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• Introduction of little red dots (LRTs) 


• Basic accretion mechanisms : Eddington accretion and Bondi 
accretion


• Role played by dark matter 


• Relativistic Bondi accretion of self-interacting dark matter 


• Primordial black holes as the seeds and the prediction of black 
hole mass function 


• Conclusion

Outline



JWST reveals the existence of abundant  supermassive quasars in early stage of universe



Mass ratios between supermassive BH (MBH) v.s. host halo (M*)

• MBH ∼109M⊙ by ∼0.8 Gyr

Puzzle: 
How can a black hole grow this massive so early?



•0.38 Myr: Recombination (z ~ 1100) 

•100–200 Myr: First stars (Pop III) 
Typical mass scale ~ 10-1000 M⊙ , consisting H and He, forming in dark matter 
minihalos, H2 cooling (gas/cloud gravitational collapse and fragmentation, 
protostellar disks and feedback) 

•200–400 Myr: First BH seeds form 

Two classes : 1. Light seeds (~10-1000 M⊙),  
                        2. Heavy seeds (~104-106 M⊙), Direct Collapse Black Holes (DCBHs).   

•700–900 Myr: Bright quasars (109 M⊙ at z ~ 6–7)

A Simple Cosmic Timeline for Stellar Growth



• Eddington accretion :

Two classical Pathways to Black Hole Growth

Radiation-gravity balance

Hydrogen mass m in falling 
on surface R*

e-, p+

The infalling hydrogen can be 
ionized, the luminosity L of the 
compact object would exert a 
radiation force on the free e-

R*

M*

L

Outward radial force on electron 

Thomson cross section of the e-

The balance between the inward gravitational force on the e-p pair and 
the outward radial force due to luminosity

=
Eddington luminosity



The existence of the Eddington luminosity implies the maximum accretion rate 

η：radiation efficiency, typically~0.1

~ 2.2×10-5 M⊙ for 1000 M⊙ BH

Also quasars and AGNs have luminosities ~ 1014 L⊙ referring to M~3×109 M⊙
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In this supplementary material, we will first discuss the possibility of forming the super-Eddington supermassive black holes
(SMBH), which we mean the black holes with masses � 109

M� formed around the redshift z ' 6–7. Then, we give the full
details on solving the Bondi accretion of �4-SIDM and take the critical regime to obtain the results used in the main text. We
end with two remarks: (i) dark halos as TOV configurations of SIDM; (ii) critical Bondi accretion of �n-SIDM.

I. FORMING SUPER-EDDINGTON SMBHS FROM BONDI ACCRETION?

The two typical accretion mechanisms for the formation of massive black holes are the Eddington accretion and Bondi accretion.
We will discuss whether the Bondi-aided Eddington accretion can produce the super-Eddington SMBHs.
The accretion rate of Eddington accretion is given by

ṀEdd =
LEdd

⌘c2 , LEdd =
4⇡GMmpc

�T

(I.1)

where M is the black hole mass, ⌘ is the radiative e�ciency (taken to be ⌘ = 0.1 in the fiducial case), LEdd is the Eddington
luminosity expressed in terms of Thompson cross section �T and proton mass mp, etc. From (I.1), one can find M(t) ⇠ e

t/tEdd

with the characteristic time scale tEdd ' 4.5 ⇥ 108 yrs.
On the other hand, the Bondi accretion rate is given by [1–3]

ṀBondi = 16⇡�(�)⇢
(GM)2

a3 (I.2)

for the fluid with an EoS denoted by � and with some �-dependent adiabatic index �. If the fluid is non-relativistic, then the
sound speed a is much less than the speed of light c. On the other hand, for a relativistic fluid, a could be of the order of c.
Naively, the Bondi accretion rate appears larger, as it has one power of M higher than the Eddington rate. However, in reality,
the Bondi accretion is suppressed in comparison to the Eddington accretion due to the following reasons:

1. The Eddington accretion is due to the balance between the radiation pressure and gravity, and the heat due to the collision
can be depleted by the radiation to prevent the heating-up feedback.
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• 200–400 Myr: First BH seeds form

Reminder

Two classes : 1. Light seeds (~10-1000 M⊙),  
                        2. Heavy seeds (~104-106 M⊙), Direct Collapse Black Holes (DCBHs

~450 Myr

• 700–900 Myr: Bright quasars (109 M⊙ at z ~ 6–7)



• Bondi accretion : Spherically symmetric, steady-state, and adiabatic flow

Gravity-thermal pressure balance  

Medium far from the 
accreting compact object



Euler equation

Combining continuity eq. (Mass conservation), one has

: Bondi eq.

Integrating Euler eq. with EoS, imposing boundary condition at infinity
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anisotropic stress tensor given by Tµ
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pl|@x�|
2

A
, (A7)

where we have introduced the following dimensionless scaled
quantities

x = mr , ⌦ =
!
m

, � =
�
Mpl

(A8)

with the Planckian mass Mpl = 1/
p
4⇡GN . Note that the

anisotropy of the pressures is due to the gradient term |@x�|
2.

The second part of the field equations is the one for � (or now
�),

@x(x
2

r
B
A
@x�)+x2

p

AB
h
(
⌦2

B
�1)��

U 0(Mpl�)
m2Mpl

i
= 0 , (A9)

where U 0(Mpl�) :=
�U(X)

�X |X=Mpl�.
Due to the anisotropic stress tensor, the Einstein equation

cannot be further reduced to TOV equations. The only way
to solve the boson star configuration is to solve the coupled
field equations by the shooting method, which is numerically
di�cult to obtain the full mass-radius or even mass-TLN re-
lations. One simplification is to assume the scalar field profile
is almost flat inside the boson stars so that the gradient term
@x�|

2 in (A5)-(A6) and (A9) can be dropped. However, the
gradient term cannot always be small unless for some partic-
ular self-interaction regime. To see this, let us assume that
for some proper choice of a dimensionless parameter ⇤, which
is the combination of m, �, and coupling constants in U , one
can have

U(Mpl�)
m2M2

pl

�!
U⇤(�⇤)

⇤
where �⇤ =

p

⇤� (A10)

with U⇤ being in a universal form involving none of the model
parameters in V . Note that this above implies

U 0(Mpl�)
m2Mpl

!
U 0

⇤(�⇤)
p
⇤

with U 0
⇤(X) =

�U⇤(X)
�X

. (A11)

If we further scale x by x⇤ = x/
p
⇤ and assume that A and

B are not a↵ected by this scaling, then it is straightforward
to see that the terms involving the gradient @x� in (A5)-(A6)
and (A9) are suppressed by 1/⇤ factor than the other non-
gradient terms in the corresponding equations. Therefore, the
gradient terms can be neglected in the large ⇤ limit. In this
case, scalar field equation (A9) is reduced to the algebraic one

(
⌦2

B
� 1)�⇤ = U 0

⇤(�⇤) . (A12)

Then we obtain that, (A5) and (A6) reduce to

⇢ = ⇢0
h1
2
�⇤U

0
⇤(�⇤) + U⇤(�⇤) + �2

⇤

i
, (A13)

p = p? = ⇢0
h1
2
�⇤U

0
⇤(�⇤)� U⇤(�⇤)

i
, (A14)

and the overall energy density scale

⇢0 =
m2M2

pl

⇤
. (A15)

Then, for specific EoS, we can insert the corresponding po-
tential U⇤ and find the results listed in the main text.

Appendix B: Bondi accretion for non-relativistic and
relativistic fluids

Bondi accretion [211, 212] is the simplest accretion scenario
by assuming spherical symmetry. It can be the approximate
mechanism to create the boson stars or the DM spike around
a central BH. Consider first the non-relativistic fluid, i.e., the
sound speed is far less than the speed of light. Kinematically,
the continuity equation 1

r2
d
dr (r

2⇢0v) = 0 defines the accretion
rate

Ṁ = 4⇡⇢0r
2v (B1)

where M is the total mass of the central object, ⇢0 is the
mass density of the fluid, r is the radial distance, and v is the
magnitude of the inward velocity of the fluid element. On the
other hand, the dynamics are dictated by the Euler equation

v
dv
dr

+
1
⇢0

dp
dr

+
GNM
r2

= 0 (B2)

where p is the pressure of the fluid, and GN is the Newton
constant. Use the definition of the sound speed c2s = dp

d⇢0
, we

can turn the Euler equation into

1
2

⇣
1�

c2s
v2

⌘dv2

dr
= �

GNM
r2

⇣
1�

2c2sr
GNM

⌘
. (B3)

Note that cs = cs(r). This equation predicts a sonic horizon
at r = rs with rs = GNM

2c2s(rs)
, at which v(rs) = cs(rs). It is

naturally assumed the fluid speed v approaches zero at r = 0,
so the Euler equation tells that v is monotonically increasing
toward the sonic horizon; thus v > cs for r < rs. If we further
assume the equation of state of the fluid is in the polytropic
form p = ⇢�

0
, the Euler equation yields

v2

2
+

c2s
� � 1

�
GNM

r
= constant =

c2s(1)
� � 1

. (B4)

Along with the above boundary condition, we obtain

cs(rs) = cs(1)
⇣ 2
5� 3�

⌘
1/2

. (B5)

On the other hand, from the continuity equation (B1), we
have Ṁ = �4⇡r2⇢0v = 4⇡r2s⇢0(rs)cs(rs), which can yield

⇢0(rs) = ⇢0(1)
h cs(rs)
cs(1)

i
2/(��1)

(B6)

and

Ṁ = ⇡G2

NM2 ⇢0(1)
c3s(1)

h 2
5� 3�

i (5�3�)
2(��1)

. (B7)

Therefore, the accretion rate is determined by �, the total
mass M of the central object, and the boundary values ⇢0(1)
and cs(1).

However, the DM can be relativistic, e.g., the self-
interacting relativistic bosonic scalar, then the above non-
relativistic formulation of Bondi accretion can fail. For the

Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof

24

anisotropic stress tensor given by Tµ
⌫ = diag(�⇢, p, p?, p?)

with

⇢ = m2M2

pl

h1
2
(
⌦2

B
+ 1)�2 +

|@x�|
2

2A
+

U(Mpl�)
m2M2

pl

i
(A5)

p = m2M2

pl

h1
2
(
⌦2

B
� 1)�2 +

|@x�|
2

2A
�

U(Mpl�)
m2M2

pl

i
(A6)

p? = p�
m2M2

pl|@x�|
2

A
, (A7)

where we have introduced the following dimensionless scaled
quantities

x = mr , ⌦ =
!
m

, � =
�
Mpl

(A8)

with the Planckian mass Mpl = 1/
p
4⇡GN . Note that the

anisotropy of the pressures is due to the gradient term |@x�|
2.

The second part of the field equations is the one for � (or now
�),

@x(x
2

r
B
A
@x�)+x2

p

AB
h
(
⌦2

B
�1)��

U 0(Mpl�)
m2Mpl

i
= 0 , (A9)

where U 0(Mpl�) :=
�U(X)

�X |X=Mpl�.
Due to the anisotropic stress tensor, the Einstein equation

cannot be further reduced to TOV equations. The only way
to solve the boson star configuration is to solve the coupled
field equations by the shooting method, which is numerically
di�cult to obtain the full mass-radius or even mass-TLN re-
lations. One simplification is to assume the scalar field profile
is almost flat inside the boson stars so that the gradient term
@x�|

2 in (A5)-(A6) and (A9) can be dropped. However, the
gradient term cannot always be small unless for some partic-
ular self-interaction regime. To see this, let us assume that
for some proper choice of a dimensionless parameter ⇤, which
is the combination of m, �, and coupling constants in U , one
can have

U(Mpl�)
m2M2

pl

�!
U⇤(�⇤)

⇤
where �⇤ =

p

⇤� (A10)

with U⇤ being in a universal form involving none of the model
parameters in V . Note that this above implies

U 0(Mpl�)
m2Mpl

!
U 0

⇤(�⇤)
p
⇤

with U 0
⇤(X) =

�U⇤(X)
�X

. (A11)

If we further scale x by x⇤ = x/
p
⇤ and assume that A and

B are not a↵ected by this scaling, then it is straightforward
to see that the terms involving the gradient @x� in (A5)-(A6)
and (A9) are suppressed by 1/⇤ factor than the other non-
gradient terms in the corresponding equations. Therefore, the
gradient terms can be neglected in the large ⇤ limit. In this
case, scalar field equation (A9) is reduced to the algebraic one

(
⌦2

B
� 1)�⇤ = U 0

⇤(�⇤) . (A12)

Then we obtain that, (A5) and (A6) reduce to

⇢ = ⇢0
h1
2
�⇤U

0
⇤(�⇤) + U⇤(�⇤) + �2

⇤

i
, (A13)

p = p? = ⇢0
h1
2
�⇤U

0
⇤(�⇤)� U⇤(�⇤)

i
, (A14)

and the overall energy density scale

⇢0 =
m2M2

pl

⇤
. (A15)

Then, for specific EoS, we can insert the corresponding po-
tential U⇤ and find the results listed in the main text.

Appendix B: Bondi accretion for non-relativistic and
relativistic fluids

Bondi accretion [211, 212] is the simplest accretion scenario
by assuming spherical symmetry. It can be the approximate
mechanism to create the boson stars or the DM spike around
a central BH. Consider first the non-relativistic fluid, i.e., the
sound speed is far less than the speed of light. Kinematically,
the continuity equation 1

r2
d
dr (r

2⇢0v) = 0 defines the accretion
rate
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Note that cs = cs(r). This equation predicts a sonic horizon
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, at which v(rs) = cs(rs). It is

naturally assumed the fluid speed v approaches zero at r = 0,
so the Euler equation tells that v is monotonically increasing
toward the sonic horizon; thus v > cs for r < rs. If we further
assume the equation of state of the fluid is in the polytropic
form p = ⇢�

0
, the Euler equation yields

v2

2
+

c2s
� � 1

�
GNM

r
= constant =

c2s(1)
� � 1

. (B4)

Along with the above boundary condition, we obtain

cs(rs) = cs(1)
⇣ 2
5� 3�

⌘
1/2

. (B5)
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Therefore, the accretion rate is determined by �, the total
mass M of the central object, and the boundary values ⇢0(1)
and cs(1).

However, the DM can be relativistic, e.g., the self-
interacting relativistic bosonic scalar, then the above non-
relativistic formulation of Bondi accretion can fail. For the

Sonic horizon
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gradient terms can be neglected in the large ⇤ limit. In this
case, scalar field equation (A9) is reduced to the algebraic one
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and the overall energy density scale
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Then, for specific EoS, we can insert the corresponding po-
tential U⇤ and find the results listed in the main text.

Appendix B: Bondi accretion for non-relativistic and
relativistic fluids

Bondi accretion [211, 212] is the simplest accretion scenario
by assuming spherical symmetry. It can be the approximate
mechanism to create the boson stars or the DM spike around
a central BH. Consider first the non-relativistic fluid, i.e., the
sound speed is far less than the speed of light. Kinematically,
the continuity equation 1

r2
d
dr (r

2⇢0v) = 0 defines the accretion
rate

Ṁ = 4⇡⇢0r
2v (B1)

where M is the total mass of the central object, ⇢0 is the
mass density of the fluid, r is the radial distance, and v is the
magnitude of the inward velocity of the fluid element. On the
other hand, the dynamics are dictated by the Euler equation

v
dv
dr

+
1
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dp
dr

+
GNM
r2

= 0 (B2)

where p is the pressure of the fluid, and GN is the Newton
constant. Use the definition of the sound speed c2s = dp
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, we

can turn the Euler equation into
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Note that cs = cs(r). This equation predicts a sonic horizon
at r = rs with rs = GNM

2c2s(rs)
, at which v(rs) = cs(rs). It is

naturally assumed the fluid speed v approaches zero at r = 0,
so the Euler equation tells that v is monotonically increasing
toward the sonic horizon; thus v > cs for r < rs. If we further
assume the equation of state of the fluid is in the polytropic
form p = ⇢�

0
, the Euler equation yields
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Along with the above boundary condition, we obtain

cs(rs) = cs(1)
⇣ 2
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1/2

. (B5)

On the other hand, from the continuity equation (B1), we
have Ṁ = �4⇡r2⇢0v = 4⇡r2s⇢0(rs)cs(rs), which can yield
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and
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Therefore, the accretion rate is determined by �, the total
mass M of the central object, and the boundary values ⇢0(1)
and cs(1).

However, the DM can be relativistic, e.g., the self-
interacting relativistic bosonic scalar, then the above non-
relativistic formulation of Bondi accretion can fail. For the
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where U 0(Mpl�) :=
�U(X)

�X |X=Mpl�.
Due to the anisotropic stress tensor, the Einstein equation

cannot be further reduced to TOV equations. The only way
to solve the boson star configuration is to solve the coupled
field equations by the shooting method, which is numerically
di�cult to obtain the full mass-radius or even mass-TLN re-
lations. One simplification is to assume the scalar field profile
is almost flat inside the boson stars so that the gradient term
@x�|

2 in (A5)-(A6) and (A9) can be dropped. However, the
gradient term cannot always be small unless for some partic-
ular self-interaction regime. To see this, let us assume that
for some proper choice of a dimensionless parameter ⇤, which
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If we further scale x by x⇤ = x/
p
⇤ and assume that A and

B are not a↵ected by this scaling, then it is straightforward
to see that the terms involving the gradient @x� in (A5)-(A6)
and (A9) are suppressed by 1/⇤ factor than the other non-
gradient terms in the corresponding equations. Therefore, the
gradient terms can be neglected in the large ⇤ limit. In this
case, scalar field equation (A9) is reduced to the algebraic one
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and the overall energy density scale
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Then, for specific EoS, we can insert the corresponding po-
tential U⇤ and find the results listed in the main text.

Appendix B: Bondi accretion for non-relativistic and
relativistic fluids

Bondi accretion [211, 212] is the simplest accretion scenario
by assuming spherical symmetry. It can be the approximate
mechanism to create the boson stars or the DM spike around
a central BH. Consider first the non-relativistic fluid, i.e., the
sound speed is far less than the speed of light. Kinematically,
the continuity equation 1

r2
d
dr (r

2⇢0v) = 0 defines the accretion
rate

Ṁ = 4⇡⇢0r
2v (B1)

where M is the total mass of the central object, ⇢0 is the
mass density of the fluid, r is the radial distance, and v is the
magnitude of the inward velocity of the fluid element. On the
other hand, the dynamics are dictated by the Euler equation

v
dv
dr

+
1
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+
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where p is the pressure of the fluid, and GN is the Newton
constant. Use the definition of the sound speed c2s = dp
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Note that cs = cs(r). This equation predicts a sonic horizon
at r = rs with rs = GNM

2c2s(rs)
, at which v(rs) = cs(rs). It is

naturally assumed the fluid speed v approaches zero at r = 0,
so the Euler equation tells that v is monotonically increasing
toward the sonic horizon; thus v > cs for r < rs. If we further
assume the equation of state of the fluid is in the polytropic
form p = ⇢�

0
, the Euler equation yields
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Along with the above boundary condition, we obtain

cs(rs) = cs(1)
⇣ 2
5� 3�

⌘
1/2

. (B5)

On the other hand, from the continuity equation (B1), we
have Ṁ = �4⇡r2⇢0v = 4⇡r2s⇢0(rs)cs(rs), which can yield

⇢0(rs) = ⇢0(1)
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and
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Therefore, the accretion rate is determined by �, the total
mass M of the central object, and the boundary values ⇢0(1)
and cs(1).

However, the DM can be relativistic, e.g., the self-
interacting relativistic bosonic scalar, then the above non-
relativistic formulation of Bondi accretion can fail. For the
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where we have introduced the following dimensionless scaled
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with the Planckian mass Mpl = 1/
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4⇡GN . Note that the

anisotropy of the pressures is due to the gradient term |@x�|
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where U 0(Mpl�) :=
�U(X)

�X |X=Mpl�.
Due to the anisotropic stress tensor, the Einstein equation

cannot be further reduced to TOV equations. The only way
to solve the boson star configuration is to solve the coupled
field equations by the shooting method, which is numerically
di�cult to obtain the full mass-radius or even mass-TLN re-
lations. One simplification is to assume the scalar field profile
is almost flat inside the boson stars so that the gradient term
@x�|

2 in (A5)-(A6) and (A9) can be dropped. However, the
gradient term cannot always be small unless for some partic-
ular self-interaction regime. To see this, let us assume that
for some proper choice of a dimensionless parameter ⇤, which
is the combination of m, �, and coupling constants in U , one
can have
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If we further scale x by x⇤ = x/
p
⇤ and assume that A and

B are not a↵ected by this scaling, then it is straightforward
to see that the terms involving the gradient @x� in (A5)-(A6)
and (A9) are suppressed by 1/⇤ factor than the other non-
gradient terms in the corresponding equations. Therefore, the
gradient terms can be neglected in the large ⇤ limit. In this
case, scalar field equation (A9) is reduced to the algebraic one
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and the overall energy density scale
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Then, for specific EoS, we can insert the corresponding po-
tential U⇤ and find the results listed in the main text.

