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EM interactions: Hadrons in external field

‘]gM Definition: ¢ = q2 = (p’ —p)2
Ny o B0,
Photon <N (7) ‘]gM‘ N(p)> =i (p) [Fl(t)yﬂ T 2i”N " C]y] u(p)

Nucleon

_ t
Sachs form factors: Gy = F| + sz, Gy=F+F,

Charge radius (proton):
Ge(t) = 1+1(r2) 16+ ...

Extracted from the lepton-nucleon
elastic scattering or the hydrogen(-
like) atom spectroscopy

“proton radius puzzle”

0.84 fm v.s. 0.88 fm

Gao and Vanderhaeghen, RMP (2022)

https://physics.aps.org/articles/v12/s28
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Gravitational structure of nucleons

No direct experiment for detection of the
nucleon-graviton interaction (107" times
weaker than electromagnetic interaction)

Graviton?!

Nucleon
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Gravitational structure of nucleons

Gravity couples to matter through

T
from QCD energy-momentum tensor (EMT) T
Uv . Y N
T ocD = Tq + Tg
angular
momentum study gravitational forces within hadrons
Nucleon

forces

study mechanical properties of hadrons

mass

Definition:
/ U 1
(M| 7 N ) =

oy
Kobzarev, Okun (1962)
Pagels (1966)

a(p’) A(t)P”P”+J(t)<iP{”a”}pAp)+D(t)(A”A” — gWA2)] u(p)

.,.:("‘J ¢ - {
= '} 5 :
- /3 ¥ <
/

¢ Mass norméation: ¢ Spin normalization: ¢ D-term: D = D(0)
i m 1
My = Jd3’”T00(”) J'= ezijd3rGT0k(r) D = — TN[d3r <rl-rj - §5U> T(r)
A0)=1 J(0)=1/2 D=9
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Gravitational structure of nucleons

Ih

from QCD

momentum P-term as the
oees | “|ast unknown global property’

mass Polyakov, and Schweitzer, (2018)

Nucleon

em: 0,J% =0 (N'|JELIN) — Q = 1.602176487(40) x 10~'°C
p = 2.792847356(23)un

weak: PCAC (N'|JE IN) — ga = 1.2694(28)
g, = 8.06(55)
gravity: 9,T/, =0 (N'|T, |N) — m = 938.272013(23) MeV/c?
J =2
s D =7"
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Gravitational structure of nucleons

T
from QCD
angular
momentum
Nucleon

forces

“... there is very little hope of learning anything about the detailed mechanical structure
of a particle, because of the extreme weakness of the gravitational interaction”
H. Pagels 1966

em: 9,J4, =0 (N'|JELIN) — Q

1.602176487(40) x 10~°C

po= 2.792847356(23) un
weak: PCAC (N'|JE L IN) — ga = 1.2694(28)
gp = 8.06(55)
gravity: 9, Tk, =0 (N'|T4 IN) — m = 938.272013(23) MeV /¢?
J =3
v D=7 "
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First insights from experiment

71'0: }/ Yy — 71'071'0 in ete™ Belle data: PrD 93, 032003 (2016) *

~ 2\ _ 2
D,% ~ — (.7 at (Q > = 16.6 GeV
Kumano, Song, Teryaev, PRD (2018)

Chiral symmetry: total D_, ~ — 1 (gluons contribute the rest)

Y
Proton: Burkert, Elouadrhiri, Girod, Nature 557, 396 (2018)
JLab data: PRL 100, 162002 (2008) & PRL 115, 212003 (2015) v y
0 [
05 |
1 subtraction function in
-1.5 | dispersion relations for ,
2 f , DVCS amplitudes NEP) NP
25F _i; e 1 8 A(t, u) = DO(t, n) scale-dependent
- 4 lattice LHPC 1
-3 -‘," — = = dispersion reaions‘:
EE— ‘cihlealquark.lvoaitoni mOdel-dependent
B35F | | Skyrme model .
bt ¥ Explore Q2 range at EIC & ElcC

0 01 02 03 04 05 -t[GeV
Polyakov, and Schweitzer, (2018)
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Scalar radius

