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SM is not complete

i
+ In 1979, Sheldon Glashow, Abdus Salam, and Steven Weinberg shared the Mobel prize for their contributions to the

unification of the electromagnetic and weak forces 1

Standard Model

+ In 1984, Carlo Rubbia and Simon van der Meer shared the Nobel prize for their decisive contributions to the discovery of

the W and £ bosons, the carriers of the weak force 1 .

+ In 1999, Gerard 't Hooft and Martinus Veltman shared the Mobel prize for their elucidation of the quantum structure of

the electrowsak interactions 1 .

+ In 2004, David Gross, Hugh David Politzer, and Frank Wilczek shared the Mobel prize for their discovery of asymptotic
freedom, the property that explains the behavior of the strong force 1 .

+ In 2008, Yoichiro Nambu, Makoto Kobayashi, and Toshihide Maskawa shared the Nobel prize for their discoveries of the

mechanisms of spontaneous symmetry breaking and CP violation in the Standard Model 1 .

@avircs O @cructsosons @ + In 2013, Francgois Englert and Peter Higgs shared the Mobel prize for their theoretical discovery of the Higgs mechanism,
which gives mass to the particles in the Standard Model 2 1 .

Nobel prices related to
the Standard Model



SM is not complete
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Dark Matter and Dark Energy

New Physics Must Exist
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Diboson resonances

Why EFT

New Physics scale might be large compared to the SM Electroweak scale
EFT provides a Universal way to parameterize the all kinds of new physics effects

EFT simplifies and better organizes the theoretical calculation

CMS Preliminary 2.3-138fb~! (13TeV) New P hYSiCS states
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Diboson resonances

Why EFT

New Physics scale might be large compared to the SM Electroweak scale
EFT provides a Universal way to parameterize the all kinds of new physics effects

EFT simplifies and better organizes the theoretical calculation

CMs Preliminary 2.3-138fb! (13Tev) New P hYSiCS states
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First Task: Define the EFT — Construct Operator Basis Lonprr = Lang + Z i (’)d

non-trivial: # of operator 1s large, subject to redundancy y Ad—4
yid




Higher Dimensional Operators
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Higher Dimensional Operators
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Large number of operators, difficult to track the redundancy
relations: EOM, IBP, group identity, flavor relations



Young Tensor Method

Operator Basis
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( E
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[HLL, et.al. 2005.00008, 2201.04639]

Amplitude Basis
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Young Tensor Method

Mathemtaica program ABC4EFT:
automated the basis construction

t
T [pymmeny

4

SMEFT dim-8
SMEFT dim-9
LEFT dim<=9
LEFT dim<=9
GRSMEFT dim<=9

Phys. Rev. D 104, 015026
Phys. Rev. D 104, 015025
JHEP 06 (2021)
JHEP 11 (2021)
JHEP 10 (2023)

[HLL, et.al. 2005.00008, 2201.04639]

A Mathematica Package for

Amplitude Basis Construction for Effective Field Theories

Authors: Hao-Lin Li, lihaolinl99l@gmail.com
Zhe Ren, renzhe@itp.ac.cn
Ming-Lei Xiao, minglei.xiao@northwestern.edu
Jiang-Hao Yu, jhyueitp.ac.cn

Yu-Hui Zheng, zhengyuhui@itp.ac.cn

The package is available at hepforge
For the latest version, see the GitHub

If you use this package in your research,

Please cite: arXiv: 2201.04639, 2005.00008, 2007.07899



Different Operator/Amplitude Basis

Operator Type: Fixed field contents and the number of derivative WiWrHH D : Q3 L
[HLL, Z.Ren, M.-L.Xiao, J.-H.Yu, Y.-H. Zheng, 2201.04639]
> Y-basis: obtained with Young tensor method and
me“m amplitude operator correspondence.
M-basis: independent monomial operators

> P-basis: irrep of symmetric group of repeated
fields—also irrep of SU(n )
/ mw\ F-basis: independnent ﬂavor tensor spaces —

w2 Ry .. .
T sk P s % F-basis eliminate the improper and redundant flavor
' tensors

> J-basis: Eigen-basis of Casimirs

M-basis

v

Y

OJ1R1,J2R2,J3R3

~ T(Rh R27 R3)BJ1’J2’J3

W2B7 = —szJ(J+1)B’

O%EI/ NT(R)BJ (Z -1 { CzT(R T C(R)T(R)



J-Basis as Generalized Partial- Wave Basis

Systematic way to construct the J-basis: [M. Jiang, J. Shu, M.-L. Xiao, Y.-H Zheng, 2001.0448]

W2B? (T = T') = —szJ(J + 1)B’ (T - T') st =0 _pi)’
1€l
| ! 9 0
/ 2 _ - p2 2 2 — g T e
T Wi = 8P (T[‘ [MI } —|—TI'[MI }) MI’QB_ZZ(Ama)\f +/\zﬁa)\?)

