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A Landscape of Phases in QFT and its Relation to
BSM Physics
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Confine/Deconfined Phase
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Summary of Pure Gluon Facts
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QCD Conformal Window
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Banks-Zaks fixed point: SU(3) Two-loop β-function
The Two-loop β-function with SU(3)

β(g) = − β0
16π2

g3 − β1
(16π2)2

g5 + O(g7) , where

β0 =
11

3
Nc −

2

3
Nf =

33− 2Nf
3

,

β1 =
34

3
N2
c − 10

3
NcNf − 2CFNf = 102− 38

3
Nf , CF =

N2
c − 1

2Nc
=

4

3
.
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Near Conformal Phase
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Near Conformal Phase: Miransky / BKT Scaling
Critical coupling β(α) ≈ −κ(α− αcr)

2 ⇒ RG flow is very slow (“walking”),
almost conformal. δα ≡ α/αcr − 1 ≪ 1

Dynamical scale

Λχ
ΛUV

= exp

[
− π√

α/αcr − 1

]
−−−−−→
δα→0+

0

Λχ exponentially suppressed; correlation length ξ = 1/Λχ grows
exponentially.
Essential (BKT–type) singularity: scales as exp(±const./

√
δα) rather than a

power law δ να : ξ ∼ exp(const/
√

|T − Tc|)
Phase transition Continuous, infinite order, no latent heat. Hadron masses and
⟨ψ̄ψ⟩1/3 fall off exponentially.
Physical picture

1 Near–critical coupling produces a long walking plateau (nearly conformal).
2 Chiral symmetry breaks only at very low µ, hence tiny Λχ.

Phenomenology
Natural hierarchy generation (walking technicolor / composite Higgs).
Light dilaton: m2

σ ∝ β′(αwalk) ∼
√
δα.

Lattice: exponential hadron-mass drop and quadratic flat–top β function.
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Gauge Coupling at Near Conformal: Walking Behavior
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UV Conformal Phase: Asymptotic Safety
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Part 1: Towards Asymptotically Safe Standard Model

The Standard Model is not a fundamental theory since it runs into
Landau Pole at UV due to the abelian U(1) gauge group.
Question 1: how to make the Standard Model UV complete without
gravity?
Many GUTs (in particular supersymmetric ones) are even worse.
Due to the presence of large representations, the RGE of the unified
coupling will hit Landau pole right above the unification scale.
Question 2: can we make the Standard Model UV complete via a GUT
embedding?
Question 3: can UV completion provides an alternative guiding principle
to BSM like naturalness/fine-tuning?
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Fundamental Theory

A fundamental theory has an UV fixed point (K. G. Wilson, Phys. Rev. B 4 (1971)

3174.)

Couplings stop running with the energy scale at the fixed point
The Standard Model is not a fundamental theory since it runs into
Landau Pole at UV due to the abelian U(1) gauge group
Asymptotically Free: non-interacting (Gaussian) fixed point (D. J. Gross and F.

Wilczek, Phys. Rev. D 8 (1973) 3633; D. J. Gross and F. Wilczek, Phys. Rev. Lett. 30 (1973) 1343.)

non-interacting in the UV
coupling runs with logarithmic scale dependence
Perturbation theory in UV

Asymptotically Safe: Interacting fixed point (S. Weinberg(1979). "Ultraviolet

divergences in quantum theories of gravitation".)

interacting in the UV
coupling runs with power law scale dependence
Perturbative/Non perturbative theory in UV
Smaller critical surface dimension ⇒ more IR predictiveness
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Game of Asymptotic Safety (Non-Abelian): Example

Consider a special gauge-Yukawa system (Gauge: SU(3) and SU(2)). It
more or less mimic standard model gauge Yukawa sector.
Positive and Negative (see also Bond, Hiller, Kowalska and Litim, JHEP 1708 (2017) 004)

SU(3) : β3 = −B3α
2
3+(C3α3 +G3α2−D3αy)α

2
3

SU(2) : β2 = −B2α
2
2+(C2α2 +G2α3−D2αy)α

2
2

Yukawa : βy = (Eαy−F2α2 − F3α3)αy

At two loop order gauge and one loop order Yukawa coupling, the
Yukawa terms are the only negative terms in the gauge RG functions.
The Yukawa terms occur at next leading order rather than leading order
⇒ Non-perturbative Yukawa coupling is required to blance the positive
contributions
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Non-Perturbative Issue: Veneziaono Limit and
Litim-Sannino Model

In Litim-Sannino Model, the Veneziano limit is implemented to make the
leading order terms as small as possible
( D. F. Litim and F. Sannino, “Asymptotic safety guaranteed,” JHEP 1412 (2014) 178.)

Define ε = Nf

Nc
− 11

2 , the general leading order term of the gauge RG
function is:

βα = −4

3
εα2 +O(α3)

In the limit Nf → ∞ and Nc → ∞, ε could be as small as possible and
the perturbative analysis is under control.
Large Nc will make it difficult to connect to phenomenology.
U(1) Landau pole problem is not addressed
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Large Nf Expansion
1/Nf expansion in Abelian/non-Abelian gauge theory was firstly
developed respectively by Pascual and Gracey and later on summarized
by Bob Holdom with initial analysis of the pole structure
A. Palanques-Mestre and P. Pascual, Commun. Math. Phys. 95 (1984) 277; J. A. Gracey, Phys. Lett. B

373 (1996) 178; B. Holdom, Phys. Lett. B 694, 74 (2011).
Pascual noticed that it is possible to sum up a subset of the diagrams and
the resulting power series is so well behaved to provide a closed-form
expression at 1/Nf order

...

+

...

...

图: Higher order photons self-energy diagram
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The Summation Function and its Pole Structure
The resummed U(1) beta function reads (with summation function F1(A)):

βA =
2A2

3

[
1 +

1

Nf
F1(A)

]
, A ≡ 4Nfα = 4Nf

g21

(4π)
2

F1(A) =
3

4

∫ A

0

dx F̃
(
0, 23x

)
, F̃ (0, x) =

(1− x)(1− x
3 )(1 +

x
2 )Γ(4− x)

3Γ2(2− x
2 )Γ(3−

x
2 )Γ(1 +

x
2 )

1/Nf expansion encodes all order loop contributions.
F1(A) has a pole structure at A = 15/2 (Non-abelian at A = 3).
β −A diagram(B. Holdom, Phys. Lett. B 694, 74 (2011)).

