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1 An Overview

Given that the energy scale of inflation far exceeds that of the standard 

model of particle physics, it is natural to anticipate the presence of many 

beyond-standard model (BSM) fields during inflation.

On the other hand, there are many axion in BSMs:


• axion-like particles


• QCD axion


• axion from string theory

So it's natural to study axion during inflation
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Lagrangian with an inflaton and a spectator axion:

An Overview

2 Toolkit

2.1 Slow-Roll Inflation
action

L = −1

2
∂µε∂µε− V (ε) (2.1)

Klein-Gordon equation
ε̇+ 3Hε̇− V,φ = 0. (2.2)

stress-energy tensor

Tµν = −2
∂L
∂gµν

+ gµνL = ∂µε∂ν + gµν

[
−1

2
gαβ∂αε∂βε− V (ε)

]
(2.3)

energy density and pressure density

ρφ =
1

2
ε̇2 + V (ε) ≈ V (ε) ≈ const., (2.4)

Pφ =
1

2
ε̇2 − V (ε) ≈ −V (ε) ≈ const.. (2.5)

Friedman equation

H2 =
8πG

3
ρ ≈ const. (2.6)

ä

a
= −4πG

3
(ρ+ 3P ) (2.7)

which implies
a(t) = a0 eHt (2.8)

2.2 Spectator Axion Model
Lagrangian

L =
M2

pl
2

R− 1

2
∂µε∂

µε− V (ε)− 1

2
∂µχ∂

µχ− U(χ)− 1

4
FµνFµν − 1

4f
χF̃µνFµν . (2.9)

EoM of background

H2 =
1

3M2
pl
ρ , (2.10)

ä

a
+

1

2

(
ȧ

a

)2

= − 1

2M2
pl
P , (2.11)

ε̈+ 3Hε̇+ V,φ = 0 , (2.12)

7

Equation of Motion (background)

strong backreaction condition 
f −1⟨ ⃗E ⋅ ⃗B ⟩ ∼ U,χ
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χ̈+ 3Hχ̇+ U,χ =
1

f
〈E ·B〉 , (2.13)

Ei(t) = −Ȧi/a , (2.14)
Bi(t) = εijk∂jAk/a

2 . (2.15)

energy density and pressure

ρ =
1

2
φ̇2 +

1

2
χ̇2 + V (φ) + U(χ) +

1

2
〈E2 +B2〉 , (2.16)

P =
1

2
φ̇2 +

1

2
χ̇2 − V (φ)− U(χ) +

1

6
〈E2 +B2〉 . (2.17)

gauge field decomposition

Âi(t,x) =

∫ d3k

(2π)3/2
e ik·xÂi(t,k) (2.18)

Âi(t,x) =

∫ d3k

(2π)3/2

∑

λ=±
e ik·xελi (k̂)A

λ(t,k)âλ(k) + h.c. (2.19)

polarization basis

kiε
±
i (k̂) = 0, εijkkjε

±
k (k̂) = ∓ ikε±i (k̂), (2.20)

ε±i (k̂)ε
±
i (k̂) = 0, ε±i (k̂)ε

∓
i (k̂) = 1. (2.21)

integral of backreaction

〈E ·B〉 = − 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3 d

dτ |A
λ(k)|2, (2.22)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2

∣∣∣∣
dAλ(k)

dτ

∣∣∣∣
2

, (2.23)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.24)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.25)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.26)

ξ ≡ − χ̇

2fH
(2.27)

A±
BD(k) ≡ A(τ,k)|k#aH =

1√
2k

e− ikτ (2.28)

strong backreaction condition
f−1 〈E ·B〉 ∼ U,χ. (2.29)

tensor perturbation and evolution

ds2 = a2(τ)
[
−dτ2 + (δij + hij(τ,x))dxidxj

]
(2.30)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.31)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.32)
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where an overdot represents a derivative with respect to
cosmic time. Here, E and B denote the electric and
magnetic fields associated with the gauge field. These
terms encapsulate the backreaction of the gauge field on
the background evolution, and angle brackets signify en-
semble averaging. The components of the electric and
magnetic fields are defined as

Ei(t) = −Ȧi/a, (9)
Bi(t) = εijk∂jAk/a

2. (10)

The energy densigy ρ and the pressure P are given by

ρ =
1

2
φ̇2 +

1

2
χ̇2 + V (φ) + U(ξ)

+
1

2
(1 + bR) 〈E2 +B2〉 − 3b(Ḣ +H2) 〈E2 −B2〉 ,

(11)

P =
1

2
φ̇2 +

1

2
χ̇2 − V (φ)− U(χ)

+
1

6
(1 + bR) 〈E2 +B2〉+ b(Ḣ + 3H2) 〈E2 −B2〉 .

(12)

The gauge field Ai is decomposed as [67]

Ai(t,x) =

)
d3k

(2π)3/2
e ik·x

∑

λ=±
ελi (k)

[
Aλ(t,x)âλ(k)

+A∗
λ(x,−k)â†λ(−k)

]
,

(13)
where λ denotes the polarization index, â and â†

are annihilation and creation operators satisfying
[âλ(k), â

†
λ′(k′)] = δλλ′δ(3)(k − k′), and ελi (k) are polar-

ization vector basis fulfilling

kiε
i
± = 0, εabckbε

c
± = ∓ikεc±,

εi±ε
i
∓ = 1, εi±ε

i
± = 0.

(14)

With such decomposition, the ensemble average in Eqs.
(5), (6), and (8) can be computed via

〈E ·B〉 = − 1

4π2a4

∑

λ=±
λ

) ∞

0
dkk3

d

dτ
|Aλ(k)|2, (15)

〈E2〉 = 1

2π2a4

∑

λ=±

) ∞

0
dkk2|A′

λ(k)|2, (16)

〈B2〉 = 1

2π2a4

∑

λ=±

) ∞

0
dkk4|Aλ(k)|2. (17)

III. PARTICLES PRODUCTION

By projecting the gauge field onto polarization basis,
the EoM takes the form:

Ä±
k +

(
H − bṘ

1 + bR

)
Ȧ±

k +

(
k2

a2
± 1

1 + bR

k

a

α

f
χ̇

)
A±

k = 0,

(18)

where, in the absence of the coupling term (b = 0), the
equation reduces to the standard axion spectator model.
For negative coupling constant with b < 0, the factor
(1+bR)−1 exceeds unity, thereby enhancing the effective
mass term. Given the exponential dependence of gauge
field amplitude on the effective mass term, even mod-
est corrections of order unity can significantly impact
the final gauge field configuration. Interestingly, when
only the RFµνFµν coupling is present without the ax-
ion term, our numerical results reveal negligible changes
in gauge field amplitude compared to the free field case.
This observation can be attributed to the counterbal-
ancing effects of a slight amplitude enhancement due to
the fractional term (assuming b < 0) and corrections to
the vacuum formula (Eq. (26)). Consequently, within
the context of axion field during inflation, the RFµνFµν

term acts as a catalyst: on its own, it produces no ad-
ditional gauge particles; however, when combined with
the axion term, it introduces an extra exponential fac-
tor to amplitude of gauge field compared to the standard
axion model. Traditional studies in axion introduced a
parameter ξ [40, 67, 80]

ξ ≡ sign(χ̇)
αχ̇

2Hf
=

α|χ̇|
2Hf

, (19)

and the amplitude of the gague field can be estimated
via [40]

|A±
k |

2 ∝ e±2ξ. (20)

In our curvature-gauge coupling model, the dynamics of
the gauge field are governed by an effective ξ:

ξeff ≡ ξ

1 + bR
=

1

1 + bR

α|χ̇|
2Hf

, (21)

leading to a gauge field amplitude estimate of

|A±
k |

2 ∝ e±2ξeff . (22)

The introduction of the fractional term necessitates
a modification to the Bunch-Davies (BD) vacuum state
[77]. Transforming the gauge field equation of motion to
conformal time yields

A±′′

k − bR′

1 + bR
A±′

k +

(
k2 ± 1

1 + bR

α

f
kφ′
)
A±

k = 0. (23)

Subsequently, applying the transformation

uk = Ak
1≃

1 + bR
, (24)

eliminates the fractional term in the EoM of uk. Conse-
quently, the BD vacuum condition for uk can be safely
imposed as:

uBD
k =

1≃
2k

e−ikτ , (25)

 and  are defined byEi Bi

2.4 Spectator Axion Model

potential

V (φ) = V0

[
1→ exp

(
→
»

2/3φ
)]2

(2.20)

V0 = 9.75× 10→11M4
pl (2.21)

U(ε) = cε (2.22)

EoM of background

H2 =
1

3M2
pl
ρ , (2.23)

ä

a
+

1

2

(
ȧ

a

)2

= → 1

2M2
pl
P , (2.24)

φ̈+ 3Hφ̇+ V,φ = 0 , (2.25)

ε̈+ 3Hε̇+ U,χ =
1

f
〈E ·B〉 , (2.26)

Ei(t) = →Ȧi/a , (2.27)
Bi(t) = εijk∂jAk/a

2 . (2.28)

energy density and pressure

ρ =
1

2
φ̇2 +

1

2
ε̇2 + V (φ) + U(ε) +

1

2
〈E2 +B2〉 , (2.29)

P =
1

2
φ̇2 +

1

2
ε̇2 → V (φ)→ U(ε) +

1

6
〈E2 +B2〉 . (2.30)

gauge field decomposition

Âi(t,x) =

∫ d3k

(2π)3/2
e ik·xÂi(t,k) (2.31)

Âi(t,x) =

∫ d3k

(2π)3/2

∑

λ=±
e ik·xελi (k̂)A

λ(t,k)âλ(k) + h.c. (2.32)

polarization basis

kiε
±
i (k̂) = 0, εijkkjε

±
k (k̂) = ∓ ikε±i (k̂), (2.33)