1 €L

-7 Tt [PTMIPMI] 5
Mrap =12 | a)\ﬁ Moo

€L

Wz Pauli-Lubanski operator

Given an amplitude basis [ Y-basis], one can find the representation matrix of the Casimir operator

and therefore find eigen-basis \

Dim[amplitudes] . o o
Ul 09 el - 1B/} - WiB; = —szW; BjJ




J-Basis as Generalized Partial- Wave Basis

Take L,LoH3H,D? asan example:

y _ s34(12) 2 _ -2 2 Jy _
Byzg2pe = ([34]<13><24>)’ W{B}By—sw( o —3)B% ks =

3534 (12) + 2[34](13)(24) J =

= B = Ky BY = { (13)(24) .

10



J-Basis as Generalized Partial- Wave Basis

Take L,LoH3H,D? asan example:

eikejl> v ( ) (zkejl)
o — 179 ’ C O Tm — C . — )
LLHH (6 J ekl {132} ({132}) 1
C2(1) G2(3)
KG(Co) T (kg ™ = 8 g%th cim = ( 02)
{13}
i jmom € €
=T _ICG T = {eikejl Zezjekl R —3

11



Application 1: Partial-Wave Unitarity Bound
[C. Degrande HLL, L.-X. Xu. To appear]

Appr ~ cE™ unitarity violation at high energy

* Perturbative PWU bound on Wilson coefficients depend on £

* Traditional 2—2 process,
- J-basis unique for fixed J: Wigner D-functions AL .~ D7,
- Good for operator with #field < 4 2—=2 mm
* When dim > 6, operator with #field > 4

- Needs PWU bounds for 2— n process
- J-basis degenerate for fixed J: obtained by our Y T-method : BQJ ’_O:H

* - 2— n Bounds can be extract from 2— 2 process with expansion of

. — Ja Ja a "a’ \x a
Mimx JZ CZ%XBZ_)X / dHXBrf—)X (Bi]—>X) (271-)454 (pX - p@') - g;']—>X (S)6GGI5JJ/

Za,X;Az' 97% x ()19 x|? <1
167(J +1/2) - 12



Application 1: Partial-Wave Unitarity Bound
[C. Degrande HLL, L.-X. Xu. To appear]

Appr ~ cE™ unitarity violation at high energy

* Perturbative PWU bound on Wilson coefficients depend on £

* Traditional 2—2 process,
- J-basis unique for fixed J: Wigner D-functions AL .~ D7,
- Good for operator with #field < 4 2—=2 mm
* When dim > 6, operator with #field > 4

- Needs PWU bounds for 2— n process
- J-basis degenerate for fixed J: obtained by our Y T-method : Bz‘] ’_O:H

- 2— n Bounds can be extract from 2— 2 process with expansion of

) _ Ja Ja VAN a
M, x Jga CiixBiSx /dHXBzJ—a)X(B’Z]—gX> (2m)40% (px — pi) = 072 (5)0aa 0y
Ja Ja |2 Outstanding problem: computing ¢(s) analytically
gle (5)|C: , .
ZG’X Té Z;X ( 1) |2 x| <1 Why? Numerical hard; Keep s-dependence explict;
m(J +1/2) verify Exact zero

12



Application 1: Partial-Wave Unitarity Bound

N-body massless phase-space integral
N

[1 (Qj)ngi (2m)"" (’“1 +he - sz)

=1

Parameterize the final momenta with spinor helicity variables: A% (p;) = w; A% (k1) + v; A% (k2)

. i - T A% (ky) Spinor variables
oY el . o (™ "2 1)) for two Initial
() A ) =50 w2 ) () for o nta

u, v are two complex variables
Momentum

o(1 — |ﬂf‘2)5(1 — ‘17|2)52(7ﬂ17) conservation

4-3N (N2 d"ud™v
v~

Little group redundancy for an overall phase of the spinor variables
can be used to fix the phase of u to zero

p(o,)* = A°AY  Invariant under A — €A\ = X

dHN = (27‘(‘)

13



Application 1: Partial-Wave Unitarity Bound

Processing u integral: u; = rie” %

dNu o I redride; =L\ . . o
U(1>N5(1—‘u| )— U(l)N 5(1;7}) —/E[T@ded¢ 5(?2 ](5<1;T1>
|

r; can be parameterized on the spherical coordinate of S™~!

U; = Ty
rN = cosOn_1,
rN—1 = sSinfy_icosOn_o ,
rN_s = sinfy_1sinfy_scosOn_3 , dNu 5(1 — |u| 1 ]\i—fsmm L9, cosf; | do ... don
U(1)N 2\ 11 b -1
ro = sinfy_q1...sinfycosb ,

rn = sin 0N—1 ...sIn 02 sin (91



Application 1: Partial-Wave Unitarity Bound

Processing v integral:

dNvs(1 — |7

Change integral variables v = O’

52(a') =

Embeddmg of §$2N=3in CN!

v] = ~1 cos
vh = e ®2gsinn; cosn,
/ — —EN -2 o}
Un_g = € sinny ..
/ _ —tEN—1 o
Uy_1 = € sinny ..

