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Introduction

* Introduction to the Bubble wall velocity
One of the biggest problems of our universe

Matter and Antimatter asymmetry

One solution: - Electroweak Baryogenesis
 Many BSM achieve it through FOEWPT
« Predict Stochastic GW signal as observable
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Introduction

* Introduction to the Bubble wall velocity
One of the biggest problems of our universe

Matter and Antimatter asymmetry

One solution: - Electroweak Baryogenesis
 Many BSM achieve it through FOEWPT
« Predict Stochastic GW signal as observable
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Key input parameter: bubble wall velocity to decribe how
fast did the bubble growth 3
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Introduction

* Introduction to the Bubble wall velocity
One of the biggest problems of our universe

Matter and Antimatter asymmetry

One solution: - Electroweak Baryogenesis
 Many BSM achieve it through FOEWPT
« Predict Stochastic GW S|gnal as observable
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1. Will there a terminal velocity(bubble expand stably)?
2. Ifis, how fast the terminal velocity is?
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Introduction

 How we study the Bubble wall velocity

O O
O O Driving force AV

EWSB Friction Force

* First method
Force is momentum transport thus consider the Boltzmann equation

1 ;
%8ufa(xa P, t) T 8pi [sza(xa P, f)] — C[fa]’

p

Benoit Laurent and James M. Cline. Phys. Rev. D, 106(2):023501, 2022.
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Introduction

 How we study the Bubble wall velocity

O O
O O Driving force AV

EWSB Friction Force

 First method
Force is momentum transport thus consider the Boltzmann equation

a Z/ dz/ (;zjgg Flat2 / & / (;ljf))gpz(l[.fa] ~ AV (@)%

Benoit Laurent and James M. Cline. Phys. Rev. D, 106(2):023501, 2022.
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Introduction

 How we study the Bubble wall velocity

O O Driving force AV

EWSB Friction Force

 First method
Force is momentum trangsport thus consider th? Boltzmann equation
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Benoit Laurent and James M. Cline. Phys. Rev. D, 106(2):023501, 2022.
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Introduction

 How we study the Bubble wall velocity

 Second method
However, what if the we considering the interaction between particle

and background field(VEV) Dietrich Bodeker and Guy D. Moore. JCAP, 05:025,2017.
Fa—be 43 2
fric _ ' Pa p_a AP 2 _pE 2

i b0 LU

flux X momentum transfer

[1] Bubble wall dynamics from nonequilibrium quantum field theory. arXiv:2504.13725
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Introduction

 How we study the Bubble wall velocity

 Second method
However, what if the we considering the interaction between particle

and background field(VEV) Dietrich Bodeker and Guy D. Moore. JCAP, 05:025,2017.
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Momentum conservation broken between particle interaction, because
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Not exist in ordinary Boltzmann equation which stop the run-away bubble
[1] Bubble wall dynamics from nonequilibrium quantum field theory. arXiv:2504.13725
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Introduction

 How we study the Bubble wall velocity

 Second method
However, what if the we considering the interaction between particle

and backaround field(VEV iatri 05:025 2017
Which Method is correct? Or Is there a I
consistent method? !
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[1] Bubble wall dynamics from nonequilibrium quantum field theory. arXiv:2504.13725
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Modified Boltzmann equation from the K B equation

* Field description from classical mass variation

Now we start to analyze the problem in more illustrating ways. Let us
considering the field description of the particles and bubble interaction

To build this frameworks, let us consider the classical mass variation of
the particles bring by the background field

a

m my,

12
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* Field description from classical mass variation

Now we start to analyze the problem in more illustrating ways. Let us
considering the field description of the particles and bubble interaction

To build this frameworks, let us consider the classical mass variation of
the particles bring by the background field

a

m

Insertion

External field

13
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Modified Boltzmann equation from the K- B equation

* Field description from classical mass variation

Now we start to analyze the problem in more illustrating ways. Let us
considering the field description of the particles and bubble interaction