Appendix B: Bondi accretion for non-relativistic and
relativistic fluids

Bondi accretion [211, 212] is the simplest accretion scenario
by assuming spherical symmetry. It can be the approximate
mechanism to create the boson stars or the DM spike around
a central BH. Consider first the non-relativistic fluid, i.e., the
sound speed is far less than the speed of light. Kinematically,
the continuity equation 1

r2
d
dr (r

2⇢0v) = 0 defines the accretion
rate

Ṁ = 4⇡⇢0r
2v (B1)

where M is the total mass of the central object, ⇢0 is the
mass density of the fluid, r is the radial distance, and v is the
magnitude of the inward velocity of the fluid element. On the
other hand, the dynamics are dictated by the Euler equation

v
dv
dr

+
1
⇢0

dp
dr

+
GNM
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= 0 (B2)

where p is the pressure of the fluid, and GN is the Newton
constant. Use the definition of the sound speed c2s = dp
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Note that cs = cs(r). This equation predicts a sonic horizon
at r = rs with rs = GNM

2c2s(rs)
, at which v(rs) = cs(rs). It is

naturally assumed the fluid speed v approaches zero at r = 0,
so the Euler equation tells that v is monotonically increasing
toward the sonic horizon; thus v > cs for r < rs. If we further
assume the equation of state of the fluid is in the polytropic
form p = ⇢�

0
, the Euler equation yields
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Along with the above boundary condition, we obtain

cs(rs) = cs(1)
⇣ 2
5� 3�
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1/2

. (B5)

On the other hand, from the continuity equation (B1), we
have Ṁ = �4⇡r2⇢0v = 4⇡r2s⇢0(rs)cs(rs), which can yield
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Therefore, the accretion rate is determined by �, the total
mass M of the central object, and the boundary values ⇢0(1)
and cs(1).

However, the DM can be relativistic, e.g., the self-
interacting relativistic bosonic scalar, then the above non-
relativistic formulation of Bondi accretion can fail. For the
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where we have introduced the following dimensionless scaled
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with the Planckian mass Mpl = 1/
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where U 0(Mpl�) :=
�U(X)

�X |X=Mpl�.
Due to the anisotropic stress tensor, the Einstein equation

cannot be further reduced to TOV equations. The only way
to solve the boson star configuration is to solve the coupled
field equations by the shooting method, which is numerically
di�cult to obtain the full mass-radius or even mass-TLN re-
lations. One simplification is to assume the scalar field profile
is almost flat inside the boson stars so that the gradient term
@x�|

2 in (A5)-(A6) and (A9) can be dropped. However, the
gradient term cannot always be small unless for some partic-
ular self-interaction regime. To see this, let us assume that
for some proper choice of a dimensionless parameter ⇤, which
is the combination of m, �, and coupling constants in U , one
can have

U(Mpl�)
m2M2

pl

�!
U⇤(�⇤)

⇤
where �⇤ =

p

⇤� (A10)

with U⇤ being in a universal form involving none of the model
parameters in V . Note that this above implies

U 0(Mpl�)
m2Mpl

!
U 0

⇤(�⇤)
p
⇤

with U 0
⇤(X) =

�U⇤(X)
�X

. (A11)

If we further scale x by x⇤ = x/
p
⇤ and assume that A and

B are not a↵ected by this scaling, then it is straightforward
to see that the terms involving the gradient @x� in (A5)-(A6)
and (A9) are suppressed by 1/⇤ factor than the other non-
gradient terms in the corresponding equations. Therefore, the
gradient terms can be neglected in the large ⇤ limit. In this
case, scalar field equation (A9) is reduced to the algebraic one
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and the overall energy density scale
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Then, for specific EoS, we can insert the corresponding po-
tential U⇤ and find the results listed in the main text.

Appendix B: Bondi accretion for non-relativistic and
relativistic fluids

Bondi accretion [211, 212] is the simplest accretion scenario
by assuming spherical symmetry. It can be the approximate
mechanism to create the boson stars or the DM spike around
a central BH. Consider first the non-relativistic fluid, i.e., the
sound speed is far less than the speed of light. Kinematically,
the continuity equation 1

r2
d
dr (r

2⇢0v) = 0 defines the accretion
rate

Ṁ = 4⇡⇢0r
2v (B1)

where M is the total mass of the central object, ⇢0 is the
mass density of the fluid, r is the radial distance, and v is the
magnitude of the inward velocity of the fluid element. On the
other hand, the dynamics are dictated by the Euler equation

v
dv
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+
1
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dp
dr

+
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= 0 (B2)

where p is the pressure of the fluid, and GN is the Newton
constant. Use the definition of the sound speed c2s = dp
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Note that cs = cs(r). This equation predicts a sonic horizon
at r = rs with rs = GNM

2c2s(rs)
, at which v(rs) = cs(rs). It is

naturally assumed the fluid speed v approaches zero at r = 0,
so the Euler equation tells that v is monotonically increasing
toward the sonic horizon; thus v > cs for r < rs. If we further
assume the equation of state of the fluid is in the polytropic
form p = ⇢�

0
, the Euler equation yields
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Along with the above boundary condition, we obtain

cs(rs) = cs(1)
⇣ 2
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On the other hand, from the continuity equation (B1), we
have Ṁ = �4⇡r2⇢0v = 4⇡r2s⇢0(rs)cs(rs), which can yield
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Therefore, the accretion rate is determined by �, the total
mass M of the central object, and the boundary values ⇢0(1)
and cs(1).

However, the DM can be relativistic, e.g., the self-
interacting relativistic bosonic scalar, then the above non-
relativistic formulation of Bondi accretion can fail. For the
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with the Planckian mass Mpl = 1/
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where U 0(Mpl�) :=
�U(X)

�X |X=Mpl�.
Due to the anisotropic stress tensor, the Einstein equation

cannot be further reduced to TOV equations. The only way
to solve the boson star configuration is to solve the coupled
field equations by the shooting method, which is numerically
di�cult to obtain the full mass-radius or even mass-TLN re-
lations. One simplification is to assume the scalar field profile
is almost flat inside the boson stars so that the gradient term
@x�|

2 in (A5)-(A6) and (A9) can be dropped. However, the
gradient term cannot always be small unless for some partic-
ular self-interaction regime. To see this, let us assume that
for some proper choice of a dimensionless parameter ⇤, which
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If we further scale x by x⇤ = x/
p
⇤ and assume that A and

B are not a↵ected by this scaling, then it is straightforward
to see that the terms involving the gradient @x� in (A5)-(A6)
and (A9) are suppressed by 1/⇤ factor than the other non-
gradient terms in the corresponding equations. Therefore, the
gradient terms can be neglected in the large ⇤ limit. In this
case, scalar field equation (A9) is reduced to the algebraic one

(
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Then we obtain that, (A5) and (A6) reduce to
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and the overall energy density scale

⇢0 =
m2M2

pl

⇤
. (A15)

Then, for specific EoS, we can insert the corresponding po-
tential U⇤ and find the results listed in the main text.

Appendix B: Bondi accretion for non-relativistic and
relativistic fluids

Bondi accretion [211, 212] is the simplest accretion scenario
by assuming spherical symmetry. It can be the approximate
mechanism to create the boson stars or the DM spike around
a central BH. Consider first the non-relativistic fluid, i.e., the
sound speed is far less than the speed of light. Kinematically,
the continuity equation 1

r2
d
dr (r

2⇢0v) = 0 defines the accretion
rate

Ṁ = 4⇡⇢0r
2v (B1)

where M is the total mass of the central object, ⇢0 is the
mass density of the fluid, r is the radial distance, and v is the
magnitude of the inward velocity of the fluid element. On the
other hand, the dynamics are dictated by the Euler equation

v
dv
dr

+
1
⇢0

dp
dr

+
GNM
r2

= 0 (B2)

where p is the pressure of the fluid, and GN is the Newton
constant. Use the definition of the sound speed c2s = dp

d⇢0
, we

can turn the Euler equation into
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⇣
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⌘dv2
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Note that cs = cs(r). This equation predicts a sonic horizon
at r = rs with rs = GNM

2c2s(rs)
, at which v(rs) = cs(rs). It is

naturally assumed the fluid speed v approaches zero at r = 0,
so the Euler equation tells that v is monotonically increasing
toward the sonic horizon; thus v > cs for r < rs. If we further
assume the equation of state of the fluid is in the polytropic
form p = ⇢�

0
, the Euler equation yields

v2

2
+
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. (B4)

Along with the above boundary condition, we obtain

cs(rs) = cs(1)
⇣ 2
5� 3�

⌘
1/2

. (B5)

On the other hand, from the continuity equation (B1), we
have Ṁ = �4⇡r2⇢0v = 4⇡r2s⇢0(rs)cs(rs), which can yield

⇢0(rs) = ⇢0(1)
h cs(rs)
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i
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and

Ṁ = ⇡G2

NM2 ⇢0(1)
c3s(1)
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5� 3�
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. (B7)

Therefore, the accretion rate is determined by �, the total
mass M of the central object, and the boundary values ⇢0(1)
and cs(1).

However, the DM can be relativistic, e.g., the self-
interacting relativistic bosonic scalar, then the above non-
relativistic formulation of Bondi accretion can fail. For the

Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof

24

anisotropic stress tensor given by Tµ
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where we have introduced the following dimensionless scaled
quantities

x = mr , ⌦ =
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, � =
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with the Planckian mass Mpl = 1/
p
4⇡GN . Note that the

anisotropy of the pressures is due to the gradient term |@x�|
2.
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where U 0(Mpl�) :=
�U(X)

�X |X=Mpl�.
Due to the anisotropic stress tensor, the Einstein equation

cannot be further reduced to TOV equations. The only way
to solve the boson star configuration is to solve the coupled
field equations by the shooting method, which is numerically
di�cult to obtain the full mass-radius or even mass-TLN re-
lations. One simplification is to assume the scalar field profile
is almost flat inside the boson stars so that the gradient term
@x�|

2 in (A5)-(A6) and (A9) can be dropped. However, the
gradient term cannot always be small unless for some partic-
ular self-interaction regime. To see this, let us assume that
for some proper choice of a dimensionless parameter ⇤, which
is the combination of m, �, and coupling constants in U , one
can have
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If we further scale x by x⇤ = x/
p
⇤ and assume that A and

B are not a↵ected by this scaling, then it is straightforward
to see that the terms involving the gradient @x� in (A5)-(A6)
and (A9) are suppressed by 1/⇤ factor than the other non-
gradient terms in the corresponding equations. Therefore, the
gradient terms can be neglected in the large ⇤ limit. In this
case, scalar field equation (A9) is reduced to the algebraic one
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and the overall energy density scale

⇢0 =
m2M2

pl

⇤
. (A15)

Then, for specific EoS, we can insert the corresponding po-
tential U⇤ and find the results listed in the main text.

Appendix B: Bondi accretion for non-relativistic and
relativistic fluids

Bondi accretion [211, 212] is the simplest accretion scenario
by assuming spherical symmetry. It can be the approximate
mechanism to create the boson stars or the DM spike around
a central BH. Consider first the non-relativistic fluid, i.e., the
sound speed is far less than the speed of light. Kinematically,
the continuity equation 1

r2
d
dr (r

2⇢0v) = 0 defines the accretion
rate

Ṁ = 4⇡⇢0r
2v (B1)

where M is the total mass of the central object, ⇢0 is the
mass density of the fluid, r is the radial distance, and v is the
magnitude of the inward velocity of the fluid element. On the
other hand, the dynamics are dictated by the Euler equation

v
dv
dr

+
1
⇢0

dp
dr

+
GNM
r2

= 0 (B2)

where p is the pressure of the fluid, and GN is the Newton
constant. Use the definition of the sound speed c2s = dp
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can turn the Euler equation into
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⌘dv2

dr
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Note that cs = cs(r). This equation predicts a sonic horizon
at r = rs with rs = GNM

2c2s(rs)
, at which v(rs) = cs(rs). It is

naturally assumed the fluid speed v approaches zero at r = 0,
so the Euler equation tells that v is monotonically increasing
toward the sonic horizon; thus v > cs for r < rs. If we further
assume the equation of state of the fluid is in the polytropic
form p = ⇢�

0
, the Euler equation yields

v2
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+
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Along with the above boundary condition, we obtain

cs(rs) = cs(1)
⇣ 2
5� 3�

⌘
1/2

. (B5)

On the other hand, from the continuity equation (B1), we
have Ṁ = �4⇡r2⇢0v = 4⇡r2s⇢0(rs)cs(rs), which can yield

⇢0(rs) = ⇢0(1)
h cs(rs)
cs(1)
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and

Ṁ = ⇡G2

NM2 ⇢0(1)
c3s(1)
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Therefore, the accretion rate is determined by �, the total
mass M of the central object, and the boundary values ⇢0(1)
and cs(1).

However, the DM can be relativistic, e.g., the self-
interacting relativistic bosonic scalar, then the above non-
relativistic formulation of Bondi accretion can fail. For the

And the Bondi accretion rate (non-relativistic)
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anisotropic stress tensor given by Tµ
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where we have introduced the following dimensionless scaled
quantities

x = mr , ⌦ =
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, � =
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with the Planckian mass Mpl = 1/
p
4⇡GN . Note that the

anisotropy of the pressures is due to the gradient term |@x�|
2.
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where U 0(Mpl�) :=
�U(X)

�X |X=Mpl�.
Due to the anisotropic stress tensor, the Einstein equation

cannot be further reduced to TOV equations. The only way
to solve the boson star configuration is to solve the coupled
field equations by the shooting method, which is numerically
di�cult to obtain the full mass-radius or even mass-TLN re-
lations. One simplification is to assume the scalar field profile
is almost flat inside the boson stars so that the gradient term
@x�|

2 in (A5)-(A6) and (A9) can be dropped. However, the
gradient term cannot always be small unless for some partic-
ular self-interaction regime. To see this, let us assume that
for some proper choice of a dimensionless parameter ⇤, which
is the combination of m, �, and coupling constants in U , one
can have
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If we further scale x by x⇤ = x/
p
⇤ and assume that A and

B are not a↵ected by this scaling, then it is straightforward
to see that the terms involving the gradient @x� in (A5)-(A6)
and (A9) are suppressed by 1/⇤ factor than the other non-
gradient terms in the corresponding equations. Therefore, the
gradient terms can be neglected in the large ⇤ limit. In this
case, scalar field equation (A9) is reduced to the algebraic one
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and the overall energy density scale
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. (A15)

Then, for specific EoS, we can insert the corresponding po-
tential U⇤ and find the results listed in the main text.

Appendix B: Bondi accretion for non-relativistic and
relativistic fluids

Bondi accretion [211, 212] is the simplest accretion scenario
by assuming spherical symmetry. It can be the approximate
mechanism to create the boson stars or the DM spike around
a central BH. Consider first the non-relativistic fluid, i.e., the
sound speed is far less than the speed of light. Kinematically,
the continuity equation 1

r2
d
dr (r

2⇢0v) = 0 defines the accretion
rate

Ṁ = 4⇡⇢0r
2v (B1)

where M is the total mass of the central object, ⇢0 is the
mass density of the fluid, r is the radial distance, and v is the
magnitude of the inward velocity of the fluid element. On the
other hand, the dynamics are dictated by the Euler equation

v
dv
dr

+
1
⇢0

dp
dr

+
GNM
r2

= 0 (B2)

where p is the pressure of the fluid, and GN is the Newton
constant. Use the definition of the sound speed c2s = dp
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, we

can turn the Euler equation into
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Note that cs = cs(r). This equation predicts a sonic horizon
at r = rs with rs = GNM

2c2s(rs)
, at which v(rs) = cs(rs). It is

naturally assumed the fluid speed v approaches zero at r = 0,
so the Euler equation tells that v is monotonically increasing
toward the sonic horizon; thus v > cs for r < rs. If we further
assume the equation of state of the fluid is in the polytropic
form p = ⇢�

0
, the Euler equation yields
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+

c2s
� � 1

�
GNM

r
= constant =

c2s(1)
� � 1

. (B4)

Along with the above boundary condition, we obtain

cs(rs) = cs(1)
⇣ 2
5� 3�

⌘
1/2

. (B5)

On the other hand, from the continuity equation (B1), we
have Ṁ = �4⇡r2⇢0v = 4⇡r2s⇢0(rs)cs(rs), which can yield
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and
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Therefore, the accretion rate is determined by �, the total
mass M of the central object, and the boundary values ⇢0(1)
and cs(1).

However, the DM can be relativistic, e.g., the self-
interacting relativistic bosonic scalar, then the above non-
relativistic formulation of Bondi accretion can fail. For the

EoS dependentEnvironment dependentM2 dependent

For 1000 M⊙ BH

Low sound speed seems to enhance the rate —> redundant 
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where we have introduced the following dimensionless scaled
quantities
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with the Planckian mass Mpl = 1/
p
4⇡GN . Note that the

anisotropy of the pressures is due to the gradient term |@x�|
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where U 0(Mpl�) :=
�U(X)

�X |X=Mpl�.
Due to the anisotropic stress tensor, the Einstein equation

cannot be further reduced to TOV equations. The only way
to solve the boson star configuration is to solve the coupled
field equations by the shooting method, which is numerically
di�cult to obtain the full mass-radius or even mass-TLN re-
lations. One simplification is to assume the scalar field profile
is almost flat inside the boson stars so that the gradient term
@x�|

2 in (A5)-(A6) and (A9) can be dropped. However, the
gradient term cannot always be small unless for some partic-
ular self-interaction regime. To see this, let us assume that
for some proper choice of a dimensionless parameter ⇤, which
is the combination of m, �, and coupling constants in U , one
can have
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If we further scale x by x⇤ = x/
p
⇤ and assume that A and

B are not a↵ected by this scaling, then it is straightforward
to see that the terms involving the gradient @x� in (A5)-(A6)
and (A9) are suppressed by 1/⇤ factor than the other non-
gradient terms in the corresponding equations. Therefore, the
gradient terms can be neglected in the large ⇤ limit. In this
case, scalar field equation (A9) is reduced to the algebraic one
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and the overall energy density scale
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Then, for specific EoS, we can insert the corresponding po-
tential U⇤ and find the results listed in the main text.

Appendix B: Bondi accretion for non-relativistic and
relativistic fluids

Bondi accretion [211, 212] is the simplest accretion scenario
by assuming spherical symmetry. It can be the approximate
mechanism to create the boson stars or the DM spike around
a central BH. Consider first the non-relativistic fluid, i.e., the
sound speed is far less than the speed of light. Kinematically,
the continuity equation 1

r2
d
dr (r

2⇢0v) = 0 defines the accretion
rate

Ṁ = 4⇡⇢0r
2v (B1)

where M is the total mass of the central object, ⇢0 is the
mass density of the fluid, r is the radial distance, and v is the
magnitude of the inward velocity of the fluid element. On the
other hand, the dynamics are dictated by the Euler equation

v
dv
dr

+
1
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dp
dr

+
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= 0 (B2)

where p is the pressure of the fluid, and GN is the Newton
constant. Use the definition of the sound speed c2s = dp
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can turn the Euler equation into
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Note that cs = cs(r). This equation predicts a sonic horizon
at r = rs with rs = GNM

2c2s(rs)
, at which v(rs) = cs(rs). It is

naturally assumed the fluid speed v approaches zero at r = 0,
so the Euler equation tells that v is monotonically increasing
toward the sonic horizon; thus v > cs for r < rs. If we further
assume the equation of state of the fluid is in the polytropic
form p = ⇢�

0
, the Euler equation yields
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Along with the above boundary condition, we obtain

cs(rs) = cs(1)
⇣ 2
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⌘
1/2

. (B5)

On the other hand, from the continuity equation (B1), we
have Ṁ = �4⇡r2⇢0v = 4⇡r2s⇢0(rs)cs(rs), which can yield
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and
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Therefore, the accretion rate is determined by �, the total
mass M of the central object, and the boundary values ⇢0(1)
and cs(1).

However, the DM can be relativistic, e.g., the self-
interacting relativistic bosonic scalar, then the above non-
relativistic formulation of Bondi accretion can fail. For the

Naively the Bondi accretion rate appears larger as it is proportional to M2 comparing 
to Eddington accretion is proportional to M. In reality the Bondi accretion is far 

suppressed in comparison to the Eddington accretion. 

1. The Eddington is the balance between the radiation pressure and gravity : the heat 
due to the collision can be depleted by the radiation to prevent the heating-up feedback.

2. Bondi depends on energy density ρ of the accreting fluid, which is usually insufficient 
to supply enough inflow of matter to form SMBHs.  

3. If one considers the accretion of CDM, the local density of CDM in the inner region is 
estimated to be far smaller than the baryonic matter in the halos with NFW structure. 

4. If considering the Bondi accretion of relativistic DM, the Bondi rate is suppressed by 
large sound speed cs. 

The usual consideration of forming SMBH by accretion mechanism, the Eddington is 
usually the dominant mechanism. 
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where we have introduced the following dimensionless scaled
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with the Planckian mass Mpl = 1/
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anisotropy of the pressures is due to the gradient term |@x�|
2.

