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Reminder of chiral symmetry of QCD
o QCD with m, 45 =0 at classic level: UL(3) ® Ur(3).

e Uy(l) =Upypr: conserved baryon number.

e Uy(1) = Uy_g: violated at the quantum level

QCD U(1) 4 anomaly = massive 7).

e SUL(3)® SUR(3) — SUy(3): Goldstone m, K, ng [SU(3) xPT].
[Gasser and Leutwyler, NPB’85]

e Ng — o0 M7 ~ O(1/Ng), .. 1y becomes Goldstone.
[Witten, NPB’79]

e UBB) xPT: 7, K, ngand 19, & ~p* ~m, ~1/N¢.

e Main decay channels: n — vy (~ 40%) and " — pvy (~ 30%)
Driven by the EM anomaly

n/’: ideal laboratory to study many striking features (chiral symmetry, large
Nc, axial anomalies) of SM in the low energy




A quick glance atn and n’

» Narrow-width hadrons:
I') =131 keV (M, =548 MeV), I',.= 188 keV (M, =958 MeV),
to be compared with I',= 140 MeV (M, =775 MeV).

» Quantum numbers IGJPC=(* (-
C & P eigenstates;

all additive quantum numbers are zero: I=J=5=C=B=0=L=0

> Precicion study in 1/’ : discrete symmetry (C, P, CP, G, ...) test
in flavor-conserving processes (weak interaction from SM highly suppressed).

Complentary to flavor-changing cases, such as those in K, D, B, ... ... hadrons.

»> Opportunities to search the light BSM particles in the MeV-GeV range.



U@Q) yPT: a reliable framework for 7, K, n & 0’
» Power counting: 6 ~p?~m, ~1/N, also dubbed as large N¢ yPT
» Axion can be also systematcially included in U(3) yPT

: 1 1 1 a o
ﬁ%fé% = q(il) — My)q — EG#UG{M + 5&“‘18’&{1 - img,ﬂﬂg 7 7 8';; G;-WG e

Two ways to proceed:

(1) Remove the G term via the quark axial transformation

’ q 5, eiﬁ’)%Qaq
Tr(Qa) =1

ac. ~ O,a
— ! GG — 2 gyt g
‘ -y 2fam V5Qaq

My M (a) = e” 7l M ™27l
Mapping to yPT F : ; L 9
apping to y L, :I@ﬂUa”U + 7, Ut + Uyl) + T Jilio
P 4 F?
. = 2B, e_lEQ“qu_’mQ“ Mo = —ij(Qa(dﬂUUT + UToU))
. = ~ [/ ( 7)) |Georgi,Kaplan,Randall, PLB'86]

. [Bauer, et al., PRL'21]




(2) Explicitly keep the aG~ term and match it to yPT

Reminiscent:

QCD U(1), anomaly that is caused by topological charge density w(z) = oG, G**/(87)

is responsible for the massive singlet .

Axion could be similarly included as the n, mass via the U(3) «PT:

F? F? F?
LO 3172
Lg F? A F? A,
LN = Ly uuuxy) + — (X +x-x-) — —5- D"XDuX — —=X(x-),
/3
U =u? :ez%(p, x = 2B(s +ip), e = ulyu £ uxtu

u, =iw'D,Uu", DU =03,U—i(v,+a,)U +iU(v, — a,)

a %TFO—F%US—F%UO T K+
X =log(detU) —i— o = ™ S+ stz K°
— -0 —
a K K 7%778+%770

* Q,is not needed in U(3) %PT.
* M= 61/F2, with T the topological susceptibility. Note that M2 ~ O(1/N,).

