hy)S o =4 / 2my5 (@ Yim (O CF (1) Yy e (k)
kk’
4 ~ ’ ’ d3p d3pl oo =00 ’ 0o ’
= L_Z Z ‘I’zm(P)G(P,P )\Ile’m’ (p ) = 47T/ (271')3 (27!')3 \Illm (p)G (pap )\Ilflm’ (p )
p.p’
G(p,p) = AG(p) L%, + AG(p)TL(p,p )AG(P) G*(p,q) = AG(p)(2m)*(p — q) + AG(p)T7° (P, a)AG(q)
* 1 * 3 o0 * d3k * 3 o0
Uyn(p) = s thn(k) (L0xp + G1(k)T1(k, P)) ; } Gy and T, are regular Yo (p) = Wyhn(k) ((2m)°d(k — p) + G1(k)TT° (k, P)) ;
k —
/ ]_ / I ’ I H.- H H / d3ql / ’ / I / /
Uy - Ti(p kK )Gi(k') + L35 /s Yy, (k). Finite vol. correction is N\ _ T/ ,k )Gi(k 271358 (p — k ;K.
¢ (@) ng( (B K)GUE) + Loy ) Ve (). J - Tt vl conection’s L wiy, () = [ 55 (T8°@ )G K + (2m)°6(0 X)) Dy ()

+ Finite volume wave-function can be replaced by infinite volume one
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03 Zeta function

Svmmetric projection

> Partial-wave projection

* Rotational symmetry allows partial-wave projection in the infinite volume

(T2 (p,0) = 4w%njyem<p)m<p, Vin@) ) - I

T2 (p,q) =47 Y Ve (P)TE%(P, ) Vim (Q)
m

Vi (P) = Vi (p) Vi (P);

U5 (Q) = Vem (Q) U5 (). Go(P,q) =47 Vem(P)G5° (0, 0) Vi (@)
3 Im
V() = 1+ [ Gk G (TS5 k) 25—

I3 Ce (p,q) = AG(p) drp?

\J70) = / G IO 1.

+ Infinite volume H H=® :(SEm,e,m,Héf)"o with Héf)ooz/

tm, 0’ m’

+ AG(p) T (p, 9)AG(q)

d3p d3q

@r)? 2n)?
. 4m oO* * 00
- Fintevoume # HD = TS 0 ()Y, (IC (R, DV (@ (0)
p,aq

U (p)p* G (p, ) U5 (q)

NOT partial-wave expanded ]

» Zeta function AH AHem O = H(f) , . —0

tm, ' m m il m 4
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03 Zeta function

Svmmetric projection

> Cubic projection

+ rotational symmetry - 0, group (rest frame) or little group (moving frame) ‘/

« 3-momentum state characterized by length + direction — shell + projection irreps.

shell reference py

Cubic bases " (p) = 1/139—FTC§F’( ), with p = gp{"

+ finite volume shell: 7-shell = {p|p = gp g € G}

G(p,a)=L*Y > vf ) (p) <”*(q@ {GSX( r') = AG(p)3gy 8, + AG(p)T ;F;ﬂ(,r’mc:(qﬂ

I g,8
4 )
/ 1" /
TI(JF) (r,r)—VIE ) (r,r BZZVL(?,YTS )Té) (8,7)
3 © oy (@ (.1 o DTt L P
Te(p, @) =L°Y Y vg ooy = (@T, )y (r,r) —
Lo B, 5 4 (r 7',
Projected potential VIEF/&),B (r,r) = |g| ;T(F) )|VL| gqg ))
g9
+ Cubic harmonics et a Z Cltt, o Yem - /

() _ (T, (f)oo
Ha ot Z CTet aAHém £'m' Cre’t’ Het 't 5€t,£’t’He

47 =~ ~ o~
H) = 53> Wi s (G (Vg () with W p(r) = ,/ y(f; p)T5e (p)
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04 Numerical result

OPE potential and enerc

levels

> Decomposition of potential

4mg 4mgs
V(p,q) = +
)= 3 o T M (p—aP
Vi Vs

« One-pion-exchange potential

Everything scaled by pion mass M
* Long-range coupling (attractive) g = 0.489M
- Short-range coupling (repulsive) gs = —1.34M

» Two sets of short-range interaction Mg /M = 2,10

> Energy levels in a finite volume

+ Lattice size M =3
* Ground state is below threshold

+ Partial-wave mixing in the excited states

Modlfied Lischer formula for long-range interaction

Ms/M =10
Ground state (000)

—— Energy level (exact)

...... Energy level (up to £=0)
...... Energy level (up to £ =4)
...... Energy level (up to £ =6)
...... Energy level (up to £ =8)

—0.0747

-0.08 -0.06 -0.04 -0.02 0.00

qé | M?