The second part of the field equations is the one for � (or now
�),

@x(x
2

r
B
A
@x�)+x2

p

AB
h
(
⌦2

B
�1)��

U 0(Mpl�)
m2Mpl

i
= 0 , (A9)

where U 0(Mpl�) :=
�U(X)

�X |X=Mpl�.
Due to the anisotropic stress tensor, the Einstein equation

cannot be further reduced to TOV equations. The only way
to solve the boson star configuration is to solve the coupled
field equations by the shooting method, which is numerically
di�cult to obtain the full mass-radius or even mass-TLN re-
lations. One simplification is to assume the scalar field profile
is almost flat inside the boson stars so that the gradient term
@x�|

2 in (A5)-(A6) and (A9) can be dropped. However, the
gradient term cannot always be small unless for some partic-
ular self-interaction regime. To see this, let us assume that
for some proper choice of a dimensionless parameter ⇤, which
is the combination of m, �, and coupling constants in U , one
can have

U(Mpl�)
m2M2

pl

�!
U⇤(�⇤)

⇤
where �⇤ =

p

⇤� (A10)

with U⇤ being in a universal form involving none of the model
parameters in V . Note that this above implies

U 0(Mpl�)
m2Mpl

!
U 0

⇤(�⇤)
p
⇤

with U 0
⇤(X) =

�U⇤(X)
�X

. (A11)

If we further scale x by x⇤ = x/
p
⇤ and assume that A and

B are not a↵ected by this scaling, then it is straightforward
to see that the terms involving the gradient @x� in (A5)-(A6)
and (A9) are suppressed by 1/⇤ factor than the other non-
gradient terms in the corresponding equations. Therefore, the
gradient terms can be neglected in the large ⇤ limit. In this
case, scalar field equation (A9) is reduced to the algebraic one

(
⌦2

B
� 1)�⇤ = U 0

⇤(�⇤) . (A12)

Then we obtain that, (A5) and (A6) reduce to

⇢ = ⇢0
h1
2
�⇤U

0
⇤(�⇤) + U⇤(�⇤) + �2

⇤

i
, (A13)

p = p? = ⇢0
h1
2
�⇤U

0
⇤(�⇤)� U⇤(�⇤)

i
, (A14)

and the overall energy density scale

⇢0 =
m2M2

pl

⇤
. (A15)

Then, for specific EoS, we can insert the corresponding po-
tential U⇤ and find the results listed in the main text.

Appendix B: Bondi accretion for non-relativistic and
relativistic fluids

Bondi accretion [211, 212] is the simplest accretion scenario
by assuming spherical symmetry. It can be the approximate
mechanism to create the boson stars or the DM spike around
a central BH. Consider first the non-relativistic fluid, i.e., the
sound speed is far less than the speed of light. Kinematically,
the continuity equation 1

r2
d
dr (r

2⇢0v) = 0 defines the accretion
rate

Ṁ = 4⇡⇢0r
2v (B1)

where M is the total mass of the central object, ⇢0 is the
mass density of the fluid, r is the radial distance, and v is the
magnitude of the inward velocity of the fluid element. On the
other hand, the dynamics are dictated by the Euler equation

v
dv
dr

+
1
⇢0

dp
dr

+
GNM
r2

= 0 (B2)

where p is the pressure of the fluid, and GN is the Newton
constant. Use the definition of the sound speed c2s = dp

d⇢0
, we

can turn the Euler equation into

1
2

⇣
1�

c2s
v2

⌘dv2

dr
= �

GNM
r2

⇣
1�

2c2sr
GNM

⌘
. (B3)

Note that cs = cs(r). This equation predicts a sonic horizon
at r = rs with rs = GNM

2c2s(rs)
, at which v(rs) = cs(rs). It is

naturally assumed the fluid speed v approaches zero at r = 0,
so the Euler equation tells that v is monotonically increasing
toward the sonic horizon; thus v > cs for r < rs. If we further
assume the equation of state of the fluid is in the polytropic
form p = ⇢�

0
, the Euler equation yields

v2

2
+

c2s
� � 1

�
GNM

r
= constant =

c2s(1)
� � 1

. (B4)

Along with the above boundary condition, we obtain

cs(rs) = cs(1)
⇣ 2
5� 3�

⌘
1/2

. (B5)

On the other hand, from the continuity equation (B1), we
have Ṁ = �4⇡r2⇢0v = 4⇡r2s⇢0(rs)cs(rs), which can yield

⇢0(rs) = ⇢0(1)
h cs(rs)
cs(1)

i
2/(��1)

(B6)

and

Ṁ = ⇡G2

NM2 ⇢0(1)
c3s(1)

h 2
5� 3�

i (5�3�)
2(��1)

. (B7)

Therefore, the accretion rate is determined by �, the total
mass M of the central object, and the boundary values ⇢0(1)
and cs(1).

However, the DM can be relativistic, e.g., the self-
interacting relativistic bosonic scalar, then the above non-
relativistic formulation of Bondi accretion can fail. For the

1. The zero sound speed cs implies no pressure support —> no Bondi inflow. Thus 
cs—> 0 is a critical limit, so the Bondi accretion is replaced by ballistic free fall of 
dust with the accretion rate 

2

2. Unlike the Eddington accretion rate with a universal tEdd, the Bondi one depends on energy density ⇢ of the accreting
fluid, which is usually insu�cient to supply enough inflow of matter to form SMBHs. For examples, for a black hole
of M = 3M� yielding ṀEdd ⇠ 6 ⇥ 10�8

M�/yr, then (i) in the post-ionization intergalactic medium with n ⇠ 10�6cm�3,
a ⇠ 12km/s,

ṀBondi ⇠ 10�12
ṀEdd , (I.3)

and (ii) in the molecular cloud with n ⇠ 100cm�3, a ⇠ 0.3km/s,

ṀBondi ⇠ 10�3
ṀEdd . (I.4)

3. Moreover, considering the accretion of cold dark matter (CDM), the local density of CDM in the inner region is estimated
to be far smaller than the baryonic matter in the halos with NFW structures [4–7]. This leads to a suppressed accretion
rate compared to Bondi’s prediction.

4. On the other hand, considering the accretion of relativistic dark matter, the Bondi accretion rate is suppressed by large
cs ⇠ O(c). This can also be understood as resistance to collapse under high pressure, leading to slower accretion.

Therefore, in the usual consideration of forming SMBH by accretion mechanism, the Eddington is usually the dominant mecha-
nism, and the contribution from Bondi accretion can be neglected. However, before moving into the discussion of bypassing the
above no-go of forming SMBH by Bondi accretion, we shall discuss the seeming divergence of Bondi accretion rate of (I.2) for
a = 0.

1. The fact of zero sound speed, a = 0, implies no pressure support, thus no Bondi flow. Thus, the a ! 0 is a critical limit,
so that the Bondi accretion should be replaced by ballistic free fall of dust with the accretion rate

Ṁdust = 4⇡r2
cap⇢1v1 = 16⇡⇢1

(GM)2

v
3
1

(I.5)

where rcap =
2GM

v
2
1

is the gravitational capture radius, and v1 is the asymptotic ballistic velocity. Similarly, v1 ! 0 is also
a critical limit of (I.5) because the configuration becomes static.

2. Physically, the above failure of Bondi accretion in the critical limit can be understood as follows. The vanishing a implies
the CDM is almost collisionless, so that its capture by the central black hole simply relies on gravity. This needs a small
impact parameter, resulting in a smaller e↵ective accretion rate than predicted by Bondi accretion.

3. The tiny scattering cross-section of CDM also limits the increase of coarse-grained phase-space density to form ”Bondi
radius”. Thus, it lacks a mechanism to realize huge ”Bondi focusing” even with a tiny sound speed.

We now move the consider how to bypass the no-go of forming SMBH by Bondi accretion. From the above discussions, we
cannot consider CDM, but need to pick up a relativistic DM model which can result in a large prefactor of the Bondi accretion
rate, at least in the late-time era. Additionally, we need to address the supply issue by ensuring a dense profile in the inner region.
We find that the SIDM made of a light scalar with quartic self-interaction can bypass the above obstructions because

1. The prefactor of the Bondi accretion rate diverges as a! c/3.

2. The Bondi accretion creates a spike profile around the center black hole as shown in [8]. This ensures a dense profile to
supply Bondi accretion.

3. This SIDM model can also resolve other astrophysical issues, such as the satellite problem, bullet cluster collision, and
the too-big-to-fall problem, and satisfy the cosmological constraint by appropriately tuning the model parameters, e.g.,
see [9–14].

4. The Bondi accretion rate should be self-regulated to avoid the over-production of SMBHs in the current era, which we do
not observe.

5. The total mass of the halos can also be estimated by treating the primordial halos as the Tolman-Oppenheimer-Volko↵
(TOV) configurations.

The key message from the above discussions is as follows: By assuming that SMBHs form through Bondi accretion of DM,
the recently discovered SMBHs by JWST can place a very tight constraint on DM models. Once a viable DM model is chosen,
it can predict the mass function and growth curves of SMBHs, assuming that accretion is the primary mechanism for SMBH
formation. Future observations can then test these mass functions and growth curves.
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ṀBondi ⇠ 10�12
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rcap is the gravitational capture radius and v∞ is the asymptotic ballistic velocity.  

2. Physically, the vanishing cs implies the CDM is almost collisionless, so the 
capture by the central BH simply relies on gravity. It needs a small impact 
parameter, resulting in a smaller effective accretion rate. 

3. The tiny scattering cross-section of CDM limits the formation of “Bondi radius”. 
Thus, it lacks a mechanism to realize huge “Bondi focusing” even with a tiny sound 
speed. 



• Molecular cloud (n ⇠ 100 cm�3
, cs ⇠ 0.3 km/s):

ṀB ⇠ 10�11
M�/yr, ṀEdd ⇠ 6⇥ 10�8

M�/yr.

Eddington still exceeds Bondi by ⇠ 103.

• Relativistically hot gas (� = 4/3, a1 = 1/
p
3): ⇤ ' 0.3, but cs ' 0.58 c makes the

effective coefficient C smaller by ⇠ 109 compared to cold Newtonian gas.

5. Astrophysical logic

• If ṀB ⌧ ṀEdd (diffuse IGM, typical galactic medium), black holes grow negligibly.

• If ṀB � ṀEdd (dense gas), feedback enforces Ṁ ' ṀEdd.

Thus, the effective growth rate is

Ṁ = min
⇣
ṀB, ṀEdd

⌘
. (4.8)

Because the Bondi prefactor is usually either too small to matter, or else so large that the
flow saturates at Eddington, most astrophysical discussions adopt the Eddington rate as the
relevant benchmark.

6. Example coefficients and accretion rates

The effective prefactor is
C = 4⇡ �(�)G2 ⇢

c3s
,

so that Ṁ = CM
2. Typical values for a 3M� black hole are listed below.

Environment n [cm�3] cs [km/s] C [kg�1s�1] Ṁ [M�/yr]
Post-reion. IGM 10�6 12 1.4⇥ 10�59 10�20

Pre-reion. IGM (z ⇠ 50) 2.7⇥ 10�2 1 7.4⇥ 10�52 10�14

Warm neutral medium 0.5 8 1.7⇥ 10�54 10�16

Molecular cloud 100 0.3 1.0⇥ 10�46 10�11

Dense core (optimistic) 104 0.2 3.5⇥ 10�44 10�9

Cluster ICM (hot) 10�3 1000 2.8⇥ 10�62 10�22

Relativistically hot gas† ⇢ = 10�19 kg/m3
c/
p
3 3⇥ 10�64

⌧ 10�20

Eddington limit – – – 6⇥ 10�8

†GR Michel accretion with � = 4/3, a1 = 1/
p
3, ⇤ ' 0.3. Here, the much larger relativistic

sound speed suppresses the effective C coefficient by many orders of magnitude.

5 Dark Bondi accretion for various models

5.1 axion-like dark matter

For the axion-like field, it is typically to have a sine-Gordon field type potential with the
following expression

V (�) =
m

2

�2
[1� cos�

p
|�|2] . (5.1)
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• (1) The initial mass distribution of the protostars or primordial black holes (PBHs)
with the masses below 100 M�.

• (2) Use the source as the seeds, and assume the long-term accretion dynamics around
each seed is just the Eddington accretion and Bondi accretion inside the dark Halos by
feeding the center seed with the surrounding baryonic and dark matter.

• (3) The accretion rates of forming supermassive black holes will depend on the initial
mass of the seeds and also on the equation of state for the dark matter. There are
many equations of state for the field-theoretical dark models as derived and listed in
[ZLT+23].

Based on the above setup for a given distribution of the seed source and a distribution
for the initial condition of the Bondi accretion, we can connect the model of dark matter
to the mass function of supermassive black holes and its evolution with the redshift factor
z, which can be mapped out by future astronomical observations, such as those from JWST
or LISA. This then presents an interesting proposal for inferring dark matter models from
astrophysical observations of black holes.

More specifically, we can start with the distribution of PBHs and the Poisson distribution
of the sound speed (and the other model parameters) for the SIDM in the Bondi accretion,
and by solving the Bondi accretion equation

Ṁ = �bM +K(as)M
2
, (4.1)

we can then obtain the mass function P (M ; z) of the supermassive black holes. In the above,
the �b is fixed by Eddington accretion of baryonic matter, and K(as) will depend on the
model of dark matter.

Bondi vs. Eddington Accretion

1. Newtonian Bondi accretion (supply-limited)

The Newtonian (Bondi–Hoyle) accretion rate is

ṀB = 4⇡�(�)
(GM)2⇢1

c 3s,1
, (4.2)

where ⇢1 and cs,1 are the density and sound speed of the ambient medium, and �(�) is a
dimensionless coefficient depending on the adiabatic index �:

�(�) =
1

4

✓
2

5� 3�

◆ 5�3�
2(��1)

, 1 < �  5/3, (4.3)

with the isothermal limit (� ! 1):

�(1) =
e
3/2

4
' 1.12. (4.4)

Typical values:
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M�/yr, ṀEdd ⇠ 6⇥ 10�8

M�/yr.

Eddington still exceeds Bondi by ⇠ 103.

• Relativistically hot gas (� = 4/3, a1 = 1/
p
3): ⇤ ' 0.3, but cs ' 0.58 c makes the

effective coefficient C smaller by ⇠ 109 compared to cold Newtonian gas.

5. Astrophysical logic
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Numerical comparison 

Take 3M⊙ BH as an example



• BH accretion process can be “relativistic”

• Bondi accretion needs certain thermal pressure (interaction) —> 

we consider the self-interacting dark matter (SIDM)

Relativistic Bondi accretion on SIDM

JCAP08(2022)032

2 Relativistic Bondi accretion of self-interacting dark scalar

The resultant profile of the accreting matter due to the Bondi accretion is supposed to depend
on the EoS. The simplest EoS is the polytropic type, p = Kfl�

0 with fl0 indicates the mass
density, which, however, may not be the realistic one for nontrivial DM. In this paper, we
will consider a nontrivial but simple DM model which goes beyond the polytropic one. This
is just a massive canonical scalar field with quartic self-coupling, which was first proposed
in [52] for boson stars, with the following Lagrangian,

L = ≠1
2gµ‹„ú

;µ„;‹ ≠ V (|„|) (2.1)

where the scalar potential is given by

V (|„|) = 1
2m2|„|2 + ⁄

4! |„|4. (2.2)

Here m is the mass of DM mass and ⁄ represents the self-coupling strength. This is a
simple and viable DM model with discrete symmetry. The resulting cross-section of DM-DM
scattering is [69]

‡ = ⁄2

64fim2
(2.3)

in the non-relativistic limit. This cross-section should be constrained by (1.1) to yield profiles
of DM halos consistent with the observed ones.

To consider the accretion of the above scalar SIDM by a central massive object such as
a BH or a compact star of mass M , which is described by the Schwarzschild metric

ds2 = ≠
3

1 ≠ 2M

r

4
dt2 +

3
1 ≠ 2M

r

4≠1

dr2 + r2(d◊2 + sin2 ◊d„2) . (2.4)

Instead of directly solving the above Einstein-scalar system in such a background spacetime
for the hydrodynamics of the accreting matter, we can consider the regime with ⁄m2

Pl
/m2 ∫ 1,

where mPl is the Planck mass, for which the scalar field only varies on a relatively large length
scale ⁄m2

Pl
/m3 ∫ 1/m. Therefore, the stationary scalar field configuration in this regime can

be approximated by a perfect fluid for the hydrodynamical study with the following EoS [52]

p

flB
= 4

9

C3
1 + 3fl

4flB

41/2

≠ 1
D2

or fl

flB
= 3p

flB
+ 4

Ú
p

flB
, (2.5)

where the free parameter flB is given by

flB = 3m4

2⁄
= 3.48

⁄

3
m

GeV

44

◊ 1020 kg m≠3. (2.6)

The EoS (2.5) reduces to a condensate fluid p Ã fl2 [70] in the non-relativistic limit, p π
fl π flB; while fl ƒ 3p ∫ flB as a radiation fluid in the relativistic limit. To study the Bondi
accretion for the considered SIDM, we can start with either the non-relativistic formulation or
the relativistic one. The corresponding sets of the continuity equation and the Euler equation
are given in appendix A and B, respectively. However, as shown in appendix A, the non-
relativistic Bondi accretion of the SIDM with EoS (2.5) gives the relativistic sound speed near
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The resultant profile of the accreting matter due to the Bondi accretion is supposed to depend
on the EoS. The simplest EoS is the polytropic type, p = Kfl�

0 with fl0 indicates the mass
density, which, however, may not be the realistic one for nontrivial DM. In this paper, we
will consider a nontrivial but simple DM model which goes beyond the polytropic one. This
is just a massive canonical scalar field with quartic self-coupling, which was first proposed
in [52] for boson stars, with the following Lagrangian,

L = ≠1
2gµ‹„ú

;µ„;‹ ≠ V (|„|) (2.1)

where the scalar potential is given by

V (|„|) = 1
2m2|„|2 + ⁄

4! |„|4. (2.2)

Here m is the mass of DM mass and ⁄ represents the self-coupling strength. This is a
simple and viable DM model with discrete symmetry. The resulting cross-section of DM-DM
scattering is [69]

‡ = ⁄2

64fim2
(2.3)

in the non-relativistic limit. This cross-section should be constrained by (1.1) to yield profiles
of DM halos consistent with the observed ones.

To consider the accretion of the above scalar SIDM by a central massive object such as
a BH or a compact star of mass M , which is described by the Schwarzschild metric
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3

1 ≠ 2M

r

4
dt2 +

3
1 ≠ 2M

r

4≠1

dr2 + r2(d◊2 + sin2 ◊d„2) . (2.4)

Instead of directly solving the above Einstein-scalar system in such a background spacetime
for the hydrodynamics of the accreting matter, we can consider the regime with ⁄m2

Pl
/m2 ∫ 1,

where mPl is the Planck mass, for which the scalar field only varies on a relatively large length
scale ⁄m2

Pl
/m3 ∫ 1/m. Therefore, the stationary scalar field configuration in this regime can

be approximated by a perfect fluid for the hydrodynamical study with the following EoS [52]

p

flB
= 4

9

C3
1 + 3fl

4flB

41/2

≠ 1
D2

or fl

flB
= 3p

flB
+ 4

Ú
p

flB
, (2.5)

where the free parameter flB is given by

flB = 3m4

2⁄
= 3.48

⁄

3
m

GeV

44

◊ 1020 kg m≠3. (2.6)

The EoS (2.5) reduces to a condensate fluid p Ã fl2 [70] in the non-relativistic limit, p π
fl π flB; while fl ƒ 3p ∫ flB as a radiation fluid in the relativistic limit. To study the Bondi
accretion for the considered SIDM, we can start with either the non-relativistic formulation or
the relativistic one. The corresponding sets of the continuity equation and the Euler equation
are given in appendix A and B, respectively. However, as shown in appendix A, the non-
relativistic Bondi accretion of the SIDM with EoS (2.5) gives the relativistic sound speed near
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We call this model �
4-SIDM. By considering it un-

der the self-gravitating process in forming a Tolman-
Oppenheimer-Volkoff configuration, we can derive the
equation of state (EoS) of �4-SIDM (Colpi et al. 1986;
Zhang et al. 2023), which takes the following analytic
form

⇢

⇢B
=

3p

⇢B
+ 4

r
p

⇢B
(7)

with a model energy density scale

⇢B :=
3m4

2�
=

3.48

�

⇣
m

GeV

⌘4
⇥ 1020 kg m�3

. (8)

From EoS (7), we can obtain the (adiabatic) sound speed
square,

a
2 :=

⇣
@p

@⇢

⌘

adiabatic
=

1

3

⇣
1�

1p
1 + 3⇢/4⇢B

⌘
. (9)

In the above, we set the speed of light c to unity. From
now on, we will adopt the convention of units with G =
c = 1. From (9), we note that

a
2
 1/3 . (10)

It is called the sound barrier when the bound is satu-
rated.

Besides, for a relativistic fluid, the rest mass density
⇢0 is different from the energy density ⇢, and is related
by

⇣
@⇢

@⇢0

⌘

adiabtic
=

p+ ⇢

⇢0
. (11)

With EoS (7), we can integrate (11) to obtain

⇢0

⇢0,1
=

a
2

a21

s
(1� a2)(1� 3a21)3

(1� a21)(1� 3a2)3
(12)

where the subscript 1 indicates the quantity being eval-
uated at spatial infinity. The asymptotic sound speed
a1 also defines the Bondi radius

rB :=
2M

a21
, (13)

which characterizes the effective capture radius for the
Bondi accretion. For a fixed a1, we see that the Bondi
radius grows linearly with M , that is, the matter inside
a halo will be gradually accreted into the center black
hole as time goes by.