Trace FF:
<N(P’) TPL‘ N(l?)) = myi(p’) [A(t) - 4—;2[14(1) —2J)+3D0)] | u(p) = u(p)O()u(p)
N
Trace anomaly in QCD: 7%, = ﬂz(—?F R A (1 + Vm) Z my.,
q

Scalar radius:  ©(t) = my (1 +t(r3)/6+ ...)
m ud
Hs
L Ns
wb
mt
mFF

Hoferichter & Ruiz de Elvira, 2506.3902
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Scalar radius puzzle

Trace FF:
(NG| T | Ny ) = myi(p) [A(r) — AW ~ 200+3D O] | u(p) = A(PIOWu(p)
N

Trace anomaly in QCD: 7%, = ﬁz(—?F“’“”F“’W+ (1 + Vm) Z m .,

Scalar radius:  ©(t) = my (1 +t(r3)/6+ ...)

. e
¢ Kharzeev proposed it can be extracted from
the threshold photoproduction of the vector-
meson, e.g., J/y, and the fit result is ~0.55 fm ,\/\)’v\/\/ e,
Kharzeev, PRD (2021)...... 777
¢ Recently, two LQCD calculations at near e §
e+
\

q

physical quark mass result in a large scalar

radius, ~1 fm
Hackett et al., PRL (2024): Wang et al. [xQcD], PRD (2024) Il /P/

fits to low-t data = dispersive analyses of "all" data
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Why data-driven dispersion theory?

Based on fundamental principles: unitarity, analyticity

and crossing symmetry A\ Imt
Simultaneous analysis of all four FFs (A, J, D and ©)
spacelike | timelike
Connects FFs over full range of momentum . Ret
transfers: timelike and data \4m2

t
Connects to data from other processes (77, KK and
N, KN scatterings...)

Constraints from ChPT, pQCD
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Unitarity relation for pion GFFs

&
o

Gravitational form factors (GFFs) for spin-0 particles, e.g., for pion:

(= () | 70| 2)) = 22 [0 Prpr D) (A~ 1)

PH=ph 4 ph AF = ph— phH Crossing symmetry

for constructing dispersion relations

ab

(7 () 20 | 7(0) | 0) = == |47y Ak a7+ D7) (PP = 1) |

Unitarity for full amplitude =discontinuity (imaginary part) of the pion GFFs

p’/x'
Disc <ﬂa (p) z"(p) ‘ YAW(O)‘ 0> W?D W ‘
_l i & [ a ’ b c d . c d v \ \7T P<
"2 i) aQ(x* () 2(p) | WP — D) ) (7P - l)\Tﬂ (0)\ o) $
1 i p
—= | A A, 5, w56 + A(s, 1,u)59° 5" + A(u, 5, 1)505"|

cd . *
8 52 [(Aﬂ(t)) (21— P)*Q2l = P)* + (D™(1)) (P*P* - tgﬂ”)]

; ab
_L ﬁj dQ,5 A%, s, w)[(A™(D)) Q1= Pyl = PYi+ (D”(t)) (PFPY —1g")]

2 (4r)2 o 1 A A L T LT A W Al a e
oV S-,D-waves S-wave
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Unitarity relation for pion GFFs

“ Discontinuity of A* and D”: associated only with £, tg partial waves.

5ab
. | Disc A7()A*A” + Dise DA(1) (PP - 1g)

Disc <7c“ (p’) 7’ (p) ‘ T*(0)|0) =

ab ,
)" (2= 0] 2 ) 4o ) + (o) T — 1)

Partial-wave amplitudes of z 7 scattering

< Partial-wave unitarity

Im A%(t) = 22 (199)" A%t
4

2p,

/1 Al 4p77 0 () /2 0 *
Im D*(t) = 7 [3 ; (1) t(t)) A™(1) + (1)) D (t)]

“'Decomposition into J'¢ =

= 0", 2% matrix elements (conserved separately):

Raman, PRD (1971)

v 2
z¢(p’ th(p) T’“’(O)|O) = §4b l ghv — rr Or(r) + | A*AY + A— PHPY —tgh") | A™(¢)
3 P? 3t

Trace part: <na (p') z°(p) | T””(O)‘ o) = 50"(1), O(r) = —% (4p7A™(1) + 3tD™(1))
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Unitarity relation for pion GFFs

“ Discontinuity of A* and D”: associated only with £, tg partial waves.

