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A Radiative Lepton Model in a Non-invertible Fusion Rule
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» Jinggian Chen, Chao-Qiang Geng, Hiroshi Okada, and Jia-Jun Wu, [arXiv:2507.11951[hep-ph]].
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The Standard Model and Beyond
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Lepton Mass: Neutrino Mass & Charged Lepton Mass Hierarchy Problem

mass - =2.3 MeV/c?

charge -» 2/3 u

spin > 1/2 /”
up

~4.8 MeV/c?
-1/3 d
112

down

=1.275 GeV/c?

23 C

1/2 /
charm

=95 MeV/c?

-1/3 S

112 /
strange

=173.07 GeV/c?

2/3
1/2 t/
top

=4.18 GeV/c?

-1/3 b
12 > /

bottom

I 0.511 MeV/c?

105.7 MeV/czl

I 1.777 GeV/c’I

1 e

12

-1 -
112 I'I'

-1 T
12 y

electron muon tau
m I <2.2 eVic? <0.17 MeV/c? <15.5 MeV/c‘I
2 o 0 0
12 1/2 -I)e, 112 ])}1 1/2 ])T
% electron muon tau
o neutrino neutrino neutrino

0

" ,;

) g
gluon

0

=

photon
91.2 GeV/c?

0 3
1 4

Z boson

80.4 GeV/c?

i W
1 \

W boson

0
0

126 GeV/c?

Higgs
boggn

The 1 lepton has a
significantly larger mass
than other charged leptons.

In the Standard Model,
neutrinos are massless,
whereas experimental
observations have revealed
non-zero neutrino masses.
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Muon g-2 Anomaly
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» Aguillard D P, Albahri T, Allspach D, et al. Measurement of the Positive Muon Anomalous Magnetic Moment to 0.20 ppm[J]. arXiv:2308.06230(2023).

* D.~P.~Aguillard, et al. Measurement of the Positive Muon Anomalous Magnetic Moment to 127 ppb. arXiv:2506.03069 [hep-ex].

* Aliberti, R., et al. "The anomalous magnetic moment of the muon in the Standard Model: an update." arXiv:2505.21476 (2025).
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Non-invertible Fusion Rule

A Group: 9192 = g3,

The product on the right-hand side is a single element, and every element has an inverse
Non-invertible fusion rule: U;U; =) ¢; Uy,

The product on the right-hand side can be a linear combination of several elements, and the elements
may not have inverses.

Ising fusion rules (IFR): eRQe=1 ocQ@oc=1De, cQe=€eRQ0 =0,

{e,0} @I =1®{e,0} = {e,0}.

{

o is an element without an inverse
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Non-invertible Fusion Rule

Physical realization and origin: fusion rules in 2D CFT and developments in generalized symmetries
* S. H.Shao, [arXiv:2308.00747 [hep-th]].

C. M. Chang, Y. H. Lin, S. H. Shao, Y. Wang and X. Yin, [arXiv:1802.04445 [hep-th]].

J. Kaidi, Y. Tachikawa and H. Y. Zhang, [arXiv:2402.00105 [hep-th]].
R. Thorngren and Y. Wang, [arXiv:2106.12577 [hep-th]].

Recently introduced into particle physics and applied to phenomenology:

* T.Kobayashi, H. Otsuka, M. Tanimoto and H. Uchida, [arXiv:2505.07262 [hep-ph]].
M. Suzuki and L. X. Xu, [arXiv:2503.19964 [hep-ph]].

T. Kobayashi, H. Otsuka and T. T. Yanagida, [arXiv:2508.12287 [hep-ph]].
H. Okada and Y. Shigekami, [arXiv:2507.16198 [hep-ph]].
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The Model
2 Generations
LLe,p LLT KR ER EL NR H n S
SU(2)L 2 2 1 1 1 1 2 (2|1
Uly || -3 | -3 |-1|-1|-1] 0 [ 3|3]0
IFR € I I o o o I o]0

(ee=1, oRc=1de, cQe=€e®oc=0)

Lagrangian for the Lepton Sector:

—Le= > > YwlrnEr, + Y ZyEmELafRZSJr ZymLL Hlp,+ > hroLL nER,

f=e,pa=1.2 a=1,2 i=1 a=1,2

+ Z Z yniaL—LlﬁNRa + Z y"'ITaLLTﬁNRa + MEaELaERa + MNﬂ.NgaNRQ + h'C'7
l=e,pa=1,2 a=1,2
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The Model The Scotogenic Model
1
I 1

LLe,p LLT KR ER EL NR H n S

SU@2).|| 2 2 1|1 ]1]|1]2]|2]|1

Uly || =3 | -3 |-1|-1|-1]o0 | 3|i]0

IFR € I I o o o I (oo

(e®e=1, ocRoc=I1de, cRe=€Ro=0)

Lagrangian for the Lepton Sector:

—Ly= Z Z UﬂaLLgUERa + Z ZUEMELQPBIS + ZyTaLL,-HPRQ + Z ?}T(LLLTTIERQ

b=e,pa= 1 S =120 a= 12
+ Z Z yTMuL_LEﬁNTRa + Z ny?aEﬁNRa + ‘Z"/IEQIEI_LaERa. + AJN& NI({G NRa + h'(j"i
{=e,ua=1,2 a=1,2