N-2

H COS N, gin?(V—2-k)+1 Nk
k=1

(O~1)? —I+irTr

N-—1
dNvs(1 — |72)6%(atd) = dV 1’ 5 (1 - v£|2>
1=1

.SInNN_3COSNN—2

.sinmy_zsinny_s.

N-1
N—-1,7 . N2y _
d v5<1 ZUA)—(
=1

_ i

N-—1
i=1 TiUq

N

) d& e di—1d77¢ R d?]N_Q




Application 1: Partial-Wave Unitarity Bound

Processing v integral:

dNvs(1 — |7

Change integral variables v = O’

6%(a') =

\uNI2

N-1

N-1
2 2 v :_Zz‘:1 Ui Vi :_Zizl TiVi
- Z o = ox| v " =
<O ) :I+Tr r r_(rlar27 7TN—1)
N

N-1
d¥vs(1 — |5*)6%(d'v) = dV 1’ 6 (1 — v;|2>

Embeddmg of §$2N=3in CN!

Key point: O is also analytically solvable
(O~1)? is rank-1 update of identity matrix
using Sherman—Morrison Formula:

v] = ~1 cos
r —1&2
vy = sin 1 cos o
Vi_y = e ®N-2ginp .. .sinny_3cosny_2 o (
/ —1 _ . . .
Vo1 = e ®N-lginp ... sinny_ssinny_s.

N-1
N—1,7 . N2\ _
d v5<1 ZUA)—(
i=1

N-2

H COS N, sin?(V—2-F)+1 i
k=1

VITB-

Bv1+p

k) dgz e d&v_1dm R d?]N_Q

1\ rlr
2 = 2
r r
N N




u and v completely expressed
with angular and phase

Application 1: Partial-Wave Unitarity Bound

parameters, and all the delta
functions are resolved

TN
TN—-1

rN—2

r2

(A}

cosOn_1 ,
sinfn_1cosbn_so ,

sinfn_1sinfy_ocosfOn_3 ,

sinfn_1...sin6s cosb ,

sinf@pn_q...sin 6, sin 64

4

SOVt SN
I (s _ =1 1t =1 171
v; = Ov; (i, €1,2,...,N—-1) oy =— v = — vy
O—1 (vl—l—ﬁ—l) rir 3 r|?
-t 2 -2
BVvl+p ) ry "N
Sherman—Morrison Formula
v, = e ®lcosm
A e %2 gin 7)1 COS 7)2
V_o = e ®N-2ginp ... sinny_3cosny_o
va—1 e HN-1gin N ...sINNN_3SInNN_2.

16



Application 1: Partial-Wave Unitarity Bound

For 3-body final state:

. . U1
w1 = sinfy sin 01,

U2

Uy = cos B sin 65,

u3 = cos bs. v3

For 4-body final state:
Our new result

UL = sin 05 sin 65 sin 64,
Uy = sin 03 sin 65 cos 61,
Uz = sin 63 cos 05,

Uy = cos 03,

Generalization to N body is
straightforward!

An equivalent parameterization [J.E.Miro, et.al. 2005.06983]

e 1 cos M (0082 61 + cos 65 sin® 91) + e %24in M (cosfs — 1) cosfysinby

e~ %1 cosny (cos By — 1) cos b sin by + e %2 sinn; (COS 05 cos® 61 + sin? 91) ;

— sin (92(6_i£1 cos 1 sin#7 + e %2 cos f1 sin ).

U1

U2

U3

Vg

e~ %2 sinny cos s (cosf3 — 1) sin? 05 sin 01 cos 61

473 gin 1 sin M2 (cos B3 — 1) sin O3 cos 05 sin 04

+e %1 cos m (sin2 05 (cos 05 sin 0 + cos? 91) + cos? 92) ,

e~ %2 gin 11 COS Mo (sin2 0o (Cos 05 cos® 01 + sin? 91) + cos? 92)
+e7 %3 gin 1y sin (cos B3 — 1) sin 05 cos 05 cos 64

+e7 %1 cosmy (cos B3 — 1) sin? Ay sin 6; cos 6,

e %2 sinny cos g (cos @3 — 1) sin 05 cos 65 cos 04

+e7 %8 gin 71 Sin 7 (cos 03 cos? Oy + sin? 92)

+e7 %1 cosny (cos B3 — 1) sin By cos By sin by,

—sinf3 [sin 05 (e_i52 sin 7y cos 1 cos 61 + e %1 cos 71 sin 91)

+e7%2 gin n sin 1, cos 92} : 17



Application 1: Partial-Wave Unitarity Bound
Example: M = (14)[45]

[4) = u2(01,02)[1) + va(bh, 02, &1, &2, 1m2)|2) 4] = |4)*, |5] = |5)*
|5> — U3(91,92) 1> + 1}3(917927517527772)|2>

M = (|va|?u} — vouivi)[(12)[21] <—— Center of mass energy square s

For on-shell local amplitudes the integral factorize, thus can always be done analytically