On the other hand, the �
4-SIDM model (6) gives a

cross-section of DM-DM scattering as follows (Eby et al.
2016)

��4 =
�
2

64⇡m2
. (14)

The most robust empirical constraints on the cross-
section of DM-DM scattering arise from merging clus-
ters, most notably the Bullet Cluster (Clowe et al. 2006;
Randall et al. 2008). The persistence of spatial offsets
between the hot intracluster gas and DM distribution
places an upper bound on the momentum-transfer cross-
section per unit mass,

0.1 cm2 g�1 . �DM/m . O(1) cm2 g�1
. (15)

This bound has guided SIDM model building, constrain-
ing both particle physics scenarios and astrophysical
halo structure. Identifying �DM in (15) as ��4 of (14)
gives

30
⇣

m

GeV

⌘3/2
. � . 90

⇣
m

GeV

⌘3/2
. (16)

For simplicity, in the following discussion, we take the
median value of � in the above range, namely, � '

50(m/GeV)3/2. Then, the model energy density scale
of (8) can be reduced to

⇢B = 6.96⇥ 1018
⇣

m

GeV

⌘5/2
kg m�3

. (17)

Thus, we can tune the mass parameter m of �4-SIDM
to achieve the desired value of ⇢B by satisfying the most
robust constraint (15) on �DM at the same time.

3.2. Bondi accretion rate of �4-SIDM

After considering the observational constraint on the
�
4-SIDM to arrive at (17), we now further consider its

Bondi accretion around a central black hole. As our
SIDM originates from a relativistic light scalar field, the
Bondi accretion should be relativistic. The Bondi ac-
cretion is governed by the Euler equation (Shapiro &
Teukolsky 1983)

⇣
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⌘⇣
1 + u

2
�

2M

r

⌘
=

⇣
p1 + ⇢1
⇢0,1

⌘
(18)

where u is the (inward) stream velocity of the accretion
flow, and the accretion rate is given by

ṀBondi = 4⇡r2s⇢0,sus (19)

where the subscript s indicates the quantities being eval-
uated at the sonic horizon r = rs, on which the Euler
equation is degenerate and leads to the following critical
conditions

u
2
s =

a
2
s

1 + 3a2s
=

2M

rs
. (20)

Using these conditions and the Euler equation, it leads
to

a
2
1 =

a
2
s(9a

2
s � 1)

2� 3a2s + 9a4s
(21)

EoS:

4

We call this model �
4-SIDM. By considering it un-

der the self-gravitating process in forming a Tolman-
Oppenheimer-Volkoff configuration, we can derive the
equation of state (EoS) of �4-SIDM (Colpi et al. 1986;
Zhang et al. 2023), which takes the following analytic
form
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In the above, we set the speed of light c to unity. From
now on, we will adopt the convention of units with G =
c = 1. From (9), we note that

a
2
 1/3 . (10)

It is called the sound barrier when the bound is satu-
rated.

Besides, for a relativistic fluid, the rest mass density
⇢0 is different from the energy density ⇢, and is related
by
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With EoS (7), we can integrate (11) to obtain
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where the subscript 1 indicates the quantity being eval-
uated at spatial infinity. The asymptotic sound speed
a1 also defines the Bondi radius

rB :=
2M

a21
, (13)

which characterizes the effective capture radius for the
Bondi accretion. For a fixed a1, we see that the Bondi
radius grows linearly with M , that is, the matter inside
a halo will be gradually accreted into the center black
hole as time goes by.

On the other hand, the �
4-SIDM model (6) gives a

cross-section of DM-DM scattering as follows (Eby et al.
2016)
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The most robust empirical constraints on the cross-
section of DM-DM scattering arise from merging clus-
ters, most notably the Bullet Cluster (Clowe et al. 2006;
Randall et al. 2008). The persistence of spatial offsets
between the hot intracluster gas and DM distribution
places an upper bound on the momentum-transfer cross-
section per unit mass,

0.1 cm2 g�1 . �DM/m . O(1) cm2 g�1
. (15)

This bound has guided SIDM model building, constrain-
ing both particle physics scenarios and astrophysical
halo structure. Identifying �DM in (15) as ��4 of (14)
gives
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For simplicity, in the following discussion, we take the
median value of � in the above range, namely, � '

50(m/GeV)3/2. Then, the model energy density scale
of (8) can be reduced to
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⌘5/2
kg m�3

. (17)

Thus, we can tune the mass parameter m of �4-SIDM
to achieve the desired value of ⇢B by satisfying the most
robust constraint (15) on �DM at the same time.

3.2. Bondi accretion rate of �4-SIDM

After considering the observational constraint on the
�
4-SIDM to arrive at (17), we now further consider its

Bondi accretion around a central black hole. As our
SIDM originates from a relativistic light scalar field, the
Bondi accretion should be relativistic. The Bondi ac-
cretion is governed by the Euler equation (Shapiro &
Teukolsky 1983)
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where u is the (inward) stream velocity of the accretion
flow, and the accretion rate is given by

ṀBondi = 4⇡r2s⇢0,sus (19)

where the subscript s indicates the quantities being eval-
uated at the sonic horizon r = rs, on which the Euler
equation is degenerate and leads to the following critical
conditions

u
2
s =
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2
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1 + 3a2s
=
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. (20)

Using these conditions and the Euler equation, it leads
to
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We call this model �
4-SIDM. By considering it un-

der the self-gravitating process in forming a Tolman-
Oppenheimer-Volkoff configuration, we can derive the
equation of state (EoS) of �4-SIDM (Colpi et al. 1986;
Zhang et al. 2023), which takes the following analytic
form
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(7)

with a model energy density scale
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From EoS (7), we can obtain the (adiabatic) sound speed
square,
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=

1

3

⇣
1�

1p
1 + 3⇢/4⇢B

⌘
. (9)

In the above, we set the speed of light c to unity. From
now on, we will adopt the convention of units with G =
c = 1. From (9), we note that

a
2
 1/3 . (10)

It is called the sound barrier when the bound is satu-
rated.

Besides, for a relativistic fluid, the rest mass density
⇢0 is different from the energy density ⇢, and is related
by

⇣
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⌘
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. (11)

With EoS (7), we can integrate (11) to obtain
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⇢0,1
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(1� a2)(1� 3a21)3
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where the subscript 1 indicates the quantity being eval-
uated at spatial infinity. The asymptotic sound speed
a1 also defines the Bondi radius

rB :=
2M

a21
, (13)

which characterizes the effective capture radius for the
Bondi accretion. For a fixed a1, we see that the Bondi
radius grows linearly with M , that is, the matter inside
a halo will be gradually accreted into the center black
hole as time goes by.

On the other hand, the �
4-SIDM model (6) gives a

cross-section of DM-DM scattering as follows (Eby et al.
2016)
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The most robust empirical constraints on the cross-
section of DM-DM scattering arise from merging clus-
ters, most notably the Bullet Cluster (Clowe et al. 2006;
Randall et al. 2008). The persistence of spatial offsets
between the hot intracluster gas and DM distribution
places an upper bound on the momentum-transfer cross-
section per unit mass,

0.1 cm2 g�1 . �DM/m . O(1) cm2 g�1
. (15)

This bound has guided SIDM model building, constrain-
ing both particle physics scenarios and astrophysical
halo structure. Identifying �DM in (15) as ��4 of (14)
gives
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For simplicity, in the following discussion, we take the
median value of � in the above range, namely, � '

50(m/GeV)3/2. Then, the model energy density scale
of (8) can be reduced to

⇢B = 6.96⇥ 1018
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Thus, we can tune the mass parameter m of �4-SIDM
to achieve the desired value of ⇢B by satisfying the most
robust constraint (15) on �DM at the same time.

3.2. Bondi accretion rate of �4-SIDM

After considering the observational constraint on the
�
4-SIDM to arrive at (17), we now further consider its

Bondi accretion around a central black hole. As our
SIDM originates from a relativistic light scalar field, the
Bondi accretion should be relativistic. The Bondi ac-
cretion is governed by the Euler equation (Shapiro &
Teukolsky 1983)
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where u is the (inward) stream velocity of the accretion
flow, and the accretion rate is given by

ṀBondi = 4⇡r2s⇢0,sus (19)

where the subscript s indicates the quantities being eval-
uated at the sonic horizon r = rs, on which the Euler
equation is degenerate and leads to the following critical
conditions

u
2
s =
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1 + 3a2s
=
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. (20)

Using these conditions and the Euler equation, it leads
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Sound speed :

4

We call this model �
4-SIDM. By considering it un-

der the self-gravitating process in forming a Tolman-
Oppenheimer-Volkoff configuration, we can derive the
equation of state (EoS) of �4-SIDM (Colpi et al. 1986;
Zhang et al. 2023), which takes the following analytic
form
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with a model energy density scale
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From EoS (7), we can obtain the (adiabatic) sound speed
square,
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In the above, we set the speed of light c to unity. From
now on, we will adopt the convention of units with G =
c = 1. From (9), we note that

a
2
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It is called the sound barrier when the bound is satu-
rated.

Besides, for a relativistic fluid, the rest mass density
⇢0 is different from the energy density ⇢, and is related
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where the subscript 1 indicates the quantity being eval-
uated at spatial infinity. The asymptotic sound speed
a1 also defines the Bondi radius

rB :=
2M
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, (13)

which characterizes the effective capture radius for the
Bondi accretion. For a fixed a1, we see that the Bondi
radius grows linearly with M , that is, the matter inside
a halo will be gradually accreted into the center black
hole as time goes by.

On the other hand, the �
4-SIDM model (6) gives a

cross-section of DM-DM scattering as follows (Eby et al.
2016)
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Thus, we can tune the mass parameter m of �4-SIDM
to achieve the desired value of ⇢B by satisfying the most
robust constraint (15) on �DM at the same time.

3.2. Bondi accretion rate of �4-SIDM
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4-SIDM to arrive at (17), we now further consider its

Bondi accretion around a central black hole. As our
SIDM originates from a relativistic light scalar field, the
Bondi accretion should be relativistic. The Bondi ac-
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flow, and the accretion rate is given by
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For relativistic fluid (mass-energy conservation): 
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where the subscript 1 indicates the quantity being eval-
uated at spatial infinity. The asymptotic sound speed
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rB :=
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which characterizes the effective capture radius for the
Bondi accretion. For a fixed a1, we see that the Bondi
radius grows linearly with M , that is, the matter inside
a halo will be gradually accreted into the center black
hole as time goes by.

On the other hand, the �
4-SIDM model (6) gives a

cross-section of DM-DM scattering as follows (Eby et al.
2016)
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Thus, we can tune the mass parameter m of �4-SIDM
to achieve the desired value of ⇢B by satisfying the most
robust constraint (15) on �DM at the same time.
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4-SIDM to arrive at (17), we now further consider its
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to

a
2
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a
2
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2
s � 1)

2� 3a2s + 9a4s
(21)
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We call this model �
4-SIDM. By considering it un-

der the self-gravitating process in forming a Tolman-
Oppenheimer-Volkoff configuration, we can derive the
equation of state (EoS) of �4-SIDM (Colpi et al. 1986;
Zhang et al. 2023), which takes the following analytic
form
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with a model energy density scale
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From EoS (7), we can obtain the (adiabatic) sound speed
square,
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In the above, we set the speed of light c to unity. From
now on, we will adopt the convention of units with G =
c = 1. From (9), we note that

a
2
 1/3 . (10)

It is called the sound barrier when the bound is satu-
rated.

Besides, for a relativistic fluid, the rest mass density
⇢0 is different from the energy density ⇢, and is related
by
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With EoS (7), we can integrate (11) to obtain
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where the subscript 1 indicates the quantity being eval-
uated at spatial infinity. The asymptotic sound speed
a1 also defines the Bondi radius

rB :=
2M

a21
, (13)

which characterizes the effective capture radius for the
Bondi accretion. For a fixed a1, we see that the Bondi
radius grows linearly with M , that is, the matter inside
a halo will be gradually accreted into the center black
hole as time goes by.

On the other hand, the �
4-SIDM model (6) gives a

cross-section of DM-DM scattering as follows (Eby et al.
2016)

��4 =
�
2

64⇡m2
. (14)

The most robust empirical constraints on the cross-
section of DM-DM scattering arise from merging clus-
ters, most notably the Bullet Cluster (Clowe et al. 2006;
Randall et al. 2008). The persistence of spatial offsets
between the hot intracluster gas and DM distribution
places an upper bound on the momentum-transfer cross-
section per unit mass,

0.1 cm2 g�1 . �DM/m . O(1) cm2 g�1
. (15)

This bound has guided SIDM model building, constrain-
ing both particle physics scenarios and astrophysical
halo structure. Identifying �DM in (15) as ��4 of (14)
gives
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. (16)

For simplicity, in the following discussion, we take the
median value of � in the above range, namely, � '

50(m/GeV)3/2. Then, the model energy density scale
of (8) can be reduced to

⇢B = 6.96⇥ 1018
⇣

m

GeV

⌘5/2
kg m�3

. (17)

Thus, we can tune the mass parameter m of �4-SIDM
to achieve the desired value of ⇢B by satisfying the most
robust constraint (15) on �DM at the same time.

3.2. Bondi accretion rate of �4-SIDM

After considering the observational constraint on the
�
4-SIDM to arrive at (17), we now further consider its

Bondi accretion around a central black hole. As our
SIDM originates from a relativistic light scalar field, the
Bondi accretion should be relativistic. The Bondi ac-
cretion is governed by the Euler equation (Shapiro &
Teukolsky 1983)
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where u is the (inward) stream velocity of the accretion
flow, and the accretion rate is given by

ṀBondi = 4⇡r2s⇢0,sus (19)

where the subscript s indicates the quantities being eval-
uated at the sonic horizon r = rs, on which the Euler
equation is degenerate and leads to the following critical
conditions
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s =
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Using these conditions and the Euler equation, it leads
to
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B Relativistic Euler equation in Schwarzschild spacetime

By the conservation law of spherically symmetric stationary inflow in Schwarzschild back-
ground, one obtains the relativistic Euler equation [71]:

uÕ

u
+ flÕ

0

fl0

= ≠2
r

,

uuÕ +
3

1 ≠ 2M

r
+ u2

4
a2

fl0

flÕ
0 = ≠M

r2
,

(B.1)

where “prime” denotes the derivative with respect to the radial coordinate. The solution is

uÕ = �1

� and flÕ
0 = �2

� , (B.2)

where

� © 1
fl0u

53
1 ≠ 2M

r
+ u2

4
a2 ≠ u2

6
,

�1 © 1
fl0

C
M

r2
≠ 2a2

r

3
1 ≠ 2M

r
+ u2

4D

and �2 © 1
u

A
2u2

r
≠ M

r2

B

. (B.3)

Remark. (i) � > 0 as r æ Œ, u æ 0 and a æ aŒ (subsonic u2 < a2) (ii) � =
(u/fl0)(a2 ≠ 1) < 0 at r = 2M as a < 1. (iii) � must pass through zero at some critical
point r = rs outside r = 2M . To avoid the singularities in the stationary flow, one demands
� = �1 = �2 = 0 at r = rs. Thus, at this critical point (sound horizon), one derives (2.15).

C Deriving profile equation for sound speed

We determine the spatial profile of the Bondi accretion from the relativistic Bernoulli equa-
tion (2.12) given the boundary condition to fix

cB ©
A

pŒ + flŒ
fl0,Œ

B2

. (C.1)

We aim to solve (2.12) for the sound speed profile. However, there is still u in the l.h.s.
of (2.12). We can use (2.7) and (2.9) to express u = u(a, r̄) and the result is

u = cA(1 ≠ 3a2)3/2

a2r̄2
Ô

1 ≠ a2
(C.2)

where
cA © Ṁ

128fiM2flB
, (C.3)

and we have introduced the radius coordinate r̄ = r/2M in the unit of Schwarzschild radius.
With (C.2), we can turn (2.12) into the following to solve for x © a2:

(27c2

A ≠ r̄3 + r̄4 ≠ 3cB r̄4)x3 ≠ (27c2

A ≠ r̄3 + r̄4 ≠ cB r̄4)x2 + 9c2

Ax ≠ c2

A = 0 . (C.4)

Once the boundary condition is specified, the profile of sound speed can be obtained and, in
turn, the density profile around the central hole. We need to specify the physical boundary
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the sonic horizon, so that this formulation is not appropriate for our consideration. Therefore,
we will adopt the relativistic formulation to consider the Bondi accretion in the following.

Start with the continuity equation, which can be understood as the expression for the
constant accretion rate Ṁ © dM/dt, i.e.,

Ṁ © 4fir2fl0u = constant, (2.7)

where u is the negative radial component of 4-velocity of the hydrodynamic flow and fl0

represents the rest mass density. The mass-energy conservation [71] yields the relation between
the total energy density fl and fl0, i.e.,

3
ˆfl

ˆfl0

4

ad

= fl + p

fl0

, (2.8)

where the subscript “ad” denotes the variation is adiabatic during the accretion process.
Based on (2.5) and (2.8), one can then derive

fl0

flB
= 8

9

AÛ

1 + 3fl

4flB
≠ 1

B ı̂ıÙ3
A

1 + 2
Û

1 + 3fl

4flB

B

(2.9)

and the (adiabatic) sound speed square
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ˆp

ˆfl

4
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= 1
3

A

1 ≠ 1


1 + 3fl/4flB

B

=


p/flB

3


p/flB + 2
. (2.10)

It is obvious that the existence of a sound barrier at a = 1/
Ô

3 when fl, p ∫ flB. Considering
that the sound speed profile a = a(r) is the elementary dynamical quantity characterizing
the fluid dynamics, we can invert (2.9) and (2.10) to express fl0, fl and p in terms of a. The
results are

fl0

flB
= 8a2

1 ≠ 3a2

Û
1 ≠ a2

1 ≠ 3a2
,

fl

flB
= 4a2(2 ≠ 3a2)

(1 ≠ 3a2)2
and p

flB
= 4a4

(1 ≠ 3a2)2
. (2.11)

As for the relativistic Euler equation (see appendix B), we can integrate it with the help
of (2.8) to the relativistic Bernoulli equation [71]

3
P + fl

fl0

42 3
1 + u2 ≠ 2M

r

4
=

A
pŒ + flŒ

fl0,Œ

B2

, (2.12)

or equivalently by (2.11),
A

1 ≠ a2

1 ≠ 3a2

B2 3
1 + u2 ≠ 2M

r

4
=

A
1 ≠ a2

Œ
1 ≠ 3a2

Œ

B2

, (2.13)

where the quantity with the subscript Œ denotes its value at r = Œ at which u vanishes.
Given an accretion rate and the sound speed at a particular location, we can first solve
u = u(a, r) and then turn the Bernoulli equation (2.13) to a profile equation for the sound
speed. See appendix C for details. Besides, the relativistic sonic horizon is better to be
defined by the radial location rs where the local Mach number [71]

M = u/a


1 ≠ 2M/r + u2
, (2.14)
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where the quantity with the subscript Œ denotes its value at r = Œ at which u vanishes.
Given an accretion rate and the sound speed at a particular location, we can first solve
u = u(a, r) and then turn the Bernoulli equation (2.13) to a profile equation for the sound
speed. See appendix C for details. Besides, the relativistic sonic horizon is better to be
defined by the radial location rs where the local Mach number [71]
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One can also define the “Bondi radius, rB” which characterize the effective 
capture radius for the Bondi accretion

4

We call this model �
4-SIDM. By considering it un-

der the self-gravitating process in forming a Tolman-
Oppenheimer-Volkoff configuration, we can derive the
equation of state (EoS) of �4-SIDM (Colpi et al. 1986;
Zhang et al. 2023), which takes the following analytic
form

⇢

⇢B
=

3p

⇢B
+ 4

r
p

⇢B
(7)

with a model energy density scale

⇢B :=
3m4

2�
=

3.48

�

⇣
m

GeV

⌘4
⇥ 1020 kg m�3

. (8)

From EoS (7), we can obtain the (adiabatic) sound speed
square,

a
2 :=

⇣
@p

@⇢

⌘

adiabatic
=

1

3

⇣
1�

1p
1 + 3⇢/4⇢B

⌘
. (9)

In the above, we set the speed of light c to unity. From
now on, we will adopt the convention of units with G =
c = 1. From (9), we note that

a
2
 1/3 . (10)

It is called the sound barrier when the bound is satu-
rated.

Besides, for a relativistic fluid, the rest mass density
⇢0 is different from the energy density ⇢, and is related
by

⇣
@⇢

@⇢0

⌘

adiabtic
=

p+ ⇢

⇢0
. (11)

With EoS (7), we can integrate (11) to obtain

⇢0

⇢0,1
=

a
2

a21

s
(1� a2)(1� 3a21)3

(1� a21)(1� 3a2)3
(12)

where the subscript 1 indicates the quantity being eval-
uated at spatial infinity. The asymptotic sound speed
a1 also defines the Bondi radius

rB :=
2M

a21
, (13)

which characterizes the effective capture radius for the
Bondi accretion. For a fixed a1, we see that the Bondi
radius grows linearly with M , that is, the matter inside
a halo will be gradually accreted into the center black
hole as time goes by.