5ab
. | Disc A7()A*A” + Dise DA(1) (PP - 1g)

Disc <7c“ (p’) 7’ (p) ‘ T*(0)|0) =

ab ,
)" (2= 0] 2 ) 4o ) + (o) T — 1)

Partial-wave amplitudes of z 7 scattering

< Partial-wave unitarity

2p
Im A™(1) = == (1)) A™(t)
5

2 4 % V) -
Im D¥(t) = == [31’ = (190 ~ 50)” A7) + (1) D”(r)] Im®ﬂ<r>=%(f8<t>) 0" (1)

\/; t

“"Decomposition into

JPC = 07, 2%F matrix elements (conserved separately):

v 2
z¢(p’ th(p) T’“’(O)|O) = §4b l ghv — rr Or(r) + | A*AY + A— PHPY —tgh") | A™(¢)
3 P? 3t

Trace part: <na (p') z°(p) | T””(O)‘ o) = 50"(1), O(r) = —% (4p7A™(1) + 3tD™(1))
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A”: D-wave single channel

Single-channel: Watson’s theorem = phase of FF = scatiering phase shift

o " " 0 59 | .10 ﬂg€2i68 —1
disc A™(1) = 2iA™(1)sin 6%(1)e =00 (¢ — 1) 2] et = —
T
<0Omnes solution
v , . £ (% dy gbg (1) 59 replaced by the phase of
A1) = P7(1)Q5(1), €2,(f) = exp ;J P 7 partial wave gbg to account for
tﬂ'

inelasticity
Hoferichter et al., Phys. Rept. (2016)

i ™ T s T T T
\AN\»<:MNW< +«AN\A©< +«/\A/\A<:><:><+...
T U T T T T T

§ 59 ’73 up to E, ~ 2 GeV from dispersive
analysis  Bydzovsky et al., PRD (2016)

¢ Polynomial: P(f) = 1+at matched to NLO
ChPT

Soo
-
S d

2L, | :
= A"(t) =1 - t : |
F2 f |
F2 —2f ]

T

Tensor-meson dominance estimate: L{, = — > s 10 s a0
~ V1 [GeV]

1 .
0 -2
PX) =1+ [—2 — 92(0)] t~1-(0.01GeV?)1t
m
1P
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®”: S-wave zrr — KK coupled channel

nr S-wave phase shifts known precisely from Roy(-like) equation analyses
Bern group; Madrid-Krakow group

Generalisation to coupled channels: isoscalar-scalar f,(500), f,(980) mesons

---------------------------------------------------------------------------------------------------------------
* -
* *

€ Unitarity relation for @ = Matrix relation for coupled channels (both pion and kaon trace GFFs):

0"(1)

Im©7(1) = 2 (10(1)) " (1) mufp ImO(1) = [TG(0)1* Z}(0) () 00 =| 2 ox

Vi . b -
Phase-space factor \/_

20(1) = diag(c,0(1 — 1), o 0(t — 1))

= dnalell 7 ), A
Wit ) = /1 = 4m1 (i = 7. K)

1 020 _ 1 )
2ic
TY(1) = "

| (1) | Y30

| g0(z) | ™00

’78(0 e 2I(¥O-600) _ 1

2iO'K )

\
Oy — . /1 — 01120 (1 — :
ﬂo(f)—\/ L =400l 80010 (1= 1k)  \1skhelishvili-Omnes problem;

. *
.
----------------------------------------------------------------------------------------------------------------

Donoghue, Gasser, Leutwyler, NPB (1991)
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Muskhelishvili-Omnes representation

Coupled-channel: solution known as the Muskhelishvili-Omnes (MO)
representation

¥ Take isoscalar-scalar 7r — KK as example (matching point~1.3 GeV)

0 U740 o a1 w000 (i 150 2f
Qo(t) = - [T()(t)] E()(t)gzo (&) ' ;
T " r—t i 10
™ 1.0} E
= i = 0
< 05/ =
OG : oo _1:,
0.0 . 2
z7 phase shift: Roy equation 05t T 3 |
Ananthanarayan et al., Phys. Rept. (2012) 0.0 0.5 1.0 1.5 20 00 05 1.0 15 2.0

Caprini et al., EPJC (2012)

nrw — KK: Roy-Steiner equation
Buttiker et al., EPJC (2004)