The Lr, ERH term is forbidden by the IFR, and therefore no tree-level mass can be generated:
eRIRI=€e#1
The electron and muon masses are generated at one loop, analogously to the neutrino mass generation mechanism.
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Lepton Masses

Generation of electron and muon Masses:

< H>(I)
N eRIRT =€ #1
n(o) //" ‘\\\ S(o) .
IFR dynamically broken at the loop
L/:/() L"“R\'U) L/:/U) 1/7[)

Generation of neutrino Masses:

< H>(I) <H>(I)
<H>(I) <H>(I) ~ -

i > L L <

Liule) Ng(o) Np(o) Lieul€) Ly, pu(€) Np(o) Np(o) Ly (I)
Ly (T) Ly, ()

IFR Invariant IFR broken
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Lepton Masses
Mixing Terms in the Scalar Potential:
Vanix =Mg (HTH) (nTn) Y (HT n) (nTH) n %)\5 l(HT n)2 n h.c.}

+ Ags HTHS*S + Mg ntn §*S + (uHTnS + h.c.) .

<H>() <H>(I) <H>(I)

L, ule) Eglo) E(0) 1p(I) Li, pl€) Npl(o) Np(o) Li, (€ Ly, ule) Ng(o) Np(o) Ly (I)
Ly (I) Ly, (I)

& I In these loop diagrams, the “groupification” of the Ising fusion rules gives rise to an
oR o~

effective Z, symmetry associated with a conserved o-parity, which stabilizes the
lightest o particle so that it can serve as a dark matter candidate.

J. Kaidi, Y. Tachikawa and H. Y. Zhang, [arXiv:2402.00105 [hep-th]]. e M. Suzuki and L. X. Xu, [arXiv:2503.19964 [hep-ph]].
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Lepton Masses

0 0 0
Charged Lepton Masses (tree level): Mg = U—\/% 0 0 0 |,
Yr1 Yr2 Yr3
Charged Lepton Masses (one-loop level):
(uH%S—I—h.c.)
. T nr = coH1 + soHa, nr = cyA1 + spAs,
<H>() = ; _I_ 2
i 1=l tan- i)/ V2l = Sp=—sgH1 +coHa, Sp=—s9A1+cyAs,
! S = (Sr+iS1)/V2

1
1
oo
”’ \\\ ﬂ
; o
, N
e S o S(0)
, A
, i
/ \

Z Z yL\/gf/LZER CGHl‘l‘S@HQ +1 Z Z y%flLlERa(CQAl -I—SgAg)

*4—:—<+<—:—4; l=e,ua=12 l=e,ua=12
Ly, ule) Ep(o) Ep(o) 1p(T)

+ Z Z_EL ZR —spH, +09H2 +1 Z Z _EL(/R 59A1+C,9A2) +h.c,
a=1,2 i=1 a=121i=1
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Lepton Masses

Charged Lepton Masses (one-loop level):

YeaMg,YE,,; 2 m2 m? 2
(01 )¢ Z 7(4@ soco [Fr(Hy, He, E,) — Fr(A1, A2, E,)],  Hrf, Fr(by, by, f) = [F? b 1n( bgl) - w2,
a=1,2

:361”/61 j35”1/62 26”%3
\/_ VE \/7 VH \/_ VH
\/, " 1 \/_ UHQ \/_ ™

Yr1 Yr2 Yr3

4

Me/\/l%( (GmomDaxe  (mMIN )

Mg = Mzree -+ 5m =°

SilE

= Me, My, KM
(Mzree5mT)1><2 (MzreeMzree,T)IXl ) € j3 T
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Lepton Masses

Neutrino Masses:

IFR Invariant IFR Broken

2

2 : T
(m)ig =3 % [GFi(Hy, A1, No) + s3F1(Ha, A2, N2)] = 3 Wn)ia Dy 0D as-

a=1

0 0 cosz —sinz
Casas—Ibarra parameterization: v, = U;\/D,Ony/Dy' NH: On = |cosz —sinz [, IH: On=|sinz cosz
sinz cosz 0 0
H): Y Dy~ M ~ O(50) meV A, =105 - D3| Cosmological: Y. D, < 120 meV

(IH) : Z D, ~ 2\//—\m§,tm ~ O(100) meV  am2, = 02, - D3| DESI+CMB: >.D, < 72 meV
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Numerical Results

Taking into account the LFV constraints and requiring the muon g-2 deviation to be
around 1o, we take H; as the dark matter candidate:

The NH case:

NH
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m, GeV
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Numerical Results

The IH case:
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Summary:

» We proposed a mechanism where the electron and muon masses are radiatively generated at
the one-loop level through the dynamical breaking of the Ising fusion rule.

» Neutrino masses are also generated at one loop, the IFR remains unbroken in some components
of the neutrino mass matrix.

» the IFR plays a crucial role in stabilizing the particles inside the loop, it effectively acts as an
exact symmetry that persists unbroken at loop orders.

» There exists a parameter region where neutrino oscillation data, LFV bounds, the observed dark-
matter relic density, and the muon g-2 deviation can be simultaneously satisfied.
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THANKS!