On the other hand, the �
4-SIDM model (6) gives a

cross-section of DM-DM scattering as follows (Eby et al.
2016)

��4 =
�
2

64⇡m2
. (14)

The most robust empirical constraints on the cross-
section of DM-DM scattering arise from merging clus-
ters, most notably the Bullet Cluster (Clowe et al. 2006;
Randall et al. 2008). The persistence of spatial offsets
between the hot intracluster gas and DM distribution
places an upper bound on the momentum-transfer cross-
section per unit mass,

0.1 cm2 g�1 . �DM/m . O(1) cm2 g�1
. (15)

This bound has guided SIDM model building, constrain-
ing both particle physics scenarios and astrophysical
halo structure. Identifying �DM in (15) as ��4 of (14)
gives

30
⇣

m

GeV

⌘3/2
. � . 90

⇣
m

GeV

⌘3/2
. (16)

For simplicity, in the following discussion, we take the
median value of � in the above range, namely, � '

50(m/GeV)3/2. Then, the model energy density scale
of (8) can be reduced to

⇢B = 6.96⇥ 1018
⇣

m

GeV

⌘5/2
kg m�3

. (17)

Thus, we can tune the mass parameter m of �4-SIDM
to achieve the desired value of ⇢B by satisfying the most
robust constraint (15) on �DM at the same time.

3.2. Bondi accretion rate of �4-SIDM

After considering the observational constraint on the
�
4-SIDM to arrive at (17), we now further consider its

Bondi accretion around a central black hole. As our
SIDM originates from a relativistic light scalar field, the
Bondi accretion should be relativistic. The Bondi ac-
cretion is governed by the Euler equation (Shapiro &
Teukolsky 1983)

⇣
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⌘⇣
1 + u

2
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r

⌘
=

⇣
p1 + ⇢1
⇢0,1

⌘
(18)

where u is the (inward) stream velocity of the accretion
flow, and the accretion rate is given by

ṀBondi = 4⇡r2s⇢0,sus (19)

where the subscript s indicates the quantities being eval-
uated at the sonic horizon r = rs, on which the Euler
equation is degenerate and leads to the following critical
conditions

u
2
s =

a
2
s

1 + 3a2s
=

2M

rs
. (20)

Using these conditions and the Euler equation, it leads
to

a
2
1 =

a
2
s(9a

2
s � 1)

2� 3a2s + 9a4s
(21)

The accretion rate is given by 
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der the self-gravitating process in forming a Tolman-
Oppenheimer-Volkoff configuration, we can derive the
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In the above, we set the speed of light c to unity. From
now on, we will adopt the convention of units with G =
c = 1. From (9), we note that

a
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It is called the sound barrier when the bound is satu-
rated.

Besides, for a relativistic fluid, the rest mass density
⇢0 is different from the energy density ⇢, and is related
by
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where the subscript 1 indicates the quantity being eval-
uated at spatial infinity. The asymptotic sound speed
a1 also defines the Bondi radius

rB :=
2M

a21
, (13)

which characterizes the effective capture radius for the
Bondi accretion. For a fixed a1, we see that the Bondi
radius grows linearly with M , that is, the matter inside
a halo will be gradually accreted into the center black
hole as time goes by.

On the other hand, the �
4-SIDM model (6) gives a

cross-section of DM-DM scattering as follows (Eby et al.
2016)
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The most robust empirical constraints on the cross-
section of DM-DM scattering arise from merging clus-
ters, most notably the Bullet Cluster (Clowe et al. 2006;
Randall et al. 2008). The persistence of spatial offsets
between the hot intracluster gas and DM distribution
places an upper bound on the momentum-transfer cross-
section per unit mass,

0.1 cm2 g�1 . �DM/m . O(1) cm2 g�1
. (15)

This bound has guided SIDM model building, constrain-
ing both particle physics scenarios and astrophysical
halo structure. Identifying �DM in (15) as ��4 of (14)
gives
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For simplicity, in the following discussion, we take the
median value of � in the above range, namely, � '

50(m/GeV)3/2. Then, the model energy density scale
of (8) can be reduced to
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Thus, we can tune the mass parameter m of �4-SIDM
to achieve the desired value of ⇢B by satisfying the most
robust constraint (15) on �DM at the same time.

3.2. Bondi accretion rate of �4-SIDM

After considering the observational constraint on the
�
4-SIDM to arrive at (17), we now further consider its

Bondi accretion around a central black hole. As our
SIDM originates from a relativistic light scalar field, the
Bondi accretion should be relativistic. The Bondi ac-
cretion is governed by the Euler equation (Shapiro &
Teukolsky 1983)
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where u is the (inward) stream velocity of the accretion
flow, and the accretion rate is given by

ṀBondi = 4⇡r2s⇢0,sus (19)

where the subscript s indicates the quantities being eval-
uated at the sonic horizon r = rs, on which the Euler
equation is degenerate and leads to the following critical
conditions
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Using these conditions and the Euler equation, it leads
to

a
2
1 =

a
2
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2� 3a2s + 9a4s
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By imposing critical condition and Euler eq. , we have

4

The most robust empirical constraints on the cross-section of DM-DM scattering arise from merging clusters, most notably the
Bullet Cluster [10, 18]. The persistence of spatial o↵sets between the hot intracluster gas and DM distribution places an upper
bound on the momentum-transfer cross-section per unit mass,

0.1 cm2 g�1 . �DM/m . O(1) cm2 g�1. (II.10)

This bound has guided SIDM model building, constraining both particle physics scenarios and astrophysical halo structure.
Identifying �DM in (II.10) as ��4 of (II.9) gives

30
⇣ m

GeV

⌘3/2 . � . 90
⇣ m

GeV

⌘3/2
. (II.11)

For simplicity, in the following discussion, we take the median value of � in the above range, namely, � ' 50(m/GeV)3/2. Then,
the model energy density scale of (II.3) can be reduced to

⇢B = 6.96 ⇥ 1018
⇣ m

GeV

⌘5/2
kg m�3 = 2.2 ⇥ 10�4

⇣ m

eV

⌘5/2
kg m�3 . (II.12)

Thus, we can tune the mass parameter m of �4-SIDM to achieve the desired value of ⇢B by satisfying the most robust constraint
(II.10) on �DM at the same time.

B. Bondi accretion rate of �4-SIDM

After considering the observational constraint on the �4-SIDM to arrive at (II.12), we now further consider its Bondi accre-
tion around a central black hole. As our SIDM originates from a relativistic light scalar field, the Bondi accretion should be
relativistic. The Bondi accretion is governed by the Euler equation [3]

⇣ p + ⇢
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⌘⇣
1 + u

2
�

2M

r

⌘
=
⇣ p1 + ⇢1
⇢0,1

⌘
(II.13)

where u is the (inward) stream velocity of the accretion flow, and the accretion rate is given by

ṀBondi = 4⇡r2
s
⇢0,sus (II.14)

where the subscript s indicates the quantities being evaluated at the sonic horizon r = rs, on which the Euler equation is
degenerate and leads to the following critical conditions

u
2
s
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a
2
s

1 + 3a2
s

=
2M

rs

. (II.15)

Using these conditions and the Euler equation, it leads to

a
2
1 =

a
2
s
(9a

2
s
� 1)

2 � 3a2
s
+ 9a4

s

(II.16)

which implies

1/9  a
2
s
 1/3 , 0  a

2
1  1/3 . (II.17)

Using (II.7) and (II.16), we can obtain the accretion rate in terms of as as follows1,

ṀBondi = 2⇡
(1 + a

2
s
)3

a
3
s(9a2

s
� 1)

M
2⇢0,1 . (II.18)

Unlike the Bondi accretion rate given in (I.2) for the polytropic type of matter with an artifact pole at a = 0, the accretion rate
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ṀBondi = 4⇡r2
s
⇢0,sus (II.14)

where the subscript s indicates the quantities being evaluated at the sonic horizon r = rs, on which the Euler equation is
degenerate and leads to the following critical conditions

u
2
s
=

a
2
s

1 + 3a2
s

=
2M

rs

. (II.15)

Using these conditions and the Euler equation, it leads to

a
2
1 =

a
2
s
(9a

2
s
� 1)

2 � 3a2
s
+ 9a4

s

(II.16)

which implies

1/9  a
2
s
 1/3 , 0  a

2
1  1/3 . (II.17)

Using (II.7) and (II.16), we can obtain the accretion rate in terms of as as follows1,
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the no-go of forming SMBHs via Bondi accretion. For our purposes, we will consider Bondi accretion in this regime. It is more
convenient to introduce a small parameter of characteristics,
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That is, the Bondi radius is large enough to cover the whole halo in the critical regime even for the stages of small M. This
bypasses the no-go of the conventional Bondi accretion in the collisionless limit, and also lifts the supply issue if the halo is
heavy enough to form super-Eddington SMBHs. By super-Eddington SMBHs, we refer to the SMBHs with masses larger than
109

M�, which cannot be produced by the Eddington accretion.
Furthermore, no relation between ⇢1 and ⇢0,1 can be obtained in the formalism of Bondi accretion. However, one finds that
p1 '
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64⇢B✏2, which is one order of ✏ more suppressed than ⇢1 = 9
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infinity, thus we have
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Here, we identify ⇢0,1 the DM density inside a typical halos, denoted by ⇢DM. Then, the first relation of (II.22) can be replaced
by
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We conclude that the Bondi accretion rate (II.20) can be simplified to
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where we have recovered the dependence of G and c. This form of Bondi accretion rates says that, in the critical regime, the
mass accretion rate does not depend on the halo’s DM density, but is only determined by the black hole mass M and the model
parameter ⇢B. Given relation (II.12) between ⇢B and the scalar mass m after fixing � by the astrophysical and cosmological
constraints on DM, we can further express (II.26) as follows
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This relation is one of the key results of this paper. It shows that one can constrain the DM model by observations of SMBHs
under the assumption that the super-Eddington SMBHs are due to the accretion of some SIDM (currently it is �4-SIDM) at the
late time epoch.
Further, by combining (II.12), (II.23) and (II.25) and using the typical ambient DM density around the halos

⇢DM = 5 ⇥ 10�22 (1 + z)3 �vir kg m�3 (II.28)

where the typical virial overdensity �vir ' 300 from spherical-collpase simulation [19–21], then the Bondi radius can be ex-
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ṀBondi = 1.45 ⇥ 1013
⇣ M

M�

⌘2 ⇣ m

GeV

⌘5/2 M�

yr
. (II.27)

This relation is one of the key results of this paper. It shows that one can constrain the DM model by observations of SMBHs
under the assumption that the super-Eddington SMBHs are due to the accretion of some SIDM (currently it is �4-SIDM) at the
late time epoch.
Further, by combining (II.12), (II.23) and (II.25) and using the typical ambient DM density around the halos

⇢DM = 5 ⇥ 10�22 (1 + z)3 �vir kg m�3 (II.28)

where the typical virial overdensity �vir ' 300 from spherical-collpase simulation [19–21], then the Bondi radius can be ex-

5

the no-go of forming SMBHs via Bondi accretion. For our purposes, we will consider Bondi accretion in this regime. It is more
convenient to introduce a small parameter of characteristics,

✏ := a
2
s
�

1
9
⌧ 1 , (II.19)

so that
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This then gives the Bondi radius,

rB '
9M

8
✏�1 . (II.23)

That is, the Bondi radius is large enough to cover the whole halo in the critical regime even for the stages of small M. This
bypasses the no-go of the conventional Bondi accretion in the collisionless limit, and also lifts the supply issue if the halo is
heavy enough to form super-Eddington SMBHs. By super-Eddington SMBHs, we refer to the SMBHs with masses larger than
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where we have recovered the dependence of G and c. This form of Bondi accretion rates says that, in the critical regime, the
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We call this model �
4-SIDM. By considering it un-

der the self-gravitating process in forming a Tolman-
Oppenheimer-Volkoff configuration, we can derive the
equation of state (EoS) of �4-SIDM (Colpi et al. 1986;
Zhang et al. 2023), which takes the following analytic
form
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In the above, we set the speed of light c to unity. From
now on, we will adopt the convention of units with G =
c = 1. From (9), we note that
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It is called the sound barrier when the bound is satu-
rated.

Besides, for a relativistic fluid, the rest mass density
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With EoS (7), we can integrate (11) to obtain
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where the subscript 1 indicates the quantity being eval-
uated at spatial infinity. The asymptotic sound speed
a1 also defines the Bondi radius

rB :=
2M

a21
, (13)

which characterizes the effective capture radius for the
Bondi accretion. For a fixed a1, we see that the Bondi
radius grows linearly with M , that is, the matter inside
a halo will be gradually accreted into the center black
hole as time goes by.

On the other hand, the �
4-SIDM model (6) gives a

cross-section of DM-DM scattering as follows (Eby et al.
2016)
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The most robust empirical constraints on the cross-
section of DM-DM scattering arise from merging clus-
ters, most notably the Bullet Cluster (Clowe et al. 2006;
Randall et al. 2008). The persistence of spatial offsets
between the hot intracluster gas and DM distribution
places an upper bound on the momentum-transfer cross-
section per unit mass,
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This bound has guided SIDM model building, constrain-
ing both particle physics scenarios and astrophysical
halo structure. Identifying �DM in (15) as ��4 of (14)
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For simplicity, in the following discussion, we take the
median value of � in the above range, namely, � '

50(m/GeV)3/2. Then, the model energy density scale
of (8) can be reduced to
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Thus, we can tune the mass parameter m of �4-SIDM
to achieve the desired value of ⇢B by satisfying the most
robust constraint (15) on �DM at the same time.

3.2. Bondi accretion rate of �4-SIDM

After considering the observational constraint on the
�
4-SIDM to arrive at (17), we now further consider its

Bondi accretion around a central black hole. As our
SIDM originates from a relativistic light scalar field, the
Bondi accretion should be relativistic. The Bondi ac-
cretion is governed by the Euler equation (Shapiro &
Teukolsky 1983)
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where u is the (inward) stream velocity of the accretion
flow, and the accretion rate is given by

ṀBondi = 4⇡r2s⇢0,sus (19)

where the subscript s indicates the quantities being eval-
uated at the sonic horizon r = rs, on which the Euler
equation is degenerate and leads to the following critical
conditions
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Environmental independent !



Furthermore, it is well known the SIDM mass/cross section to be constrained 
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Thus, we can tune the mass parameter m of �4-SIDM to achieve the desired value of ⇢B by satisfying the most robust constraint
(II.10) on �DM at the same time.

B. Bondi accretion rate of �4-SIDM

After considering the observational constraint on the �4-SIDM to arrive at (II.12), we now further consider its Bondi accre-
tion around a central black hole. As our SIDM originates from a relativistic light scalar field, the Bondi accretion should be
relativistic. The Bondi accretion is governed by the Euler equation [3]
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where u is the (inward) stream velocity of the accretion flow, and the accretion rate is given by
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Using (II.7) and (II.16), we can obtain the accretion rate in terms of as as follows1,
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Unlike the Bondi accretion rate given in (I.2) for the polytropic type of matter with an artifact pole at a = 0, the accretion rate
of (II.18) of �4-SIDM is divergent at as = 1/3. As discussed, this divergence at nonzero as should be physical, and can bypass

1 The form is di↵erent from the one in [8] due to the di↵erent choices of boundary condition. Here, choose the boundary condition to make the accretion rate
explicitly proportional to ⇢0,1.
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II. BONDI ACCRETION OF �4-SIDM

In this section, we discuss the Bondi accretion of �4-SIDM in detail, and the particular regime leading to the environment-
independent Bondi accretion rate for the formation of super-Eddington SMBHs.

A. Relativisitc �4-SIDM

The growth of PBH seeds is modeled within a two-fluid accretion picture, in which baryonic gas accretes under the Eddington
limit, with its accretion rate given in (I.1). The DM component is taken to accrete through a Bondi-type process. However, we
will not consider the CDM model, but rather the SIDM, which is composed of a relativistic massive scalar field � with a quartic
self-interaction, i.e.,

L �
1
2

(@�)2
�

1
2

m
2�2
�
�

4!
�4 . (II.1)

We call this model �4-SIDM. By considering it under the self-gravitating process in forming a Tolman-Oppenheimer-Volko↵
configuration, we can derive the equation of state (EoS) of �4-SIDM [15, 16], which takes the following analytic form
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From EoS (II.2), we can obtain the (adiabatic) sound speed square,
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In the above, we set the speed of light c to unity. From now on, we will adopt the convention of units with G = c = 1. From
(II.4), we note that
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It is called the sound barrier when the bound is saturated.
Besides, for a relativistic fluid, the rest mass density ⇢0 is di↵erent from the energy density ⇢, and is related by
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where the subscript 1 indicates the quantity being evaluated at spatial infinity. The asymptotic sound speed a1 also defines the
Bondi radius
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2M

a
2
1

, (II.8)

which characterizes the e↵ective capture radius for the Bondi accretion. For a fixed a1, we see that the Bondi radius grows
linearly with M, that is, the matter inside a halo will be gradually accreted into the center black hole as time goes by.
On the other hand, the �4-SIDM model (II.1) gives a cross-section of DM-DM scattering as follows [17]
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where u is the (inward) stream velocity of the accretion
flow, and the accretion rate is given by
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Bullet Cluster [10, 18]. The persistence of spatial o↵sets between the hot intracluster gas and DM distribution places an upper
bound on the momentum-transfer cross-section per unit mass,

0.1 cm2 g�1 . �DM/m . O(1) cm2 g�1. (II.10)

This bound has guided SIDM model building, constraining both particle physics scenarios and astrophysical halo structure.
Identifying �DM in (II.10) as ��4 of (II.9) gives

30
⇣ m

GeV

⌘3/2 . � . 90
⇣ m

GeV

⌘3/2
. (II.11)

For simplicity, in the following discussion, we take the median value of � in the above range, namely, � ' 50(m/GeV)3/2. Then,
the model energy density scale of (II.3) can be reduced to

⇢B = 6.96 ⇥ 1018
⇣ m

GeV

⌘5/2
kg m�3 = 2.2 ⇥ 10�4

⇣ m

eV

⌘5/2
kg m�3 . (II.12)

Thus, we can tune the mass parameter m of �4-SIDM to achieve the desired value of ⇢B by satisfying the most robust constraint
(II.10) on �DM at the same time.

B. Bondi accretion rate of �4-SIDM

After considering the observational constraint on the �4-SIDM to arrive at (II.12), we now further consider its Bondi accre-
tion around a central black hole. As our SIDM originates from a relativistic light scalar field, the Bondi accretion should be
relativistic. The Bondi accretion is governed by the Euler equation [3]

⇣ p + ⇢
⇢0

⌘⇣
1 + u

2
�

2M

r

⌘
=
⇣ p1 + ⇢1
⇢0,1

⌘
(II.13)

where u is the (inward) stream velocity of the accretion flow, and the accretion rate is given by

ṀBondi = 4⇡r2
s
⇢0,sus (II.14)

where the subscript s indicates the quantities being evaluated at the sonic horizon r = rs, on which the Euler equation is
degenerate and leads to the following critical conditions

u
2
s
=

a
2
s

1 + 3a2
s

=
2M

rs

. (II.15)

Using these conditions and the Euler equation, it leads to

a
2
1 =

a
2
s
(9a

2
s
� 1)

2 � 3a2
s
+ 9a4

s

(II.16)

which implies

1/9  a
2
s
 1/3 , 0  a

2
1  1/3 . (II.17)

Using (II.7) and (II.16), we can obtain the accretion rate in terms of as as follows1,

ṀBondi = 2⇡
(1 + a

2
s
)3

a
3
s(9a2

s
� 1)

M
2⇢0,1 . (II.18)

Unlike the Bondi accretion rate given in (I.2) for the polytropic type of matter with an artifact pole at a = 0, the accretion rate
of (II.18) of �4-SIDM is divergent at as = 1/3. As discussed, this divergence at nonzero as should be physical, and can bypass

1 The form is di↵erent from the one in [8] due to the di↵erent choices of boundary condition. Here, choose the boundary condition to make the accretion rate
explicitly proportional to ⇢0,1.
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the no-go of forming SMBHs via Bondi accretion. For our purposes, we will consider Bondi accretion in this regime. It is more
convenient to introduce a small parameter of characteristics,

✏ := a
2
s
�

1
9
⌧ 1 , (II.19)

so that

ṀBondi =
128⇡

9
1
✏

M
2⇢0,1 . (II.20)

Note that in this critical regime, the sonic horizon radius,

rs ' 24M . (II.21)

By the consistency relations of Bondi accretion formalism, we can express ✏ as follows:

✏ '
2
9
⇢1
⇢B

'
16

27
p

3

⇢0,1

⇢0,s
'

16
9

a
2
1 . (II.22)

This then gives the Bondi radius,

rB '
9M

8
✏�1 . (II.23)

That is, the Bondi radius is large enough to cover the whole halo in the critical regime even for the stages of small M. This
bypasses the no-go of the conventional Bondi accretion in the collisionless limit, and also lifts the supply issue if the halo is
heavy enough to form super-Eddington SMBHs. By super-Eddington SMBHs, we refer to the SMBHs with masses larger than
109

M�, which cannot be produced by the Eddington accretion.
Furthermore, no relation between ⇢1 and ⇢0,1 can be obtained in the formalism of Bondi accretion. However, one finds that
p1 '

81
64⇢B✏2, which is one order of ✏ more suppressed than ⇢1 = 9

2⇢B✏, so that it can be considered as pressureless at spatial
infinity, thus we have

⇢1 ' ⇢0,1 := ⇢DM , * p1 ⇠ O(✏2) . (II.24)

Here, we identify ⇢0,1 the DM density inside a typical halos, denoted by ⇢DM. Then, the first relation of (II.22) can be replaced
by

✏ '
2
9
⇢DM

⇢B

. (II.25)

We conclude that the Bondi accretion rate (II.20) can be simplified to

ṀBondi = 64⇡⇢B

G
2
M

2

c3 , (II.26)

where we have recovered the dependence of G and c. This form of Bondi accretion rates says that, in the critical regime, the
mass accretion rate does not depend on the halo’s DM density, but is only determined by the black hole mass M and the model
parameter ⇢B. Given relation (II.12) between ⇢B and the scalar mass m after fixing � by the astrophysical and cosmological
constraints on DM, we can further express (II.26) as follows

ṀBondi = 1.45 ⇥ 1013
⇣ M

M�

⌘2 ⇣ m

GeV

⌘5/2 M�

yr
. (II.27)

This relation is one of the key results of this paper. It shows that one can constrain the DM model by observations of SMBHs
under the assumption that the super-Eddington SMBHs are due to the accretion of some SIDM (currently it is �4-SIDM) at the
late time epoch.
Further, by combining (II.12), (II.23) and (II.25) and using the typical ambient DM density around the halos

⇢DM = 5 ⇥ 10�22 (1 + z)3 �vir kg m�3 (II.28)

where the typical virial overdensity �vir ' 300 from spherical-collpase simulation [19–21], then the Bondi radius can be ex-

Depend on DM mass only !