—
+
=
—
N
~
==
~—

See also Hoferichter et al., JHEP (2012)
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ChPT matching

Pion and kaon trace GFFs (

2 2
(O] = [Po(t)] QY oD, Py = mz+p,t
Ve (me‘*‘ﬁKf)
\
= ©7(0)—2m?2 ( Q0 _4_mfzf 50
o = 02, <QO>11(O) V3 <QO>12(O)’

By = OK(0)—/3m2 (Qg>21(0) el (Qg>22(0),

/

Matching to NLO ChPT Donoghue, Leutwyler, ZPC 52 (1991) 343

2 2 2

I+

2

mﬂ'
I, = 0.98(2)

. m
® (0)=1—4L12F_z_24<L11_L13)ﬁ_§F% p

T T

2

2 2
OF(0) =1 - 4L, K — o4 (L1, - L) 2K - 2K} = 0.94(14)
12 7~ F,% 11 13 F,% F,% n :

Similar coupled-channel analysis for D-wave

2F2

= coupled channel results for A*, AX and D*, DX

XHC

Model-independent determination of gravitational form factors from DRs

: 1
= chiral logs: I, =
48

(

2025/8/22

2

lnm_l.z_l

)



—
~

Pion and Kaon GFFs

Prediction, Not fit

1.0 E —— Single-channel 4 0.0 A= T 02 E ]
I — Coupled-channel I g
08 I T . .
[ - LQCD,m, =170 MV | & -0.2f . ) ]
0.6- 13
* = -04f ]
A4r
0 [ ED | — Dispersive analysis
0.2F 1 -0.6 --- cnpPT 1
[ 1 e LQCD, m, = 170 MeV ] 7
OO L L L L L L L L L L _0.8 L L L L L L L L L L L L L L L L L _1 0 L L L L L L L L L L L L L L L L
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 20
¢ [Gev?] —t [GeV?] —t [GeV?]

Hackett et al., PRD (2023)

LQCD (m, ~ 170 MeV):

of (t) [GeV?

0.0

-0.27

-0.4}

D (t)

10 15

—t [GeV?]

0.5

0.0

10 15

—t [GeV?

10 15

—t [GeV?]

0.5

XHC
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7]
Ny,

theshold?

Im [s/m

Pion GFFs: pion mass dependence

Using the scattering phase shifts at unphysical pion masses (239 MeV, 283 MeV,

391 MeV) obtained from Roy equation analyses
XHC et al. PRD (2023); Rodas et al. [HadSpec], PRD (2024)

i 1.0F%

0.2¢ . i

b 0.9F
_0.07 i
g: 02/ = 08
— L e, 0.7¢
= _0'4f — m, = 140 MeV = ;
® _06 — ma =239 MeV 0.6°
r— m, = 283 MeV [

i " 0.5t
080, =301 Mev ;
0.0 0.5 1.0 1.5 2.0 0.0

) 1 st-RS Bound State
& 2 nd-RS Virtual State
<8> 2 nd-RS Resonance

foVSHI

Fast change before

XHC et al. PRD (2023); Rodas et al. [HadSpec], PRD (2024) -10°————7———Ff——

XHC

S Rels/mi] gy =391 MeV:
AN ¢ meson becomes
E} a 7 bound state!

Briceno et al. [HadSpec], PRL (2017)

0.0 0.5 1.0

—t [GeV?]
Model-independent determination of gravitational form factors from DRs

2025/8/22
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Unitarity relation for nucleon GFFs

Discontinuity

Dise (N (p N(p)‘T””(O)‘ 0) I

ocZ<N N<p>|n><n|-TW<0>|0>*64 (p+p'—p,)

In the elastic region, only 7t intermediate state mn(KK) — NN scattering

Disc <N(p’)N(p) ’T‘“’(O)‘ 0>

_ ﬁﬂ(p') [DiscA(t)AmV + Dise J() (ia%6*¥P,) + Dise D(t) (P“P* — 1g")] v(p)
_ %( z) ;2% [ au(N )N @) 2 ()" (P - D) (x (@) (P~ 1) [T#(0)|0)
_ %( i) 2% [ as ) [5&611 <A+ + (P;l)w) F icpaet® <A + (}b; 21)3) o(p)
5ab - —____lsospin-even_ _ __ _ _ - N Isospin-odd ~~/ |
> [(A™(t))" (2l = P)*(21 — P)” + (D" (t))" (P*P¥ — tg"")]
— s [ (f“ 25 B+) o) [(A7(0)" (21— PYA(2L = P + (D*(2)" (PAP* — tg)]