ε±i (k̂)ε
±
i (k̂) = 0, ε±i (k̂)ε

∓
i (k̂) = 1. (2.34)

integral of backreaction

〈E ·B〉 = → 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3 d

dτ |A
λ(k)|2, (2.35)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2

∣∣∣∣
dAλ(k)

dτ

∣∣∣∣
2

, (2.36)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.37)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
ε̇

)
A±(k) = 0 (2.38)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.39)

ξ ≡ → ε̇

2fH
(2.40)

13

some early literatures (axion as inflaton) see: [1011.1500, N. Barnaby, M. 
Peloso] [1101.1525, L. Sorbo] [1102.4333, N. Barnaby et al.] [1110.3327, 
N. Barnaby et al.]
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1 An Overview

The ensemble averages are computed by integral over the gauge field

2 Toolkit
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λ
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0
dkk3 d

dτ |A
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2π2a4

∑
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∫ ∞

0
dkk2

∣∣∣∣
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2
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〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.27)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.28)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.29)

ξ ≡ − χ̇

2fH
(2.30)

A±
BD(k) ≡ A(τ,k)|k#aH =

1√
2k

e− ikτ (2.31)

strong backreaction condition
f−1 〈E ·B〉 ≃ U,χ. (2.32)
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field with linear potential, and a gauge field coupled with
the axion field via Chern-Simons coupling χF̃µνFµν . In
Section III, we vary the coupling constant and the slope
of the axion potential to study how they influence the
maximum gauge particle production in the strong back-
reaction region. In Section IV, we discuss the strength
of the GWs generated from the gauge field in the strong
backreaction region and give an estimation formula of
the maximum GWs. In Section V, we apply our previous
result to a realistic model, where the axion is inflaton.
We find that although our rules are derived from a spec-
tator axion, it can also be used to describe the inflaton
axion. In Section VI, we discussed what will happen if
we also include the inhomogeneous term in the EoM of
the gauge field. We think it won’t significantly influence
the maximum gauge particle production. In Section VII
we present our conclusions. Besides, the numeric method
used in our work is briefly introduced in the appendix.

II. MODEL

In this paper, we mainly study the inflation model with
an inflaton and an spectator axion, where the axion field
is coupled to a gauge field via Chern-Simons term. The
Lagrangian of this model is

L =
1

2
R− 1

2
∂µφ∂

µφ− V (φ)− 1

2
∂µχ∂

µχ− U(χ)

−1

4
FµνFµν − α

4f
χF̃µνFµν . (1)

The potential of the inflaton is a Starobinsky potential

V (φ) = V0

[
1− exp

(
−
√

2/3φ
)]2

. (2)

To study the influence of the slope of the potential, we
use an unrealistic linear potential as the potential of the
axion field.

U(χ) =

{
cχ, χ > 0

0, χ < 0.
(3)

Since the axion field is a spectator, the initial field value
χ0 should ensure that its initial potential is much less
than the potential of the inflaton, i.e. U0 = cχ0 " V (φ0),
thus the axion field won’t influence the evolution of the
metric.

Utilizing Lagrangian (1) combined with the spatially
flat FRW metric, the background equations, including
the effects of backreaction of the gauge field, are derived
as follows:

H2 =
8πG

3
ρ, (4)

ä

a
+

1

2

(
ȧ

a

{2

= −4πGP, (5)

φ̈+ 3Hφ̇+ V,φ = 0, (6)

χ̈+ 3Hχ̇+ U,χ =
α

f
〈E ·B〉 , (7)

where an overdot represents a derivative with respect to
cosmic time. Here, E and B denote the electric and
magnetic fields associated with the gauge field. These
terms encapsulate the backreaction of the gauge field on
the background evolution, and angle brackets signify en-
semble averaging. The components of the electric and
magnetic fields are defined as

Ei(t) = −Ȧi/a, (8)
Bi(t) = εijk∂jAk/a

2. (9)

The energy densigy ρ and the pressure P are given by

ρ =
1

2
φ̇2 +

1

2
χ̇2 + V (φ) + U(χ) +

1

2
〈E2 +B2〉 ,

P =
1

2
φ̇2 +

1

2
χ̇2 − V (φ)− U(χ) +

1

6
〈E2 +B2〉 .

The gauge field Ai is decomposed as [44]

Ai(t,x) =

∫
d3k

(2π)3/2
e ik·x

∑

λ=±
ελi (k)

[
Aλ(t,x)âλ(k)

+A∗
λ(x,−k)â†λ(−k)

]
,

(10)
where λ denotes the polarization index, â and â†

are annihilation and creation operators satisfying
[âλ(k), â

†
λ′(k′)] = δλλ′δ(3)(k − k′), and ελi (k) are polar-

ization vector basis fulfilling

kiε
i
± = 0, εabckbε

c
± = ∓ikεc±,

εi±ε
i
∓ = 1, εi±ε

i
± = 0.

(11)

With such decomposition, the ensemble average in Eqs.
(4), (5), and (7) can be computed via

〈E ·B〉 = − 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3

d

dτ
|Aλ(k)|2, (12)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2|A′

λ(k)|2, (13)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (14)

III. MAXIMUM GAUGE PARTICLE
PRODUCTION

A. Influence of the Slope

B. Influence of the Coupling Constant

By projecting the gauge field onto polarization basis,
the EoM takes the form:

Ä±
k +HȦ±

k +

(
k2

a2
± k

a

α

f
χ̇

{
A±

k = 0, (15)

 and  also appear in energy density and presureE2 B2
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λ=±
e ik·xελi (k̂)A

λ(t,k)âλ(k) + h.c. (2.19)

polarization basis

kiε
±
i (k̂) = 0, εijkkjε

±
k (k̂) = ∓ ikε±i (k̂), (2.20)

ε±i (k̂)ε
±
i (k̂) = 0, ε±i (k̂)ε

∓
i (k̂) = 1. (2.21)

integral of backreaction

〈E ·B〉 = − 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3 d

dτ |A
λ(k)|2, (2.22)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2

∣∣∣∣
dAλ(k)

dτ

∣∣∣∣
2

, (2.23)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.24)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.25)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.26)

ξ ≡ − χ̇

2fH
(2.27)

A±
BD(k) ≡ A(τ,k)|k#aH =

1√
2k

e− ikτ (2.28)

strong backreaction condition
f−1 〈E ·B〉 ∼ U,χ. (2.29)

tensor perturbation and evolution

ds2 = a2(τ)
[
−dτ2 + (δij + hij(τ,x))dxidxj

]
(2.30)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.31)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.32)
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2 Toolkit

χ̈+ 3Hχ̇+ U,χ =
1

f
〈E ·B〉 , (2.13)

Ei(t) = −Ȧi/a , (2.14)
Bi(t) = εijk∂jAk/a

2 . (2.15)

energy density and pressure

ρ =
1

2
φ̇2 +

1

2
χ̇2 + V (φ) + U(χ) +

1

2
〈E2 +B2〉 , (2.16)

P =
1

2
φ̇2 +

1

2
χ̇2 − V (φ)− U(χ) +

1

6
〈E2 +B2〉 . (2.17)

gauge field decomposition

Âi(t,x) =

∫ d3k

(2π)3/2
e ik·xÂi(t,k) (2.18)

Âi(t,x) =

∫ d3k

(2π)3/2

∑

λ=±
e ik·xελi (k̂)A

λ(t,k)âλ(k) + h.c. (2.19)

polarization basis

kiε
±
i (k̂) = 0, εijkkjε

±
k (k̂) = ∓ ikε±i (k̂), (2.20)

ε±i (k̂)ε
±
i (k̂) = 0, ε±i (k̂)ε

∓
i (k̂) = 1. (2.21)

integral of backreaction

〈E ·B〉 = − 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3 d

dτ |A
λ(k)|2, (2.22)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2

∣∣∣∣
dAλ(k)

dτ

∣∣∣∣
2

, (2.23)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.24)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.25)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.26)

ξ ≡ − χ̇

2fH
(2.27)

A±
BD(k) ≡ A(τ,k)|k#aH =

1√
2k

e− ikτ (2.28)

strong backreaction condition
f−1 〈E ·B〉 ∼ U,χ. (2.29)

tensor perturbation and evolution

ds2 = a2(τ)
[
−dτ2 + (δij + hij(τ,x))dxidxj

]
(2.30)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.31)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.32)
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where the basis of the left/right hand circular polarization is defined by

Note the non-vanishing cross product  implies the basis is "rotating".⃗k × ⃗ϵ
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1

Equation of motion of the gauge field

An Overview

2 Toolkit

χ̈+ 3Hχ̇+ U,χ =
1

f
〈E ·B〉 , (2.13)

Ei(t) = −Ȧi/a , (2.14)
Bi(t) = εijk∂jAk/a

2 . (2.15)

energy density and pressure

ρ =
1

2
φ̇2 +

1

2
χ̇2 + V (φ) + U(χ) +

1

2
〈E2 +B2〉 , (2.16)

P =
1

2
φ̇2 +

1

2
χ̇2 − V (φ)− U(χ) +

1

6
〈E2 +B2〉 . (2.17)

gauge field decomposition

Âi(t,x) =

∫ d3k

(2π)3/2
e ik·xÂi(t,k) (2.18)

Âi(t,x) =

∫ d3k

(2π)3/2

∑

λ=±
e ik·xελi (k̂)A

λ(t,k)âλ(k) + h.c. (2.19)

polarization basis

kiε
±
i (k̂) = 0, εijkkjε

±
k (k̂) = ∓ ikε±i (k̂), (2.20)