To illustrate the result, we take a stellar mass scale black hole to grow by 
simultaneously Eddington accretion and our relativistic SIDM Bondi accretion
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Observations of luminous quasars at z & 7 reveal supermassive black holes (SMBHs) with inferred
masses MBH ⇠ 109 M� formed within the first ⇠ 700 Myr of cosmic history. Standard growth
channels — Eddington-limited gas accretion and hierarchical mergers — face severe timescale re-
strictions. We consider a super-Eddington accretion mechanism aided by the Bondi accretion of a
minimal model of self-interacting dark matter (SIDM). We demonstrate that in a critical regime
with a near-relativistic sound speed, the Bondi accretion yields an accretion rate that depends only
on the mass m of SIDM, thus it is universal to the ambient environment. This critical accretion
mechanism for m & 10�2 eV can grow seeds as small as 10M� primordial black holes (PBH) in the
early Universe into 109 – 1010 M� SMBHs by z ⇠ 7 without fine-tuned environments. Therefore,
given a mass distribution of PBHs and a value of m, the mass function of primary black holes at
late time can be fully determined with masses ranging from stellar to SMBHs. This connects the
microscopic physics of dark matter to astrophysical observations of black holes.

Introduction.— The discovery of luminous quasars
hosting supermassive black holes (SMBHs) with masses
⇠ 109M� at z & 6–7 [1–14] presents one of the sharpest
timing challenges in cosmology: assembling such masses
within the first ⇠ 700Myr strains the limits of stan-
dard formation channels based on Eddington-limited gas
accretion, direct-collapse seeds, or hierarchical mergers
[15–23]. Pop III remnants require prolonged, uninter-
rupted Eddington phases, while forming black holes from
direct collapse occurs only in rare metal-poor environ-
ments. Merger-driven pathways — from classical hier-
archical assembly [24, 25] to modern cluster-driven and
gravitational-wave-era hierarchical merger models [26–
28] — can build stellar or intermediate-mass black holes
(IMBHs), but generally lack the duty cycle and reten-
tion efficiency needed to reach ⇠ 109M� by z ⇠ 7
[20, 22]. These difficulties motivate additional, non-
baryonic growth channels.

A natural channel beyond the Eddington accretion is
aided by the Bondi accretion, with the accretion rate
schematically given by

Ṁ = ṀEdd + ṀBondi = �M +KM
2 (1)

where M is the mass of the central black hole, � =
4⇡GNmp/⌘c�T (with the radiation efficiency ⌘ ' 0.1)
is the baryonic Eddington coefficient, and K is the coef-
ficient for Bondi accretion. It can be determined by the
equation of state (EoS) of the underlying fluid and will,
in general, depend on the sound speed a and the ambient
mass density ⇢0, e.g., K ⇠ a

�3
⇢0 for the fluid of pres-

sureless matter such as cold dark matter (CDM). Since
dark matter (DM) prevails in the Universe and forms the
main part of the typical halos, it should be responsible
for feeding the central black hole in a halo via Bondi ac-
cretion. The Bondi accretion is sub-dominant when M

is small, and will start to dominate over the Eddington
accretion at the transition mass M? ' �/K.

For the Bondi-aided Eddington accretion to achieve
the formation of 109M� SMBHs at z ' 7, it requires to
have small M?, thus large K, around z ⇠ 20–30, during
which the galaxy-scale halos with masses ⇠ 1011–1012M�
forms, so that the central black hole can acquire most
of the halo’s mass to reach 109M� at z ' 7 via the
dominant Bondi accretion. However, this condition will
usually be destroyed by a non-negligible thermal sound
speed, yielding a small Bondi radius, so that the Bondi
accretion will not be complete. The above no-go results
happen for CDM [29], unless a heavy central core, such
as an IMBH, appears around z ⇠ 20–30, which requires
specific scenarios [18, 30]. This then motivates us to con-
sider the alternative models of DM other than CDM, and
the associated Bondi accretion.

A feature of CDM is almost pressureless; it is then
reasonable to lift it by introducing the self-interactions,
denoted as self-interacting DM (SIDM). This model was
introduced to resolve some small-scale issues, e.g., the
core–cusp, too-big-to-fail, and missing satellites problems
arising from the ⇤CDM, by requiring the following con-
straints on the SIDM’s scattering cross-section � to mass
m ratio [31, 32] from merging clusters [33, 34],

�

m
⇠ 0.1–10 cm2g�1

. (2)

This simple constraint cannot fully pin down a SIDM
model, leaving many possibilities open.

From the particle physics point of view, the simplest
SIDM is a relativistic scalar field � of mass m with poly-
nomial self-interaction,

L = 1

2
(@�)2 � 1

2
m

2
�
2
�

�

n!
�
n
. (3)

2

In this Letter, we will show that there is a critical regime
in the parameter space of m and �, in which the Bondi
accretion rate depends only on (m,�), i.e., K is just a
function of m after imposing the constraint (2), thus it is
universal to all halo environments. This is different from
the consideration in [35], where the Bondi accretion of
SIDM is not in the critical regime.

The universality of the Bondi accretion rate leads to
a few important results: (i) it will bypass the difficulties
of CDM in forming the 109M� SMBHs at z ' 7 with-
out introducing the specific halo environments, such as a
heavy core; (ii) given a SIDM model like (3), the necessity
of achieving successful Bondi-aided super-Eddington ac-
cretion will fully determine the model parameters, along
with (2); (iii) Once (ii) is done, we can obtain the growth
curve of the central black hole, and also the mass func-
tion of the primary black holes by assuming a initial mass
function for primordial black holes (PBHs). These results
unify the microscopic particle physics of DM with the as-
trophysical observations of SMBHs, and simultaneously
provide the mass function of the PBHs, which will be cru-
cial to estimate the event rates of their mergers detected
by gravitational wave observations.

�
4
-SIDM and critical Bondi accretion.— To be spe-

cific, we will consider the n = 4 case of (3), denoted as �4-
SIDM [36]. In [37, 38], it is shown that under the isotropic
self-gravitating regime, which is just the same regime for
considering Bondi accretion, the �

4-SIDM forms a fluid
with the following EoS relating energy density ⇢ and pres-
sure p,

⇢

⇢B
= 3

p

⇢B
+ 4

r
p

⇢B
, (4)

where the characteristic density scale ⇢B = 3m
4

2�
. The

narrow window of (2) gives a tight relation between �

and m, and its median value can be converted into

⇢B = 6.96⇥ 1018
⇣

m

GeV

⌘5/2

kg m�3
. (5)

With the EoS (4) and adopting the relativistic Euler
equation [39], we can obtain the Bondi accretion rate of
�
4-SIDM (c = GN = 1) [40],

ṀBondi = 2⇡
(1 + a

2

s
)3

a3
s
(9a2

s
� 1)

M
2
⇢DM, (6)

where as is the sound speed a :=
q

@p

@⇢
at the sonic hori-

zon, and the ⇢DM is the ambient DM mass density. We
see that there is a critical limit as as ! 1/3, at which
the Bondi accretion rate diverges. This is quite different
from the Bondi accretion rate ⇠ a

�3

s
M

2
⇢DM for CDM,

which cannot be divergent as as is non-negligible.
As our goal is to achieve the dominant Bondi accretion,

we consider only the critical regime by introducing ✏ :=

a
2

s
� 1/9 ⌧ 1. In this critical regime, we find [41]

✏ '
2

9

⇢DM

⇢B
'

16

9
a
2

1 , (7)

where a1 is the asymptotic sound speed. By (7), (6) is
reduced to

ṀBondi = 64⇡ ⇢B M
2
, (8)

yielding a universal coefficient of Bondi accretion to all
halo environments, i.e, ⇢DM independent,

K = 64⇡2
⇢B / m

5/2
. (9)

By (5), K is fully determined by the scalar mass m. This
relates the microscopic DM physics to the Bondi accre-
tion rate in the formation of SMBHs.

Furthermore, using both equalites of (7) yields the
Bondi radius

rB :=
2M

a21
'

81

16

⇢B

⇢DM

M . (10)

The Bondi radius is the effective feeding radius to capture
the DM into the accretion flow. In contrast to the case
of CDM, in which the a1 is non-negligible, the Bondi
radius for �

4-SIDM can be very large even for IMBHs.
Below, we will explicitly demonstrate that the universal
accretion rate (8) and large feeding radius (10) are crucial
to reach 109M� at z ' 7 by appropriately choosing the
parameter m of the SIDM mass.

Unified growth equation and transition mass.—

The universal Bondi coefficient K in (9) is environment-
independent, and also time-independent. Thus, the
Bondi-aided Eddington accretion (1) admits a simple and
analytic solution,

M(z) =
M0 e

�⌧(z)

1�
K

�
M0

�
e�⌧(z) � 1

� (11)

where M0 is the initial seed mass, and the conver-
sion between cosmic time and redshift follows the stan-
dard relation ⌧(z) =

R
zi

z

dz
0

(1+z0)H(z0) where H(z) =

H0

p
⌦r(1 + z)4 + ⌦m(1 + z)3 + ⌦⇤. All time–redshift

conversions use Planck 2018 ⇤CDM cosmology (H0 =
67.4, ⌦m = 0.315, ⌦⇤ = 0.685, and ⌦� = 9.2⇥10�5) [42].
Equation (11) is the central analytic result of this Let-
ter. Once the SIDM mass m is chosen, the coefficient
K/m

5/2 uniquely determines the entire growth history,
independent of halo structure or baryonic microphysics.

Although the relativistic SIDM Bondi rate is universal,
the total mass a PBH can accrete is ultimately limited by
the finite SIDM reservoir of its host halo [43]. We adopt
a conservative supply model in which the ambient DM
density around the galaxy halos,

⇢DM(z) = 5⇥ 10�22(1 + z)3 �vir kgm
�3 (12)
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In this Letter, we will show that there is a critical regime
in the parameter space of m and �, in which the Bondi
accretion rate depends only on (m,�), i.e., K is just a
function of m after imposing the constraint (2), thus it is
universal to all halo environments. This is different from
the consideration in [35], where the Bondi accretion of
SIDM is not in the critical regime.

The universality of the Bondi accretion rate leads to
a few important results: (i) it will bypass the difficulties
of CDM in forming the 109M� SMBHs at z ' 7 with-
out introducing the specific halo environments, such as a
heavy core; (ii) given a SIDM model like (3), the necessity
of achieving successful Bondi-aided super-Eddington ac-
cretion will fully determine the model parameters, along
with (2); (iii) Once (ii) is done, we can obtain the growth
curve of the central black hole, and also the mass func-
tion of the primary black holes by assuming a initial mass
function for primordial black holes (PBHs). These results
unify the microscopic particle physics of DM with the as-
trophysical observations of SMBHs, and simultaneously
provide the mass function of the PBHs, which will be cru-
cial to estimate the event rates of their mergers detected
by gravitational wave observations.

�
4
-SIDM and critical Bondi accretion.— To be spe-

cific, we will consider the n = 4 case of (3), denoted as �4-
SIDM [36]. In [37, 38], it is shown that under the isotropic
self-gravitating regime, which is just the same regime for
considering Bondi accretion, the �

4-SIDM forms a fluid
with the following EoS relating energy density ⇢ and pres-
sure p,

⇢

⇢B
= 3

p

⇢B
+ 4

r
p

⇢B
, (4)

where the characteristic density scale ⇢B = 3m
4

2�
. The

narrow window of (2) gives a tight relation between �

and m, and its median value can be converted into

⇢B = 6.96⇥ 1018
⇣

m

GeV

⌘5/2

kg m�3
. (5)

With the EoS (4) and adopting the relativistic Euler
equation [39], we can obtain the Bondi accretion rate of
�
4-SIDM (c = GN = 1) [40],

ṀBondi = 2⇡
(1 + a

2

s
)3

a3
s
(9a2

s
� 1)

M
2
⇢DM, (6)

where as is the sound speed a :=
q

@p

@⇢
at the sonic hori-

zon, and the ⇢DM is the ambient DM mass density. We
see that there is a critical limit as as ! 1/3, at which
the Bondi accretion rate diverges. This is quite different
from the Bondi accretion rate ⇠ a

�3

s
M

2
⇢DM for CDM,

which cannot be divergent as as is non-negligible.
As our goal is to achieve the dominant Bondi accretion,

we consider only the critical regime by introducing ✏ :=

a
2

s
� 1/9 ⌧ 1. In this critical regime, we find [41]

✏ '
2

9

⇢DM

⇢B
'

16

9
a
2

1 , (7)

where a1 is the asymptotic sound speed. By (7), (6) is
reduced to

ṀBondi = 64⇡ ⇢B M
2
, (8)

yielding a universal coefficient of Bondi accretion to all
halo environments, i.e, ⇢DM independent,

K = 64⇡2
⇢B / m

5/2
. (9)

By (5), K is fully determined by the scalar mass m. This
relates the microscopic DM physics to the Bondi accre-
tion rate in the formation of SMBHs.

Furthermore, using both equalites of (7) yields the
Bondi radius

rB :=
2M

a21
'

81

16

⇢B

⇢DM

M . (10)

The Bondi radius is the effective feeding radius to capture
the DM into the accretion flow. In contrast to the case
of CDM, in which the a1 is non-negligible, the Bondi
radius for �

4-SIDM can be very large even for IMBHs.
Below, we will explicitly demonstrate that the universal
accretion rate (8) and large feeding radius (10) are crucial
to reach 109M� at z ' 7 by appropriately choosing the
parameter m of the SIDM mass.

Unified growth equation and transition mass.—

The universal Bondi coefficient K in (9) is environment-
independent, and also time-independent. Thus, the
Bondi-aided Eddington accretion (1) admits a simple and
analytic solution,

M(z) =
M0 e

�⌧(z)

1�
K

�
M0

�
e�⌧(z) � 1

� (11)

where M0 is the initial seed mass, and the conver-
sion between cosmic time and redshift follows the stan-
dard relation ⌧(z) =

R
zi

z

dz
0

(1+z0)H(z0) where H(z) =

H0

p
⌦r(1 + z)4 + ⌦m(1 + z)3 + ⌦⇤. All time–redshift

conversions use Planck 2018 ⇤CDM cosmology (H0 =
67.4, ⌦m = 0.315, ⌦⇤ = 0.685, and ⌦� = 9.2⇥10�5) [42].
Equation (11) is the central analytic result of this Let-
ter. Once the SIDM mass m is chosen, the coefficient
K/m

5/2 uniquely determines the entire growth history,
independent of halo structure or baryonic microphysics.

Although the relativistic SIDM Bondi rate is universal,
the total mass a PBH can accrete is ultimately limited by
the finite SIDM reservoir of its host halo [43]. We adopt
a conservative supply model in which the ambient DM
density around the galaxy halos,

⇢DM(z) = 5⇥ 10�22(1 + z)3 �vir kgm
�3 (12)

The ratio Γ/K = M★ represents the transition mass that determines the 
domination of Bondi over Eddington

5

the no-go of forming SMBHs via Bondi accretion. For our purposes, we will consider Bondi accretion in this regime. It is more
convenient to introduce a small parameter of characteristics,

✏ := a
2
s
�

1
9
⌧ 1 , (II.19)

so that

ṀBondi =
128⇡

9
1
✏

M
2⇢0,1 . (II.20)

Note that in this critical regime, the sonic horizon radius,

rs ' 24M . (II.21)

By the consistency relations of Bondi accretion formalism, we can express ✏ as follows:
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'
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'

16
9

a
2
1 . (II.22)

This then gives the Bondi radius,

rB '
9M

8
✏�1 . (II.23)

That is, the Bondi radius is large enough to cover the whole halo in the critical regime even for the stages of small M. This
bypasses the no-go of the conventional Bondi accretion in the collisionless limit, and also lifts the supply issue if the halo is
heavy enough to form super-Eddington SMBHs. By super-Eddington SMBHs, we refer to the SMBHs with masses larger than
109

M�, which cannot be produced by the Eddington accretion.
Furthermore, no relation between ⇢1 and ⇢0,1 can be obtained in the formalism of Bondi accretion. However, one finds that
p1 '

81
64⇢B✏2, which is one order of ✏ more suppressed than ⇢1 = 9

2⇢B✏, so that it can be considered as pressureless at spatial
infinity, thus we have

⇢1 ' ⇢0,1 := ⇢DM , * p1 ⇠ O(✏2) . (II.24)

Here, we identify ⇢0,1 the DM density inside a typical halos, denoted by ⇢DM. Then, the first relation of (II.22) can be replaced
by

✏ '
2
9
⇢DM

⇢B

. (II.25)

We conclude that the Bondi accretion rate (II.20) can be simplified to

ṀBondi = 64⇡⇢B

G
2
M

2

c3 , (II.26)

where we have recovered the dependence of G and c. This form of Bondi accretion rates says that, in the critical regime, the
mass accretion rate does not depend on the halo’s DM density, but is only determined by the black hole mass M and the model
parameter ⇢B. Given relation (II.12) between ⇢B and the scalar mass m after fixing � by the astrophysical and cosmological
constraints on DM, we can further express (II.26) as follows

ṀBondi = 1.45 ⇥ 1013
⇣ M

M�

⌘2 ⇣ m

GeV

⌘5/2 M�

yr
. (II.27)

This relation is one of the key results of this paper. It shows that one can constrain the DM model by observations of SMBHs
under the assumption that the super-Eddington SMBHs are due to the accretion of some SIDM (currently it is �4-SIDM) at the
late time epoch.
Further, by combining (II.12), (II.23) and (II.25) and using the typical ambient DM density around the halos

⇢DM = 5 ⇥ 10�22 (1 + z)3 �vir kg m�3 (II.28)

where the typical virial overdensity �vir ' 300 from spherical-collpase simulation [19–21], then the Bondi radius can be ex-
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m (eV) M? (M�) Growth regime
10�3 1.5307⇥ 109 Bondi never dominates
10�2 4.8403⇥ 106 Bondi dominates around z ⇠ 11

10�1 1.5307⇥ 104 Early Bondi onset
1 4.8403⇥ 101 Bondi dominates almost immediately

TABLE I. Transition mass M? = �/K at which relativis-
tic SIDM Bondi inflow overtakes baryonic Eddington growth.
Because K / m5/2, the transition scale spans nearly eight
orders of magnitude across the range m = 10�3–1 eV. For
light SIDM, M?&109M� so PBHs remain Eddington-limited,
whereas for m& 10�2 eV the Bondi phase switches on early,
imprinting a strong microphysical signature on the black-hole
mass function.
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so that at late times rB can engulf an entire SIDM core
and the evolution becomes supply-limited rather than
Bondi-limited. The competition between the Eddington
term and relativistic SIDM Bondi inflow is encoded in
the transition mass M? = �/K / m

�5/2, which depends
steeply on the SIDM particle mass. The numerical con-
nection between m and M� is summarized in Table I.
Note that M? & 109M� if m is near the lower bound of
(15), so PBHs remain Eddington-limited.

Given ⇢DM of (12), the crticial parameter in the first
equality of (7) can be expressed explicitly,

✏(z,m) = 1.52⇥ 10�16
(1 + z)3

(m/eV)5/2
. (14)

To ensure the �
4-SIDM Bondi accretion is in the critical

regime, we require ✏ . 10�3 at z ' 7. This then imposes
a lower bound on m, i.e.,

m & 10�3.34eV . (15)

Choosing some representative values of m satisfying (15),
we exemplify the mass evolution of (11) in Fig. 1 for an
initial mass of 10M�, and the Bondi radius counterpart
rB of (13) in Fig. 2. As expected, the heavier SIDM
has a sharper growth and a lower transition mass M?

(marked by crosses in Fig. 1), so that it is easier to yield
the 109M� SMBHs.

Due to the window of �/m given in (2), the SIDM
develops constant-density cores through heat conduction
driven by DM self-scattering, with simulations typically
giving rcore ⇠ 0.02–0.10Rvir [32, 47, 48]. Here Rvir is
the virial radius enclosing an overdensity factor �vir ⇠

FIG. 1. Mass evolution of a 10M� seeding black hole from
z = 30 to z = 7, including Eddington accretion and relativis-
tic SIDM Bondi inflow. Shown are four representative SIDM
masses, m = 1, 10�1, 10�2, and 10�3 eV, evolved in a Press–
Schechter median halo enhanced by an order of magnitude
with a total SIDM supply fraction fhalo = 0.9. The heavier
SIDM reaches the transition mass M? (marked by crosses)
earlier and experiences a rapid growth phase until saturating
at the finite halo supply. In comparison, the lighter SIDM
remains and experiences rapid growth at a later period.