A®, B™: Lorentz invariant 7N scattering amplitudes
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Unitarity relation for nucleon GFFs

< Discontinuity of the nucleon GFFs 2= m]%,\/g f2—p2

%

3p5 3 mN
Im A(r) = —= fE(t)+\/:—F2(t) A™(1)
Vot [ 2 p ]

ImJ(t) =——= s [fz(t)] A*(1)
2\/6_

3m My Py 4 2 e /3 - b1
ImD(t) = — - [ ((f+( ) = (Papw)” (F20) )A O+ (f3(») D (r)]

fi: nw — KK partial wave amp. With +/— for parallel/anti-parallel NN helicities
Frazer & Fulco (1960); Hohler (1983)
O++ 2++

“'Decomposition into JF¢ = matrix elements

(N(p) Bp) | T | 0) = () (72 + 7 ) v(p)

L L prp
T =— (g™ - (1)

3 p2
2 2ic" A P,

1 A
T = — | AFAY + — (PHPY — 1o | A(t) + |iAe?PrP + —— L2 % (prpv — torv) | J@t
7 4le l g)] (t) [ o ") [ @)
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Unitarity relation for nucleon GFFs

< Discontinuity of the nucleon GFFs 2= m]%\/g f2-13

ImA(r) =

3p
Im J(zr) =

3p5 3 mN
i f%(t)+\/:—r2(t) A%(1)
V6t [ 2 p ]

%

5

3p,
2] A7) [F20] o0

2\/6_ pN\/;

3m
Im D(t) = —

Frazer & Fulco (1960); Hohler (1983)

'Decomposition into J£¢ =

<N (p') N(p) ‘ Fre(0) ‘ 0> =i (p)) (Tg” + T;”) v(p)

R) * 4 o
1 PHP¥ ImO(r) = — { P [F20)] 0710 (1 —1,) + —pg [h20)] ©X ()6 (1 —1¢ )}
uv _ _ b4 /4 K [""+ K
573 (gw P2 ) o 4/t U7 ;
1 A2 2io" AP,
T = —— | A*AY + — (PFPY — 1g") | A(t) + |iAY6" PP, + ————— (P*P¥ — 1g") | J(t)
XHC Model-independent determination of gravitational form factors from DRs 2025/8/22 22

fi: ar — KK partial wave amp. With +/— for parallel/anti-parallel NN helicities

4p? e *
2pN\IZ[ = ((720) = (pepw)” () ) 470 + () D”(r)]

=L AVARNE P\ €0 I S Coupled channel




nn/KK — NN partial wave amplitudes

Inputs: zzz/KK — NN partial wave amp. £, h? from Roy-Steiner analyses
- Hite & Steiner, Nuove Cimento A (1973)

L e e 1 20:‘\\\\\\\‘
j s
5/ ] :
- [ :g 10t
% L ] =
S of ISR
= — Re V\J 1= o
T F o+ b
“\_55 — Im = _5!
-10} | :
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ _15’\ . . . ! . . . ! . . . ! . . . ! ]
04 06 08 10 12 14 16 1.8 1.0 1.2 14 1.6 1.8

(1) [V

N amplitudes from modern Roy-Steiner equation analyses

Ditsche, et al., JHEP (2012); Hoferichter, et al., PRL 115, 092301(2015); PRL 115, 192301 (2015); Phys. Rept. (2016);
XHC, Q.-Z. Li & H.-Q. Zheng, JHEP (2022); Hoferichter, et al., PLB (2024)
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Gravitational form factors of the nucleon

Dispersive relations (DRs) for the nucleon GFFs :
1 Im( AT @)([/) spacelike | timelike .

.

A,J,0)() = —J drt’ / —
T 4m7% I —1 t
Constraints: /

¢ Normalizations: mass m1,;, spin 1/2

= sum rules saturated by 7, KK continuum and some higher mass states

Belushkin et al., PRC (2007); Hoferichter et al., EPJA (2016) ...