ε±i (k̂)ε
±
i (k̂) = 0, ε±i (k̂)ε

∓
i (k̂) = 1. (2.21)

integral of backreaction

〈E ·B〉 = − 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3 d

dτ |A
λ(k)|2, (2.22)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2

∣∣∣∣
dAλ(k)

dτ

∣∣∣∣
2

, (2.23)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.24)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.25)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.26)

ξ ≡ − χ̇

2fH
(2.27)

A±
BD(k) ≡ A(τ,k)|k#aH =

1√
2k

e− ikτ (2.28)

strong backreaction condition
f−1 〈E ·B〉 ∼ U,χ. (2.29)

tensor perturbation and evolution

ds2 = a2(τ)
[
−dτ2 + (δij + hij(τ,x))dxidxj

]
(2.30)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.31)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.32)
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λ(t,k)âλ(k) + h.c. (2.19)
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k (k̂) = ∓ ikε±i (k̂), (2.20)

ε±i (k̂)ε
±
i (k̂) = 0, ε±i (k̂)ε

∓
i (k̂) = 1. (2.21)

integral of backreaction

〈E ·B〉 = − 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3 d

dτ |A
λ(k)|2, (2.22)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2
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dAλ(k)

dτ

∣∣∣∣
2

, (2.23)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.24)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.25)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.26)

ξ ≡ − χ̇

2fH
(2.27)

A±
BD(k) ≡ A(τ,k)|k#aH =

1√
2k

e− ikτ (2.28)

strong backreaction condition
f−1 〈E ·B〉 ∼ U,χ. (2.29)

tensor perturbation and evolution

ds2 = a2(τ)
[
−dτ2 + (δij + hij(τ,x))dxidxj

]
(2.30)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.31)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.32)
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2 Toolkit
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gauge field decomposition
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2

, (2.23)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.24)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.25)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.26)

ξ ≡ − χ̇

2fH
(2.27)

A±
BD(k) ≡ A(τ,k)|k#aH =

1√
2k

e− ikτ (2.28)

strong backreaction condition
f−1 〈E ·B〉 ∼ U,χ. (2.29)

tensor perturbation and evolution

ds2 = a2(τ)
[
−dτ2 + (δij + hij(τ,x))dxidxj

]
(2.30)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.31)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.32)
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In our study, , thus the minus mode  is the enhanced mode. The initial 

condition is the Bunch-Davis vacuum

·χ < 0 A−

Definition of the dimensionless parameter ξ

2 Toolkit

EoM of background

H2 =
1

3M2
pl
ρ , (2.13)

ä

a
+

1

2

(
ȧ

a

)2

= − 1

2M2
pl
P , (2.14)

ε̈+ 3Hε̇+ V,φ = 0 , (2.15)

χ̈+ 3Hχ̇+ U,χ =
1

f
〈E ·B〉 , (2.16)

Ei(t) = −Ȧi/a , (2.17)
Bi(t) = εijk∂jAk/a

2 . (2.18)

energy density and pressure

ρ =
1

2
ε̇2 +

1

2
χ̇2 + V (ε) + U(χ) +

1

2
〈E2 +B2〉 , (2.19)

P =
1

2
ε̇2 +

1

2
χ̇2 − V (ε)− U(χ) +

1

6
〈E2 +B2〉 . (2.20)

gauge field decomposition

Âi(t,x) =

∫ d3k

(2π)3/2
e ik·xÂi(t,k) (2.21)

Âi(t,x) =

∫ d3k

(2π)3/2

∑

λ=±
e ik·xελi (k̂)A

λ(t,k)âλ(k) + h.c. (2.22)

polarization basis

kiε
±
i (k̂) = 0, εijkkjε

±
k (k̂) = ∓ ikε±i (k̂), (2.23)

ε±i (k̂)ε
±
i (k̂) = 0, ε±i (k̂)ε

∓
i (k̂) = 1. (2.24)

integral of backreaction

〈E ·B〉 = − 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3 d

dτ |A
λ(k)|2, (2.25)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2

∣∣∣∣
dAλ(k)

dτ

∣∣∣∣
2

, (2.26)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.27)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.28)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.29)

ξ ≡ − χ̇

2fH
(2.30)

A±
BD(k) ≡ A(τ,k)|k#aH =

1√
2k

e− ikτ (2.31)

strong backreaction condition
f−1 〈E ·B〉 ∼ U,χ. (2.32)

8

Tachyonic instability happen when the 
effective mass becomes negative;

Outside the horizon, oscillation frequency 
exponentially decrease and finally freeze
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1

Equations

An Overview

2

field with linear potential, and a gauge field coupled with
the axion field via Chern-Simons coupling χF̃µνFµν . In
Section III, we vary the coupling constant and the slope
of the axion potential to study how they influence the
maximum gauge particle production in the strong back-
reaction region. In Section IV, we discuss the strength
of the GWs generated from the gauge field in the strong
backreaction region and give an estimation formula of
the maximum GWs. In Section V, we apply our previous
result to a realistic model, where the axion is inflaton.
We find that although our rules are derived from a spec-
tator axion, it can also be used to describe the inflaton
axion. In Section VI, we discussed what will happen if
we also include the inhomogeneous term in the EoM of
the gauge field. We think it won’t significantly influence
the maximum gauge particle production. In Section VII
we present our conclusions. Besides, the numeric method
used in our work is briefly introduced in the appendix.

II. MODEL

In this paper, we mainly study the inflation model with
an inflaton and an spectator axion, where the axion field
is coupled to a gauge field via Chern-Simons term. The
Lagrangian of this model is

L =
1

2
R− 1

2
∂µφ∂

µφ− V (φ)− 1

2
∂µχ∂

µχ− U(χ)

−1

4
FµνFµν − α

4f
χF̃µνFµν . (1)

The potential of the inflaton is a Starobinsky potential

V (φ) = V0

[
1− exp

(
−
√

2/3φ
)]2

. (2)

To study the influence of the slope of the potential, we
use an unrealistic linear potential as the potential of the
axion field.

U(χ) =

{
cχ, χ > 0

0, χ < 0.
(3)

Since the axion field is a spectator, the initial field value
χ0 should ensure that its initial potential is much less
than the potential of the inflaton, i.e. U0 = cχ0 " V (φ0),
thus the axion field won’t influence the evolution of the
metric.

Utilizing Lagrangian (1) combined with the spatially
flat FRW metric, the background equations, including
the effects of backreaction of the gauge field, are derived
as follows:

H2 =
8πG

3
ρ, (4)

ä

a
+

1

2

(
ȧ

a

{2

= −4πGP, (5)

φ̈+ 3Hφ̇+ V,φ = 0, (6)

χ̈+ 3Hχ̇+ U,χ =
α

f
〈E ·B〉 , (7)

where an overdot represents a derivative with respect to
cosmic time. Here, E and B denote the electric and
magnetic fields associated with the gauge field. These
terms encapsulate the backreaction of the gauge field on
the background evolution, and angle brackets signify en-
semble averaging. The components of the electric and
magnetic fields are defined as

Ei(t) = −Ȧi/a, (8)
Bi(t) = εijk∂jAk/a

2. (9)

The energy densigy ρ and the pressure P are given by

ρ =
1

2
φ̇2 +

1

2
χ̇2 + V (φ) + U(χ) +

1

2
〈E2 +B2〉 ,

P =
1

2
φ̇2 +

1

2
χ̇2 − V (φ)− U(χ) +

1

6
〈E2 +B2〉 .

The gauge field Ai is decomposed as [44]

Ai(t,x) =

∫
d3k

(2π)3/2
e ik·x

∑

λ=±
ελi (k)

[
Aλ(t,x)âλ(k)

+A∗
λ(x,−k)â†λ(−k)

]
,

(10)
where λ denotes the polarization index, â and â†

are annihilation and creation operators satisfying
[âλ(k), â

†
λ′(k′)] = δλλ′δ(3)(k − k′), and ελi (k) are polar-

ization vector basis fulfilling

kiε
i
± = 0, εabckbε

c
± = ∓ikεc±,

εi±ε
i
∓ = 1, εi±ε

i
± = 0.

(11)

With such decomposition, the ensemble average in Eqs.
(4), (5), and (7) can be computed via

〈E ·B〉 = − 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3

d

dτ
|Aλ(k)|2, (12)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2|A′

λ(k)|2, (13)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (14)

III. MAXIMUM GAUGE PARTICLE
PRODUCTION

A. Influence of the Slope

B. Influence of the Coupling Constant

By projecting the gauge field onto polarization basis,
the EoM takes the form:

Ä±
k +HȦ±

k +

(
k2

a2
± k

a

α

f
χ̇

{
A±

k = 0, (15)

for it < itmax: 

  // background evolution 

  rk4_iterate(phi, dphi, chi, dchi, 

              a, da, EEplusBB_ave, EB_ave) 

  for iq < iqmax: 

    // gauge field evolution 

    rk2_iterate(Aq) 

    // check if tachyonic instability 

      happen, then sum to compute 

      backreaction 

    if mass_eff < 0: 

      EB_ave += EB_integrand(Aq) 

      EEplusBB_ave += EEplusBB_integrand(Aq)

Pseudo Code

2 Toolkit

2.1 Slow-Roll Inflation
action

L = −1

2
∂µε∂µε− V (ε) (2.1)

Klein-Gordon equation
ε̇+ 3Hε̇− V,φ = 0. (2.2)

stress-energy tensor

Tµν = −2
∂L
∂gµν

+ gµνL = ∂µε∂ν + gµν

[
−1

2
gαβ∂αε∂βε− V (ε)

]
(2.3)

energy density and pressure density

ρφ =
1

2
ε̇2 + V (ε) ≈ V (ε) ≈ const., (2.4)