/|M\2dPS3 :/fl(el)del/f2(92)d92/f3(771)d771/f4(§1)d§1/f5(€2)d§2

We provide the Mathematica code to compute the integral for 3- and 4-body final state
M 1 M. 2 #FS

PSIntAMPUser[ab[1, 4] ~sb[4, 5], ab[1, 4] ~sb[4, 5], 3, {2, 3}]
incoming label

53

3072 1 /dﬂkg{i,j}(zﬂ>454(Pi+Pg‘ - Z pr)M1 Mo
k%{l,j} 18




Application 1: Partial-Wave Unitarity Bound
A SMEFT dim-8 example:  Cfq ¢ |H|2HT%>MH(@f6fy“eRfl)
1. The corresponding local on-shell amplitude is:
Ll = Crsd{ (3120215[56] + sym(45)) + sym(23)
— (67262213[36] + sym(23)) + sym(45) |,

2. For the channel: H;, (p2)H;, (p3) — e (—p1)e™ (—pe) H " (—ps) H (—ps)
Derive the J-basis and normalization factors

4

J=1 _ J=l_ %

B = 2(13)[36] + (14)[46] + (15)[56], ¢’'~' = 134320.5
_ (14)[46] 4 (15)[56] Je1 s > Cry g6 257
B{=Y = , g1 = : fifo 1)
N 73728075 <1
73728076

RI=0  _ —(14)[46] + (15)[56] o1 ST '

5 = NG 92 T 147456070

3. Iterate over all possible scattering channels and find out the strongest bound

19



Application 2: Studying Chiral Gauge Theory with RG

[HHL, A. P.-Gutierres, S. Vatani, L.-X. Xu, 2507.21208]

- Functional Ren9rmallzat10n Group: . See Dupuis,et.al [2006.04853] for a reivew
a non-perturbative method widely used in QCD

- Basic idea: effective average action: I';[¢]

[0, = [Doew-asitg)  ASilo) = / o(p) Ryd(—p)

Wetterich ’93

1 1
Pelo) = [ J@)o() Wil - ASile] | ATkl = 3Tr | o — iR
T r T Ry
at = k‘ak
I'[¢] T [¢] S[¢] _ d .
L0 | - I - Average action of fields over a k~ ¢ space-time volume
k-ok k »— n - Kadanoft’s block-spinning idea in continuum limit

IR cutoff scale: k ~ T ~ (p) 19



Application 2: Studying Chiral Gauge Theory with fRG

Used to study the dynamical chiral symmetry breaking in QCD-like theories

1 _ _ _ .
D= [ SFP 4 00D%+ Lys + Lo+ NOT0) +m(0T0)° + .. Vertex expansion

Exact field redefinition Stratonovich’57 Hubbard’59

pi b1 | (9)

€{o, e
= X (p1+p3)*=0 e }> < (p1 +ps)’”
b2 bs (p2 +pa)? (p2 + pa)?

104}

A1
0" A; — 00 mii—>0 £ — o0
(o) # 0

Infinite correlation length and phase transition 20



Application 2: Studying Chiral Gauge Theory with fRG

SCTLPE e

Goertz,A.P.-Gutierres,Pawlowski[2412.12254]

8t5\i 0.6 2/_\@ + CA’Z' . Oég -+ CB,ij : OL’g 5\3 + CC,ijk : E\JX]C +... 8tA?, Oc’g e Od%%t

 Necessary conditions for dSB:

1. Resonant structure (naive):

c =
A >0

CC,iii
2. Critical strength of gauge dynamics is reached:

crit
Qg > Qgp




Application 2: Studying Chiral Gauge Theory with fRG

> Georgi-Glashow model
- Traditional GUT

- Conjectured rich dynamics, multi-scales and condensates, tumbling

Gauge Global

SU(N.) SU(N.—4); U(Q1)
Y O (] —(Ne —2)
X = 1 Ne—4

State of the art:
Raby,Dimopoulos,Susskind *79

. Dimopoulos,Raby,Susskind *80
- Most attractive channel Eichten,Feinberg ‘82

_Anomaly mediated SUSY Bai,Stolarski[2111.11214]
Csaki,Murayama,Telem[2104.10171]

- Anomaly matching and higer forms
Bolognesi,Konishi,Luzio[2101.02601]

- Lattice no applicable (Nielsen-Ninomiya Theorem)

22



Application 2: Studying Chiral Gauge Theory with fRG

> Generalized Georgi-Glashow model

- Generalization to arbitrity generations Ngen copys of G-G model

- Anomaly free and still purely chiral

Gauge Global

SU(NC) SU(Ngen(Nc_4)) SU(Ngen) U<1)
Y O 0 1= (Ne—2)
X H 1 [] NC —1

- Define the IR phase landscape in N, vs N. plane
- Contact with perturbative limit: loss of asymptotic freedom

- Conformal limit: IR FP numerically small but not parametrically



Application 2: Studying Chiral Gauge Theory with fRG

Truncate effective action to four fermion interaction (vertex expansion)

2 5 ' - F
F4F [@Z:w: X: X] =5 / Z,i, Z )\%O% + Zi Z A’LOZ + Zi,bZX Z )\102 "‘.‘ .." v
g i=1 i=3 i=6 o -
- "' \'. ". \'.