The pole structure guarantees the UV fixed point of the gauge coupling.
Mann, Meffe, Sannino, Steele, Z. W. Wang and Zhang, Phys. Rev. Lett. 119 (2017) 261802
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Safe Standard Model: SU(3)× SU(2)× U(1)
Mann, Meffe, Sannino, Steele, Z.W. Wang and Zhang, Phys. Rev. Lett. 119 (2017) 261802

We introduce vector-like fermions under the SM group
SU(3)× SUL(2)× U(1): NF3 (3, 1, 0)⊕NF2 (1, 3, 0)⊕NF1 (1, 1, 1)
The gauge couplings α1, α2, α3 and Higgs quartic coupling αh are safe
while the top Yukawa coupling αy is free
The transition scale of the interacting fixed point is dependent on Nf

αh

1/2α1
α2

α3

10αy
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Conformal Window 2.0 O. Antipin and F. Sannino, Phys. Rev. D 97 (2018) 116007 .
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图: Phase diagram of SU(Nc) gauge theories with fermionic matter in the fundamental
representation. The shaded areas depict the corresponding conformal windows where
the theories develop an IRFP (light red region) or an UVFP (light blue region).
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Intuitive Picture: Comparing with Higher Order RG-β
without resummation
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Further Testing: Lattice and Beyond 1/Nf Calculations

R. Shrock has shown the summation function is scheme independent at
large Nf and thus natural to expect also the pole structure is scheme
independent PRD 89 (2014) 045019

The existence of UV fixed point is based on the truncation of diagram
resummation at 1/Nf order.
It is important to check whether higher order results say 1/N2

f order will
destablize the fixed point or not. Dondi, Dunne, Reichert and Sannino, “Towards the QED

beta function and renormalons at 1/N2
f and 1/N3

f ,” PRD 102 (2020) 035005.

Helsinki Lattice group has studied SU(2) case with 24 and 48 Dirac
fermions by using the gradient flow method. Leino, Rindlisbacher, Rummukainen,

Sannino and Tuominen, “Safety versus triviality on the lattice,” PRD 101 (2020) 074508.

However, they found the current lattice actions is unable to explore the
deep ultraviolet region where safety might emerge.
Their work constitutes an essential step towards determining the UV
conformal phase of non asymptotically free gauge theories (lattice group lead

by Oliver Witzel at Siegen University is also studying this).
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Generalize the Large Nf beta Functions
(Antipin, Dondi, Sannino, Thomsen and Z.W. Wang, PRD 98 (2018) 016003, arXiv:1803.09770.)

We generalize the Large Nf gauge beta functions to more general
semi-simple gauge groups.
We insert the bubble chain to quartic and Yukawa interactions and have
obtained large Nf beta functions for the first time for quartic and Yukawa
couplings.
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Bubble-Improved β Function at Large Nf

Rescaled coupling

K =
g2Nf S2(Rψ)

4π2 d(Rψ)

serves as the effective expansion parameter in a 1/Nf series.

Dominant diagrams Keep chains of fermion–bubble insertions that dress the
gauge propagator; they remain of the same order in 1/Nf .

Bubble-chain propagator with n insertions of 1-loop vacuum polarization Π0(p
2)

D(n)
µν (p) = − i

p2
∆µν(p)

[
Π0(p

2)
]n
.

Resummation and pole extraction Summing over n and isolating the 1/ϵ pole
yields a closed form for the renormalization constant ZK ( ZK is the overall
renormalisation of the gauge-field two-point 1PI function that contains all
bubble-chain insertions; it exactly absorbs the full ultraviolet divergence of that
infinite series divε

[
ZA

(
1−ΠB({x0})

)]
= 0)

From renormalization constant to calculate the beta functions
Take-home message Identify leading bubble chains, resum them, extract the 1/ϵ
divergence, then apply RG equations—this captures non-perturbative effects.

Zhi-Wei Wang (UESTC电子科技大学) Journey towards Safe GUT Jul. 24th, 2025 22 / 117



Large Nf beta Functions: Semi-Simple Gauge
(Antipin, Dondi, Sannino, Thomsen and ZW. Wang, PRD 98 (2018) 016003, arXiv:1803.09770.)

Vector-like fermions charged
under only simple gauge group (PRL 119 (2017) 261802)

⇒ semi-simple gauge group (Note: two different gauge lines below)

图: Two extra Feynman diagrams for the 2-point functions giving mixed terms to
the beta functions.

βho
i =

2Aiαi
3

 d(Gi)H1i(Ai)

Nf
∏
k d
(
Rkψ

) +

∑
j d(Gj)F1j (Aj)

Nf
∏
k d
(
Rkψ

)

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Large Nf beta Functions: Yukawa and Quartic
(Antipin, Dondi, Sannino, Thomsen and Z.W. Wang, PRD 98 (2018) 016003, arXiv:1803.09770.)

Bubble chain insertion only for gauge couplings (PRL 119 (2017) 261802)

⇒ all gauge, Yukawa and Quartic couplings (PRD 98 (2018) 016003)
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Recipe of Bubble Improved RG Function: Yukawa
(Antipin, Dondi, Sannino, Thomsen and Z.W. Wang, PRD 98 (2018) 016003, arXiv:1803.09770.)

See also (Kowalska, Sessolo, JHEP 1804 (2018) 027; Phys.Rev. D97 (2018) 095013 )

Recipe for Yukawa

βy = c1y
3 + y

∑
α

cαAαIy (Aα) , where

Iy (Aα) = Hϕ

(
0, 23Aα

)1 +Aα
C2

(
Rαϕ

)
6
(
C2

(
Rαχ
)
+ C2

(
Rαξ

))
 ,

Hϕ(0, x) =
(1− x

3 )Γ(4− x)

3Γ2(2− x
2 )Γ(3−

x
2 )Γ(1 +

x
2 )

.

The summation function Hϕ has a pole at x = 5 corresponding to
A = 15/2.
For models where c1 and cα are known, we can immediately obtain the
bubble diagram contributions following this recipe.
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Recipe of Bubble Improved RG Function: Quartic
(Antipin, Dondi, Sannino, Thomsen and ZW. Wang, PRD 98 (2018) 016003, arXiv:1803.09770.