Pφ =
1

2
ε̇2 − V (ε) ≈ −V (ε) ≈ const.. (2.5)

Friedman equation

H2 =
8πG

3
ρ ≈ const. (2.6)

ä

a
= −4πG

3
(ρ+ 3P ) (2.7)

which implies
a(t) = a0 eHt (2.8)

2.2 Spectator Axion Model
Lagrangian

L =
M2

pl
2

R− 1

2
∂µε∂

µε− V (ε)− 1

2
∂µχ∂

µχ− U(χ)− 1

4
FµνFµν − 1

4f
χF̃µνFµν . (2.9)

EoM of background

H2 =
1

3M2
pl
ρ , (2.10)

ä

a
+

1

2

(
ȧ

a

)2

= − 1

2M2
pl
P , (2.11)

ε̈+ 3Hε̇+ V,φ = 0 , (2.12)
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Âi(t,x) =

∫ d3k

(2π)3/2

∑

λ=±
e ik·xελi (k̂)A
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∫ ∞
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Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.25)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.26)

ξ ≡ − χ̇

2fH
(2.27)

A±
BD(k) ≡ A(τ,k)|k#aH =

1√
2k

e− ikτ (2.28)

strong backreaction condition
f−1 〈E ·B〉 ∼ U,χ. (2.29)

tensor perturbation and evolution

ds2 = a2(τ)
[
−dτ2 + (δij + hij(τ,x))dxidxj

]
(2.30)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.31)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.32)
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2 Toolkit

χ̈+ 3Hχ̇+ U,χ =
1

f
〈E ·B〉 , (2.13)

Ei(t) = −Ȧi/a , (2.14)
Bi(t) = εijk∂jAk/a

2 . (2.15)

energy density and pressure

ρ =
1

2
φ̇2 +

1

2
χ̇2 + V (φ) + U(χ) +

1

2
〈E2 +B2〉 , (2.16)

P =
1

2
φ̇2 +

1

2
χ̇2 − V (φ)− U(χ) +

1

6
〈E2 +B2〉 . (2.17)

gauge field decomposition

Âi(t,x) =

∫ d3k

(2π)3/2
e ik·xÂi(t,k) (2.18)

Âi(t,x) =

∫ d3k

(2π)3/2

∑

λ=±
e ik·xελi (k̂)A

λ(t,k)âλ(k) + h.c. (2.19)

polarization basis

kiε
±
i (k̂) = 0, εijkkjε

±
k (k̂) = ∓ ikε±i (k̂), (2.20)

ε±i (k̂)ε
±
i (k̂) = 0, ε±i (k̂)ε

∓
i (k̂) = 1. (2.21)

integral of backreaction

〈E ·B〉 = − 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3 d

dτ |A
λ(k)|2, (2.22)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2

∣∣∣∣
dAλ(k)

dτ

∣∣∣∣
2

, (2.23)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.24)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.25)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.26)

ξ ≡ − χ̇

2fH
(2.27)

A±
BD(k) ≡ A(τ,k)|k#aH =

1√
2k

e− ikτ (2.28)

strong backreaction condition
f−1 〈E ·B〉 ∼ U,χ. (2.29)

tensor perturbation and evolution

ds2 = a2(τ)
[
−dτ2 + (δij + hij(τ,x))dxidxj

]
(2.30)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.31)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.32)

8

2.4 Spectator Axion Model

potential

V (φ) = V0

[
1→ exp

(
→
»

2/3φ
)]2

(2.20)

V0 = 9.75× 10→11M4
pl (2.21)

U(ε) = cε (2.22)

EoM of background

H2 =
1

3M2
pl
ρ , (2.23)

ä

a
+

1

2

(
ȧ

a

)2

= → 1

2M2
pl
P , (2.24)

φ̈+ 3Hφ̇+ V,φ = 0 , (2.25)

ε̈+ 3Hε̇+ U,χ =
1

f
〈E ·B〉 , (2.26)

Ei(t) = →Ȧi/a , (2.27)
Bi(t) = εijk∂jAk/a

2 . (2.28)

energy density and pressure

ρ =
1

2
φ̇2 +

1

2
ε̇2 + V (φ) + U(ε) +

1

2
〈E2 +B2〉 , (2.29)

P =
1

2
φ̇2 +

1

2
ε̇2 → V (φ)→ U(ε) +

1

6
〈E2 +B2〉 . (2.30)

gauge field decomposition

Âi(t,x) =

∫ d3k

(2π)3/2
e ik·xÂi(t,k) (2.31)

Âi(t,x) =

∫ d3k

(2π)3/2

∑

λ=±
e ik·xελi (k̂)A

λ(t,k)âλ(k) + h.c. (2.32)

polarization basis

kiε
±
i (k̂) = 0, εijkkjε

±
k (k̂) = ∓ ikε±i (k̂), (2.33)

ε±i (k̂)ε
±
i (k̂) = 0, ε±i (k̂)ε

∓
i (k̂) = 1. (2.34)

integral of backreaction

〈E ·B〉 = → 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3 d

dτ |A
λ(k)|2, (2.35)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2

∣∣∣∣
dAλ(k)

dτ

∣∣∣∣
2

, (2.36)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.37)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
ε̇

)
A±(k) = 0 (2.38)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.39)

ξ ≡ → ε̇

2fH
(2.40)
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1 An Overview

fast rolling axion,

∙ ∙≫
∙≫

burst of gauge field

∙> ∙>

backreaction from gauge field,
axion slows down

axion is slow,
gauge field decreases axion can speed up again

process repeats

∙ ∙> ∙>∙ ∙ ∙≫
∙≫

reduced backreaction, 

Figure 1. Intuitive illustration of the cyclic backreaction process in axion inflation, explained in section 1.

the evolution equations of this model for a homogeneous axion coupled to gauge fields (namely, under
the working assumption of neglecting the inhmogeneties of the axion). 4 It was understood in [84]
(and then confirmed by the analytic kernel present in the computation of Ref. [80]) that the instability
is due the fact that the amplitude to which each gauge field mode contributes to backreaction at any
time t is sensitive to the values of the axion velocity at earlier times t→ < t, while that mode was being
amplified. This introduces a memory e!ect, to which backreaction tries to ‘adapt’ (rather than the
instantaneous balance between the potential slope and the dissipation). 5 This results in an oscillatory
behaviour of the axion velocity about the AS solution: sudden episodes of faster axion speed result
in bursts of gauge field amplification, and consequent backreaction, that slow down the velocity of
the axion, so that the gauge field production strongly decreases, reducing backreaction, giving rise to
the next episode of fast roll where the gauge field grows again. This oscillatory behaviour, illustrated
in fig. 1, has a period of → 4 ↑ 5 e-folds [80, 84], and it could result in correlated features in the
primordial GW spectrum at di!erent scales [91].

Recently, lattice simulations have started to improve our knowledge of the signatures of gauge
fields in axion inflation, confirming the validity of earlier analytic results in the small backreaction
regime, and providing new insight into the complementary regime of strong backreaction. Lattice
simulations are a well-known tool in early-Universe cosmology, and typically employed to study non-
linear cosmological phenomena such as cosmological phase transitions and reheating (see, e.g., [92–
104]). More recently, these numerical techniques have been extended to the inflationary epoch and
are emerging as a crucial tool in this context [105–111].

Lattice simulations can take backreaction fully into account, relaxing the assumptions of previous
analytic and numerical studies (such as neglecting fluctuations in the axion field). The first lattice
simulation of axion inflation was presented in Ref. [107]. This work confirmed the instability of the
AS solution and the oscillatory behavior, showing only the presence of the first oscillatory peak in the
axion velocity due to limited UV resolution. Subsequently, Ref. [110] showed that these oscillations
are partially smoothed out during the final few e-folds of inflation. In light of these results, the validity
of a repeated cyclic backreaction, depicted in fig. 1, remains an open question. Indeed, these studies
represent initial steps towards a comprehensive understanding of backreaction in this system. A
central challenge is the UV sensitivity of the minimal axion inflation setup, where the axion coincides
with the inflaton. In this scenario, the gauge field is excited across all scales until the end of inflation,
necessitating costly lattice simulations with a large dynamical range. Furthermore, in the regime near
the end of inflation studied in Ref. [110], metric fluctuations, usually neglected in lattice simulations,
might become significant, requiring numerical relativity techniques to solve the full General Relativity
equations along with nonlinear field equations, as recently explored in [112].6

4See also Ref. [89] for a recent work where backreaction is computed with a perturbative scheme.
5Instantaneous backreaction can be achieved in the construction of Ref. [90].
6An alternative approach would be treating gravity linearly, and check afterwards that metric perturbations remain

small. This is precisely the approach that we use in this work to study the gravitational interaction between the
spectator axion and the inflaton.

– 3 –

From Fig. 1 of [2407.13405, A. Caravano, M. Peloso, Unveiling the 
nonlinear dynamics of a rolling axion during inflation]
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1 An OverviewA+ is thus amplified by a factor e
⇡ ⇠. On the other hand, the modes A� are not amplified by

the rolling inflaton, and from now on we ignore them.