I
lo

= (¥
=
(
= (x'e
= ('
(
= (¥

Uuw) (w’rguw)

Pt a#wf2>(w*fza#wf1)

X

Uik

/1

x5) (X5 x 1)
"x) (x"a"x)

&* Tanti X) (X' Tanti X)
“y) (x"a"x)

P1o" Ty gund ¥) (X'6* Tomti X)

P

Complete four fermion basis is derived for arbitrary
Ngen and Nc.

Except for Ngen=1 and Nc=5, where one
additional operator is needed:

Os = Bppi (XWQXHM) (ngj%,)

24



Application 2: Studying Chiral Gauge Theory with ]"RG

R
* Flow of four-point functions & g—
- _ Oy OC(;)t §
atrg.ba'l/)bwclbd) — _at (Zi Al) Tabcd at (Zsb AQ) Tabcd .
815)\ 0(2)\ +CA - CL/ + CB,ij O-’g j + CC,ijk )\k"'
2 " "
AN = o 2,”1;’)5‘1 i ZiN {d [Pabcdr(w Ppte w1)] (NoNy + 1) — [apabrdr(t, RSN 1)] (N, + Nﬁ;)} Anomalous dimensions:
O Z;
3 ;‘2 abec (’ VoetPd abedy( b d g = e
8iXa = (2 + 2ny)ha + 7N {a [;D bed (o pubes ] (N.Ny + 1) — 9, [79 bed e bsPey ] (N(.:+N.¢)} i Z:

+ System of flows:

- - 1 4 (3N2 +4) (514 + 3y — 45 2 Ny — XNi= XaN.
8t/\1 :{2 + Qﬁw)/\1 + |:g ( - ) (J?]A i ) + g (ST}A + 67y 60)( - ? )

1672 160N 2 10N,

1 I T (I 4 e s .0, .
- %(nx —5)N, ()\é(ﬂ\-c —1)N, + o A%) < 5(% —5) ()\3 —MMa(N.+ Nyg)— /\fT‘

at)_\g :{2 -+ 2?}1;,);2 +

1 [g*(N2—38) (514 + 3ny — 45) N g%(5na + 6my — 60)(A2 — A1 N,.)
1672 160N, 10N,
1

10 (7.’\ = 0))\%(]\'(’ — Q)A'x T 5(’]!{! - 5) (4/\11\2 = A5(*’7\[1: + Nv)) ]

New technology 1s developed for the analytical tracing involving
anti-symmetric representation. 25



Application 2: Studying Chiral Gauge Theory with fRG

. b (e
* Finding the resonant structure a,,><oc 5, { é s . §< >O< > <
‘B
CA 8t)\ 0(2)\ +cCAi- O[ + CBij - qu j + CCLijk /\)\k"'
-Necessary condition: — >0
CCiti

-In generalized G-G models: cc 45 >0 Vi

0.04}
9 1 3 N2-38 442N :
i 5 - BT > , —1,[—1 C? 0.028 :
€A, 2{ ANZ 16" 16N, Tz < PN =
N. 4 N.+2 ]|, N. 4 S — 5
QRTINS B R ey =4 . A
3 +Nc, + NZ 1 +Nc} 0.02 \
—004f \

5 6 7 8 9 10 11 12 13 14 15
O7 = (16" Ty _una ¥) (X' 7" Tansi X) Ne

05 = (XTa—M Tanti X) (XT5-M Tanti X)
26



Application 2: Studying Chiral Gauge Theory with fRG

it Region I:
Qgp - Weak agm : dynamics derivable within
perturbation theory

- Clear dominance of Os = (x'6" Tunti X) (x'6" Tanti X)

- Condensate (yy) # 0

27



Application 2: Studying Chiral Gauge Theory with fRG

ik Region I:
QR - Weak o™ : dynamics derivable within
perturbation theory

- Clear dominance of Os = (X' Tanti X) (X'7" Tansi X)
- Condensate (yy) # 0

* Region II:
-strong oz;“t non-perturbative, higer-order
effects relevant

-cannot resolve a clear single resonant channel.

27



Application 2: Studying Chiral Gauge Theory with fRG

* Region I:

a%%t - Weak agrit : dynamics derivable within
perturbation theory

- Clear dominance of Os = (X' Tanti X) (X'7" Tansi X)

- Condensate (yy) # 0

* Region II:
-strong a;“t non-perturbative, higer-order
effects relevant

-cannot resolve a clear single resonant channel.

e Conformal window:

crit % %
ag T ag aglM_S2—loop -----

*
l a9|M—83—loop =

* — . 5 ® O 0 | 3 '
aQ'MS 4—loop New! 27



Summary:
» J-basis as generalized partial-wave basis can be derived systematically with Casimir
operator method

> N-body massless phase space 1s completely solvable using the spinor variable
technique.

> Basis construction can help advance the study of non-perturbative method like fRG.