* Axion interactions enter via the axion-meson mixing terms at LO.



n-n-n°-a mixing in UQ3) AyPT [Gao,ZHG,Oller,Zhou, THEP' 23] [Gao,Hao,ZHG,et al.,EPIC'25]

| 0
LO ! I+vyp —vi2 —viz —vi4 T .
n . vi2 1+vy —vy3 —vg ﬁ, 77/ _ (Ce —SQ) (778)
==/ — _ o =
(mass mixing only) G vi3 vz l4uv3z vy 7 ] So Co 10
a V4] v42 v43 1+ vgq a
€ cp—2s € V29 +s ‘/5592 +cos9 — ﬁcé _ Mge r (V2o —2s9)sg  co(2co + ~/2s9)
v = ——= L= vy = ——= v23 = 2 _ .2, © T2 —mD) [_ P R 2 _ 2
ﬁ mzﬁ - m% V3 mzﬁ o mi/ 3(’"%/ —m%) (mg — mﬁ) a mg —mx mg —mg,
vay = Miss  F Mie F reg(—v2ck +coso + V253 s9(2ck +2/2cp50 +53)
V6(m2 — m%) fa  3/6(m2 — m%) Ja m2 —m2, - m2 — m2
Mgcg F Mge F [cg(cé — Zﬁcgsg + 2s92) 59(_\/§C5 + cosp + ﬁsez)]
v, = — _— - - —
s V6(m2 — mi/) fa  3V6(m2 — mi/) fa m2 — m%, m2 —m2 o0 ooe
n n n
-1
4MZ A2 N
4 4MIA2 M2 \/ Mg — —4— +4A4 3MZ —2A2 + \JOMG — 12MZ A2 +36A4
with mg:M_g+mzf_\/Mo_ g +4A4’ m%,= 20 +m2?+ 0 23 g — — 1+( 0 \/ 0 0 )
72 2

3244
Physical masses after diagnolization

€
miy = m? + %(\/Ec@ +59)° 4+ 0(€?) my = m3 + 2 (cg = V250)" + O(e?)

22 2272 2002

m2—=m? 4 My F 1+ oMy n sy Mo
&= e 612 m2 ., —m2  m%,—m>
a a,0 ﬁ’ a,0 ﬁ

= Weinberg,PRL'78
M e~ S ——) [Weinberg,PRL'78]
9Ofi L20mg o —md? ~ 20mg o —m?)?
’ ’ n
coso(v2¢3 — cosg — /252
’ 92( : 3 029 29)] + 0(e?),
(ma’o - m%)(ma’o - mﬁ,)

(keep LO terms in m;/mg & m,/M, & € expansions)




NLO: (kinetic & mass mixing)

’ 2
14457 14067 : M2 + Oy My + 012
L=~ R 0um0 )+~ -0, 0 + 5" 0o — o — = o — s
1407 ma+ 8
+ = — Tk 5, 700w + 5710, w00 + 67 8,700 — : e 70 70 — 570 — o 7o
1 5 / m= ‘|‘5
4%y ,@0a + 6170, a0 7 + 6, 0,,ad" g+ 57" 9,aory — Tm?‘aa—é%aﬁo

—5a Lan— o0 Qan

Separately handle the Kinetic (x;;) and mass (y;;) mixing terms: x;, y;~ Ls, Lg, Ay, A,

70 I —y12 —y13 —Y14 l—x11 —x12 —T13 —2x14 70
|l _ | vz 1 —ve3 —yu o T 1 —x90 —mo3 —xo4 ]
i Y13 Y23 1 —y34 —r13 —%23 1—133 —T3 7
a Yia Yoa Y3za 1 —214 —T24 —x34 1— Ty a

‘ naturally leading to the so-called ( ﬁ/) 1 (F g cosfs —Fp sinfy ) (778 )
. . A F .

two-mixing-angle formula n Fg sinflg  Fy cos by 7o

» F,Fg0,0; are now predicted in terms of the chiral low energy constants.

» Two-mixing-angle formalism is needed in phenomenologies of # & #’. [Chen, ZHG, et al., PRD'12]
[Chen, ZHG, et al., PRD'15] [Yan, Chen, et al., PRD'23]

» For NNLO »-1’ mixing studies: [X.K.Guo, ZHG, et al., JHEP'15] |Gu,Duan,ZHG,PRD'18]



Fit to lattice data

[6a0,ZHG,Oller,Zhou, JHEP'23] [6ao,Hao,ZHG, et al.