3 Generation of tensor modes by the gauge field

In this section we study the production of gravitational waves induced by the electromagnetic
modes. Since we are focusing only on the tensor modes, our Ansatz for the metric is

ds
2 = a

2(⌧)
⇥
�d⌧

2 + (�ij + hij) dx
i
dx

j
⇤
, (7)

with hi
i = hij ,j = 0. The equation of motion for hij reads

h
00
ij + 2

a
0

a
h
0
ij ��hij =

2

M
2
P

⇧ij
lm

T
EM

lm
(8)

where ⇧ij
lm = ⇧i

l
⇧j

m �
1
2⇧ij ⇧lm is the transverse traceless projector, with ⇧ij = �ij � @i @j/�

and where T
EM

lm
represents the spatial part of the stress-energy tensor of the gauge field T

EM

ij
=

�a
2 (EiEj +BiBj) + (. . . ) �ij . Next, we go to momentum space, project hij on positive- and

negative-helicity modes as

h
ij(k) =

p
2
X

�=±
✏
i

�
(k) ✏j

�
(k)h�(⌧, k) , (9)

and introduce the polarization tensors ⇧ij

±(k) = ✏
i
⌥(k) ✏

j

⌥(k)/
p
2, so that h±(k) = ⇧ij

±(k)hij(k).

We can now promote the functions h± to operators ĥ±. Using ⇧ij

± ⇧ij
lm = ⇧lm

± , and neglecting for

the time being the solution of the homogeneous part of eq. (8), the expression of ĥ± can be found
using the techniques of [12]

ĥ±(k) = �
2H2

M
2
P

Z
d⌧

0
Gk(⌧, ⌧

0) ⌧ 02
Z

d
3q

(2⇡)3/2
⇧lm

± (k)⇥

⇥

h
Â

0
l
(q, ⌧ 0) Â0

m(k� q, ⌧ 0)� ✏lab qa Âb(q, ⌧
0) "mcd (kc � qc) Âd(k� q, ⌧ 0)

i
. (10)

where we have defined the retarded Green function for the operator d2/d⌧2 � (2/⌧)d/d⌧ + k
2

Gk(⌧, ⌧
0) =

1

k3 ⌧ 02
⇥�
1 + k

2
⌧ ⌧

0� sin k
�
⌧ � ⌧

0�+ k
�
⌧
0
� ⌧

�
cos k

�
⌧ � ⌧

0�⇤
, (11)

for ⌧ > ⌧
0, while Gk(⌧ < ⌧

0) = 0
Next, we set A� = 0 and, since most of the production of tensor modes happens for (8 ⇠)�1

⌧

|k⌧ | ⌧ 2 ⇠, we use the approximation (6). By applying Wick’s theorem, we find that, for ⇠ >
⇠ 1,

the two point function of the helicity-� graviton is given by

hh�(k)h�(k
0)i =

H
4
⇠

4⇡3M4
P

e
4⇡⇠

�(k+ k0)

Z
d⌧

0
d⌧

00
|⌧

0
|
3/2

|⌧
00
|
3/2

Gk(⌧, ⌧
0)Gk(⌧, ⌧

00) ⇥ (12)

⇥

Z
d
3q

��✏i��
(k) ✏i+(q)

��2
���✏j��

(k) ✏j+(k� q)
���
2 p

|k� q|
p
q e

�2
p
2 ⇠(

p
|⌧ 0|+

p
|⌧ 00|)

⇣p
q+
p

|k�q|
⌘

,

where the first line depends on the propagators while the second line depends on the amplitude of
the gauge field and on the helicity of the graviton. The second line can be written more explicitly
after using the property of the helicity projectors

��✏i��
(p1) ✏

i

+(p2)
��2 = 1

4

✓
1 + �

p1 · p2

p1 p2

◆2

. (13)

3

2 ELECTRODYNAMICS IN FRW BACKGROUND 2

Non-vanish Christoff connection (with x0 = τ , see canvas-20230612)

Γ0
00 = H, Γ0

ij = δijH, Γi
0j = Γi

j0 = δi jH (4)

Which gives
∂νF

µν + 4HF µ0 = 0 (5)

From now on, I will use Columb gauge

A0 = 0 (6)

From Özsoy, 2301.03600, which is equivalent to ∂iAi = 0

Electro field and magnetic field are defined by (see canvas-20230611)

Ei := −A′
i/a

2 = Fi0/a
2, Bi := εijk∂jAk/a

2 (7)

Then 0 component gives
∂iEi = 0 (8)

the i component gives
E′

i + 2HEi − εijk∂jBk = 0 (9)

2.1 Paradox
Although Ei is seems like a 3-vector and therefore won’t be effected by time-transformation, but
this treatment will lead a paradox about equation of motion.
Since

Fi0(τ) =
∂x̃µ

∂xi

∂x̃ν

∂x0
Fµν(t) = aFi0(t) (10)

At coordinate using cosmic time, we have

Fi0(t) = Fi0(τ)/a = aEi (11)

Non-vanish Christoff connection (with x0 = t)

Γ0
ij = δija

2H, Γi
0j = Γi

j0 = δi jH (12)

Which gives

∂νF
µν + 3HF µ0 = 0 (13)

=⇒ Ėi +HEi − εijk∂iBk = 0 (14)

Compare with previous result
E′

i + 2HEi − εijk∂jBk = 0 (15)

Those two results can‘t agree with each other by simply use relation E′
i = aĖi. Only by replac-

ing Ei in first equation with aEi, one can obtain the second one. This indicate Ei has its own
transformation law even when only time-coordinate being resized.
The transformation law of Ei is origin from its relation about Fµν . Note Ei is proportional to Fi0

(either with x0 = t or x0 = τ), it will have an implicit dependence of time-like tangent vector due
to the second index of Fi0. If ignore this implicit dependence, the paradox will raise.

TEM
ij = −a2(EiEj +BiBj) + δij(. . . )

2.2 Spectator Axion Model

tensor perturbation and evolution

ds2 = a2(τ)
[
−dτ2 + (εij + hij(τ,x))dxidxj

]
(2.33)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.34)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.35)

ĥij(τ,x) =

∫ d3k

(2π)3/2
ĥij(τ,k) (2.36)

ĥij(τ,x) =

∫ d3k

(2π)3/2

∑

λ=+,−
(
√
2ελi (k̂)ε

λ
j (k̂)â

λ(k)hλ(τ,k)e ik·x + h.c.) (2.37)

ĥ±(τ,k) = −2H2

M2
pl

∫ τ

−∞
dτ ′Gk(τ, τ

′)τ ′2
∫ d3q

(2π)3/2
Π±

lm(k)
[
Ã′

l(q, τ
′)Â′

m(k − q, τ ′)

− εlabqaÂb(q, τ
′)εmcd(kc − qc)Âd(k − q, τ ′)

] (2.38)

〈h±(k, τ)h±(k′, τ)〉 ≡ 2π2

k3
P±
h (k, τ)ε(k + k′) (2.39)

Pλ
h =

H4k3

2π4M4
pl

∫ ∞

0
q2dq

∫ 1

−1
du

[ ∣∣∣ελi (k)ε−i (−q)
∣∣∣
2 ∣∣∣ελj (k)ε−j (q − k)

∣∣∣
2

×
∣∣∣∣
∫ 0

−∞
dτ ′τ ′2Gk(τend, τ

′)

(
A

′−(τ ′, q)A
′−(τ ′,k − q) + q|k − q|A−(τ ′, q)A−(τ ′,k − q)

)∣∣∣∣
2
] (2.40)

〈hij(k, τ)hij(k
′, τ)〉 ≡ 2π2

k3
Ph(k, τ)ε(k + k′) (2.41)

〈hij(k, τ)hij(k
′, τ)〉 = 2 〈h+(k, τ)h−(k′, τ)〉+ 2 〈h+(k, τ)h−(k′, τ)〉 (2.42)

Ph(k, τ) = 2P+
h + 2P−

h (2.43)

ΩGW,0h
2 =

Ωr,0h2

24
Ph =

Ωr,0h2

24
(2P+

h + 2P−
h ) (2.44)

polarization (no-
√
2 convention)

Π±
lm(k) ≡ ε∓l (k̂)ε

∓
m(k̂) (2.45)

ĥij(τ,x) =

∫ d3k

(2π)3/2
ĥij(τ,k) (2.46)

ĥij(τ,x) =

∫ d3k

(2π)3/2

∑

λ=+,−
(ελi (k̂)ε

λ
j (k̂)â

λ(k)hλ(τ,k)e ik·x + h.c.) (2.47)

ĥ±(τ,k) = −2H2

M2
pl

∫ τ

−∞
dτ ′Gk(τ, τ

′)τ ′2
∫ d3q

(2π)3/2
Π±

lm(k)
[
Ã′

l(q, τ
′)Â′

m(k − q, τ ′)

− εlabqaÂb(q, τ
′)εmcd(kc − qc)Âd(k − q, τ ′)

] (2.48)

〈h±(k, τ)h±(k′, τ)〉 ≡ 2π2

k3
P±
h (k, τ)ε(k + k′) (2.49)

Pλ
h =

H4k3

π4M4
pl

∫ ∞

0
q2dq

∫ 1

−1
du

[ ∣∣∣ελi (k)ε−i (−q)
∣∣∣
2 ∣∣∣ελj (k)ε−j (q − k)

∣∣∣
2

×
∣∣∣∣
∫ 0

−∞
dτ ′τ ′2Gk(τend, τ

′)

(
A

′−(τ ′, q)A
′−(τ ′,k − q) + q|k − q|A−(τ ′, q)A−(τ ′,k − q)

)∣∣∣∣
2
] (2.50)
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Tensor perturbations of FRW background

Evolution of the sourced tensor perturbation

Stress-energy tensor and the traceless-transverse projection tensor are

2.2 Spectator Axion Model

tensor perturbation and evolution
ds2 = a2(τ)

[
−dτ2 + (εij + hij(τ,x))dxidxj

]
(2.33)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.34)

TEM
ij = −a2(EiEj +BiBj) + (. . . )εij (2.35)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.36)

ĥij(τ,x) =

∫ d3k

(2π)3/2
ĥij(τ,k) (2.37)