G. M. Pelaggi, A. D. Plascencia, A. Salvio, F. Sannino, J. Smirnov and A. Strumia, PRD 97 (2018) 095013. )

Recipe for Quartic Coupling

βλ = c1λ
2 + λ

∑
α

cαAαIλg2 (Aα) +
∑
α

c′αA
2
αIg4 (Kα)

+
∑
α<β

cαβAαAβIg21g22 (Aα, Aβ) ,

Iλg2 (Aα) = Hϕ

(
0, 23Aα

)
Ig4 (Aα) = Hλ

(
1, 23Aα

)
+Aα

dHλ

(
1, 23Aα

)
dAα

Ig21g22 (Aα, Aβ) =
1

Aα −Aβ

[
AαHλ

(
1, 23Aα

)
−AβHλ

(
1, 23Aβ

)]
Hλ(1, x) =

(1− x
3 )Γ(4− x)

6Γ3(2− x
2 )Γ(1 +

x
2 )
.
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Pole Structure Crisis
(Antipin, Dondi, Sannino, Thomsen and ZW. Wang, PRD 98 (2018) 016003, arXiv:1803.09770;

G. M. Pelaggi, A. D. Plascencia, A. Salvio, F. Sannino, J. Smirnov and A. Strumia, PRD 97 (2018) 095013. )

Pole in the summation functions:

Hϕ

(
0, 23Aα

)
∼ 1

15
2 −Aα

, Hλ

(
1, 23Aα

)
∼ 1

Aα − 15
2

,

∂

∂Aα
Hλ

(
1, 23Aα

)
∼ − 1(

Aα − 15
2

)2
Pole structure of Yukawa coupling (multiplicative proportional to y):
approaching asymptotically free quickly

βy ∼ c1y
3 + yAα

(
1

Aα − 15
2

)
(c2 + c3Aα)

Pole structure of Quartic Coupling (Not multiplicative proportional to λ):
blow up to very negative value!

βλ ∼ c1λ
2 + c2λAα

(
1

Aα − 15
2

)
+ c3A

2
α

(
1

Aα − 15
2

− 1(
Aα − 15

2

)2
)

Zhi-Wei Wang (UESTC电子科技大学) Journey towards Safe GUT Jul. 24th, 2025 27 / 117



U(1) Landau Pole Problem Recap and
Alternative Motivation to Study Safe GUT Embedding

Two ways to address the U(1) problem
Embedding in a non-abelian group
U(1) safety with large Nf

U(1) problem is not successfully addressed in the large Nf framework
the mass anomalous dimension blows up at the Abelian pole place (Antipin and

Sannino, Phys. Rev. D 97 (2018) 116007, arXiv:1709.02354.)

the quartic coupling will also blow up at the abelian pole (Antipin, Dondi, Sannino,

Thomsen and ZW. Wang, PRD 98 (2018) 016003.)

Semi-simple gauge does not help (Antipin, Dondi, Sannino, Thomsen and ZW. Wang,

PRD 98 (2018) 016003.)

Yukawa summation does not help (T. Alanne and S. Blasi, Phys. Rev. D 98 (2018)

116004, arXiv:1808.03252.)

The incompatibility between the U(1) and Higgs self coupling motivates
the study of a safe GUT theory where U(1) is embedded in a non-abelian
group.
Or alternatively there is no Higgs self coupling.
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Question 2：Can we make the Standard Model UV
safe through GUT embedding?

Safe Pati-Salam: GPS = SU(4)⊗ SU(2)L ⊗ SU(2)R
(Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.)

Safe Trinification: GTR = SU(3)C ⊗ SU(3)L ⊗ SU(3)R
(Z.W. Wang, Balushi, Mann and Jiang, Phys. Rev. D 99 (2019) 115017, arXiv:1812.11085.)
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Safety of Grand Unified Theory: Pati-Salam Model
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

Pati-Salam model is under gauge symmetry group GPS
J. C. Pati and A. Salam, Phys. Rev. D 10, 275 (1974) Erratum: [Phys. Rev. D 11, 703 (1975)].

GPS = SU(4)⊗ SU(2)L ⊗ SU(2)R .

The SM quark and lepton fields are unified into the GPS irreducible
representations

ψLi =

(
uL uL uL νL
dL dL dL eL

)
i

∼ (4, 2, 1)i ,

ψRi =

(
uR uR uR νR
dR dR dR eR

)
i

∼ (4, 1, 2)i ,

Symmetry breaking pattern: GPS
vR−→ SU(3)C ⊗ SU(2)L ⊗ U(1)Y
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Pati-Salam Model: Gauge Field Content
Emiliano, Francesco, ZW. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

The gauge fields of GPS can be written as follows:

ŴLµ ≡ 1

2

(
W 0
Lµ

√
2W+

Lµ√
2W−

Lµ −W 0
Lµ

)
,

ŴRµ ≡ 1

2

(
W 0
Rµ

√
2W+

Rµ√
2W−

Rµ −W 0
Rµ

)
,

Ĝµ ≡ 1

2


G3µ +

G8µ√
3
+

Bµ√
6

√
2G+

12µ

√
2G+

13µ

√
2X+

1µ√
2G−

12µ −G3µ +
G8µ√

3
+

Bµ√
6

√
2G+

23µ

√
2X+

2µ√
2G−

13µ

√
2G−

23µ − 2G8µ√
3

+
Bµ√
6

√
2X+

3µ√
2X−

1µ

√
2X−

2µ

√
2X−

3µ − 3Bµ√
6


W 0
Lµ and W±

Lµ correspond to the electroweak (EW) gauge bosons, G3µ,
G8µ, G±

12µ, G±
13µ and G±

23µ are the SU(3)C gluons, Bµ is the B − L gauge
field, and X±

1µ, X±
2µ and X±

3µ are leptoquarks.
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Pati-Salam Model: Scalar Fields and Couplings
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

Scalar field ϕR ∼ (4, 1, 2) triggers Pati-Salam symmetry breaking:

ϕR =

(
ϕu1

R ϕu2

R ϕu3

R ϕ0R
ϕd1R ϕd2R ϕd3R ϕ−R

)
, GPS

vR−→ SU(3)C ⊗ SU(2)L ⊗ U(1)Y

Scalar bi-doublet Φ ∼ (1, 2, 2) triggers electroweak symmetry breaking:

Φ =

(
ϕ01 ϕ+2
ϕ−1 ϕ02

)
≡
(
Φ1 Φ2

)
The scalar potential can be written as:

V (Φ, ϕR) = −µ2
1 Tr

(
Φ†Φ

)
+Re

[
µ2
12Tr

(
Φ†Φc

)]
− µ2

RTr
(
ϕ†RϕR

)
+ λ1 Tr

2
(
Φ†Φ

)
+Re

[
λ2Tr

2
(
Φ†Φc

)]
+Re

[
λ3Tr

(
Φ†Φ

)
Tr
(
Φ†Φc

)]
+ (λ4 − 2Reλ2)

∣∣Tr (Φ†Φc
)∣∣2 + λR1Tr

2
(
ϕ†RϕR

)
+ λR2 Tr

(
ϕ†RϕRϕ

†
RϕR

)
+ λRΦ1Tr

(
ϕ†RϕR

)
Tr
(
Φ†Φ

)
+ Re

[
λRΦ2Tr

(
ϕRϕ

†
R

)
Tr
(
Φ†Φc

)]
+ λRΦ3Tr

(
ϕ†RϕRΦ

†Φ
)
.
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Pati-Salam Model: Yukawa Sector
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

The most general Yukawa Lagrangian for the matter fields ψL/R is:

LψYuk = y Tr
[
ψL ΦψR

]
+ yc Tr

[
ψL Φc ψR

]
+ h.c.