1 [ Im(A, J, ®)(¢ 1
_J dr’ m( )( ) — <1’5’mN>

/
7 2 t

Introduce S-wave 0t +and D-wave (277) poles to the spectral functions:
7iCg piMg o (t — m52,1)> to satisfy the sum rules

v 07" mg € (1.5,1.8) GeV to cover f,(1500) and f,(1710)
/2 my € (1.5.2.2) GeV to cover £,(1500), £,(1950) and £,(2010)

XHC Model-independent determination of gravitational form factors from DRs 2025/8/22
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Nucleon GFFs

Predictions: | qcp (m, =~ 170 MeV): Hackett et al,, PRL (2024)
1_OV | _‘ThiSWOrk‘ ‘7 % | | |
i —o— LQCD,m, = 170 MeV P
0.8r s
< 06] S 04l
<C i = Y
0.4 of
0.2 Ry
00 oo 00 oo
0.0 05 1.0 15 2.0 0.0 05 1.0 15 2.0
—t [GeV?
1.0. SR or
0.8/ B 1QCD, m, — 253 McV
: 1L
= :
= o4 3 -2
o] - ; ;
0.0 [+ =T =3 D = D(0) = 3 38+O.34
ol | ! iNE | =D(0) = — (3.385735
0.0 05 10 15 20 %0 05 10 15 20
—t [GeV? —t [GeV?]

LQCD (m,, ~ 253 MeV): wang et al. [xQCD], PRD (2024)
M GFFs be model-independently predicted using data-driven dispersion relations + ChPT
M Not a fit!
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Nucleon D-term

Nucleon D-term D = D(0): D= - (3-38t8:§§)

Bag Model
Neubelt et al. '20 - °
Y QSM
Goeke et al. '07 - °
Wakamatsu '07 - Y
Jung et al. 14 - ° e .
Kim et al. '21 Positivity bound:
Skyrme Model
Cebulla et al. '07

Kim et al. '12 D < — 02
Holog. QCD

Fujita et al. 22 . Gegelia & Polyakov, PLB (2021)

VM Photopro. Fit p Tt S—
Guo et al. '23| o , The stability condition”

Wang et al. '24 - —0— 0
Faddeev Equation normal force —s(r) + p(r) > 0
Yao et al. '24 - ° 3
LQCD NN [ d°A _iAr A2
Hackett et al. 11 24 - o D(r) = [ 5e™*"D (-A%) <0
Hackett et al. |1 '24 - ——

This work o

K
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3D spatial mass (energy) distribution

Nucleon 3D spatial mass distribution (7%) in Breit frame (BF):

A t &PA t
PMass (r)=mNI e AW) = AW0) = 2J(1) + D(1)] =J(—e "W+ —D@)

(27)3 mg 27)3 My

O Interpretation around probabilistic distributions of FFs in the BF are known to
be plagued by relativistic recoil corrections surkardt, 2000; Miller, 2018: Jaffe, 2020......

QFT perspective

<

Alexandrou et al., RMP (2012)
Gao and Vanderhaeghen, RMP (2022)

3D probabilistic interpretation (BF) is not exact, valid only for heavy system (Compton wave length < size)
2D light-front approach is exact, valid for all systems wiiler, 2007

3D phase-space approach is exact, valid for all systems, but has no probabilistic interpretation

3D zero average momentum frame (ZAMF) approach of sharp localisation

Lorcé, 2020

Epelbaum et al., 2022
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Spatial density profiles: mass & angular momentum

Consider various densities

& Breit frame (BF) Polyakov, PLB 555 (2003) 57; Polyakov, Schweitzer, IIMPA 33 (2018) 183005;
Lorcé et al., PLB 776 (2018) 38; Lorcé et al., EPJC 79 (2019) 89;
Ji, Front. Phys. (Beijing) 16 (2021) 64601; ...