> In generalized G-G model, we find the evidence of condensate in the anti-symmetric
representation .

> Future work: obtain the exact direction of condensate, gauge J-basis will help to

diagnose.
28



Comparison Ngen=1

MAC:

Anomaly
matching:

Anomaly

) ()

mediated SUSY <X¢> <¢¢>

breaking



Some result

(N(:e Ngnn) = (5 3)

A3

)\4—)\5—/\6—A7

(Vs M)

(5,8)

0.8 08 . y . 08
0.6 06 g
0.4 04 P
0.2 02 0y 02 ay
00 00 . - . . 00
4
; ; 4} 10 3t 1 ]
9 0.100 |\ 1 — 0.100
0-010\ 2 010\ 2t 0.010Z\- -
1 0.001 [ 001 \ 1} 0.001 !
% ; 50 5000 110 100 1000 10° 10° 10- 10-%  10-® 0001
0 0 0
-1 _ak
) 1
) i . i i " - J_ ) - : - 5
5 50 500 5000 1 i0 00 1000 10 10° 10 101 10 0.001
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Sherman—Morrison Formula

/ 2 _
\/1+uTu—1+< L+]u 1)uTu,

[ul?
(1 + uTu)_1 =1- #uTu
L+ fufr ™
C, = T*T*, for both SU(2) and SU(3),
Cs = d®°TT’Te, for SU(3) only,

N
Tg{ri}:ZErl X By, ><-~-><Tr’?>< R -
i=1

N

A ANZ
’g 06111’2---11\{ — E :(TT’@,)Iz‘@Il---IifIZIi—klIN‘
1ED



Nc=)5, Ngen=7



s [t -5 (@0)" - (9r°0)°)

7 x /D&Dwes =N /D;Bmm 5 S ¢ = (o,7)

Yy PySY
n SBF S = _a I D Yk m’ 2 2 A= —yz
Z N | DYDyDoe FB = ¢¢+ﬁ¢(0+@m)¢+7(0 +77) = 5,2
Y - Y -5

Sp = /d% {m?¢*¢ — Indet [if + h (PLd — Pro*)] }

U(1)a o\ [ cos2a  sin2a o
w) \—sin2a cos2« T



_ |
o' ¢] = ETI‘ Gr 0: Ry,
T[] = - 2TeT? (G 8, R G
t [¢]——§rk(krk k),

_ I
0T [g] = - STr ' —ar?) Gy r}f)] (G,c 0, Ry, Gk),

_ 1 1
8,F(3)[¢] _ _ ETr F,ES) B 6F,((4) G FIE3) + 61“]((3) Ga F,E?’) G rs)] (Gk 0; Ry Gk) .

- 1 6 5 3 4 4 4 3 3
oT (g = - 5T 1 =810 G T = 6T G T +18T(" Gi T Gy T

+ 1210 G I Ge Ty =24 G 1Y) G 1Y) G- G 1Y | (G 0 Re G



Repeated Field: Y-Basis to P-Basis

Once obtained the complete and independent Lorentz and Gauge Y-Basis for a given type,
Then we obtain a basis of independent Flavor-Blind Y-Basis operator

Example:
dcquCuc
(dep)2, (uer)ba(del)e® (uct)g?

Gauge Y-Basis Lorentz Y-Basis
Dimd,, ® Dim: d,

C C _ b
Flavor-Blind { 0¥ } Y-Basis To = 6505, 040 ® MY = (dgpucr)(dCcsqut)
i=12,....d.d l

Y SU

Type 130 repeated ﬁelds (nf) Ozl)rst - (chUc?)(dciauCIb)
OpT’S 02

p 020 = (dejuct)(delvuca)
Flavor-Specified Operators Each can be viewed as

independnet generic flavor tensor. s



Repeated Field: Y-Basis to P-Basis

The repeated fields: fields with the same quantum numbers

L’ And L'2are repeated fields, 1 and L are not.

ofif2 —_ f2f1

It 1s well-known that : LLEEH LLHH

Flavor relation are not simple to derive

ILOLIHEH = higizdz o caaz Lg;ll . L£22 0
— i2J1 Li1j2 cazan 7 J1 J2
€ € € La27i2La1 ail

_ i2J1 t1J2 ;a1 T f2 Sf1 . )
€ € € Loém-l1'4(12’1.21L17]11’-ATJ2

noapfs LIt . H; Hj

Q1,11 702,12

H; H;,
H; H;,
1272

. 611J1

— rrrrhgg

€ €

rename i’s and a’s

Exchange a in ¢
and swap L (anticommute)

rename j’s
two H's are symmetric

34



Repeated Field: Y-Basis to P-Basis

What about QSL ‘? B-violating
- . Dz s2Pres | (dR)TCuf| [T O]
Oringally in Ref.[1,2]: Gia e*e s [(57)7Ca*| [(u)T Ce]
QLW = eapyeizem(gi>CalP) (7" ClLY), | e eenn [@TCa] (@™ Ok]
(3) By (I . (o N YMNT ~n
gqat (3) _ = Jkogly || e ((@5?)7Caf*] [(a™)Tc]
Qprst eaﬁf}’( €)JLJ (T E)kﬂ( Cq )(qs C t) Qduu 504/3’}’ [(dg)q Cu,ﬂ [(US)TCBt]
Latter it is found in Ref.[3] that:
y Ty — Qe = —(Qt + Q)
Qg?‘gf = €apvy€i £€3k(qp qu )(q Ct ) Qqug(?) (quqg _ Qqui)
prs prs rpst/
£ £ £ £ .
Qprsr + Qipss = Qipre + Qirpr Flavor relations

Disadvantage:

1.It’s an agony to find these relations by hand with increasing dimension.