To build this frameworks, let us consider the classical mass variation of
the particles bring by the background field

a

Insertion

External field

| |

This process can be computed in QFT and the contribution is the
classical force term in BE

dp pHp” d°p d*p
?1. : a — - 3o a B a
(l /(27,()3 Ep f /(271_)3 f +/(27T)3[) C[f] 14
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Modified Boltzmann equation from the K-B equation

 Momentum non-conservation(Background) effect
Now, let us consider the collision contribution.

d3p pu v d3p , d3p
o g = | | el

Naively thinking, one may describe the collision effect by the Feynman
diagrams with the external field insertion as

g b
~
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C“a] = - + l +

15
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Modified Boltzmann equation from the K B equatlon

 Momentum non-conservation(Background) effect
Now, let us consider the collision contribution.

o] £ [ 28 {[ren

Naively thinking, one may describe the collision effect by the Feynman
diagrams with the external field insertion as

© N
Clf] = & s—gf & ©

s
v
s

Since the external field only insertion at the initial and final leg, which do
not including the collision point. One may expect that the momentum
conservation would not be affected by the background field

Collison term contribution will vanish since the collision terms
maintain the momentum conservation

16
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Modified Boltzmann equation from the K B equation

 Momentum non-conservation(Background) effect

However, the problems is more complicated than the naive think, in the
about diagram we have ignored some important terms which is the
interference term between many particle and background field

From the Feynman diagram, those effect would be insertion the same
external field between different particles
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Modified Boltzmann equation from the K-B equation

 Momentum non-conservation(Background) effect

However, the problems is more complicated than the naive think, in the
about diagram we have ignored some important terms which is the
interference term between many particle and background field

From the Feynman diagram, those effect would be insertion the same
external field between different particles
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Now the collision point is inside the field insertion. As a consequence,
one may expect that the collision term may not maintain the momentum
conservation, since in the scattering process the particle need to pass
momentum into background field

18
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Modified Boltzmann equation from the K-B equation

 Momentum non-conservation(Background) effect

« Broken phase
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WHICH IS NOT IN THE ORDINARY BOLTZMANN EQUATION +
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Modified Boltzmann equation from the K- B equation

« Can we get those Result from the first principle?

After we understand the, let us now start to build a equation to describe
those effect.

|dea is obtain the quantum kinetic equation from the Dyson-Schwinger
Equation for two point function + The Closed Time Path formalism!!:2]

G(k; X ) = /(141' e * " G(z,y) r=X+5,y=X—3
Kadanoff-Baym equation:
[1]1 G. Z. Zhou, Z. B. Su, B. I. Hao and L. Yu, Phys. Rev. B 22, 3385-3407 (1980) 20

[2] V. Cirigliano, C. Lee, M. J. Ramsey-Musolf and S. Tulin, Phys. Rev. D 2010
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Modified Boltzmann equation from the K- B equation

« Can we get those Result from the first principle?

After we understand the, let us now start to build a equation to describe
those effect.

|dea is obtain the quantum kinetic equation from the Dyson-Schwinger
Equation for two point function + The Closed Time Path formalism!!:2]

é(/{:X) = /(141' cf'ik""CNT'(tz,f. Y) r=X+35 y=X—

Kadanoff-Baym eEquation:

r
2

~ —~

(%dﬁ = 2/g2> Gk, X+ e {m*(X), Gk, X)} = =TI —ie ™ l(k, X}, G(k, X)

Ak + 50x, X — 50x) Bk, X) = e™(A(k, X)B(k, X))

[1]1 G. Z. Zhou, Z. B. Su, B. I. Hao and L. Yu, Phys. Rev. B 22, 3385-3407 (1980) 21
[2] V. Cirigliano, C. Lee, M. J. Ramsey-Musolf and S. Tulin, Phys. Rev. D 2010
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Modified Boltzmann equation from the K- B equation

« Can we get those Result from the first principle?