13 3 e
Parameters NLO Fit 5 -
12 | IBC/UKQCD
F(MeV) 9105742
1L RQcD
103 x Ls 1687008 3 1of “ I
(0] L
10° x Ly 0.88%90% 8 oot I
[}
A —0.1719% £ oaf
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0.5
0.05
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M| _ 2 /LO+NLO | 7B
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Mass decomposition@NLO

. 0125 -
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0.090 5 -
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—34.3+(1.770%)
LONLO _ —0.019 + (0.005 £ 0.001)  0.94+ (0.21 +£0.01)  0.33 + (=0.21 & 0.03) 2 or)
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—25.9+(0.270%)
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Two-photon couplings (driven by the EM anomaly)

3
5w = 871\2?8“”’)08 AY9P A% (Q* D), Q = Diag(%, -4, %)
2
ﬁI;IVLZOW o 132fBSMVPUa A 8PAO<(M D+ oM, )Q2> + 16k38uvp03“A”3pA"(Q2>(gmﬂ B fi)

* Note: one needs the 7-n-1’-a mixing as input to calculate g,

FE®  — 0274 4+ 0.002GeV !

vy —4 -2
oExp f = —(3.8£2.4) x 107*GeV 2,
]ZW = 027420006GeY ¢ ks = (1.21 +0.23) x 10~

F,", = 0.344 +0.008GeV ',

isospin limit(LO)  isospin breaking(LO) NLO

201 +3.4+(0.5+0.2)

ayy — 1
a

( IB corrections amount to be around 15%/!)

X 1()_3,

Sayy = 4 dem Fuyy = (1.89 £ 0.02).

27 fa

which can be compared to: 1.92+0.04 [Grilli de Cortona, et al., JHEP'16] and 2.05%0.03 [Lu, et al., JHEP'20]
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n/n’ decays as probes of SM precision test and new physics

(1) n—a'nta-
n (I6=0") — a'zn - (I6=1-) : G-parity violation
*  QED correction negligible
* Dominated by strong IB effect (m,-m,)

0 1 M%(M%{ — M72T)2 Smax uy(s)
I'(n—>nrnrn’)= L 69127T3M$M4F4 f; dSL(s) du IM(S t, )

* yPT converges rather slowly

2 oy 2 . . . L3
Q2 _mg—m e 7n rescattering is significant
)
md nm, 3.0 |

‘ :
LO of xPT
————— NLO of xPT
Anisovich & Leutwyler 1996

‘.\ ------- Kampf et al. 2011

g
&)
T

— 2s, s)

2011 JPAC 2016
Other ways to extract Q oo |, E Cokngelostal 2018
= N
o 15+
* Kaon mass splitting +
~
10— o
* Lattice QCD 5 S
S sl Ader 7 physical [Gan,et al.,
= Zeio egon PhysRept'22]
0.0/
L | | | |
0 2 4 5 8

s/M? 10



Current determinations of Q

n— 37

* | XPT O(p*) (Gasser, Leutwyler’85)
. XPT O(p®) (Bijnens, Ghorbani’07)

) m% — ﬁ/lz —e— dispersive (Anisovich et al.’96)

Q e ——e— dispersive (Kambor et al.’96)
m2 j— m2 —e— dispersive (Kampf et al.’11)

d e —e— dispersive (Albaladejo et al.’17)
] dispersive (Guo et al., JPAC’15°17)

[Gan , eT al . PhYSRepf ' 22] —e— dispersive (Colangelo et al.’18)

kaon mass splitting
° Weinberg’77
—e—— Kastner, Neufeld’08

lattice, FLAG’19

@ UVfZQ
—— Ny=2+1
—e— Ny=2+1+1

Error budgets: Decay width >  Needs further
Q=22.04(72) Isospin breaking Exp etforts

Phase shift
Dalitz
Norm xPT

00 01 02 03 04 0.5

* 1nN°’—3 m: BR suppressed; less prescise than that of n; more complicated in
theory as well; future improvements in Exp and Theo are definitely required. 11




2) W (n'nf)

* G-parity allowed: no IB suppresion

* Largest BRs forn’: nW’—onn'n (~43%) n’—na'n®(~22%)

* Interesting subjects: resonances (a7t & 71 rescattering), large Nc¢ ¥PT, n-1’ mixing

Amplitude from leading-order ¥PT is small:

M?
xPT _ e o
ﬂn’—mm o 8F2 [2 \/ECOS(ZQP) sm(29P)] (no energy dependence)