2. It’s hard to tell how to find independent entries—Flavor Specified Operaotrs
(or equivalently how to parameterize the wilson coefficients)

[1]L. F. Abbott and Mark B. Wise, Phys. Rev. D 22, 2208
[2]B. Grzadkowski, M. Iskrzynski, M. Misiak & J. Rosiek, JHEP 10 (2010) 085
[3]R. Alonso, H.-M. Chang, E. E. Jenkins, A. V. Manohar, B. Shotwell, Physics Letters B 734 (2014) 302
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Repeated Field: Y-Basis to P-Basis

Go back to LLHH:
What do we really mean when we say something
1s totally symmetric or antisymmetric?

It actually means
the objects 1s a 1-dim irreducible representation of
the corresponding S group

L=t g H —[1,1,...,1] = [1™]
. Independent
Flavor Specifed operators :
ons: Eﬁ Schur-We 1\5) ssyr [I1A12}103] Ory, Ory, Oru
= 22 2E60E 0%, 0%, 0%,
36




Repeated Field: Y-Basis to P-Basis

Flavor-Blind { OY } Y-Basis
i=12,..,d.d,

u 1 2 % 4 Ss )
Of1f2f3 Of1f2f3 Oflf2f3 Of1f2f3
A A A A
Ojr(flf2f3) = ZD(W)jiO;1f2f3 1
\ - reducible )
Type: with repeated fields SU (ny)

02

1
Of1f2f3

KCEY

Je

O1,(E|:|,1)

Flavor-Blind {O? } P-Basis

i=12,....d d,
[ S
v (Do oy Ss O
O O} fif213
fl-f2-f3 flf?f?n @ Of1f2f3
. . SY, ¢ .
[1,1,1],
i i [3], _ lBLig w(f1f2fs) —
OB oy = DU(m);;,0% 1 On(t11283) = Ottt y
\ 7(f1f2f3) Z It f1f2fs 1B (_1)sgn(7r)0[fl1,}71f]v 5 J

Type: with repeated fields

1@1)
fifaf3

fif213 O

WEm
123

fi1f213

39



Repeated Field: Y-Basis to P-Basis

Flavor-Blind { OY } Y-Basis

i=12,..,d.d,

(

1 2 3 4 S?’ \
Of1f2f3 Of1f2f3 Oflf2f3 Of1f2f3
\ A 4
\ (fif2fs) T ZD(W)jiojclfzfs Clble
\_ i )

: with repeated fields

Flavor-Blind {O? } P-Basis

i=12,..,d.d,
.
( 1y S
Ho O LLhD ()
,pr Ofl f2 f3 Ofl f2 f3 fl.f2f3 O
L R ik f1f2fs
1,1,1]5
o1 _ pl2.1] 4i0[2,1],j OE”]JI pa) = O[?;]:izajs w(f1f2fs) N
\ 7(f1f2f3) Z (7‘()] fif2fs (f1f2f3) fifaf: (_1)Sgn(7r)0[fl1,},;]q,z,] J

Type: with repeated fields
O1,(E|:|,1)

fif213

fi1f213

1,(@,1)

Of1f2f3

WEm
123

39



Repeated Field: Y-Basis to P-Basis

Flavor-Blind { OY } Y-Basis

i=12,....d.d,

-

1
Of1f2f3

0
k \f1f2f3)

2 5 4 Sz )
Ot tats OFifats OFfifats
A $
3 ND();: G\ ;. cible
J Y,

\

[\

Flavor-Blind {O? } P-Basis

i=12,....d.d,
r . .
1 2 Crr,1) 93 @
K57 O(Bj ) O(Bj : Ot (=8
i1 fi1f2f3 f1 fafa O
j . @ * @ fif2f3
5 . ot 1],4 _
0}217}2]17;3 07[?(]}111’21‘3) :05’?;]}'12’}3 (f1f2f3)

sgn 1,1,1],%,5
S e

\ Of(’}E?QfN D[Q’ﬂ

Type:
otE'Y)

fif213

0112 [ ]

ith repeated fields

Ol,(Elj,l)

o l21g ®
LH D ®e

Oflfzfs

1,(@,1)

Of1f2f3

WEm
123

40



Two necceary ingredients

1. What kind of S or SU(n,) 1rreps that one operator type can have.

Sym?2int & GroupMath Renato M. Fonseca, Phys. Rev. D 101, 035040 (2020)