After we understand the, let us now start to build a equation to describe
those effect.

|dea is obtain the quantum kinetic equation from the Dyson-Schwinger
Equation for two point function + The Closed Time Path formalism!!:2]

G(k; X) = /(141' C’"k'"’a’((zf. ) t=X+35 y=X—

Kadanoff-Baym eEquation:

r
2

~ —~

(%(ﬁ( = 2/#) Gk, X+ e {m*(X), Gk, X)} = =TI —ie ™ l(k, X}, G(k, X)

Ak + 50x, X — 50x) Bk, X) = e™(A(k, X)B(k, X))

— 2k - OxG(k, X) + e °[m?*(X), G(k, X)) = —ie *°[lI(k, X), G(k, X))

Implication: Include the Non-local effect bring by the Non-trivial VEV field

[1]1 G. Z. Zhou, Z. B. Su, B. I. Hao and L. Yu, Phys. Rev. B 22, 3385-3407 (1980)

22
[2] V. Cirigliano, C. Lee, M. J. Ramsey-Musolf and S. Tulin, Phys. Rev. D 2010
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Modified Boltzmann equation from the K- B equation

« Can we get those Result from the first principle?

Time Scale Expansion

Those equation are complicated operator equation. There is no way to
directly solve it even through numerical method.

b

L V4 Time scale in the systems
1 Y o
gt Pa=Eaz 17 e e :
[ S * The intrinsic time scale of the particles 7;,,;
Symmetric phase i i1 _4 Broken phase ° The bUbble Wa” tlme Scale TWCI,”
§ imu"“ : « The Collision time scale 7.,
Approximation:

If there is a hierarchy between those time scale, one can use it to
expand those equation!

Tint Tint
€ ~ ~ K1

Twall  Tcoll

[1]1 G. Z. Zhou, Z. B. Su, B. I. Hao and L. Yu, Phys. Rev. B 22, 3385-3407 (1980) 23
[2] V. Cirigliano, C. Lee, M. J. Ramsey-Musolf and S. Tulin, Phys. Rev. D 2010
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Modified Boltzmann equation from the K-B equation

* Focus on Non-local effect of K-B equations

With out dive too much into mathematic detail, let us list the conclusion
of this approximation

— 2ik - OxGR + €7*°[m?, GR] = [ie (1", GR] + [[13, G"] + S {II”, G<} — ={G>,1I<}),
| Y4 Z
\/
Any diamond operator would generate terms with €. So, we can expand
the complicated K-B equation as long as coefficient not contain poles

There is two type of terms from the diamond operator
« First terms: It operating in the Green’s function

e k=G (p, 2)G(k, T)

Since the function is analytical for both coordinate, one can do such a
expansion to get a simpler equation

24
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Modified Boltzmann equation from the K-B equation

* Focus on Non-local effect of K-B equations

With out dive too much into mathematic detail, let us list the conclusion
of this approximation

— 2ik - OxGR + €7*°[m?, GR] = [ie (1", GR] + [[13, G"] + S {II”, G<} — ={G>,1I<}),
| Y4 Z
\/
Any diamond operator would generate terms with €. So, we can expand
the complicated K-B equation as long as coefficient not contain poles

There is two type of terms from the diamond operator
« First terms: It operating in the Green’s function
e k=G (p, 2)G(k, T)
« Second terms: It operating in the Dirac delta function

e k=64 (p + k)G (k, 7)

For this terms, pole is evidently existed. As a consequences, one can not

trust the result from the expansion and € must be resumed. .
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Modified Boltzmann equation from the K- B equation

 New aspect: The modified BE from KBE

In order to counting those effect, we start from more general kinetic
equation: Kadanoff-Baym equation in Close Path Formalism

And derived the modified version of Boltzmann equation

0 dm?(z) 0 | felk,2) .
[2k£_ dz (‘)A] B, CU

But now the momentum non-conservation induced by background field
exist in collision terms
i d’p d’p’ 1+ fo(p,2) 1 + fo(p/, 2)
W=~ / (2r)? / anpt ) 5p, 2E,
x (2m)°6(Ey — E, — Ey)0%(k. —p1L — P') + (Ap, < —Ap,)

+ InverseProcess,

A\ 4

Momentum non-conservation between the particles

The F is the non-local interaction matrix element related dependent on
specific interaction for 1 — 2 process

Pk ) = /(1’,,3"]”(;',(/,':,,:"))”'(3'))”'(2,:' — )~ 20ra(2=2) 26
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Modified Boltzmann equation from the K-B equation