Higher-order contributions are essential: [Gonzalez-Solis, Passemar, EPJC'18]

— LO+resonances+loops
—— LO+resonances -

026 028 030 032 034 036 038 040 042
m_,o o (GeV)

» Dispersive method [Isken et al., EPTC'17] ¢ 7w & M7 phase shifts as inputs

12



» Invairant-mass distributions [Gonzalez-Solis, Passemar, EPJC'18]

1.2, 1.2 1.6
< 1.1 < 1.1 14
Eb W 14 Eo‘: % =§
T g0 FlEo =
Py =3 % T IE
SIES SRS =2
5|2 i sle S|=
[ e = A2 data (analysis | 2|2 09 y
s & 05 (analysis 1) = s = A2 data (analysis | ) Z i
= o A2 excluded fit data (analysis Il ) | "= ] ) RS
— ) o - o A2 excluded fit data (analysis Il ) —
0.8 — This work: 7z unitarization 0.8 . o —
) o — This work: 7 unitarization
- This work: m unitarization —— This work: zip unitarization 06 4 BESIII 'da.ta' .
0.7 0.7 —This work: our prediction
0.28 030 032 034 036 038 040 070 072 074 076 078 080 082
My, (GeV) 0.08 0.10 0.12 0.14 0.16
m2 0 (GeV?)

Mo 0 (GSV)

» nnt D-wave are found to be important for Dalitz parameters.

- -

-10-
-10 -05 0.5 -10 -05 0.5
X X

OO—

05 -05 -

—-10+

with D-wave without D-wave

More precise Exp measurement are required for confirmation.



3) W/’ —ndyy & W’ —nyy

* Leading-order yPT contributions either vanish or strongly supppressed.

* Higher-order effects: interplay between vector and scalar resonances

* Renewed interests in searching for B-boson [U(1) gauges symm. of baryon number]|

Y Ui gl 1 Ui gl

(a)
vector exchange
[6an,et al., PhysRept'22] [Oset,et al., PRD'03'08]

1.2
S

a2

=

S 08

S o6l GAMS-2000

N

< xPTh prediction Projected JEF
04
O$ i ®

(e 0.27 CB-AGS CB-MAMI KEL()E

% 1 2 3 4 5
Experiments

» Discrepancies among various BRs need to be clarified in future Exp.

[eV/GeV]

dI'/dM
bl

scalar & tensor

1.4

.
[S)

o
o0

5
=

N
=

0

p—
T

S
N
T T

T
()
Ld
loops & rescattering
T T | T T 1| T |
— Idem, anomalous terms added —
- |dem, substitute K* K" amplitude
------- Idem, VMD loops added 7
= = Coherent sum of the previous two —
------- Tree-level VMD NP |
------------ Chiral loops A S0
— i o0 T \'\.\\.". —
I A A i
A 0 W
L d Ll -\\ —
[) I 230 TR T ) :
- =" ——— \ |
'5(: ————————— N \\

//,// \\\ \ B
L / N _|
/ \ J

4 N
/ \ ,

I [ T __._—I——|——\"‘."T—]_—.-—\__.——T\I\

0.1 0.2 0.3 0.4

M, [GeV]
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Sensitivities to search for BSM B-boson [Escribano,et al., PRD'20 '22]
VMD + Linear Sigma Model: unable to simultaneously describe BRs of n/n’—n%yy

6 " . : 4
Fani | — VMD + LoM prediction a KLOE (2021, preliminary) C";' = BESIII (2017)
% 5[\ —— Fit to Crystal Ball o A2(2014) 8 — VMD + LoM prediction
g i ... Fit to KLOE = Crystal Ball (2008) % .. SM + B boson
o, 40 | N =4,
~ ; \\ ™ ;
£ £
= 2
£ S i
k OK .
T T .
= = !
8.00 0.05 0.10 0.15 %0 0.1 0.2 0.3 0.4 05 0.6
m?_ [GeV?] m2. [GeV?]
1
Exclusion limits on 0.100 1
B-boson in yy spectra ?
0.010|
| 0.001 |
M — 2 q :
398 9 qB, ap=gg/in S |
1074

g n — 7y (KLOE20)
105 L B ' — % (BESIII 20)