— " d3A —ir-A ! d3A —ir-A !
PMass (1) = my | Gose™™ | AW = 225 1AW) = 200 + D) :[We () +5—D(1)

J Qn)? ny

(r) = _&A —ir-A A@)——lé{AU)—2J0y+3D0ﬂ -—J(PA ~irAQ(t)
SR N7 R =l et
(r) = [—d3A mirA J(t)+3t—0l J(t)]
PR = |y 3

@ Zero_average_momentum frame (ZAMF) Epelbaum et aI., PRL 129 (2022) 012001;
Panteleeva et al., EPJC 83 (2023) 6137;

0 1
ZAMF My J : I [ 2 2] naive J d"A —ir-A
r)y=——\| dAAsin(Ar daA |(a”—1) A, r) = At
‘?Qp‘%é?if(?)? 006
2 maive | 0.05 * - ?”ij(?“)

"""" T PMass (T> r
) 0.04%

£ 003
0.02;
. 0.01"
0.00E7 . L TRl Do oo 0004 v T
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
r [fm] 7 [fm]
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Spatial density profiles: “mechanical force”

)

_r--- }"7'] 15
T(r) -S(f’)(— - E

.p(r);ﬁl] = symmetric 3 X 3 matrix — diagonalize

energy
density

Shear force Pressure

2
ES(”)‘*‘P(”)

1 1
—gs(r) + p(r) = p,(r) tangential force <Zg, é,» degenerate for spin 0 and 5)

Tangential force from
Polyakov and Schweitzer, (2018)

XHC

0.10

0.08

0.06

0.04

0.02

[GeV /fm]

= p,.(r) normal force (eigenvector e, )

0.05¢
0.04
0.03
0.02/
0.01/
0.00£

S e
S e
~ - ]
-~
-

Other 3D interpretation, see

energy

momentum
density

| shear

3 stress

2 pressure

flux

flux

I i
- ]
-
- ]
-
-
-

Ji & Yang, 2503.01991; Ji & Liu PRD 106, 034028 (2022)
Freese, 2505.06135; PRD 111, 034047 (2025)

Li, Wang & P. Vary, 2405.06892...

Recent review: Lorcé & Schweitzer, Acta Phys.Polon.B 56, A17 (2025)
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Nucleon GFFs: D-term & radii

Various radii in the Breit frame

¢ Radius of the scalar trace density

600 . 9D
(r3) = -~ = 6A(0) 2

—3.38+O‘34

D'term —0.35

\/ (73) ]

2 i +0.03
, i 3D <r Mass> 1 07020
<rMass>_ ()_zmlzv I

0.03
O

¢ Radius of the mass (energy) density

1
_ ~ Polyakov, PLB (2003) < 2 >. +0.09
¢ Mechanical radius Polyakov, & Schweitzer,\/ "Mech - 07225 0g
IJMPA (2018) .
6D
2 = 2 i 0.02
r = \/ 0.70*
< Mech > 0 <rJ> 1 ~0.02
‘[—00 dtD(t) I mmmmm =

2 dJ(t
¢ Radius of the angular momentum (spin) density J(7) + —¢ /@)
Polyakov, PLB (2003) ds

<rJ2> = 20J°(0) Lorcé et al., PLB (2018)

XHC
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+(0.18)chp1(0.12)pwa(0.26)ef
-(0.16)chpT(0.12)pwa(0.29)e
+(0.01)chp1(0.01)Pwa(0.03)eft
-(0.02)chp1(0.01)pwa(0.26)ett
+(0.02)chpT(0.01)pwa(0.02)e1
+(0.02)chp1(0.01)pwa(0.03)eff
+(0.02)chp1(0.00)pwA(0.09)ef
-(0.03)chpT(0.01)Pwa(0.07)est
+(0.01)chp(0.01)pwa(0.01)est
-(0.01)chpt(0.00)pwA(0.02)ef

ChPT: NLO ChPT inputs
pwa: /KK — NN

eff: effective poles mg, m,
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Comparison with other results

Skyrme Model

Cebulla et al. '07 -

QSM

Goeke et al. '07 |-

Kim et al. '20

Mamo-Zahed '22 -
Kou-Chen '23 -

Kharzeev '21
Wang et al. '21
Wang et al. '22

Wang et al. '22 -
Duran et al. Il '23-
Duran et al. | '23+

Wang et al. '23 -

Guo et al. '23
LQCD
Hackett et al. '24

Wang et al. '24 -

This work

XHC
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Skyrme Model

Cebulla et al. '07 -

yQSM

Goeke et/al. '07 -
Jung et al. 13+
Kim et al. '20 -

Choudhary et al. '22

Mamo-Zahed '22 -
Kou-Chen et al. '23

Guo et al. '23
Wang et al. '24 -
Duran et al. Il '23
Duran et al. | '23

Faddeev Equation

Yao et al. '24 -

LQCD
Hackett et al. '24

This work
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Physics of the scalar (trace) radius