ABC4EF T H.-L. Li, Z. Ren, J. Shu, M.-L. Xiao, J.-H.Yu, Y.-H. Zheng, arXiv: 2005.00008
H.-L. Li, Z. Ren, M.-L. Xiao, J.-H.Yu, Y.-H. Zheng, arXiv: 2007.07899

2. Known the possible irreps how to obtain the form of the corresponding
operators

AN

ABCA4EF T H.-L. Li, Z. Ren, J. Shu, M.-L. Xiao, J.-H.Yu, Y.-H. Zheng, arXiv: 2005.00008
H.-L. Li, Z. Ren, M.-L. Xiao, J.-H.Yu, Y.-H. Zheng, arXiv: 2007.07899
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Resolution to the 1st

An operator point of view

WOO{fk7} v T{gka--

_ SU3

-

permute flavor

_ SU3

hes... Frooe
— (ol ) (ronty ) (ro M )

) hi,...
Tos M

SU2

L@ ooy
{9k, A{hr,...}

T{gw(k)7-~~}T{h7r(k)7~--}M{f7r(k)v-~'}

dummy indices

§> Rename the

{gw(k),-n},{hﬂ(k),...}

A

>y

Example: LLHH

(12) o O f2

Of2f1

~

permute gauge

Ti1732;j1j2

S

Ti1i27j1j2€a1a2Lf2 Lfl

SU?2
12%1,J1]2
TSU(z) ©

11%2,J1J2
(71' o TSU2

Of1f2,11

o X1 Lfl

Q2,11 Q1,12

1,117 2,0

72

) (e

U(2)

{f1f2,11}
{i142,5172}

Hjl Hj
Hjl sz

2

)

TV
permute Lorentz

— (611]1622]2 + 622]162132)

Af :)\G@AMI
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Resolution to the 2nd

Known the possible § or SU(n f) irreps how to obtain the operators with that permutation
symmetry for flavor indices?

Tabc Tabc =y |:ccz b\:| S Tabc

Antisymmetrize the Columns, then Symmetrize the rows

Antisym ac first: abc __ rpeba
Then symm ab: (T2°¢) 4 TPac — (Tcba 4 Teaby

What we have: Flavor-Blind Y-Basis,

The remaining problem is how to find the set of Flavor-Blind Y-Basis operators, such that acting on the
Young symmetrizer they become different space

Y [ale] 0 Oy = Y [[al] 0 O
Y [[aTt] o OF) =

Potential problem:



Resolution to the 2nd
We can obtain the represenation matrix of S in the Gauge and Lorentz Y-Basis :
moTY =Y Dglnls;T) mo MY =Y Dp[r]i; M}

Then
T o O?’LJ) = ZDg[ﬂ']ikDg[ﬂ']legM?’ Do[ﬂ'] — DG[T‘_] & DL[W]

kl

y=> cm > Vo0l = ZDO ;07 DolY] =Y ¢ Doln]

7

Choose independent rows in matrix D o | X§;B-Basis operators -- Terms
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Example of LQQQ

TY ’Lj kl

ik jl _
€ su(),2 — €

TY

su(),1 — €

(i—1,j—>2,k—3,1—4)

Dsy(2)[(12)] = (? (1)>

Dsuo[(123)] = (j (1)>

y abc ik _j
O’i — {6 6”631(
Eabceuekl (

0

0

D(’)[(12)] — 1o

1

bc ik _jl
Lo Qraj) (Qspk Qecr) » €7 e |

be _ij k1l
Lo Qraj) (Qspk Qecr) » €7 e'le (

o= OO

= 60‘6675Lp7;anj5stk7thlé
B%j = GOLWGﬁaLpiastk’erajBthlé

(B—>1,vy—> 2,6 — 3)

pufa2) = (4 ')
Dy[(123)] =

\ (! o)

v

0 1 0

1 0 —1
12

_— [(123)] 0

0 0 —1

==

SO~ O

abce
TSU(3) 1~ €
(a—1,b = 2,¢c— 3)
Dgy3)[(12)] = —

Dsu3y[(123)] = 1

Lpi QSbk) (Q"aj QtCl) ’
I—p.i stk) (Qraj thl) }

—1
—1
0
0
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O
O
<

Example of LQ

[ O =1/207 —1/207

(-4 4 3 -3 (3 00 -}
102 2 _1 _ o
v = | E 1 >[F] -
—3 3 3 73 0O 0 0 O
-5 5 5 -3 \-3 0 0 3
(2 11 g\ Oy = eabceikeﬂ(LpiQmj)(stthcl)
3 3 3 3
| 0 0 0 0 Final result:
Y[ = Y [z o OF
- 2 _1 _1 2
3 3 3 3 | |
2 1 _1 2 Y [ o OF
\3 3 3 3)

V[ o oF

46



<{pz’)"i}|37']5 P, o, a> Paa<{pz)‘ } 54 P — sz

Ciba (AP AY) = [ [ e w20 % " Op7, | ({py Ai}) DTR(A, pi)] oo

)
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