ĥij(τ,x) =

∫ d3k

(2π)3/2

∑

λ=+,−
(
√
2ελi (k̂)ε

λ
j (k̂)â

λ(k)hλ(τ,k)e ik·x + h.c.) (2.38)

ĥ±(τ,k) = −2H2

M2
pl

∫ τ

−∞
dτ ′Gk(τ, τ

′)τ ′2
∫ d3q

(2π)3/2
Π±

lm(k)
[
Ã′

l(q, τ
′)Â′

m(k − q, τ ′)

− εlabqaÂb(q, τ
′)εmcd(kc − qc)Âd(k − q, τ ′)

] (2.39)

〈h±(k, τ)h±(k′, τ)〉 ≡ 2π2

k3
P±
h (k, τ)ε(k + k′) (2.40)

Pλ
h =

H4k3

2π4M4
pl

∫ ∞

0
q2dq

∫ 1

−1
du

[ ∣∣∣ελi (k)ε−i (−q)
∣∣∣
2 ∣∣∣ελj (k)ε−j (q − k)

∣∣∣
2

×
∣∣∣∣
∫ 0

−∞
dτ ′τ ′2Gk(τend, τ

′)

(
A

′−(τ ′, q)A
′−(τ ′,k − q) + q|k − q|A−(τ ′, q)A−(τ ′,k − q)

)∣∣∣∣
2
] (2.41)

〈hij(k, τ)hij(k
′, τ)〉 ≡ 2π2

k3
Ph(k, τ)ε(k + k′) (2.42)

〈hij(k, τ)hij(k
′, τ)〉 = 2 〈h+(k, τ)h−(k′, τ)〉+ 2 〈h+(k, τ)h−(k′, τ)〉 (2.43)

Ph(k, τ) = 2P+
h + 2P−

h (2.44)

ΩGW,0h
2 =

Ωr,0h2

24
Ph =

Ωr,0h2

24
(2P+

h + 2P−
h ) (2.45)

polarization (no-
√
2 convention)

Π±
lm(k) ≡ ε∓l (k̂)ε

∓
m(k̂) (2.46)

ĥij(τ,x) =

∫ d3k

(2π)3/2
ĥij(τ,k) (2.47)

ĥij(τ,x) =

∫ d3k

(2π)3/2

∑

λ=+,−
(ελi (k̂)ε

λ
j (k̂)â

λ(k)hλ(τ,k)e ik·x + h.c.) (2.48)

ĥ±(τ,k) = −2H2

M2
pl

∫ τ

−∞
dτ ′Gk(τ, τ

′)τ ′2
∫ d3q

(2π)3/2
Π±

lm(k)
[
Ã′

l(q, τ
′)Â′

m(k − q, τ ′)

− εlabqaÂb(q, τ
′)εmcd(kc − qc)Âd(k − q, τ ′)

] (2.49)

〈h±(k, τ)h±(k′, τ)〉 ≡ 2π2

k3
P±
h (k, τ)ε(k + k′) (2.50)

Pλ
h =

H4k3

π4M4
pl

∫ ∞

0
q2dq

∫ 1

−1
du

[ ∣∣∣ελi (k)ε−i (−q)
∣∣∣
2 ∣∣∣ελj (k)ε−j (q − k)

∣∣∣
2

×
∣∣∣∣
∫ 0

−∞
dτ ′τ ′2Gk(τend, τ

′)

(
A

′−(τ ′, q)A
′−(τ ′,k − q) + q|k − q|A−(τ ′, q)A−(τ ′,k − q)

)∣∣∣∣
2
] (2.51)
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1 An Overview

2.2 Spectator Axion Model

tensor perturbation and evolution
ds2 = a2(τ)

[
−dτ2 + (εij + hij(τ,x))dxidxj

]
(2.33)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.34)

TEM
ij = −a2(EiEj +BiBj) + (. . . )εij (2.35)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.36)
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∫ d3k

(2π)3/2
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(2π)3/2
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λ=+,−
(
√
2ελi (k̂)ε

λ
j (k̂)â

λ(k)hλ(τ,k)e ik·x + h.c.) (2.38)

ĥ±(τ,k) = −2H2

M2
pl

∫ τ

−∞
dτ ′Gk(τ, τ

′)τ ′2
∫ d3q

(2π)3/2
Π±

lm(k)
[
Ã′

l(q, τ
′)Â′

m(k − q, τ ′)

− εlabqaÂb(q, τ
′)εmcd(kc − qc)Âd(k − q, τ ′)

] (2.39)

〈h±(k, τ)h±(k′, τ)〉 ≡ 2π2

k3
P±
h (k, τ)ε(k + k′) (2.40)

Pλ
h =

H4k3

2π4M4
pl

∫ ∞

0
q2dq

∫ 1

−1
du

[ ∣∣∣ελi (k)ε−i (−q)
∣∣∣
2 ∣∣∣ελj (k)ε−j (q − k)

∣∣∣
2

×
∣∣∣∣
∫ 0

−∞
dτ ′τ ′2Gk(τend, τ

′)

(
A

′−(τ ′, q)A
′−(τ ′,k − q) + q|k − q|A−(τ ′, q)A−(τ ′,k − q)

)∣∣∣∣
2
] (2.41)

〈hij(k, τ)hij(k
′, τ)〉 ≡ 2π2

k3
Ph(k, τ)ε(k + k′) (2.42)

〈hij(k, τ)hij(k
′, τ)〉 = 2 〈h+(k, τ)h−(k′, τ)〉+ 2 〈h+(k, τ)h−(k′, τ)〉 (2.43)

Ph(k, τ) = 2P+
h + 2P−

h (2.44)

ΩGW,0h
2 =

Ωr,0h2

24
Ph =

Ωr,0h2

24
(2P+

h + 2P−
h ) (2.45)

polarization (no-
√
2 convention)

Π±
lm(k) ≡ ε∓l (k̂)ε

∓
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ĥij(τ,k) (2.47)

ĥij(τ,x) =
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∫ τ

−∞
dτ ′Gk(τ, τ
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Π±
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Ã′
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− εlabqaÂb(q, τ
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∣∣∣∣
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′)Â′

m(k − q, τ ′)

− εlabqaÂb(q, τ
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〈hij(k, τ)hij(k
′, τ)〉 = 2 〈h+(k, τ)h−(k′, τ)〉+ 2 〈h+(k, τ)h−(k′, τ)〉 (2.43)

Ph(k, τ) = 2P+
h + 2P−

h (2.44)

ΩGW,0h
2 =

Ωr,0h2

24
Ph =

Ωr,0h2

24
(2P+
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′)Â′
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k3
P±
h (k, τ)ε(k + k′) (2.50)

Pλ
h =

H4k3
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pl
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0
q2dq
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du
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∣∣∣∣
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′−(τ ′, q)A
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Decomposition of the tensor mode

Solution of the polarization ±

Green's function of the de-Sitter background is

2 Toolkit

Pλ
h =

H4k3

π4M4
pl

∫ ∞

0
q2dq

∫ 1

−1
du

[ ∣∣∣ελi (k)ε−i (−q)
∣∣∣
2 ∣∣∣ελj (k)ε−j (q − k)

∣∣∣
2

×
∣∣∣∣
∫ 0

−∞
dε ′ε ′2Gk(εend, ε

′)

(
A

′−(ε ′, q)A
′−(ε ′,k − q) + q|k − q|A−(ε ′, q)A−(ε ′,k − q)

)∣∣∣∣
2
] (2.52)

〈hij(k, ε)hij(k
′, ε)〉 ≡ 2π2

k3
Ph(k, ε)δ(k + k′) (2.53)

〈hij(k, ε)hij(k
′, ε)〉 = 〈h+(k, ε)h−(k′, ε)〉+ 〈h+(k, ε)h−(k′, ε)〉 (2.54)

Ph(k, ε) = P+
h + P−

h (2.55)

ΩGW,0h
2 =

Ωr,0h2

24
Ph (2.56)

ΩGW,0h
2 =

Ωr,0h2

24
(P+

h + P−
h ) (2.57)

the main difference compared to the
√
2 convention is that the Pλ

h is twice that of
√
2 convention, thus

there is no factor 2 in the relation between ΩGW,0h2 and P±
h . The Green’s function is given by

Gk(ε, ε
′) =

1

k3ε ′2
[
(1 + k2εε ′) sin(k(ε − ε ′))− k(ε − ε ′) cos(k(ε − ε ′))

]
Θ(ε − ε ′) (2.58)

polarization vector in the integral

∣∣∣ελi (p̂)ελ
′

i (q̂)
∣∣∣
2
=

(
1− λλ′p̂ · q̂

2

)2

(2.59)
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′)εmcd(kc − qc)Âd(k − q, τ ′)
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2 =
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24
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24
(2P+

h + 2P−
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polarization (no-
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2 convention)

Π±
lm(k) ≡ ε∓l (k̂)ε

∓
m(k̂) (2.46)
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k3
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Pλ
h =
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π4M4
pl

∫ ∞

0
q2dq
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−1
du

[ ∣∣∣ελi (k)ε−i (−q)
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2
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∣∣∣∣
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dτ ′τ ′2Gk(τend, τ
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)∣∣∣∣
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Power spectrum

Energy spectrum, where  is the the current fraction of the radiation energy 

density 

Ωr,0

2 Toolkit

Pλ
h (k, τend) =

H4k3

π4M4
pl

∫ ∞

0
q2dq

∫ 1

−1
du

[ ∣∣∣ελi (k)ε−i (−q)
∣∣∣
2 ∣∣∣ελj (k)ε−j (q − k)

∣∣∣
2

×
∣∣∣∣
∫ 0

−∞
dτ ′τ ′2Gk(τend, τ

′)

(
A

′−(τ ′, q)A
′−(τ ′,k − q) + q|k − q|A−(τ ′, q)A−(τ ′,k − q)