* The friction force from the modified BE

Let us discussed the friction force come from this modified Boltzmann
equation, to find the physics

= Z / el fat Z | / &= / gjf;gpzc [fal — AV ()12

After some algebra and ballistic approximation , one can prove

d>p &p, . d3 Bp. | My_pl?, .
Z/*/ Bovclid = - [ TR guipa) [ oo ool oy

)8 2E,(2m)3 2E.(2m)® 2E,
X 0(Eq — By — Ec)0® (p, —k; — k) (0% — v — pi)

+ Inverse Process

27
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Modified Boltzmann equation from the K- B equation

* The friction force from the modified BE

Let us discussed the friction force come from this modified Boltzmann
equation, to find the physics

. d%p z bt
Pioy = za:/ dZ. Ja:t za:/ dz / (2%)3]) Clfal — A[V(Qb)]qbf
After some algebra and ballistic approximation , one can prove

(13p % lpa . d3pb d3pc I‘A’fa—ﬂ)clz 3
Z/ & / (2m)3" C[f“]‘"./ PR )'/ 2B, (2} 3B, 2B, )

x §(E, — By, — E.)0® (py — Xk, — k. |0} — pj — p2)

+ Inverse Process

28
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Modified Boltzmann equation from the K- B equation

* The friction force from the modified BE

Let us discussed the friction force come from this modified Boltzmann
equation, to find the physics

dS
Po=3 [a- fot Y [ @ [ Gl - AV

After some algebra and ballistic approximation , one can prove
Bp Bp, p?
2 [ dz [ Gosreinl= | et [ APl K - ).

( 7r)3 E, &
flux X momentum transfer

It is momentum transfer rate between bubble and all the particle inside the 3-

particle interaction R

La. Pa=E.% !

Z \ /
a ——»——>
[

1 L
] L .

Symmetric phase ! | h . Broken phase
! .

Wall ¢ 29
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Modified Boltzmann equation from the K-B equation

0.7

00E

Example
Toy model:

Lint = 19*®?

where ¢ is a light scalar field, @ is a heavy scalar field with my < mg,.

This model is prevalent in the BSM model, also called as the Higgs
portal model, which generates the FOEWPT
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Summary

« Summary
1. We build a systematic frameworks to compute v, by the modified
BE which include the information do not exit in ordinary one.

2. We find, in principle, those effect can be found by solving the K-B
equation, and discuss v, for any i — f interaction.

3. Those 2 - 2 in ¢p?®? theory will induce a friction force o« y,, and
eliminate run-aways bubble configuration.

P(z)

Wall frame

el
N
e

-~

|
hanks:

31
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* Where did this inconsistency come from?

The key equation to study the force is momentum transport between the
bubble and particle, let us focus on the Boltzmann equation(BE)

(10, + mF*3,)0(p°)5(0* — m) f = CIf],

h—phase

microscopic force and fluid energy momentum tensor

—r—- L
position z

If the bubble reach the stable state, we can stablish the relation between

s—phase

Suppose bubble is
bigger enough and
moving in z-direction

. (.,3,) )
/d: / (2_:,_:'3]1*

v

d*p p?
3| s

(p. ~)]

Z=S8

z=b

- /d:/ ((;; Fof (ps 2)

_+_

]/1
/(1’.,/ (])41)C =0

T#* component of fluid EMT

Classical force

Particle interaction

So, the BE in ordinary QFT can never solve the inconsistency

32
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Backup

 General Boltzmann Equation

P!

E.

P

—Opfal@, 0, 1) + Op [F* fu(z, 1, 8)] = Clfal,

Normal collision terms

. d’p; d’p
C[.fa = —ful, pst) H/ T)2E, /2Ef 2:_ \Ml f()4 Zp pr +111V(1S( Process.

l(L

For 1 — 2 decay process the pressure contributed by sum of all particle form
as

d‘%
$° [ [ £t S S-S
i f i f

33
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Backup

« Can we get those Result from the first principle?