Electroweak symmetry breaking is induced by a nonzero vev of Φ:

⟨Φ⟩ =

(
u1 0
0 u2

)
, generically u1 ̸= u2

The fermion mass spectrum:

mt = mντ = (y sinβ + yc cosβ)v ,

mb = mτ = (y cosβ + yc sinβ)v ,

where v ≡
√
u21 + u22 = 174 GeV and tanβ ≡ u1/u2.

To separate the neutrino and top masses, a new chiral fermion singlet
NL ∼ (1, 1, 1) added:

LNYuk = −yν NLTr
[
ϕ†R ψR

]
+ h.c.
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Pati-Salam Model: Yukawa Sector (backup)
To separate the neutrino and top masses, we implement the seesaw
mechanism by adding a new chiral fermion singlet NL ∼ (1, 1, 1)

LNYuk = −yν NLTr
[
ϕ†R ψR

]
+ h.c.

The latter generates a Dirac mass term MRNLνR, with MR ≡ yνvR.
The resulting Majorana mass term for the neutral fermion fields reads:

Lνmass = −1

2

(
νcR νR N c

R

) 0 mt 0
mt 0 MR

0 MR 0

 νL
νcL
NL

 + h.c.

The mass spectrum consists of one massless neutrino and one Dirac
neutrino ND with mass mD =

√
m2
t +M2

R

Add a Majorana mass term for the NL singlet − 1
2MNN c

RNL , the
spectrum consists of three massive neutrinos.
Taking MN ≪ mt,MR, give one light active Majorana neutrino
mντ =MN

m2
t

m2
D

and two quasi-degenerate heavy Majorana neutrinos N1,2

with opposite CP parities and masses M1,2 = mD ± MN

2
M2

R

m2
D
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Pati-Salam Model: Simplest Scenario Φ = Φc

R. R. Volkas, Phys. Rev. D 53 (1996) 2681

Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

For a self-conjugate bi-doublet field Φ ≡ Φc, one has u1 = u2 and equality
between fermion masses is enforced at tree-level, namely

mt = mb = mτ = mντ

We further extend the matter content of the theory with a new vector-like
fermion F ∼ (10, 1, 1) with mass MF and Yukawa interactions:

LFYuk = yF Tr
(
FL ϕ

T
R iτ2 ψR

)
+ h.c.

The field F can be decomposed as

F =

(
S B

√
2

BT
√
2 E

)
,

where S, B and E denote a 3× 3 symmetric matrix representing the
colour sextet, 3× 1 triplet and singlet, respectively.
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Pati-Salam Model: Simplest Scenario Φ = Φc

R. R. Volkas, Phys. Rev. D 53 (1996) 2681

Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

The fields B and E mix with the right-handed components of ψR, bR and
τR, respectively, giving the overall Dirac mass terms with
mB ≡ yF vR/

√
2:

Lbmass =
(
bL BL

)( mt 0
mB MF

)(
bR
BR

)
+ h.c. ,

Lτmass =
(
τL EL

)( mt 0√
2mB MF

)(
τR
ER

)
+ h.c. ,

Via mixing, the top quark becomes naturally heavier than the other SM
fermions. In the limit mB ≫ mt, MF , the b quark and τ charged lepton
masses satisfy the tree-level relation:

mb =
√
2mτ ≈ MF mt√

2mB

.

We have a new vector-like quark, B̂, and a new vector-like lepton, Ê, with
corresponding masses MB = ME/

√
2 ≈ mB ,
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Pati-Salam Model: A Summary of the Couplings
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

All the couplings:
Gauge Couplings Yukawa Couplings Scalar Couplings
SU(4) : g4 ψL/R : y, yc ϕR : λR1, λR2

SU(2)L : gL NL : yν portal: λRΦ1
, λRΦ2

, λRΦ3

SU(2)R : gR F : yF Φ : λ1, λ2, λ3, λ4

表: Gauge, Yukawa and scalar quartic couplings of the Pati-Salam model.
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Vector-like Fermions Charges & Large Nf Gauge Beta
Emiliano, Francesco, ZW. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

We consider three sets of vector-like fermions charged under GPS, with
the charge assignment:

Nf4 (4, 1, 1)⊕Nf2L (1, 3, 1)⊕Nf2R (1, 1, 2)

where the Nf2L vector-like fermions are chosen in the adjoint
representation of SU(2)L to avoid fractional electrical charges.
The charge assignments are chosen to avoid the extra contributions in
the summation of semi-simple group
The large Nf gauge beta functions are given by:

βtotα2L
= β1loop

α2L
+ βho

α2L
= −6α2

2L +
2A2Lα2L

3

H12L (A2L)

Nf2L

βtotα2R
= β1loop

α2R
+ βho

α2R
= −14

3
α2
2R +

2A2Rα2R

3

H12R (A2R)

Nf2R

βtotα4
= β1loop

α4
+ βho

α4
= −18α2

4 +
2A4α4

3

H14 (A4)

Nf4
.
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Asymptotic Unification of Gauge Couplings
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

A sample case of gauge unification with Nf2L = 35, Nf2R = Nf4 = 140:

g4

gL

gR
gY

g2

g3

100 104 106 108 1010 1012
0.0

0.5

1.0

1.5

2.0

μ [GeV]

图: The dashed line represents the Pati-Salam symmetry breaking scale at
2000TeV where all the vector-like fermions are introduced. The three couplings
gY , g2, g3 at the left hand side of the dashed line are determined by the running
of the SM gauge couplings.
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Pole Structure PreCheck: Advantage of Pati-Salam
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

The beta functions of Yukawa and Quartic couplings have the poles only
at the Abelian pole where A = 15

2

When Abelian gauge coupling reaches a fixed point, the Yukawa coupling
will be asymptotically free while the quartic coupling will blow up (very
negative)
In certain GUTs (only Non-abelian Gauge group involved), the UV fixed
point at A = 3 in gauge sector is away from the pole in the quartic and
Yukawa couplings allowing the existence of UV fixed points in all
couplings.
Pati-Salam model has the potential to be asymptotically safe
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Classification of UV Fixed Point: Relevant & Irrelevant
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