)∣∣∣∣
2
] (2.52)

〈hij(k, τ)hij(k
′, τ)〉 ≡ 2π2

k3
Ph(k, τ)δ(k + k′) (2.53)

〈hij(k, τ)hij(k
′, τ)〉 = 〈h+(k, τ)h−(k′, τ)〉+ 〈h+(k, τ)h−(k′, τ)〉 (2.54)

Ph(k, τ) = P+
h + P−

h (2.55)

ΩGW,0(k)h
2 =

Ωr,0h2

24
Ph(k, τend) (2.56)

ΩGW,0(k)h
2 =

Ωr,0h2

24
(P+

h (k, τend) + P−
h (k, τend)) (2.57)

the main difference compared to the
√
2 convention is that the Pλ

h is twice that of
√
2 convention, thus

there is no factor 2 in the relation between ΩGW,0h2 and P±
h . The Green’s function is given by

Gk(τ, τ
′) =

1

k3τ ′2
[
(1 + k2ττ ′) sin(k(τ − τ ′))− k(τ − τ ′) cos(k(τ − τ ′))

]
Θ(τ − τ ′) (2.58)

Gk(τ, τ
′)τ ′2 =

1

k3
[
(1 + k2ττ ′) sin(k(τ − τ ′))− k(τ − τ ′) cos(k(τ − τ ′))

]
Θ(τ − τ ′) (2.59)

Gk(τend, τ
′)τ ′2 ≃ 1

k3
[− sin(kτ ′) + kτ ′ cos(kτ ′)] (2.60)

polarization vector in the integral

∣∣∣ελi (p̂)ελ
′

i (q̂)
∣∣∣
2
=

(
1− λλ′p̂ · q̂

2

)2

(2.61)
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2

2.1 Model

Model 1: Linear Potential

V(ϕ) = V0 1 − exp (−
2
3

ϕ
Mpl )

2

U(χ) = cχ

Since any potential can be locally treated as linear, we choose a linear potential to 

investigate the influence of the slope:

[2502.13158, Jian-Feng He, Kai-Ge 

Zhang, Chengjie Fu, Zong-Kuan Guo]

linear potential

2 Toolkit

2.1 Slow-Roll Inflation
action

L = −1

2
∂µε∂µε− V (ε) (2.1)

Klein-Gordon equation
ε̇+ 3Hε̇− V,φ = 0. (2.2)

stress-energy tensor

Tµν = −2
∂L
∂gµν

+ gµνL = ∂µε∂ν + gµν

[
−1

2
gαβ∂αε∂βε− V (ε)

]
(2.3)

energy density and pressure density

ρφ =
1

2
ε̇2 + V (ε) ≈ V (ε) ≈ const., (2.4)

Pφ =
1

2
ε̇2 − V (ε) ≈ −V (ε) ≈ const.. (2.5)

Friedman equation

H2 =
8πG

3
ρ ≈ const. (2.6)

ä

a
= −4πG

3
(ρ+ 3P ) (2.7)

which implies
a(t) = a0 eHt (2.8)

2.2 Spectator Axion Model
Lagrangian

L =
M2

pl
2

R− 1

2
∂µε∂

µε− V (ε)− 1

2
∂µχ∂

µχ− U(χ)− 1

4
FµνFµν − 1

4f
χF̃µνFµν . (2.9)

EoM of background

H2 =
1

3M2
pl
ρ , (2.10)

ä

a
+

1

2

(
ȧ

a

)2

= − 1

2M2
pl
P , (2.11)

ε̈+ 3Hε̇+ V,φ = 0 , (2.12)

7

Starobinsky potential
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2.2 Evolution of the Backreaction

Model 1: Linear Potential

Black dashed line represents   = 0. They show oscillation only 

happen when   , which verifies our argument about strong 
backreaction condition.

f −1⟨ ⃗E ⋅ ⃗B ⟩/U,χ

f −1⟨ ⃗E ⋅ ⃗B ⟩ ∼ U,χ

[2502.13158, Jian-Feng He, Kai-Ge 

Zhang, Chengjie Fu, Zong-Kuan Guo]
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2.3 Spectrum of the Gauge Field

Model 1: Linear Potential

In the strong backreaction region, a larger  don't significantly influence , 

but a larger  can improve it.

f −1 k |Ak |2

U,χ

[2502.13158, Jian-Feng He, Kai-Ge 

Zhang, Chengjie Fu, Zong-Kuan Guo]
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2.4 Time Delay between Axion Speed and Gauge Quanta Production

Model 1: Linear Potential

The peak of  is always earlier than the peak of ; large   can linearly suppress 

, which can be explained by strong backreaction condition 

ξ ρEM f −1

ρEM f −1⟨ ⃗E ⋅ ⃗B ⟩ ∼ U,χ

2 Toolkit

χ̈+ 3Hχ̇+ U,χ =
1

f
〈E ·B〉 , (2.13)

Ei(t) = −Ȧi/a , (2.14)
Bi(t) = εijk∂jAk/a

2 . (2.15)

energy density and pressure

ρ =
1

2
φ̇2 +

1

2
χ̇2 + V (φ) + U(χ) +

1

2
〈E2 +B2〉 , (2.16)

P =
1

2
φ̇2 +

1

2
χ̇2 − V (φ)− U(χ) +

1

6
〈E2 +B2〉 . (2.17)

gauge field decomposition

Âi(t,x) =

∫ d3k

(2π)3/2
e ik·xÂi(t,k) (2.18)

Âi(t,x) =

∫ d3k

(2π)3/2

∑

λ=±
e ik·xελi (k̂)A

λ(t,k)âλ(k) + h.c. (2.19)

polarization basis

kiε
±
i (k̂) = 0, εijkkjε

±
k (k̂) = ∓ ikε±i (k̂), (2.20)

ε±i (k̂)ε
±
i (k̂) = 0, ε±i (k̂)ε

∓
i (k̂) = 1. (2.21)

integral of backreaction

〈E ·B〉 = − 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3 d

dτ |A
λ(k)|2, (2.22)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2

∣∣∣∣
dAλ(k)

dτ

∣∣∣∣
2

, (2.23)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.24)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.25)

A±′′
(k) + (k2 ± 2ξaHk)A±(k) = 0 (2.26)

ξ ≡ − χ̇

2fH
(2.27)

A±
BD(k) ≡ A(τ,k)|k#aH =

1√
2k

e− ikτ (2.28)

strong backreaction condition
f−1 〈E ·B〉 ∼ U,χ. (2.29)

tensor perturbation and evolution

ds2 = a2(τ)
[
−dτ2 + (δij + hij(τ,x))dxidxj

]
(2.30)

h′′
ij + 2

a′

a
−∆hij =

2

Mpl2
Π lm

ij TEM
lm (2.31)

polarization (
√
2 convention)

Π±
lm(k) ≡ 1√

2
ε∓l (k̂)ε

∓
m(k̂) (2.32)

8

early research about the delay: [2002.02952, 
Domcke etc.] [2209.08131, M. Peloso, L. Sorbo]

[2502.13158, Jian-Feng He, Kai-Ge 

Zhang, Chengjie Fu, Zong-Kuan Guo]
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2.5 Energy Spectrum of the GWs

Model 1: Linear Potential

Since  is mainly determined by , the oscillation of  

leads to the oscillation of 

ΩGW,0(k) Ak Ak

ΩGW,0(k)

[2502.13158, Jian-Feng He, Kai-Ge 

Zhang, Chengjie Fu, Zong-Kuan Guo]

similar oscillating 
spectrum: 
[2303.13425, J. 
Garcia-Bellido et al.]
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3

4

Overview of Spectator Axion

Model 1: Linear Potential

Model 2: Cosine Potential

Conclusion

1
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3

3.1 Model

Model 2: Cosine Potential 2.4 Spectator Axion Model

Lagrangian, notation 2

L =
M2

pl
2

R→ 1

2
∂µε∂

µε→ V (ε)→ 1

2
∂µχ∂

µχ→ U(χ)→ 1

4
FµνFµν → α

4fa
χF̃µνFµν (2.20)

potential

V (ε) = V0

[
1→ exp

(
→
»

2/3ε
)]2

(2.21)

V0 = 9.75× 10→11M4
pl (2.22)

U(χ) = cχ (2.23)

EoM of background

H2 =
1

3M2
pl
ρ , (2.24)

ä

a
+

1

2

(
ȧ

a

)2

= → 1

2M2
pl
P , (2.25)

ε̈+ 3Hε̇+ V,φ = 0 , (2.26)

χ̈+ 3Hχ̇+ U,χ =
1

f
〈E ·B〉 , (2.27)

Ei(t) = →Ȧi/a , (2.28)
Bi(t) = εijk∂jAk/a

2 . (2.29)

energy density and pressure

ρ =
1

2
ε̇2 +

1

2
χ̇2 + V (ε) + U(χ) +

1

2
〈E2 +B2〉 , (2.30)

P =
1

2
ε̇2 +

1

2
χ̇2 → V (ε)→ U(χ) +

1

6
〈E2 +B2〉 . (2.31)

gauge field decomposition

Âi(t,x) =

∫ d3k

(2π)3/2
e ik·xÂi(t,k) (2.32)

Âi(t,x) =

∫ d3k

(2π)3/2

∑

λ=±
e ik·xελi (k̂)A

λ(t,k)âλ(k) + h.c. (2.33)

polarization basis

kiε
±
i (k̂) = 0, εijkkjε

±
k (k̂) = ∓ ikε±i (k̂), (2.34)

ε±i (k̂)ε
±
i (k̂) = 0, ε±i (k̂)ε

∓
i (k̂) = 1. (2.35)

integral of backreaction

〈E ·B〉 = → 1

4π2a4

∑

λ=±
λ

∫ ∞

0
dkk3 d

dτ |A
λ(k)|2, (2.36)

〈E2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk2

∣∣∣∣
dAλ(k)

dτ

∣∣∣∣
2

, (2.37)

〈B2〉 = 1

2π2a4

∑

λ=±

∫ ∞

0
dkk4|Aλ(k)|2. (2.38)

EoM of gauge field

Ä±(k) +HȦ±(k) +

(
k2

a2
∓ k

a

1

f
χ̇

)
A±(k) = 0 (2.39)

13

[2507.02611, Kai-Ge Zhang, Jian-Feng 

He, Chengjie Fu, Zong-Kuan Guo]

notation of the coefficient now 
is  instead of α /fa 1/f

U(χ) =
Λ4

2
1 + cos ( χ

fa )

where  is the most commonly used cosine potentialU(χ)

The slope is given by

U,χ(χ) = −
Λ4

2fa
sin ( χ

fa )
To obtain a stronger particle production, one need a larger . Since  should 

satisfy , the only free parameter left is .