2nd excited level (011)

8.9

9.0 9.1 9.2
q5 / M?

LB T KF R4LE

ML =3

1st excited level (001)

445 450 455 4.60 4.65 4.70 4.75
a1 M?

3rd excited level (111)

13.2 13.3 13.4 13.5
ag / M*




04 Numerical result T

041 - Standard
' Modified (u = 10M)

Modified zeta functions A

C
-% —— Energy level (free)
c i / /
>
> Definition of zeta functions r )% r b
AHétZ t' 2 Z tgm)l (P)GL(p,q; (Io)yé t) a( ) g
(@)
« AH: modified zeta function 3 3
d’p d’q H(0)» . 2y4(T =
47T§R/ o )3 271_)3 Zta( ) ?(P,q,%)y“ a( )
(F)*
. 1 &p \ Virw @)V ’ o(P)
« Z: standard zeta function @ (42) = 2N _ /
Zy vy (@) = 4m Lsg PV (27)3 2 —qo

« CMS Af-irreps (implicity index t,t" and bases index

o =0,0' =4 =1 =4
are trivial) : .
0.04 | 0.004 1 i
_i |
> Property of zeta functions i i
S ooz, 5 0.002 | ]
o © J i
« Modified zeta function is singular at long-range 3 j\ E M /
= 0.00 : : = 0.000 A , .
energy level o] D \ o] [ y
S i S /
 Standard zeta function is singular at free energy level = —0.021 — —0.0027
+ Modified zeta function is pu-indept. 004 —0.0041
0 5 10 15 0 5 10
95 / M? q I M?

Modified Lidscher formula for long-range interaction LR T RS R4



04 Numerical result

M Od ified Li:l Sc h er fo rm u Ia . :Glround state (!000) Lol i 1st excited level (001)

Standard (S) —— Energy level (long-range) ,’
P i )/ 2 --~- Standard (S+G) Energy level (S) V4
> Quantization condition  det.&(")(¢§) =0 4 Modified (S) -~ Energy level (5+G) 1s{ 7
—-=—- Modified (S+G) Energy level (short S) -
. . . . —— Energy level (exact) ——- Energy level (short S+G)
+ Modified quantization matrix 21— 1.0 L
5 ot Y N KN IR R B S ———
M2\ _ oM () Y -~
) (¢3) = Ky (%) — %ME(QO)(S v — AHD (¢2) Q o Y L Q 051 s
o't 9o 47T[(2£+1)|']2 Lt 0.0t 90 ) N I Gt 17
L I 20 N N B \\’{
o . -2 / 0.0 —
« Standard quantization matrix / ST
( 20+1 .l / —05 / .
M(F) (q ) _ % COté@é L, Z( ( ) 4 { | .
et,0't' \90 in ettt “p gy \90 | . / N
- -6 . . L . . . Y ; ; 1 . . A .
. A{f—irreps truncated at S-wave -0.240 -0.235 —o.2302/—,\:’).2225 -0.220 -0.215 3.95 4.00 4.05 4.;8/,\44;.15 420 425 430
g0 0
2 q0 COt((SO — 0'0)
Modified (DD — e ARUD Hs(qp) = 1l fo(q0) P __ Ground state (000) | 1st excited level (001)
S S | 151 Standard (S)
AH(A )( ) AH(A )( ) 0.4 | " | ==~ standard (S+G) Energy level (S)
00 ! Modified (S) ——~ Energy level (S+G)
: 1.0 —==- Modified (S+G) Energy level (short S)
+ cot 6, 0.2 ' . Ol — € level t) - E level (short 5+G
Standard [l)éAl) _ 90 ; 0 Z(A )]Wlth Z(A )( ) Z(gOA )(q(z)) i y nergy level (exact) nergy level (sho ) |
T ! y Ut
1 ¢ e
1 4 0.5 e J
« Af-irreps truncated at G-wave e 00 7 a s
1 4 ’ =)
2, 7
9 o 0.0
i AT) (AT) . g cot(64 — 04) -0.21 i /i ¥
Modified D) — #. — AH with (a2 = Y/ sl
Dsve = X5~ Allsig o) = 4roUP falao)P 281
) j’l 051 /’ !
+ + + —-0.41 4
+ +y e AH(%‘I )AHASI) - (AHéfl )> h /
AH(A )—AH(A1)+AH(A1)—S— . 1 . . . . . . . . G | . .
S+G 00 U A He -0.20 -0.15 -0.10 -0.05 0.00 0.05 0.10 0.15 4.0 4.1 4.2 43 4.4 4.5 4.6
q5 1 M? 95/ M?