Vacuum stability condition

λR1 + λR2 > 0 λ1 − λ2 + λ4 > 0, λ1 > 0

λ1 λ2 λ3 λ4 λRΦ1 λRΦ2,3 λR1 λR2 y yc yν yF
0.12 0.05 0 0.13 0.02 0 0.13 -0.01 0.78 0.78 0.84 0
Irev Rev 0 Irev Irev 0 Irev Rev Irev Irev Irev 0

λ1 λ2 λ3 λ4 λRΦ1
λRΦ2,3

λR1 λR2 y yc yν yF
0.05 0.02 0 0.01 0.04 0 0.02 0.08 0.24 0.24 0.57 0.74
Irev Rev 0 Irev Irev 0 Irev Irev Irev Irev Irev Irev

表: These tables summarize the sample UV fixed point solution with two sample values
(Nf2L = 40, Nf2R = 150, Nf4 = 200; Nf2L = 40, Nf2R = 130, Nf4 = 130) involving
the bubble diagram contributions in the Yukawa and quartic RG beta functions. The
UV fixed point solutions of the couplings are classified with relevant (Rev) and
irrelevant (Irev) characteristics. “0” denotes Gaussian Fixed points.
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RG Flow: Gauge and Yukawa
Emiliano, Francesco, ZW. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

RG running of the gauge and Yukawa couplings by using the UV to IR
approach.

g4

gL

gR
gY

g2

g3

100 104 106 108 1010 1012
0.0

0.5

1.0

1.5

2.0

μ [GeV]

106 107 108 109 1010
0.230

0.232

0.234

0.236

0.238

0.240

0.242

0.244

μ [GeV]

y
,
y c

图: We have chosen Nf2L = 40, Nf2R = 130, Nf4 = 130. We have used the
matching conditions at IR to set the initial conditions of gL, gR, g4 at IR. For
simplification, we have assumed that the vector-like fermions under different
symmetry group are exactly introduced at the symmetry breaking scale of the
Pati-Salam group at 2000TeV shown with a dashed line.
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RG Flow: Quartic Coupling of Bi-doublet Φ
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

RG running of the Quartic Coupling by using the UV to IR approach.

图: We have chosen Nf2L = 40, Nf2R = 130, Nf4 = 130. For simplification, we
have assumed that the vector-like fermions under different symmetry group are
exactly introduced at the symmetry breaking scale of the Pati-Salam group at
2000TeV shown with a dashed line.
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RG Flow: Quartic Coupling of ϕR
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

RG running of the Quartic Coupling by using the UV to IR approach.

图: We have chosen Nf2L = 40, Nf2R = 130, Nf4 = 130. For simplification, we
have assumed that the vector-like fermions under different symmetry group are
exactly introduced at the symmetry breaking scale of the Pati-Salam group at
2000TeV shown with a dashed line.
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Matching the Standard Model: Top Yukawa Coupling
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

The top Yukawa mass term is given by (with CP symmetry y = yc and
tanβ = 1):

LψYuk = y Tr
[
ψL ΦψR

]
+ yc Tr

[
ψL Φc ψR

]
+ h.c.

mtop = (y sinβ + yc cosβ)v →
√
2yv = mtop

Thus at electroweak scale, y is smaller than the conventional SM top
Yukawa coupling value ∼ 0.93√

2
∼ 0.66

It can be shown that by choosing Nf2L = 32, Nf2R = 108, Nf4 = 56, we
obtain y ∼ 0.614 as required.
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Matching the Standard Model: Higgs Mass
Emiliano, Francesco, ZW. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

The low energy scalar sector of the Pati-Salam model is the two Higgs
doublet model

VH = m2
11Φ

†
1Φ1 +m2

22Φ
†
2Φ2 −

(
m2

12Φ
†
1Φ2 +H.c.

)
+

1

2
λ̄1

(
Φ†

1Φ1

)2
+

1

2
λ̄2

(
Φ†

2Φ2

)2
+ λ̄3

(
Φ†

1Φ1

)(
Φ†

2Φ2

)
+ λ̄4

(
Φ†

1Φ2

)(
Φ†

2Φ1

)
+

[
1

2
λ̄5

(
Φ†

1Φ2

)2
+ λ̄6

(
Φ†

1Φ1

)(
Φ†

1Φ2

)
+ λ̄7

(
Φ†

2Φ2

)(
Φ†

1Φ2

)
+H.c.

]
The matching conditions (by comparing with the UV bi-doublet scalar
potential) are (at the Pati-Salam symmetry breaking scale):

λ̄1 = λ1, λ̄2 = λ1, λ̄3 = 2λ1, λ̄4 = 4 (−2λ2 + λ4)

λ̄5 = 4λ2, λ̄6 = −λ3, λ̄7 = λ3 .
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Matching the Standard Model: Higgs Mass
Emiliano, Francesco, ZW. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

The mass matrix (neutral scalar fields) of the two Higgs doublet model is
given by:

M2
neutral =

[
m2

12v2
v1

+ 2λ̄1v
2
1 −m2

12 +
(
λ̄3 + λ̄4 + λ̄5

)
v1v2

−m2
12 +

(
λ̄3 + λ̄4 + λ̄5

)
v1v2

m2
12v2
v1

+ 2λ̄2v
2
2

]

This matrix is defined at the electroweak scale. By using the two Higgs
doublet beta functions and the matching conditions, we obtain the quartic
couplings λi (i = 1, · · · 5) at the electroweak scale.
The phenomenological constraint are: both of the eigenvalues of the
mass matrix should be positive and the lighter one should close to the
125GeV Higgs mass.
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Matching the Standard Model
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

It can be shown that by choosing NF2 = 32, NF3 = 108, NF4 = 56, we
obtain:

λ̄1 = 0.135, λ̄2 = 0.360, λ̄3 = 0.25, λ̄4 = −0.379, λ̄5 = 0.259, y = 0.614 .

Matching of the scalar quartic coupling: two neutral scalar mass with
MH1 ∼ 125GeV (lighter Higgs) and the heavier one MH2 > 238GeV with
m12 > 150GeV

Matching of the top Yukawa coupling: the IR value of y is around 0.66 as
required
Asymptotic Safe Pati-Salam model can roughly match the SM at IR.
In this minimal model, most of the RG flows lead to much lighter Higgs
mass and Pati-Salam symmetry breaking scale above 10000TeV is
required.
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Safety of Grand Unified Theory: Trinification Model
Z. W. Wang, A. Al Balushi, R. Mann and H. M. Jiang, Phys. Rev. D 99 (2019) 115017, arXiv:1812.11085.

Trinification model is under gauge symmetry group GTR (note: without Z3)
K. S. Babu, X. G. He and S. Pakvasa, Phys. Rev. D 33 (1986) 763.