U,χ Λ4

Λ4 ≪ V(ϕ) fa
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3 Model 2: Cosine Potential

3.2 Maximum GWs due to Backreaction

[2507.02611, Kai-Ge Zhang, Jian-Feng 

He, Chengjie Fu, Zong-Kuan Guo]

Maximum value of   as a function of . For each value of , we 

scan the parameter space of  to determine the maximum spectrum.

ΩGW,0(k)h2 fa fa
α

similar order of 
magnitude: 
[2303.13425, J. 
Garcia-Bellido et al.]
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3 Model 2: Cosine Potential

However,  cannot be arbitrary small. If  is too small, the potential will be too 

sharp, and the quantum fluctuation will prevent one to put the axion near the 

peak of , which means one cannot obtain a long-enough slow-roll stage.

fa fa

U(χ)

3.3 Constraint of fa

2.5 Constrain of fa

ĥ±(τ,k) = →2H2

M2
pl

∫ τ

→∞
dτ ′Gk(τ, τ

′)τ ′2
∫ d3q

(2π)3/2
Π±

lm(k)
[
Ã′

l(q, τ
′)Â′

m(k → q, τ ′)

→ εlabqaÂb(q, τ
′)εmcd(kc → qc)Âd(k → q, τ ′)

] (2.61)

〈h±(k, τ)h±(k′, τ)〉 ≡ 2π2

k3
P±
h (k, τ)δ(k + k′) (2.62)

Pλ
h (k, τend) =

H4k3

π4M4
pl

∫ ∞

0
q2dq

∫ 1

→1
du
[ ∣∣∣ελi (k)ε→i (−q)

∣∣∣
2 ∣∣∣ελj (k)ε→j (q → k)

∣∣∣
2

×
∣∣∣∣
∫ 0

→∞
dτ ′τ ′2Gk(τend, τ

′)

(
A

′→(τ ′, q)A
′→(τ ′,k → q) + q|k → q|A→(τ ′, q)A→(τ ′,k → q)

)∣∣∣∣
2
] (2.63)

〈hij(k, τ)hij(k
′, τ)〉 ≡ 2π2

k3
Ph(k, τ)δ(k + k′) (2.64)

〈hij(k, τ)hij(k
′, τ)〉 = 〈h+(k, τ)h→(k′, τ)〉+ 〈h+(k, τ)h→(k′, τ)〉 (2.65)

Ph(k, τ) = P+
h + P→

h (2.66)

ΩGW,0(k)h
2 =

Ωr,0h2

24
Ph(k, τend) (2.67)

ΩGW,0(k)h
2 =

Ωr,0h2

24
(P+

h (k, τend) + P→
h (k, τend)) (2.68)

the main difference compared to the
√
2 convention is that the Pλ

h is twice that of
√
2 convention, thus

there is no factor 2 in the relation between ΩGW,0h2 and P±
h . The Green’s function is given by

Gk(τ, τ
′) =

1

k3τ ′2
[
(1 + k2ττ ′) sin(k(τ → τ ′))→ k(τ → τ ′) cos(k(τ → τ ′))

]
Θ(τ → τ ′) (2.69)

Gk(τ, τ
′)τ ′2 =

1

k3
[
(1 + k2ττ ′) sin(k(τ → τ ′))→ k(τ → τ ′) cos(k(τ → τ ′))

]
Θ(τ → τ ′) (2.70)

Gk(τend, τ
′)τ ′2 ≃ 1

k3
[→ sin(kτ ′) + kτ ′ cos(kτ ′)] (2.71)

polarization vector in the integral
∣∣∣ελi (p̂)ελ

′

i (q̂)
∣∣∣
2
=

(
1→ λλ′p̂ · q̂

2

)2

(2.72)

2.5 Constrain of fa

∆χini ≡ 2πfa → χini (2.73)

∆χini > δχini ⇐
√

Pδχ ⇐ H

2π
(2.74)

=⇒ 2fa e→ Λ4

6H2f2a
(Nini→N∗)

>
H

2π
(2.75)

2.6 Spectator Axion (Alternative Derivation)

2.6.1 Dynamics of the Gauge Field
(Based on the draft of Kai-Ge Zhang)
After perturbative expansion and applying the Coulomb gauge A0(τ,x) = 0, we obtain the leading order
of action for Ai(τ,x)

SEM =
1

2

∫
dτ d3x

(
A′

iA
′
i → ∂jAi∂jAi +

α

f
χ′εijkAi∂jAk

)
(2.76)
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2.5 Constrain of fa
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∫ τ

→∞
dτ ′Gk(τ, τ

′)τ ′2
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(2π)3/2
Π±

lm(k)
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Ã′

l(q, τ
′)Â′

m(k → q, τ ′)

→ εlabqaÂb(q, τ
′)εmcd(kc → qc)Âd(k → q, τ ′)

] (2.61)

〈h±(k, τ)h±(k′, τ)〉 ≡ 2π2

k3
P±
h (k, τ)δ(k + k′) (2.62)

Pλ
h (k, τend) =

H4k3

π4M4
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∫ ∞

0
q2dq

∫ 1

→1
du
[ ∣∣∣ελi (k)ε→i (−q)

∣∣∣
2 ∣∣∣ελj (k)ε→j (q → k)

∣∣∣
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×
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∫ 0
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dτ ′τ ′2Gk(τend, τ
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(
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′→(τ ′, q)A
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〈hij(k, τ)hij(k
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h (2.66)

ΩGW,0(k)h
2 =
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24
Ph(k, τend) (2.67)

ΩGW,0(k)h
2 =

Ωr,0h2

24
(P+

h (k, τend) + P→
h (k, τend)) (2.68)

the main difference compared to the
√
2 convention is that the Pλ

h is twice that of
√
2 convention, thus

there is no factor 2 in the relation between ΩGW,0h2 and P±
h . The Green’s function is given by

Gk(τ, τ
′) =

1

k3τ ′2
[
(1 + k2ττ ′) sin(k(τ → τ ′))→ k(τ → τ ′) cos(k(τ → τ ′))

]
Θ(τ → τ ′) (2.69)

Gk(τ, τ
′)τ ′2 =

1

k3
[
(1 + k2ττ ′) sin(k(τ → τ ′))→ k(τ → τ ′) cos(k(τ → τ ′))

]
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′
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2
=

(
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2

)2
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∆χini ≡ 2πfa → χini (2.73)

∆χini > δχini ⇐
√

Pδχ ⇐ H

2π
(2.74)

=⇒ 2fa e→ Λ4

6H2f2a
(Nini→N∗)

>
H

2π
(2.75)

2.6 Spectator Axion (Alternative Derivation)

2.6.1 Dynamics of the Gauge Field
(Based on the draft of Kai-Ge Zhang)
After perturbative expansion and applying the Coulomb gauge A0(τ,x) = 0, we obtain the leading order
of action for Ai(τ,x)

SEM =
1

2

∫
dτ d3x

(
A′

iA
′
i → ∂jAi∂jAi +

α

f
χ′εijkAi∂jAk

)
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15

the time where the 
fast-roll happened

[2507.02611, Kai-Ge Zhang, Jian-Feng 

He, Chengjie Fu, Zong-Kuan Guo]
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3 Model 2: Cosine Potential

3.3 Constraint of fa

[2507.02611, Kai-Ge Zhang, Jian-Feng 

He, Chengjie Fu, Zong-Kuan Guo]

Constraint on the parameter  for GW 
spectrum peaking at nHz region

fa Constraint on the parameter  for GW 
spectrum peaking at mHz region

fa
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3 Model 2: Cosine Potential

mHz

nHz

[2507.02611, Kai-Ge Zhang, Jian-Feng 

He, Chengjie Fu, Zong-Kuan Guo]

3.3 Constraint of fa

For both nHz and mHz cases, the maximum  is both Ωgw,0h2 ∼ 10−10
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4

Overview of Spectator Axion

Model 1: Linear Potential

Model 2: Cosine Potential

Conclusion

1
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4 Conclusion

• peak of  is always prior than , and their time-delay leads to the oscillation 

behavior


• system enter strong backreaction when  


• in strong backreaction region peak value of  nearly linearly relay on , 

but is almost not influenced by 


•  mainly relay on , thus oscillation of  leads to oscillation 

of 


• For cosine potential, the maximum  are roughly  for both nHz and 

mHz

·χ ρEM

f −1⟨ ⃗E ⋅ ⃗B ⟩ ∼ U,χ

k |Ak |2 U,χ

f −1

ΩGW,0(k) k |Ak |2 k |Ak |2

ΩGW,0(k)

ΩGW,0 10−10

Thanks for listening!