The Kadanoff-Baym Equation is the Wigner transformation (k. x) = /',/-*r(_;(.,-._f,;l,'**"
of CTPDSE X = Z2 =0 —y '

«"l[m G2} = —ie *({I1", G2} + {IR| G*} + =[I17, G~

l 9 0 >
(30% — 2k° ;l(_

)

2//-()\(1' b ¢ z;\:)jNI”.(;'.-j = T ,.::l|:“lh.(;"] t ‘“(1". }

One can prove that in the approximation 1 = ... = —- above two equation

. . . Cwall
will give us the Boltzmann equation
V. Cirigliano, C. Lee, M. J. Ramsey-Musolf and S.

. . . Tulin, Phys. Rev. D 81, 103503 (2010)
Solution for constrain equation

(.-r' ( l-'. ‘\' ) —

270k — m(X))(ORN1 + f(k, X)] + O(=k") f(—k. X))
G=(k, X) = 274

S[k* — m(X)2)(OKY) f(k, X) + O(=k")[1 + f(—k.X)))

Solution for kinetic equation

k. X k"1 7
2k - U\*V\m{\\ —} “ | / '——l{“ (7"'}—{“'.(;:.}1.
k Ej Jo 27

34



Backup

Focus on Non-local effect of K-B equations

However when deriving the Boltzmann equation, we have ignore some
important terms when discussing the non-local effect

— 2ik - Ox G2 + e~°[m?, GZ] = —ie~*([II*, GZ] + [[IZ, G*) + %{11?’. 7<) — 715{(;% I1<}).
Consider ¢*®? interaction

{| | —> II"(x.y) = ~ =G, y)Ga(x. y) Gy y).
The collision terms will be
IO by — ‘/41) d*k o Nl 1 7 7 Non-local term inside 6
LN / (27)? / 27)3 / ('27)4(2“) 0"kt 5'[: —F=P=1) | we should not expand it
- ~ ¢ \ a ’. < a / . Ya " z 0 \
‘12',"1&'_{ — (() ()’ () ().'A‘) (,7([,([). zZ — :;()A-_, )(,1(1,(‘[) N T ‘-()[‘ ) _‘(/‘/, Z .—)—()k.. )(1{](,\ :)

We ignored all derive inside this terms since each of term will give order of

Consider ¢*®? interaction 35
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Backup

* Focus on Non-local effect of K-B equations

To recover the non-local effect in K-B equation, we apply the Wigner
transform in the average coordinate X — =

(k1) = / d* X *G*(k; X) Gk.X) = / d*le Gk, ).

The we can counter the non-local effect inside §-function by substituting it
into collision terms in kinetic equation

) (/4) A . ! ,

_ i ' j '
Ga(p.2 — 50:)Ga (1 2 — S0)GE(K. 2 — 504 )GY (k. 2)

— -

ﬂ Ap, =k, —kl —p, —pl

O i X% [ id*® d*p d*y - ,
¢ O{ll ‘('l} o _?/ (.2'.‘.)4 / . ) /{ 7_) (2—') ()(l"H o /"() — Do _1)1,))

(S""(kL - kll — Pifie= p ) (rq,( >/ )(_I!::'{ll-,. :)(r'f),(}\ .)..l[),~ )¢ —~2iAp,z
36
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Backup

* Deriving the effect in Modified BE from KBE

Assuming, the general solution of Green’s function is still hold

G”(k, X) = 2m0[k* — m(X)*J(O(K")[1 + f(k, X)] + O(—K") f(—k. X))
G<(k, X) = 2m0[k* — m(X)*|(O(K") f(k, X) + O(—=k")[1 + _;‘(’—A'..\ )|)

Deriving the modified non-local modified Boltzmann equation from KBE

ok d dm?(z) 9 1f(k,z2)
T 0z dz 0k,| E

o / 3K’ / d*p / d’p’ F(k 7)f¢,(/<,-’, 2) 1+ fo(p,2) 1 + fo(p', 2)

2m)3 J (2m)3 ) (2n)3” V777 2Ey 2E, 2E,,

X (27)*0(Ey + Ey — E, — E,)0%(k, + k; —PpPL— pl_)+ (Ap. <> —Ap.)
+ InverseProcess, ‘