GTR = SU(3)C ⊗ SU(3)L ⊗ SU(3)R

The coloured fermions are given by ψQL
∼ (3, 3̄, 1) & ψQR

∼ (3, 1, 3̄):

ψQL
=

 u1L u2L u3L
D1
L D2

L D3
L

D ′1
L D ′2

L D ′3
L

 , ψQR
=

 u1R u2R u3R
D1
R D2

R D3
R

D ′1
R D ′2

R D ′3
R

 ,

(note: instead of ψcQL
∼ (3̄, 1, 3) we use ψQR

∼ (3, 1, 3̄) since no attempt
to unify three gauge group)
The lepton content in this minimal Trinification model is given by:

ψE =

 ν̄′L e′L eL
ē′L ν′L νL
eR νR ν′

 ∼ (1, 3, 3̄) ,

Zhi-Wei Wang (UESTC电子科技大学) Journey towards Safe GUT Jul. 24th, 2025 49 / 117



Vector-like Fermions Charges & Large NF Gauge Beta
Z. W. Wang, A. Al Balushi, R. Mann and H. M. Jiang, Phys. Rev. D 99 (2019) 115017, arXiv:1812.11085.

We consider three sets of vector-like fermions charged under GTR, with
the charge assignment:

NFC
(3, 1, 1)⊕NFL

(1, 3, 1)⊕NFR
(1, 1, 3) ,

where the charge assignments are chosen to avoid the extra
contributions in the summation of semi-simple group
For simplicity, all new vector-like fermions are introduced at the
Trinification symmetry breaking scale assumed at few TeV scale.
The large NF gauge beta functions are given by:

βtotαL
= β1loop

αL
+ βho

αL
= − (10 + nH)α2

L +
2ALαL

3

H1L (AL)

NFL

βtotαR
= β1loop

αR
+ βho

αR
= − (10 + nH)α2

R +
2ARαR

3

H1R (AR)

NFR

βtotαc
= β1loop

αc
+ βho

αc
= −10α2

c +
2Acαc

3

H1c (Ac)

NFC

,

nH denotes the number of scalar triplets (nH = 2 in our case)
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The Matching of the Standard Model
Z. W. Wang, A. Al Balushi, R. Mann and H. M. Jiang, Phys. Rev. D 99 (2019) 115017, arXiv:1812.11085.

By choosing NFC = 95, NFL = 165, NFR = 62, we obtain:

MPre
Higgs = 125GeV yPre

top = 0.806, yPre
bottom = 0.019, yPre

tau = 0.011

MSM
Higgs = 126GeV ySMtop = 0.780, ySMbottom = 0.019, ySMtau = 0.008 .

3D scan of the parameter space
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Safe Clockwork: Clockwork Gears Setting
(Sannino, Smirnov and ZW. Wang, Phys. Rev. D 100 (2019) 075009, arXiv:1902.05958.

We combine the clockwork mechanism with the Safe Pati-Salam model

Basic Idea: A fundamental interaction (third generation Yukawa) is
confined only at the zero node. This interaction will be diluted by each
chain providing effective Yukawa couplings for 1st and 2nd generations.
The large number of vector-like fermions play the role of clockwork gears
We introduce N(i), (i = 1, 2) pair of vector like fermions(
QL,1(i) , QR,1(i)

)
, · · · ,

(
QL,N(i)

, QR,N(i)

)
with one extra chiral fermion

QR,0(i) (i.e. each generation (i) of the PS fermions is associated with a
clockwork chain with N(i) nodes).
For any number of N(i), the chiral fermions QL,N(i)

and QR,N(i)
are

charged respectively under the fundamental representation (4, 2, 1) and
(4, 1, 2) of PS gauge group GPS = SU(4)× SU(2)L × SU(2)R.
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Safe Clockwork: Clockwork Chain Interaction
(Sannino, Smirnov and ZW. Wang, Phys. Rev. D 100 (2019) 075009, arXiv:1902.05958.

We also introduce Q̃L,0(1) and Q̃L,0(2) which will only interact respectively
with the zero node fields QR,0(1) and QR,0(2) through the Yukawa
contributions i.e.

LQYuk = y1
¯̃QL,0(1)ΦQR,0(1) + y2

¯̃QL,0(2)ΦQR,0(2) ,

The clockwork mechanism is realized by the following clockwork chain
interaction:

LQR

clock = −m(1)

N(1)∑
j=1

(
Q̄L,j(1)QR,j(1) − q(1)Q̄L,j(1)QR,j−1(1)

)

−m(2)

N(2)∑
j=1

(
Q̄L,j(2)QR,j(2) − q(2)Q̄L,j(2)QR,j−1(2)

)
,

For simplicity, we set q(1) = q(2) = q and m(1) = m(2) = m (i.e. all the
clockwork vectorlike fermions are introduced at one scale). Actually,
when turning on the difference between q and m, we will have more
freedom and bigger parameter space to explore.
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Safe Clockwork: Massless Mode
(Sannino, Smirnov and ZW. Wang, Phys. Rev. D 100 (2019) 075009, arXiv:1902.05958.

After diagonalizing the mass matrix, we obtain
MQ(i)

= diag
(
0,M1(i) , · · · ,MN(i)

)
, (i = 1, 2) where there is always one

massless mode ψR,0(i) , (i = 1, 2).
The massless modes (eigenstate) ψR,0(i) , (i = 1, 2) overlaps with the
fields at the zero node of the chain (non-eigenstate) with a suppression
factor i.e. ψR,0(i) = 1/qN(i)QR,0(i) .
The Yukawa coupling of the i−th generations of the PS fermions which
originates from the Yukawa interaction terms between Q̃L,0(i) and the
massless mode ψR,0(i) will also be suppressed by 1/qN(i) leading to:

Leff
Yuk = yeff1

¯̃QL,0(1)ΦψR,0(1) + yeff2
¯̃QL,0(2)ΦψR,0(2)

=
y1

qN(1)

¯̃QL,0(1)ΦψR,0(1) +
y2

qN(2)

¯̃QL,0(2)ΦψR,0(2)
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Safe Clockwork
(Sannino, Smirnov and ZW. Wang, Phys. Rev. D 100 (2019) 075009, arXiv:1902.05958.

The clockwork vector-like fermions are charged under GPS with the
following charge assignment:

NF (4, 1, 2)⊕NF (4, 2, 1) , NF = N(1) +N(2) .