[ M ' — nyy (BESIII20)
107°¢

0.0 02 04 06 0.8 1.0
mp [GeV] 15



(4) Anomalous decays(odd intrinsic parity): #«"/n/n’—yOy® , n/’ -yt (nn0),

n—ntaatn(n'nl)

r‘l—’W

crucial for other partial widths of n:

0.7
L. MDI190

0.6

0.4

n—vy Decay Width (keV)

0.2

0.1

Reflection in the

determination of Q

vial', 3,

0.5

ASP 90

JADE 85

Cornell
Primakoff |

Collider :
Average |

Pro]:;osed
Exp.

I'(n—3n)=T(n-2y)xBR

[yox = Iy BRy_x /BRy,

Collider Exp

Requires further
Exp clarification for
the discrepancy!

Primakoff Exp

20k DS MY
10 15 20 25 30 35 40

(K+ - KO)EM Corr.
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* Important inputs for (g-2), via the hadronic light-by-light process

T W G
¥ 4

Transition Form Factors (TFFs) of n%/n/y’, .
not only their two-photon widths, are required ! ;\%7

1%

Fomye (1% q2%): double virtual (both g2 #0), single virual (q,%=0 or q,> =0)

> Double virtual: challenge in Exp (tiny BRs)
O Time-like region (q>0)
n: n—eteete (direct, tiny BRs), V—ne'e  (indirect), ...
n’: n’—Vete  (direct, single-virtual TFF), ete- —Vn’ (indirect), ...
[0 Space-like region (q;2<0)
ete—y*y*ete—P ete
» Single virtual TFFs: important progresses in Exp
O Time-like region: P—Ily, ete—y*—Py, ..

O Space-like region: ete—y*y*ete— P ete- (one lepton tagged)
17



Leading hadronic intermediate states

mt Vs /v Tt To/s To/s
o 000 Ve g Ve —
Poae | i
- e ~ O/ =/
(a) (b) (0
nn—yni N/’ —ynimt V—oPy®

0 Comprehensive RyT studies of VPy®, Pyy® and J/y—VP, Py®

( ﬁ) _ l (Fg cos s —Fy Sin90> (778>

7/ F \ Fysinflg Fy cosfy Mo

N—=py%, W—yy* P—ny*

P—Vy , V—Py, P—yy, P—yltl, V— Pl

Jw—Py, w’—Py, J/y—PV, yv’—PV, JJy—Pll, vwv’—PlI'Il-
P=n K, nn’, V=p, K* 0, ¢

[Chen, ZHG, Zheng, PRD'12 '14]
[Chen, ZHG, Zou, PRD'15]
[Yan, ZHG, et al., PRD'23]
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(5) axion/axion-like particle production in 1 decay: n—an*n (n'n?)

Why focus on axion in 1 decay:
v' n—nanr (IB suppressed), nm—mnmra (no IB suppression)

v’ nm—ommna: theoretically easier to handel than )’ —nra (next step)

Previous works:

/

** Most of them rely on leading-order yPT

/

*¢ Possible issue: bulk contributions@L.O yPT are constant terms, and potential
large corrections from higher orders may result.

/

* Hadron resonance effects may lead to enhancements.

Advances in our work :
» Study of renormalization of n—nra @1-loop level in SU(3) yPT
» To implement unitarization to the n—ama yPT amplitude