FIG. 2. Counterpart evolution of the Bondi radius rB(z)
of Fig. 1, assuming the average-halo density of (12). The
y-axis is in parsecs (logarithmic), while the x-axis is linear in
redshift from z = 30 (left) to z = 7. This demonstrates how
the Bondi radius expands across cosmic epochs, eventually
approaching or crossing the inner-halo scale (represented by
the dashed line). This enables efficient SIDM feeding in the
late growth phase to form SMBHs with masses � 109M� if
the crossing occurs at z > 7.

200–300 relative to the mean matter density, providing a
natural scale for the halo boundary. We overlay this core
band to indicate when the Bondi radius rB(z) exceeds the
SIDM core in Fig. 2, signaling the onset of supply-limited
growth. This is the key ingredient for guaranteeing the
formation of SMBHs with masses comparable to the total
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We take M0=10M⊙ to study the BH growth
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In this Letter, we will show that there is a critical regime
in the parameter space of m and �, in which the Bondi
accretion rate depends only on (m,�), i.e., K is just a
function of m after imposing the constraint (2), thus it is
universal to all halo environments. This is different from
the consideration in [35], where the Bondi accretion of
SIDM is not in the critical regime.

The universality of the Bondi accretion rate leads to
a few important results: (i) it will bypass the difficulties
of CDM in forming the 109M� SMBHs at z ' 7 with-
out introducing the specific halo environments, such as a
heavy core; (ii) given a SIDM model like (3), the necessity
of achieving successful Bondi-aided super-Eddington ac-
cretion will fully determine the model parameters, along
with (2); (iii) Once (ii) is done, we can obtain the growth
curve of the central black hole, and also the mass func-
tion of the primary black holes by assuming a initial mass
function for primordial black holes (PBHs). These results
unify the microscopic particle physics of DM with the as-
trophysical observations of SMBHs, and simultaneously
provide the mass function of the PBHs, which will be cru-
cial to estimate the event rates of their mergers detected
by gravitational wave observations.

�
4
-SIDM and critical Bondi accretion.— To be spe-

cific, we will consider the n = 4 case of (3), denoted as �4-
SIDM [36]. In [37, 38], it is shown that under the isotropic
self-gravitating regime, which is just the same regime for
considering Bondi accretion, the �

4-SIDM forms a fluid
with the following EoS relating energy density ⇢ and pres-
sure p,
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With the EoS (4) and adopting the relativistic Euler
equation [39], we can obtain the Bondi accretion rate of
�
4-SIDM (c = GN = 1) [40],

ṀBondi = 2⇡
(1 + a
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where as is the sound speed a :=
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zon, and the ⇢DM is the ambient DM mass density. We
see that there is a critical limit as as ! 1/3, at which
the Bondi accretion rate diverges. This is quite different
from the Bondi accretion rate ⇠ a

�3

s
M

2
⇢DM for CDM,

which cannot be divergent as as is non-negligible.
As our goal is to achieve the dominant Bondi accretion,

we consider only the critical regime by introducing ✏ :=
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s
� 1/9 ⌧ 1. In this critical regime, we find [41]
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where a1 is the asymptotic sound speed. By (7), (6) is
reduced to

ṀBondi = 64⇡ ⇢B M
2
, (8)

yielding a universal coefficient of Bondi accretion to all
halo environments, i.e, ⇢DM independent,

K = 64⇡2
⇢B / m

5/2
. (9)

By (5), K is fully determined by the scalar mass m. This
relates the microscopic DM physics to the Bondi accre-
tion rate in the formation of SMBHs.

Furthermore, using both equalites of (7) yields the
Bondi radius

rB :=
2M

a21
'

81

16
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The Bondi radius is the effective feeding radius to capture
the DM into the accretion flow. In contrast to the case
of CDM, in which the a1 is non-negligible, the Bondi
radius for �

4-SIDM can be very large even for IMBHs.
Below, we will explicitly demonstrate that the universal
accretion rate (8) and large feeding radius (10) are crucial
to reach 109M� at z ' 7 by appropriately choosing the
parameter m of the SIDM mass.

Unified growth equation and transition mass.—

The universal Bondi coefficient K in (9) is environment-
independent, and also time-independent. Thus, the
Bondi-aided Eddington accretion (1) admits a simple and
analytic solution,

M(z) =
M0 e

�⌧(z)

1�
K

�
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�
e�⌧(z) � 1

� (11)

where M0 is the initial seed mass, and the conver-
sion between cosmic time and redshift follows the stan-
dard relation ⌧(z) =

R
zi

z

dz
0

(1+z0)H(z0) where H(z) =

H0

p
⌦r(1 + z)4 + ⌦m(1 + z)3 + ⌦⇤. All time–redshift

conversions use Planck 2018 ⇤CDM cosmology (H0 =
67.4, ⌦m = 0.315, ⌦⇤ = 0.685, and ⌦� = 9.2⇥10�5) [42].
Equation (11) is the central analytic result of this Let-
ter. Once the SIDM mass m is chosen, the coefficient
K/m

5/2 uniquely determines the entire growth history,
independent of halo structure or baryonic microphysics.

Although the relativistic SIDM Bondi rate is universal,
the total mass a PBH can accrete is ultimately limited by
the finite SIDM reservoir of its host halo [43]. We adopt
a conservative supply model in which the ambient DM
density around the galaxy halos,

⇢DM(z) = 5⇥ 10�22(1 + z)3 �vir kgm
�3 (12)
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We adopt a conservative supply model with the ambient DM density around 
the galaxy halos to be 
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m (eV) M? (M�) Growth regime
10�3 1.5307⇥ 109 Bondi never dominates
10�2 4.8403⇥ 106 Bondi dominates around z ⇠ 11

10�1 1.5307⇥ 104 Early Bondi onset
1 4.8403⇥ 101 Bondi dominates almost immediately

TABLE I. Transition mass M? = �/K at which relativis-
tic SIDM Bondi inflow overtakes baryonic Eddington growth.
Because K / m5/2, the transition scale spans nearly eight
orders of magnitude across the range m = 10�3–1 eV. For
light SIDM, M?&109M� so PBHs remain Eddington-limited,
whereas for m& 10�2 eV the Bondi phase switches on early,
imprinting a strong microphysical signature on the black-hole
mass function.

with a typical virial overdensity �vir ' 300 movitavted
by spherical-collapse modeling and simulations [44–46].
In this environment, the Bondi radius given by (10)
grows approximately linearly with black-hole mass and
decreases with redshift,

rB(z,m) ' 3.55⇥ 102
(m/eV)5/2

(1 + z)3
M(z)

M�
pc , (13)

so that at late times rB can engulf an entire SIDM core
and the evolution becomes supply-limited rather than
Bondi-limited. The competition between the Eddington
term and relativistic SIDM Bondi inflow is encoded in
the transition mass M? = �/K / m

�5/2, which depends
steeply on the SIDM particle mass. The numerical con-
nection between m and M� is summarized in Table I.
Note that M? & 109M� if m is near the lower bound of
(15), so PBHs remain Eddington-limited.

Given ⇢DM of (12), the crticial parameter in the first
equality of (7) can be expressed explicitly,

✏(z,m) = 1.52⇥ 10�16
(1 + z)3

(m/eV)5/2
. (14)

To ensure the �
4-SIDM Bondi accretion is in the critical

regime, we require ✏ . 10�3 at z ' 7. This then imposes
a lower bound on m, i.e.,

m & 10�3.34eV . (15)

Choosing some representative values of m satisfying (15),
we exemplify the mass evolution of (11) in Fig. 1 for an
initial mass of 10M�, and the Bondi radius counterpart
rB of (13) in Fig. 2. As expected, the heavier SIDM
has a sharper growth and a lower transition mass M?

(marked by crosses in Fig. 1), so that it is easier to yield
the 109M� SMBHs.

Due to the window of �/m given in (2), the SIDM
develops constant-density cores through heat conduction
driven by DM self-scattering, with simulations typically
giving rcore ⇠ 0.02–0.10Rvir [32, 47, 48]. Here Rvir is
the virial radius enclosing an overdensity factor �vir ⇠

FIG. 1. Mass evolution of a 10M� seeding black hole from
z = 30 to z = 7, including Eddington accretion and relativis-
tic SIDM Bondi inflow. Shown are four representative SIDM
masses, m = 1, 10�1, 10�2, and 10�3 eV, evolved in a Press–
Schechter median halo enhanced by an order of magnitude
with a total SIDM supply fraction fhalo = 0.9. The heavier
SIDM reaches the transition mass M? (marked by crosses)
earlier and experiences a rapid growth phase until saturating
at the finite halo supply. In comparison, the lighter SIDM
remains and experiences rapid growth at a later period.

FIG. 2. Counterpart evolution of the Bondi radius rB(z)
of Fig. 1, assuming the average-halo density of (12). The
y-axis is in parsecs (logarithmic), while the x-axis is linear in
redshift from z = 30 (left) to z = 7. This demonstrates how
the Bondi radius expands across cosmic epochs, eventually
approaching or crossing the inner-halo scale (represented by
the dashed line). This enables efficient SIDM feeding in the
late growth phase to form SMBHs with masses � 109M� if
the crossing occurs at z > 7.

200–300 relative to the mean matter density, providing a
natural scale for the halo boundary. We overlay this core
band to indicate when the Bondi radius rB(z) exceeds the
SIDM core in Fig. 2, signaling the onset of supply-limited
growth. This is the key ingredient for guaranteeing the
formation of SMBHs with masses comparable to the total
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out introducing the specific halo environments, such as a
heavy core; (ii) given a SIDM model like (3), the necessity
of achieving successful Bondi-aided super-Eddington ac-
cretion will fully determine the model parameters, along
with (2); (iii) Once (ii) is done, we can obtain the growth
curve of the central black hole, and also the mass func-
tion of the primary black holes by assuming a initial mass
function for primordial black holes (PBHs). These results
unify the microscopic particle physics of DM with the as-
trophysical observations of SMBHs, and simultaneously
provide the mass function of the PBHs, which will be cru-
cial to estimate the event rates of their mergers detected
by gravitational wave observations.

�
4
-SIDM and critical Bondi accretion.— To be spe-

cific, we will consider the n = 4 case of (3), denoted as �4-
SIDM [36]. In [37, 38], it is shown that under the isotropic
self-gravitating regime, which is just the same regime for
considering Bondi accretion, the �

4-SIDM forms a fluid
with the following EoS relating energy density ⇢ and pres-
sure p,
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, (4)

where the characteristic density scale ⇢B = 3m
4

2�
. The

narrow window of (2) gives a tight relation between �

and m, and its median value can be converted into

⇢B = 6.96⇥ 1018
⇣

m

GeV

⌘5/2

kg m�3
. (5)

With the EoS (4) and adopting the relativistic Euler
equation [39], we can obtain the Bondi accretion rate of
�
4-SIDM (c = GN = 1) [40],

ṀBondi = 2⇡
(1 + a

2

s
)3

a3
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s
� 1)

M
2
⇢DM, (6)

where as is the sound speed a :=
q

@p

@⇢
at the sonic hori-

zon, and the ⇢DM is the ambient DM mass density. We
see that there is a critical limit as as ! 1/3, at which
the Bondi accretion rate diverges. This is quite different
from the Bondi accretion rate ⇠ a

�3

s
M

2
⇢DM for CDM,

which cannot be divergent as as is non-negligible.
As our goal is to achieve the dominant Bondi accretion,

we consider only the critical regime by introducing ✏ :=

a
2

s
� 1/9 ⌧ 1. In this critical regime, we find [41]
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where a1 is the asymptotic sound speed. By (7), (6) is
reduced to

ṀBondi = 64⇡ ⇢B M
2
, (8)

yielding a universal coefficient of Bondi accretion to all
halo environments, i.e, ⇢DM independent,

K = 64⇡2
⇢B / m

5/2
. (9)

By (5), K is fully determined by the scalar mass m. This
relates the microscopic DM physics to the Bondi accre-
tion rate in the formation of SMBHs.

Furthermore, using both equalites of (7) yields the
Bondi radius

rB :=
2M

a21
'
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⇢B

⇢DM

M . (10)

The Bondi radius is the effective feeding radius to capture
the DM into the accretion flow. In contrast to the case
of CDM, in which the a1 is non-negligible, the Bondi
radius for �

4-SIDM can be very large even for IMBHs.
Below, we will explicitly demonstrate that the universal
accretion rate (8) and large feeding radius (10) are crucial
to reach 109M� at z ' 7 by appropriately choosing the
parameter m of the SIDM mass.

Unified growth equation and transition mass.—

The universal Bondi coefficient K in (9) is environment-
independent, and also time-independent. Thus, the
Bondi-aided Eddington accretion (1) admits a simple and
analytic solution,

M(z) =
M0 e

�⌧(z)

1�
K

�
M0

�
e�⌧(z) � 1

� (11)

where M0 is the initial seed mass, and the conver-
sion between cosmic time and redshift follows the stan-
dard relation ⌧(z) =

R
zi

z

dz
0

(1+z0)H(z0) where H(z) =

H0

p
⌦r(1 + z)4 + ⌦m(1 + z)3 + ⌦⇤. All time–redshift

conversions use Planck 2018 ⇤CDM cosmology (H0 =
67.4, ⌦m = 0.315, ⌦⇤ = 0.685, and ⌦� = 9.2⇥10�5) [42].
Equation (11) is the central analytic result of this Let-
ter. Once the SIDM mass m is chosen, the coefficient
K/m

5/2 uniquely determines the entire growth history,
independent of halo structure or baryonic microphysics.

Although the relativistic SIDM Bondi rate is universal,
the total mass a PBH can accrete is ultimately limited by
the finite SIDM reservoir of its host halo [43]. We adopt
a conservative supply model in which the ambient DM
density around the galaxy halos,

⇢DM(z) = 5⇥ 10�22(1 + z)3 �vir kgm
�3 (12)

3

m (eV) M? (M�) Growth regime
10�3 1.5307⇥ 109 Bondi never dominates
10�2 4.8403⇥ 106 Bondi dominates around z ⇠ 11

10�1 1.5307⇥ 104 Early Bondi onset
1 4.8403⇥ 101 Bondi dominates almost immediately

TABLE I. Transition mass M? = �/K at which relativis-
tic SIDM Bondi inflow overtakes baryonic Eddington growth.
Because K / m5/2, the transition scale spans nearly eight
orders of magnitude across the range m = 10�3–1 eV. For
light SIDM, M?&109M� so PBHs remain Eddington-limited,
whereas for m& 10�2 eV the Bondi phase switches on early,
imprinting a strong microphysical signature on the black-hole
mass function.

with a typical virial overdensity �vir ' 300 movitavted
by spherical-collapse modeling and simulations [44–46].
In this environment, the Bondi radius given by (10)
grows approximately linearly with black-hole mass and
decreases with redshift,

rB(z,m) ' 3.55⇥ 102
(m/eV)5/2

(1 + z)3
M(z)

M�
pc , (13)

so that at late times rB can engulf an entire SIDM core
and the evolution becomes supply-limited rather than
Bondi-limited. The competition between the Eddington
term and relativistic SIDM Bondi inflow is encoded in
the transition mass M? = �/K / m

�5/2, which depends
steeply on the SIDM particle mass. The numerical con-
nection between m and M� is summarized in Table I.
Note that M? & 109M� if m is near the lower bound of
(15), so PBHs remain Eddington-limited.

Given ⇢DM of (12), the crticial parameter in the first
equality of (7) can be expressed explicitly,

✏(z,m) = 1.52⇥ 10�16
(1 + z)3

(m/eV)5/2
. (14)

To ensure the �
4-SIDM Bondi accretion is in the critical

regime, we require ✏ . 10�3 at z ' 7. This then imposes
a lower bound on m, i.e.,

m & 10�3.34eV . (15)

Choosing some representative values of m satisfying (15),
we exemplify the mass evolution of (11) in Fig. 1 for an
initial mass of 10M�, and the Bondi radius counterpart
rB of (13) in Fig. 2. As expected, the heavier SIDM
has a sharper growth and a lower transition mass M?

(marked by crosses in Fig. 1), so that it is easier to yield
the 109M� SMBHs.

Due to the window of �/m given in (2), the SIDM
develops constant-density cores through heat conduction
driven by DM self-scattering, with simulations typically
giving rcore ⇠ 0.02–0.10Rvir [32, 47, 48]. Here Rvir is
the virial radius enclosing an overdensity factor �vir ⇠

FIG. 1. Mass evolution of a 10M� seeding black hole from
z = 30 to z = 7, including Eddington accretion and relativis-
tic SIDM Bondi inflow. Shown are four representative SIDM
masses, m = 1, 10�1, 10�2, and 10�3 eV, evolved in a Press–
Schechter median halo enhanced by an order of magnitude
with a total SIDM supply fraction fhalo = 0.9. The heavier
SIDM reaches the transition mass M? (marked by crosses)
earlier and experiences a rapid growth phase until saturating
at the finite halo supply. In comparison, the lighter SIDM
remains and experiences rapid growth at a later period.

FIG. 2. Counterpart evolution of the Bondi radius rB(z)
of Fig. 1, assuming the average-halo density of (12). The
y-axis is in parsecs (logarithmic), while the x-axis is linear in
redshift from z = 30 (left) to z = 7. This demonstrates how
the Bondi radius expands across cosmic epochs, eventually
approaching or crossing the inner-halo scale (represented by
the dashed line). This enables efficient SIDM feeding in the
late growth phase to form SMBHs with masses � 109M� if
the crossing occurs at z > 7.

200–300 relative to the mean matter density, providing a
natural scale for the halo boundary. We overlay this core
band to indicate when the Bondi radius rB(z) exceeds the
SIDM core in Fig. 2, signaling the onset of supply-limited
growth. This is the key ingredient for guaranteeing the
formation of SMBHs with masses comparable to the total

We requireεto be less than 10-3 at z~7

3

m (eV) M? (M�) Growth regime
10�3 1.5307⇥ 109 Bondi never dominates
10�2 4.8403⇥ 106 Bondi dominates around z ⇠ 11

10�1 1.5307⇥ 104 Early Bondi onset
1 4.8403⇥ 101 Bondi dominates almost immediately

TABLE I. Transition mass M? = �/K at which relativis-
tic SIDM Bondi inflow overtakes baryonic Eddington growth.
Because K / m5/2, the transition scale spans nearly eight
orders of magnitude across the range m = 10�3–1 eV. For
light SIDM, M?&109M� so PBHs remain Eddington-limited,
whereas for m& 10�2 eV the Bondi phase switches on early,
imprinting a strong microphysical signature on the black-hole
mass function.

with a typical virial overdensity �vir ' 300 movitavted
by spherical-collapse modeling and simulations [44–46].
In this environment, the Bondi radius given by (10)
grows approximately linearly with black-hole mass and
decreases with redshift,

rB(z,m) ' 3.55⇥ 102
(m/eV)5/2

(1 + z)3
M(z)

M�
pc , (13)

so that at late times rB can engulf an entire SIDM core
and the evolution becomes supply-limited rather than
Bondi-limited. The competition between the Eddington
term and relativistic SIDM Bondi inflow is encoded in
the transition mass M? = �/K / m

�5/2, which depends
steeply on the SIDM particle mass. The numerical con-
nection between m and M� is summarized in Table I.
Note that M? & 109M� if m is near the lower bound of
(15), so PBHs remain Eddington-limited.

Given ⇢DM of (12), the crticial parameter in the first
equality of (7) can be expressed explicitly,

✏(z,m) = 1.52⇥ 10�16
(1 + z)3

(m/eV)5/2
. (14)

To ensure the �
4-SIDM Bondi accretion is in the critical

regime, we require ✏ . 10�3 at z ' 7. This then imposes
a lower bound on m, i.e.,

m & 10�3.34eV . (15)

Choosing some representative values of m satisfying (15),
we exemplify the mass evolution of (11) in Fig. 1 for an
initial mass of 10M�, and the Bondi radius counterpart
rB of (13) in Fig. 2. As expected, the heavier SIDM
has a sharper growth and a lower transition mass M?

(marked by crosses in Fig. 1), so that it is easier to yield
the 109M� SMBHs.

Due to the window of �/m given in (2), the SIDM
develops constant-density cores through heat conduction
driven by DM self-scattering, with simulations typically
giving rcore ⇠ 0.02–0.10Rvir [32, 47, 48]. Here Rvir is
the virial radius enclosing an overdensity factor �vir ⇠

FIG. 1. Mass evolution of a 10M� seeding black hole from
z = 30 to z = 7, including Eddington accretion and relativis-
tic SIDM Bondi inflow. Shown are four representative SIDM
masses, m = 1, 10�1, 10�2, and 10�3 eV, evolved in a Press–
Schechter median halo enhanced by an order of magnitude
with a total SIDM supply fraction fhalo = 0.9. The heavier
SIDM reaches the transition mass M? (marked by crosses)
earlier and experiences a rapid growth phase until saturating
at the finite halo supply. In comparison, the lighter SIDM
remains and experiences rapid growth at a later period.