We searched the full parameter space in the range of NF ∈ (10, 200) and
find for NF = 13 we can match both the Higgs mass and the top Yukawa
coupling at the electroweak scale.
The relations among qN(1) , qN(2) and the light quark masses are

qN(1) =
mtop

mu
, qN(2) =

mtop

mc
, N(1) +N(2) = 13 ,

where mtop = 173GeV, mc = 1.29GeV and mu = 2.3MeV.
By solving above Eq., we find

N(1) = 9, N(2) = 4, q = 3.46 .
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Conclusions So far

Large Nf resummation offers a possibility to realize UV completion
(asymptotic safety) of the Standard Model via a non-trivial UV fixed point
and GUT embedding
Large Nf procedure provides a framework which faciliates the UV
completion of various kinds of BSM model building such as GUTs and
composite Higgs
Higher order calculations and in particular, lattice calculations are
required to solidfy/confirm the UV fixed point (UV conformal phase)
Renormalization group flow as a bridge connects UV (boundary
condition) and IR physics
UV completion (asymptotic safety) as a guiding principle provides strong
constraints on the RG flows and thus also IR BSM physics
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Question

Asymptotic Safety via Extra Dimension?
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Asymptotic GUT (aGUT)
(Cacciapaglia, Deandrea, Pasechnik, Z.W.Wang, PLB 852 (2024) 138629)

Asymptotic unification is NOT unification in the usual sense.
Gauge couplings are never equal, but tend to the same UV fixed point.
The RGE of the gauge couplings with contributions from the extra
dimension can be written as:

2π
dαi
dt

= bSMi α2
i + (S(t)− 1) b5α

2
i

Here S(t) encodes the sum of the KK contributions (the number of
Kaluza-Klein levels that have been crossed) to the running:

S(t) =

{
µR = mZRe

t for µ > 1/R ,
1 for mZ < µ < 1/R .

We define the ’t Hooft coupling in 5D as α̃ = αS(t) and obtain (Gies, PRD 68

(2003)):

2π
dα̃i
dt

= 2πα̃i − b5α̃
2
i , α̃UV =

2π

b5
, b5 =

π

2

(
C(G)−

∑
i

Ti(Ri)

)
.
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UV Fixed Point in Different Dimensions
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The E6 Model
(Cacciapaglia, Deandrea, Pasechnik, Z.W.Wang, PLB 852 (2024) 138629)

We consider a supersymmetric E6 gauge theory in 5D. The fifth
dimension is compactified on the orbifold S1/Z2 × Z ′

2

Orbifold projection breaks both N = 2 SUSY and the gauge symmetry

E6 → SO(10)× U(1), E6 → SU(6)L × SU(6)L × SU(2)R

Left-handed SM fermions and Higgs from the 27 ; right handed SM
fermions from the adjoint; 27′ give mass to unwanted states
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Asymptotic Safety via Extra Dimension
(Cacciapaglia, Deandrea, Pasechnik, Z.W.Wang, PLB 852 (2024) 138629)

αs→α4
αL
α1→αR
αt→α↑
αb→α↓
ατ→α↓

(Case 1) (Case 2)MSSM mKK mKK

102 105 1010 1015 1020
0.01

0.05

0.1

0.5

1

μ [GeV]

α i

The couplings are the usual 4D ones up to the scale mKK (assumed PS
scale ∼ mKK), above which they are replaced by the corresponding 5D ’t
Hooft couplings
The gauge and Yukawa couplings do unify to a single value thanks to the
UV fixed point
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SO(10) Asymptotic Safety via Extra Dimension
(Gao-Xiang Fang, Z.W.Wang, Ye-Ling Zhou, ArXiv: 2505.08068, accepted by JHEP)
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Further Study

Testing asymptotic safety using gravitational Wave
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Gravitational Waves from Pati-Salam Dynamics
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)

The detection of stochastic gravitational wave generated through strong
1st order phase transition can help to explore the high energy physics
beyond Collider.
Pati-Salam model is particularly interesting because strong first order
phase transition at few 1000TeV scale will typically generate gravitational
wave with peak frequency at 10− 100Hz in the detection region of aLIGO.
We study the stochastic gravitational wave signatures from both safe and
non-safe Pati-Salam model. For safe scenario, we introduce
Nf : (4, 1, 2)⊕ (4, 2, 1) and use large Nf resummation to realize safety.
Safe scenario has strong predictive power providing a much smaller
parameter space which we use as seed values to explore the full
parameter space beyond safety.
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Relevant Scalar Sector of Pati-Salam Model
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)

In order to induce the breaking of GPS to the SM gauge group, we
introduce a scalar field ϕR which transforms as the fermion multiplet ψR,
that is, ϕR ∼ (4, 1, 2):

ϕR =

(
ϕu1

R ϕu2

R ϕu3

R ϕ0R
ϕd1R ϕd2R ϕd3R ϕ−R

)
,

where the neutral component ϕ0R takes a non-zero vev, ⟨ϕ0R⟩ ≡ vR, such
that GPS

vR−→ SU(3)C ⊗ SU(2)L ⊗ U(1)Y .
The relevant terms in the tree level effective potential can be written as:

Vtree (ϕR) = λR1Tr
2
(
ϕ†RϕR

)
+ λR2 Tr

(
ϕ†RϕRϕ

†
RϕR

)
.

Note that we do not include any explicit mass terms in the tree level
potential. The symmetry breaking in this work is induced by
Coleman-Weinberg mechanism.
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Strong First Oder Phase Transition
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)

The total finite temperature effective potential of the Pati-Salam model:

Veff [ϕ, T ] = Vtree + V1loop + V tot
T + V scalar,tot

ring + V gauge,tot
ring .

A positive non-trivial (away from the origin) minimum occurs for
ϕRc ∼ 8400TeV and thus ϕRc/Tc ∼ 3.13 > 1. This shows that the
associated phase transition is a strong first order one.

-10000 -5000 5000 10000
ϕ

-2.85×1014

-2.80×1014

-2.75×1014

Veff[ϕ,Tc]

图: We plot the finite temperature effective potential. The renormalization scale µ
is set at 5000TeV while the temperature is chosen at T = Tc = 2680TeV which is
the critical temperature.
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Using Stream Plot to Locate the Parameter Space
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)

The parameter space to have strong first order phase transition is located
at the right lower corner!