The scalar (trace) radius is larger than the mass radius as longas D < 0

G
(72) =09770%m > /(r2,) =084tm > [(rRoo ) =070700m

proton charge radius

“the largest radius

in strong interaction”

In the MIT bag model, scalar radius may be
considered as the bag (confinement) radius
~1 fm (physical boundary of confinement)
Ji, Front.Phys.(Beijing) (2021)

normal QCD-vacuum

— “—
inward
AT e
1 Courtesy of Meziani
perturbative QCD-vacuum y
inside the proton
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Contains known LECs

UG Meissner et al. 2000

1 - 1 - - _
/d4x\/—g {— Vel vV, ¥ — ~ V“\II by — mUW + % Vel v ysu, ¥

8m2 gll'ag'/ﬂ (uuu,,) (\If {Va, Vﬁ} v+ {Va, Vﬁ} \IJ\I/) E g/u/ <u#uy>‘1,\1,

etey o™ [uy,u, | W+ csUx U+ %\I! e“e"aabF"' v+ 8—\11 e“e”a“b(F"' 34

D i,
vt gt -~ L el

R (TelyaV, ¥ — V,,\Tlerya\Il)}

D-term is related to interaction with New LECSs: interaction with curvature
space-time curvature Alharazin et al., 2020: Alharazin, 2024

by _

2
_ 9% —394/mn + 2 (—4c1 + c2 + 2¢3) W21 (M
myN c8 + 167 F2 M + 8m2 2 m my

) + O(M?2)

Chiral expansion of D-term

Belitsky and Ji, 2002 . :
Diehl, Manashov and Schafer, 2006 Alharazin et al., 2020; Alharazin, 2024
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Matching dispersion relation to ChPT

NLO (O(p?)) matching:

2c 1 C
A =1-21, IO ==——"1, D@ =cgmy
my 2 my

LECs: cy = — 3.6003] GeV™!, ¢y = —0.58*303 GeV~!
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Matching dispersion relation to ChPT

¢y = —0.58750; GeV™!

NLO (O(p?)) matching: ¢, = — 3.60+037 GeV~' |

NNLO (O(p?)) matching: a new chiral O(p>) operator

CS)S\)] = Jd4x V |g | {iJgAL VﬁRﬂyaﬁ (l/_ldlweﬁj/a Vvl// - Vu‘f’%ﬁﬁ?&ﬁ) }

RO ,’®‘\ Alharazin et al., 2020; Alharazin, 2024
| , : | = PN L= &-
\ / \ p / a / \ y; N ;7 ~a
- @ - ;\<xF. o s - 1 - \><J - - ® - - - A ® Y - ya - A
(a) (b) () d) (e) (f) (9)
0F 0.50 3
LECs: : |
9t 0.45¢ ]
— +0.37 -1 8 0400 ]
cg = — 4.28+037 GeV ; S |
i =~ 0350 ]
Cg - — O68+OO6 GeV_l 0-65 — DR 0.30F
—0.05 i --- BChPT O(p%) :
d 4+0.01 -3 0'5? 025) i
g4 — 0.0 —-0.02 GeV 0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
—t [GeV? —t [GeV?

Many other applications:

1.Soft hadron reactions in grav. field, e.g.
pion gravitoproduction

2.Low energy gravitoproduction can be 0.0}
probed in a lab, e.g non-diagonal DVCS i o,
(ongoing analysis at CLAS 12, plansfor >~ s
EIC&EICC) 0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 04
...... ¢ [GCVQ] —t [GCVZ}
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Summary and outlook

M The pion, kaon and nucleon GFFs are precisely determined using
model-independent dispersive method

M Quantification of systematic and theoretical uncertainties

M Nucleon static properties:

2 0.34 F\ 0.03 2 o~ 2 e 0.03
D - 3387934 4 [(@) = 0973%m > /(@R Eos4im TS /(%= ) = (O GE

proton charge radius

[J Pion-mass dependence of nucleon GFFs
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