FIG. 2. Counterpart evolution of the Bondi radius rB(z)
of Fig. 1, assuming the average-halo density of (12). The
y-axis is in parsecs (logarithmic), while the x-axis is linear in
redshift from z = 30 (left) to z = 7. This demonstrates how
the Bondi radius expands across cosmic epochs, eventually
approaching or crossing the inner-halo scale (represented by
the dashed line). This enables efficient SIDM feeding in the
late growth phase to form SMBHs with masses � 109M� if
the crossing occurs at z > 7.

200–300 relative to the mean matter density, providing a
natural scale for the halo boundary. We overlay this core
band to indicate when the Bondi radius rB(z) exceeds the
SIDM core in Fig. 2, signaling the onset of supply-limited
growth. This is the key ingredient for guaranteeing the
formation of SMBHs with masses comparable to the total

Schematic accretion



Next we try to explain the abundance of Supermassive BHs

Idea of primordial BHs — 

• 1967, Y. Zel’dovich and I. Novikov proposed that BHs can be formed if density 

perturbations were large enough in early Universe. 

• 1971, S. Hawking and Carr noticed at horizon entry the large overdensities could 

be formed —> the critical overdensity threshold for PBH collapse during radiation 
ear is about δ≥0.3-0.5.


• By including the Hawking radiation effect, a light PBH, MPBH < 1015 g would 
evaporate at the lifetimes shorter than the age of Universe. —> footprint on CMB

and produce X-rays and/or ionizing photons. Such additional emissions can partially reionize
hydrogen earlier than expected (of course, it will distort the ionization history) and leave
signatures in the CMB temperature and polarization anisotropies and spectral distortions. It
is particularly sensitive to the mass range 10� 1000 M�. In many analyses, the upper bound
on the PBH fraction of dark matter fPBH < 10�3

� 10�4 for MPBH ⇠ 100M� [ROM08?
, PSC+17? ]. (Notice: Does in the case of PBHs accrete most dark matter, it may
relax the constraint ?)

6.4 PBH masses and mass distributions

So, what are the masses "predicted" in PBH theories? As pointed out in the above discussions,
we know the main idea of PBHs is hypothesized to form in the early universe from the direct
collapse of large density fluctuations, phase transitions, topological defects, or other non-
standard processes. It happens when the curvature perturbations "re-enter" the cosmological
horizon, and the horizon mass at cosmic time t is roughly

MH(t) ⇠
c
3
t

G
1015g

⇣ t

10�23s

⌘
. (6.8)

So the PBH mass is essentially the horizon mass at its formation time (up to an efficiency
factor �), and is often written in terms of cosmic temperature T

MH(T ) ⇠ �
c
3
t

G
⇠ 30M�

⇣
T

200MeV

⌘�2
, (6.9)

for � ⇠ 0.2. However, according to the hypothesis that PBHs are produced in the frameworks
of inflationary perturbations, critical collapse, and extended reheating, it naturally leads to
extended mass functions (spread over several orders of magnitude). If we concentrate on QCD
phase transition, t ⇠ 10�5

s, T ⇠ 100MeV, this gives

MPBH ⇠ O(1)M� (6.10)

Because a phase transition sets a preferred timescale, the mass function is not a wide power
law but rather peaked around the horizon mass. The most common analytic form used is a
log–normal distribution

dn

d lnM
/ exp

h
�

(lnM � lnMc)2

2�2

i
(6.11)

once a PBH forms, it doesn’t necessarily remain “naked.” It can accrete surrounding mat-
ter and radiation as the universe evolves. The importance of this depends on the epoch and
environment. Typically, PBHs are formed during the radiation domination era, and the back-
ground is hot and relativistic. Accretion efficiency is suppressed because radiation pressure
prevents steady infall. (relativistic SIDM Bondi accretion is an exception ?). There-
fore, standard accretion growth effects can be negligible during the radiation epoch. After
matter–radiation equality (z ⇠ 3400), baryons and dark matter can, in principle, accrete onto
PBHs. Another important mechanism of PBH growth is due to mergers between PBHs,
especially inside the minihalo. This mechanism might be a dominant channel according to
recent LVK observations. In this draft, we mainly concentrate on relativistic SIDM Bondi
accretion processes.

Let me sketch a bit on some key issues, following the standard points, to address our
question (BH mass function around z ⇠ 7). First, the transition from radiation domination
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PBH mass scale is essentially the horizon mass at its formation time:

𝛾 : efficiency factor

This work : QCD phase transition, t~10-5 s or T~100 MeV



Some issues have been addressed, simply mention in this talk

6 Some basics on PBH

In this section, I will briefly review the basics that would be used in our study. Hope it will
be helpful for us.

6.1 Early days

PBH was first proposed by Y. Zel’dovich and Igor Novikov in 1967 that black holes could
form in the early Universe if density perturbations were large enough during the radiation
era. Therefore, PBH, in principle, could have a wide range of masses, not just the stellar mass
scale. Stephen Hawking noticed that PBH could form from large overdensities at “horizon
entry” in 1971. He then, together with Carr, showed the critical overdensity threshold for PBH
collapse during the radiation era (� � 0.3 0.5). Then, by including the Hawking radiation
effect, they discovered that light PBHs with masses smaller than 1015 g would have lifetimes
shorter than the age of the Universe. At the same time, it also leaves a footprint on the
cosmic microwave background if extra energy is injected from PBH evaporation.

6.2 cosmological observables

During the 1980s, it was proposed that PBH can play as a tracer of density fluctuations

on very small scales (unfortunately, far smaller than those probed by the CMB or large-
scale structure). Around the time, inflationary theories also developed, and PBH became a
tool to constrain the primordial power spectrum: if there are too many small-scale fluctua-
tions, then overproduced PBHs would be created. Details of these constraints are as follows:

Inflation would generate fluctuations in the curvature perturbations ⇣ or � = �⇢/⇢.
While CMB and large-scale structure observation show that on large scales (� � Mpc), the
spectrum is nearly scale-invariant,

P⇣ ⇡ As

⇣
k

k⇤

⌘
ns�1

, (6.1)

with As ⇡ 2⇥ 10�9 and ns ⇡ 0.96. Therefore, observationally we have fluctuations on large
scales are very tiny ⇠ 10�5 in amplitude.

Now we let PBHs form when a perturbation re-enters the horizon in the early Uni-
verse and is large enough to overcome pressure support. As mentioned above, the collapse
condition � � �c ⇡ 0.3 0.5 in the radiation era. And the primordial density perturbation is
Gaussian to the first-order approximation, so the probability of such a large fluctuation is
exponentially suppressed :

�(M) ⇡

Z 1

�c

1
p
2⇡�(M)

exp
h
�

�
2

2�2(M)

i
d�. (6.2)

Here �(M) is PBH formation at mass-scale M , and �(M) is the variance of density pertur-
bations smoothed at horizon entry. Now we are able to connect the power spectrum to the
PBH generation by

�
2(M) ⇠

Z
W

2(kR)P�(k)
dk

k
, (6.3)

with a certain window (filter) function W (kR). R corresponds to the horizon scale at PBH
mass M . If the power spectrum P⇣(k) at small scales is as tiny as the large-scale amplitude
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PBH formation probability with variance of density 
perturbations σ
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σ can be related to the power spectrum with certain 
window function (filter function), R refers to the horizon 

scale.

(⇠ 10�9), then we have �(M) ⇠ 10�5. It is far too small to exceed �c. And no PBHs form in
this case.

6.3 Viable PBH production and constraints

So the chance happens if the spectrum is enhanced at some small scale, such as a bump
or spike from inflation or a phase transition. Then we leave a large enough rare tail of the
Gaussian in � to produce a non-negligible �(M). Then PBH can be abundant! I take some
numbers to illustrate how it works.

If we take P⇣ ⇠ 10�2, then �(M) ⇠ 10�3. This is way too abundant and leads to
the so-called catastrophic PBH, implying that ⌦PBH � 1. The reasons can be explained as
follows :

The fraction of total energy density in PBHs at formation time reads

�(M) =
⇢PBH(tform)

⇢tot(tform)
. (6.4)

Since the formation happens in a radiation-dominated epoch, we have ⇢tot ' ⇢rad. While
⇢rad / a

�4 and ⇢PBH / a
�3. So the time-evolution of both energy density scales as

⇢PBH

⇢rad
/ a /

1

T
. (6.5)

After the evolution from PBH formation to matter-radiation equality, the present-day PBH
fraction can be related as

⌦PBH(M) ' �(M)
aeq

aform
⌦m, (6.6)

here ⌦m is today’s matter fraction. And now we take the PBH to be formed at the QCD
phase transition, namely T ⇠ 100 MeV, z = 1012. The redshift of matter-radiation equality
is z = 3400, so the redshift factor is amplified to be very huge :

aeq

aform
⇠

1 + zform

1 + zeq
⇠

1012

3.4⇥ 103
⇠ 3⇥ 108 (6.7)

This reflects the fact that the PBH fraction is amplified by about 109 compared to its initial
formation fraction. In such a scenario, PBHs would, of course, vastly exceed the critical
density. Our universe would be overclosed , and hence, not compatible with the observations.
In other words, even �(M) ⇠ 10�9, a tiny formation probability, it still yields a ⌦PBH ⇠ 1
today.

Therefore, based on the idea, we can use CMB and other observational approaches (mi-
crolensing and gravitational waves, etc.) to study the PBH mechanism and further constrain
its parameters.

If PBHs are not evaporated, namely heavier than asteroid mass, they can be tested by the
so-called microlensing experiments. From MACHO, EROS, and OGLE observations, it
has been excluded that 100% of PBH dark matter exists in the mass range from 10�7

�10 M�,
but some windows remain open. Another important experimental constraint comes from the
CMB anisotropies and spectrum, providing the gas accretion into PBHs at 10 � 1000 M�
a stringent bound. The physical reasons are that such PBHs could be luminous sources if
(after recombination, z ⇠ 1100), baryons decouple from photons and can fall into PBHs.
When such gas accretes (Bondi-like or Eddington-type), it will heat up the gas environment
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density. Our universe would be overclosed , and hence, not compatible with the observations.
In other words, even �(M) ⇠ 10�9, a tiny formation probability, it still yields a ⌦PBH ⇠ 1
today.
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If PBHs are not evaporated, namely heavier than asteroid mass, they can be tested by the
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has been excluded that 100% of PBH dark matter exists in the mass range from 10�7

�10M�,
but some windows remain open. Another important experimental constraint comes from the
CMB anisotropies and spectrum, providing the gas accretion into PBHs at 10 � 1000 M�
a stringent bound. The physical reasons are that such PBHs could be luminous sources if
(after recombination, z ⇠ 1100), baryons decouple from photons and can fall into PBHs.
When such gas accretes (Bondi-like or Eddington-type), it will heat up the gas environment
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has been excluded that 100% of PBH dark matter exists in the mass range from 10�7
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Present day fraction:

Current constraint : fPBH ≤ 10-3 ΩDM
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These objects formed long before the first stars, avoid-
ing all baryonic cooling requirements, and began their
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framework, PBHs are therefore an ideal testbed for exam-
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the mass function by z = 7.
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by normalization condition.

We adopt a subdominant PBH abundance fPBH =
10�3, consistent with the limits from CMB anisotropy

FIG. 3. Evolution of the QCD PBH mass function for Log-
normal(top), power-law (middle), and critical-collapse (down)
distributions to z = 7 under SIDM-Bondi-aided Eddington
accretion with DM mass m = 10�3,�2,�1 eV. The growth
triggers early Bondi dominance for m & 10�2 eV to reach
1010M� SMBHs. The insets in each figure show the finer
structures of the final mass function.

and spectral-distortion constraints on early energy injec-
tion (fPBH . 10�3) [51–53]. Independent bounds from
microlensing surveys (MACHO, EROS, OGLE, Sub-
aru/HSC) likewise rule out M ⇠ 10�10

� 102M� PBHs

Normalization condition



Assuming no mergers —> number conservation, 

we are able to obtain the analytical mass function of PBH at z=7 for each initial distribution

5

as the dominant DM component [54, 55]. Although QCD
PBHs cannot supply the total dark matter, subdominant
populations remain viable and can participate in astro-
physical growth, providing a physically motivated popu-
lation of early seeds.

Using the analytical mass-growth solution, we propa-
gate the full initial PBH distribution forward to z = 7.
If we ignore the PBH merger events, by imposing num-
ber conservation,  f (M, z)dM =  0(M0)dM0, gives the
evolved mass function at any redshift :

 f (M, z) =
 0(M0(M, z))e�⌧z

[e�⌧z + K(m)

�
M(z)(e�⌧z � 1)]2

, (19)

where  0(M0(M, z)) refers to each initial function with
M0(M, z) obtained by the inverse of (11). We plot the
evolved mass functions at z = 7 in Fig. 3 for the above
three PBH mass functions and three representative val-
ues of scalar mass, m = 10�3,�2,�1 eV. The results tell
some interesting features. Once the SIDM mass exceeds
m & 10�2 eV, PBHs enter the Bondi–dominated phase
early, leaving ample cosmic time for nearly the entire ini-
tial population to exhaust the halo core. It results in a
narrow spike around 1010 M� in the final mass function
for all three PBH mass–function prescriptions. Moreover,
the power–law case is particularly revealing: its extended
low–mass tail stalls near 106 M� with almost the same
form in the final mass function. However, the other two
cases leave no trace of their initial forms. In contrast, the
final mass functions almost maintain their initial PBH
forms but shift to a higher mass scale if m . 10�2 eV.

Conclusion— We have demonstrated that PBHs
formed during the QCD epoch can evolve into the super-
massive regime when embedded in a relativistic SIDM
fluid. In the minimal �4 model studied here, the en-
tire growth history-and thus the full mapping from the
initial PBH distribution to the mass function at the cos-
mic dawn-is fixed by a single microscopic parameter, the
SIDM mass m. This yields a predictive, falsifiable mech-
anism for early SMBH formation, motivating the exten-
sion of this microphysical framework to a broader class
of SIDM models.

Acknowledgements. The works of CSC and FLL are
supported by Taiwan’s National Science and Technol-
ogy Council (NSTC) through Grant No.-112-2112-M-032
-012 - and No. 112-2112-M-003-006-MY3, respectively.

⇤ chianshu@gmail.com
† fengli.lin@gmail.com

[1] E. Banados et al., Nature 553, 473 (2018),
arXiv:1712.01860 [astro-ph.GA].

[2] J. Yang et al., Astrophys. J. Lett. 897, L14 (2020).
[3] R. L. Larson et al., Astrophys. J. Lett. 953, L29 (2023).

[4] R. L. Larson et al., Astrophys. J. Lett. 953, L29 (2023).
[5] V. Kokorev et al., Astrophys. J. Lett. 957, L7 (2023).
[6] R. Maiolino et al., Nature 619, 51 (2023).
[7] L. J. Furtak et al., Mon. Not. R. Astron. Soc. 526, 3382

(2023).
[8] Y. Harikane et al., The Astrophysical Journal 959, 39

(2023), published December 2023.
[9] D. e. a. Kocevski, Nature 628, 57 (2024).

[10] O. E. Kovacs et al., Astrophys. J. Lett. 965, L21 (2024),
arXiv:2403.14745 [astro-ph.GA].

[11] A. Bogdan et al., Nature Astron. 8, 126 (2024),
arXiv:2305.15458 [astro-ph.GA].

[12] I. Juodžbalis et al., Nature 636, 594 (2024),
arXiv:2403.03872 [astro-ph.GA].

[13] D. D. Kocevski et al., The Astrophysical Journal 986,
126 (2025), arXiv:2404.03576 [astro-ph.GA].

[14] A. J. Taylor et al., The Astrophysical Journal 986, 165
(2025), arXiv:2409.06772 [astro-ph.GA].

[15] J. H. Wise, J. A. Regan, B. W. O’Shea, M. L. Norman,
T. P. Downes, and H. Xu, Nature 566, 85 (2019).

[16] V. Bromm, P. S. Coppi, and R. B. Larson, Astrophys. J.
564, 23 (2002), arXiv:astro-ph/0102503.

[17] S. P. Oh and Z. Haiman, Astrophys. J. 569, 558 (2002),
arXiv:astro-ph/0108071.

[18] M. C. Begelman, M. Volonteri, and M. J. Rees, Monthly
Notices of the Royal Astronomical Society 370, 289
(2006).

[19] M. Volonteri, Astron. Astrophys. Rev. 18, 279 (2010).
[20] K. Inayoshi, E. Visbal, and Z. Haiman, Annu. Rev. As-

tron. Astrophys. 58, 27 (2020).
[21] A. Smith and V. Bromm, Contemp. Phys. 60, 111 (2019),

arXiv:1904.12890 [astro-ph.GA].
[22] J. E. Greene, J. Strader, and L. C. Ho, Annu. Rev. As-

tron. Astrophys. 58, 257 (2020).
[23] L. R. Prole, J. A. Regan, S. C. O. Glover, R. S. Klessen,

F. D. Priestley, and P. C. Clark, Astron. Astrophys. 685,
A31 (2024), arXiv:2312.06769 [astro-ph.GA].

[24] M. C. Begelman, R. D. Blandford, and M. J. Rees, Nature
287, 307 (1980).

[25] M. Volonteri, F. Haardt, and P. Madau, The Astrophys-
ical Journal 582, 559 (2003).

[26] M. C. Miller and D. P. Hamilton, Monthly Notices of the
Royal Astronomical Society 330, 232 (2002).

[27] C. L. Rodriguez, M. Zevin, P. Amaro-Seoane, S. Chat-
terjee, K. Kremer, F. A. Rasio, and C. S. Ye, Phys. Rev.
D 100, 043027 (2019).

[28] D. Gerosa and M. Fishbach, Nature Astronomy 5, 749
(2021).

[29] See the supplementary material for more detailed discus-
sions.

[30] H.-H. S. Chiu, H.-Y. Schive, H.-Y. K. Yang, H. Huang,
and M. Gaspari, Phys. Rev. Lett. 134, 051402 (2025).

[31] D. N. Spergel and P. J. Steinhardt, Phys. Rev. Lett. 84,
3760 (2000).

[32] S. Tulin and H.-B. Yu, Phys. Rept. 730, 1 (2018).
[33] D. Clowe, M. Bradač, A. H. Gonzalez, M. Markevitch,

S. W. Randall, C. Jones, and D. Zaritsky, The Astro-
physical Journal Letters 648, L109 (2006).

[34] S. W. Randall, M. Markevitch, D. Clowe, A. H. Gonzalez,
and M. Bradač, The Astrophysical Journal 679, 1173
(2008).

[35] W.-X. Feng, H.-B. Yu, and Y.-M. Zhong, arXiv e-prints
(2025), arXiv:2506.17641 [astro-ph.GA].

[36] In supplementary material, we demonstrate that the crit-

6

Figure 2. Counterpart evolution of the Bondi radius rB(z) of Fig. 1, assuming the average-halo density of (12). The y-axis
is in parsecs (logarithmic), while the x-axis is linear in redshift from z = 30 (left) to z = 7. This demonstrates how the Bondi
radius expands across cosmic epochs, eventually approaching or crossing the inner-halo scale (represented by the dashed line).
This enables efficient SIDM feeding in the late growth phase to form SMBHs with masses � 109M� if the crossing occurs at
z > 7.

We adopt a subdominant PBH abundance fPBH = 10�3, consistent with the limits from CMB anisotropy and172

spectral-distortion constraints on early energy injection (fPBH . 10�3) M. Ricotti et al. (2008); Y. Ali-Haïmoud & M.173

Kamionkowski (2017); P. D. Serpico et al. (2020). Independent bounds from microlensing surveys (MACHO, EROS,174

OGLE, Subaru/HSC) likewise rule out M ⇠ 10�10
� 102M� PBHs as the dominant DM component P. Tisserand &175

others (EROS-2 Collaboration); H. Niikura et al. (2019). Although QCD PBHs cannot supply the total dark matter,176

subdominant populations remain viable and can participate in astrophysical growth, providing a physically motivated177

population of early seeds.178

Using the analytical mass-growth solution, we propagate the full initial PBH distribution forward to z = 7. If we179

ignore the PBH merger events, by imposing number conservation,  f (M, z)dM =  0(M0)dM0, gives the evolved mass180

function at any redshift :181

 f (M, z) =
 0(M0(M, z))e�⌧z

[e�⌧z + K(m)

�
M(z)(e�⌧z � 1)]2

, (19)182

where  0(M0(M, z)) refers to each initial function with M0(M, z) obtained by the inverse of (11). We plot the evolved183

mass functions at z = 7 in Fig. 3 for the above three PBH mass functions and three representative values of scalar184

mass, m = 10�3,�2,�1 eV. The results tell some interesting features. Once the SIDM mass exceeds m & 10�2 eV,185

PBHs enter the Bondi–dominated phase early, leaving ample cosmic time for nearly the entire initial population to186

exhaust the halo core. It results in a narrow spike around 1010 M� in the final mass function for all three PBH187

mass–function prescriptions. Moreover, the power–law case is particularly revealing: its extended low–mass tail stalls188

We have





• We proposed a new mechanism, relativistic SIDM Bondi 
accretion, for the BH growth. 


• At critical regime, the accretion rate is independent on the 
environmental condition but only depends on dark matter mass.


• We illustrate PBHs as the initial BH seeds, we demonstrate even 
M0~10 M⊙, a supermassive BH can be achieved in first 800 
millions years


• For stellar scale initial BHs, we prefer mDM > 10-3 eV.


• The mechanism can apply to any potential initial BHs. 


• Mass function of BHs could be revealed. 

Conclusion