to A + t 0, 4 + 1\ 2
Standard (D = m—z( ) with 74D 2y _ (A7) (A ) gocotop T (A ) H(AF) (A7)
[ S"'G At S+G Zga(a) = Zyy ' (g 8+ Zggt( o) 4 cot by 8ot o Zyo' ' Z g, (Z04 )
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04 Numerical result

Modified Liischer formula

Ground state (000)

1st excited level (001)

& Standard (Si I — E!nergy level (long-range) 2.01 ,’I
—-= Standard (5+G) Energy level (S) /'
4 Modified (S) -—~ Energy level (S+G) 1.5 ’,z’
> Quantization condition -~ Modified (S+G) Energy level (short S) -
+ ) —— Energy level (exact) ——- Energy level (short S+G) 10
» A7 -irreps truncated at S-wave 1 e I T —
(A+) (A+) A ( + cot d +\ Q o e — 0.51 /// -
. ~ o '/
Modified| Dy’ = s — AHS™ | Standard | D{*) = 2292 _ (4 e N ./
4 \ 4 J -2 / 0.0 2 Sy
* Af-irreps truncated at G-wave / / Tl
I — 1 SN
+ - ) ( B N ™ n" " ," ™
i (A7) _ (A7) (Af) _ Gocotog (A i i AN
Modified [D5+G = s —AHg ' | Standard | D\ = Y Zglc el ' | ' , , -10{ : i , s\
< . J —-0.240 -0.235 -0.230 -0.225 -0.220 -0.215 395 400 405 410 415 420 425 430
-G d stat q3 1 M? q3 1 M?
round state
Ground state (000) 1st excited level (001)
« Left-handed branch cut began with ¢g/M? = —0.25 l Ls |~ Standard (5) Energy level (long-range)
041 | --- Standard (S+G) Energy level (S)
. i Modified (S) --- Energy level (5+G)
+ Standard Luscher formula does not work near left-handed cut : Lod =" Modified (5+G) Energy level (short S)
0.2 1 : P " | —— Energy level (exact) --- Energy level (short S+G)
1 W .
* Modified Luscher formula predicts the ground state exactly and i J/ LT
. . 4 0.51 /’
shows good convergence of partial-wave expansion Q 001 y y Q R
1 / / =
1 4 -
> 15t excited state o] w4 0.0 w7
' 1/ il 1
oo . . . ! /’ /,’ 1
« For Mg / M = 10, modified Liischer formula predicts the 1t excited i 051 v i
state and shows good convergency of partial-wave expansion —04 i 7
. . « . U
however standard one shows serious partial-wave mixing 020 —015 —010 -005 000 005 010 015 40 41 42 43 44 45 46
95 1 M? 95/ M?

* For Mg / M = 2, there is limited partial-wave mixing in modified
Liascher formula but it still works well up to G-wave

LB T KF R4LE
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04 Numerical result

Modified phase shift term

> Quantization condition ~ det .«7") (¢2) = 0

* Modified quantization matrix 2
[ %S:l:‘ﬁ)’t’ (a3) = Kézgffge_fij)\ﬁng‘sft,é’t’ —AH éf ;,t, (qg)] 1\
0 I

+ Standard quantization matrix —— RelKM(g2)]
-1

(o= By, ) — read
> Advantage of modified phase shift term _3.

* Modified phase shift term 7T -_ ]
K = Mo + B GSTI r +Ola e

(much larger convergence radius, analytic continue below left-handed cut)

» Standard quantization matrix

2041
6

1
cot 0y = _a—+ 5
¢

Modlfied Lischer formula for long-range interaction

LB T KF R4LE

rqu + O(qé) (poor convergence for long-range force and not work below left-handed cut)
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05 Conclusion and outlook

> Build up modified Lischer formula

» Extract correct physical information near left-hand cut
» Fast convergency in partial-wave expansion

* Modified effective range expansion has much larger convergence radius

> Give fast convergent method to calculate modified zeta function

> Apply to OPE potential

> Qutlook: apply modified Liischer formula to NN and T{.(3875)
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