The collision term do not have full
momentum conservations anymore

F(k,z) = /dzlfqb(/i‘:, 2)Y ()Y (2z — ,3/)(:17'2’"A”2(’37'2,). .
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* Friction force from KBE

|
Integral the collision terms in K-B kinetic equation by /(.f f Tk to
extract the corresponding friction force
II\B /:&k ”’A) /:‘k’ .',"(/u") . l;; l:; ! .
e _ [ o ierD [t [ o [ ARG+ K -~ )
A J (2n)? 2E. J (2n)3 -.wk, (27)32E, J (27)32Ey - ,
)~‘ ()(b’\ - L’\, — b - E,,')d"z{_’k*; & 2 k,L — I)-J- — [)’l)

We have assumed that f(k.X) is equilibriums distribution function

Flkz) = /dz'fq;,(/{:,z')Y(z')Y(Q,z — ,3')(;172""A”3(7‘”’I).|:> |A]? = | /‘/-'-‘/\( 2)e ™ P2 s | M 2y

The friction force from BE in BQFT

" d*p f(p) [ &P FY) 'k 1 K1 :
Fri P f( P ; A
A _/ () 2E, / 2n)? 2E /( B2, / @ny aEy Ml (pe + Pe — ke = k)

x (2n°)0(E, + E, — Ex — E})0® (pL +p) — k1 —K))

the effect in BQFT BE can be derived from KBE i,
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 The QFT in Background field and Boltzmann Equations

) d'p
/'1:/ (__,n’),;»:(?[.fl # 0 Indicate we need non-local effect to break the Ap = 0

(h / We find the natural way is to introducing the effect of the
/k/ background Field(the bubble) as source for Ap # 0,
:vj{& (0% + m?*(2)]o(x) =0
Then quantized the field by the eigenfunction of EoMs with z-dependent mass
O~ k1 [apx(2)e Bk zL) 4 oy * ()il Btk -z )]
1 (:_)_F)'{ 2}3}\ ’-\’-* ' ]\\}\‘

One can derive the corresponding Boltzmann equation in BQFT as
p _ (T i) |,1 f) % I
L,,()“ falx.p,t) + () [F" ' (x, p.t)| =— falz,p. I)EI, TT.QE) 1:[ 5B, (on)F — C[”

(i|iT|f) = iMi5(27)°0(E; — Ef)6*(p; — py)  |M|; ,_,-z]/d:"(:);"'ﬁ"iﬂ"’ 39
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« Collision terms

Fiie® _ / d*pa P%
A 2z E,”

/dPa—ﬂ)c(pz - kg _ kf)*

’k, 1 &k, 1
AP, . = : z i T |k, ko) ke, ko|iT| b)),
/ ! / (27r)<*2Eb/ BT, P L e Rl

&*p ¢(p) ’p |o(p)|?
A — (' 5 rt} - :]--
) / (27) 2E, lpys with / (27 2E, '

(pliT [k, ke) = / dA2x i (2)V (2)xp(2) Xe(2) e EaBom Bt g=ilPa—ko—ke) Lxs

p 1T k’ba kc — ]\Ja—)bc 21 %(5 Ea - Eb o E(: (52 PJ- . k—L o k—L ?
b &

40
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Collision terms

/ APy e — /

(27)*0(E, — By — ) ( — k) (27

d’k, 1 ‘/(131((. 1 / d*p (.D(p)/ d*p’ o*(p) I i
(2m)32E, J (27)32E, (2.,. B 2E, J (@) 2B, ¥ e
m)*

(2
§(Ey — Ey — E.)0°(p"™* — ki — k)
1

Pk, 1 Pk o(p)|? ; .‘
l p I l | 9 ) > | ‘]lj—-)bc
(27)3 2E, )3 w)® 2FE, 2p*

(
(27)*0(E, — Eb E)8*(p~ —ky — k)

27)36( By — By — E)6%(pr — kit — ki),

Pk, 1 /d*k ] 1“”2
(27)32E, | (2w)32E.2pz" '47b

@

d? : d’k, d’k. |M
YL WAL N S

(2m)32E, | (27)3 (27)2 2E,2F,

X (27T)‘;5(Ea o Eb o Ec)52(pj o kbl o ki)a
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