» Uncertainty analyes in the phenomenological discussions

19



: F2 i o d,.a 1
LO yPT Lagrangian L= T<(}“U OHUT + x UT + Uxl) + 2f; F’HL(} + zdu”d”a - Ef”i 00’
: . a F
= L% M(a)=exp| —1—Q, | Me 1 5 Y o AL 1
Xa = 2ByM (a) (a) tXP( “2f, @ ) t'Xp( quQ ) JalLo = —i 5 (Qa {(}* U, u }:'
Note: we consider the octet part () of Q, in SU(3) yPT
t vt a @7
Ly =L (9,U*UND,UUY) + Thlxro
NLO 4PT Lagrangian f
o = — 4L1(Q.{UT, 0"U})(0,U0"UT) +
7(p1) 7 (p1) 7(p1)
Feynman diagrams / Q/
n(Fy) Q& T(p2) n(Fy) m(p2) n(Fy) 2 m(p2)
up to NLO
\\\\ a(pa) \\\\ a(pa) \\\\ a(pa)
m(p1) m(p2) m(p1)
n(Py) 4ﬁ< w(p2) () Salp) 0Py ™ a(pa)
"~ alpa) 7(p1) m(p2)
Parameters Masses and F;. [MeV] LECs L!(u) at g = 770 MeV (in unit of 1073)
m. mxg m, F. | L Lj Ly , Ly L Lt Lt
137 496 548 92.1 | 1.0(1) 1.6(2) —3.8(3) 0.0(3) 1.2(1) 0.0(4) —0.3(2) 0.5(2)

[J. Bijnens and G. Ecker, Ann. Rev. Nucl. Part. Sci. 64, 149 (2014)]

v Renomarlization condition is verified to be consistent with conventional ChPT.
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Observations:

» Strong isospin breaking effects enter the n—nama amplitudes at the order of (m,-m,)?2

» In the isospin limit (m,=m,), the amplitudes with w*7- and n%x? in n—nma processes
are identical.

® Dalitz plots to show the NLO/LO convergence

2 4 9 | 2) |2 Wang,ZHG,Lu,Zhou, JHEP'24
(2ME, e (MB,.) + |MB )/ |IME,| [Wang.ZHG,Lu, Zhou, :
1.6 m,=0 MeV mg=0.5 m, My=my

0.15} ! 1l
1.4
1.2
ST
2 0.10
0.6 5
04 S
0.2 0051 [o]
0.
F0.2
0000 05 020 025 030 0.10 0I5 020 025 030 0.10 0I5 020 025 030
m2, [GeV?] m2_ [GeV?] m2_ [GeV?]

Important lessons:

» Non-perturbative effect in the amt subsystem can be important.

» Perturbative treatment of the ar subsystem is justified. o1



® Unitarization of the partial-wave n—nrma amplitude

00,L
MOO,Uni(S) . Mn;ﬂwa(s)
N, TTQ T 00,(2) )
]— G?TT['(S)TTFW—)WTF(S)
1 m? or(s) —1
Grr(s) = — log — — 0,(s)1 —1],
(S) (477')2 (Og MQ s (S) Og 0'71—(5) _|_1 )
Mapa(s) = Ma2a(s) + Mia(s) — Gan(s) Mo (s) Ton(s)
The unitarized amplitude satisfies the relation
ImM2to(s) = prr()MESTE(S) (Tensan(s))” s (2me < /5 < 2my)

with the unitarized PW nr amplitude Tk (S) =

TIT—>TTT

]- — GWW(S)nggf)rﬁ(S)
® Unitarized PW amplitude based on LO n—amra amplitude

00,(2) Resemble the method:
- S TTQ
Mgo%ggl Lo (S) = il (g() 22) " [Alves,Gonzalez-Solis, THEP'24]

L= G?T?T(S)TWW—)WTF(S)

My(s) = P(s)920(s) -



Phase shifts from the unitarized PW nir amplitude

100_' T T T T T T T T T T T : T T T T
- . Roy equation 3
7700, Uni (s) = TrrnSrn(S) 80 - | 5: i
e 1 — Gr(8)T2) (5) " [R. Garcia-Martin, et.al., PRD 2011] ; &
60" | ]
oo
40- | |
20; | !
O f | L | L | 1 | L | | 1 | L : | L | L | | L |
300 400 500 600 700
® Pole position of ( )/ . \/— = 457 __|_ 251 MeV
Gomnl = |
00,Uni,II  _YornGoan S
M'r];ﬂ'ﬂ'a (S)’!g—)so. S — SU (E 6}
&
\5 L
el
ol




Predictions of the n—nmra branching ratios by varying m,

Uncertainty bands:
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» Darker regions: freeze the 1/Nc suppressed ones (L,Lg,L-)
[Wang,ZH6G,Lu,Zhou, JHEP'24]

» Lighter regions:
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Possible detection channels: a—yy, a—ete, a—>pp ”s
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