-0.2 0.0 0.2 0.4

-0.4

-0.2

0.0

0.2

λR1

λ
R
2

图: The flow direction is defined from UV to IR. The red and black plots are both
the fixed point. The two green lines are the symmetry breaking lines which are
defined as λR1 + λR2 = 0 for λR2 < 0 and λR2/2 + λR1 = 0 for λR2 > 0. The
purple line is the particular RG flow corresponding to the safe solution.
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Gravitational Wave Signals and Bounds
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)
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Three Ways to Realize Asymptotic Safety without
Gravity

There are only three ways to realize asymptotic safety without gravity so
far.
1. Asymptotic safety via large Nc and Nf i.e. Veneziaono Limit
→ most rigorous (can be proved perturbatively) but harder to connect to
phenomenology
2. Asymptotic safety via large Nf
→ can be proved at 1/Nf order via bubble resummation and easier to
connect to phenomenology but a higher order check at 1/N2

f as well as
lattice results are required
3. Asymptotic safety using extra dimension
→ a non-perturbative check via lattice calculations are required
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Question

From large Nf to large Q?
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Comparing Different Large Parameter Expansion

Large Nc: Planar limit: t’Hooft coupling Ac ≡ g2Nc is fixed
Large Nf : Bubble diagrams: t’Hooft coupling Af ≡ g2Nf is fixed
Large Q: t’Hooft coupling AQ ≡ λQ is fixed
We have:

Observable ∼
∑

l=loops

glPl (N) =
∑
k

1

Nk
i

Fk (Ai)

where N = {Nc, Nf , Q} and A = {Ac, Af , AQ}.
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Multiparticle Production Problem: Higgs Explosion
(Khoze, “Higgs Explosion", indico.cern.ch/event/677640/contributions/2938636)

It was proposed that multiparitlce production processes are problematic:
higgs explosion and instanton-like processes in baryogenesis.
(V. A. Rubakov, “Nonperturbative aspects of multiparticle production,” hep-ph/9511236.)

In the process of
Agg→n×h =

∑
polygons

Apolygons
gg→k×h∗

∑
n1+···+nk=n

Πki=1Ah∗
i →ni×h, perturbation

theory fails when around 130 Higgses are produced at O(100TeV).

Zhi-Wei Wang (UESTC电子科技大学) Journey towards Safe GUT Jul. 24th, 2025 72 / 117



Multiparticle Production Problem: Higgs Explosion
(V. A. Rubakov, “Nonperturbative aspects of multiparticle production,” hep-ph/9511236.)

The “exact" result for the tree amplitude at threshold (E = nm) is

Atree
1→n = n!

(
λ

8m2

)n−1
2

For multiparticle production of λϕ4 theory (mimic Higgs explosion), the
amplitude at one loop level:

Atree
1→n +Aone loop

1→n = Atree
1→n

(
1 +Bλn2

)
, Atree

1→n = n!

(
λ

8m2

)n−1
2

Two folds problems:
The factorial behavior of the tree amplitudes indicates that the cross section
also increase with n and at n ∼ 1/λ, the cross section will exceed the
unitarity limit at sufficent large n

σtree
1→n ∼ 1

n!

∣∣Atree
1→n

∣∣2 × (phase space) ∼ n!λnϵn ϵ =
E − nm

n

Loop corrections fails and conventional perturbation theory fails!
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Towards the Holy Grail Summation Function F (λn, ϵ)
(V. A. Rubakov, “Nonperturbative aspects of multiparticle production,” hep-ph/9511236.)

Rubakov’s insight: σ1→n (E) ∝ exp [nF (λn, ϵ)]

However, only a few terms in the expansion of F (λn, ϵ) at small λn and ϵ
are known:

F (λn, ϵ) = ln
λn

16
+

1

2
+

3

2
ln

ϵ

3π
− 17

12
ϵ+Bλn+ · · ·

Using Large charge method, we can instead calculate LO and NLO
scaling dimensions of fixed charge operator [ϕn] in U(1) symmetric
λ
(
ϕ̄ϕ
)2 theory. (G. Badel, G. Cuomo, A. Monin and R. Rattazzi, JHEP 1911, 110 (2019),

arXiv:1909.01269.)

Z2
ϕnλn0 ⟨

[
ϕ̄n
]
(xf ) [ϕ

n] (xi)⟩

=λn0n! exp

[
1

λ0
Γ−1 (λ0n, xfi) + Γ0 (λ0n, xfi) + Γ1 (λ0n, xfi) + · · ·

]
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Weyl Map and State-Operator Correspondence
At the (Wilson-Fisher) fixed point, we can exploit the power of conformal
invariance.
Perform a Weyl map from the plane to the cylinder Rd → R× Sd−1 where
dilatons (scaling dimensions ∆O)on the plane are mapped to time
translations (energy spectrum) on the cylinder.
In coordinates i.e. (r,Ωd−1) → (τ,Ωd−1) using r = Reτ/R. The cylinder
metric is related to the flat one by a Weyl re-scaling:

ds2cyl = dτ2 +R2dΩ2
d−1 =

R2

r2
ds2flat

The two-point function of a scalar primary operator O on the cylinder is
related to the flat space one by:

⟨O† (xf )O (xi)⟩cyl = |xf |∆O |xi|∆O ⟨O† (xf )O (xi)⟩flat ≡
|xf |∆O |xi|∆O

|xf − xi|2∆O

In the limit xi → 0 on the plane translates to τi → −∞ on the cylinder and
obtain:

⟨O† (xf )O (xi)⟩cyl
τi→−∞

= e−EO(τf−τi), EO = ∆O/R
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Leading Order Scaling Dimension ∆−1: U(1) Example
(G. Badel, G. Cuomo, A. Monin and R. Rattazzi, JHEP 1911, 110 (2019), arXiv:1909.01269.)

We compute the expectation of the evolution operator e−HT in an
arbitrary state |ψn⟩ with fixed charge n. In the limit T → ∞, the
expectation gets saturated by the lowest energy state.

⟨ψn|e−HT |ψn⟩
T→∞
= Ñ e−EϕnT

It corresponds to the lowest lying operator i.e. operator with minimal
classical scaling dimension with the give fixed charge (ϕn in U(1)).
Introduce polar coordinates for the field ϕ = ρ√

2
eiχ, we have:

⟨ψn|e−HT |ψn⟩ = Z−1

∫ ρ=f

ρ=f

DρDχe−Seff

Seff =

∫
dτ

∫
dΩ

[
1

2
(∂ρ)

2
+

1

2
ρ2 (∂χ)

2
+
m2

2
ρ2 +

λ0
16
ρ4 + i

n

Rd−1Ω

.
χ

]
Here, i n

Rd−1Ω

.
χ is the boundary term which fixes the value of the total

charge and can not be dropped while m2 =
(
d−2
2R

)2
arises from the

R(g)ϕ̄ϕ coupling to the Ricci scalar enforced by conformal invariance.
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Leading Order Scaling Dimension ∆−1: U(1) Example
(G. Badel, G. Cuomo, A. Monin and R. Rattazzi, JHEP 1911, 110 (2019), arXiv:1909.01269.)

The variation of the Seff provides the E.O.M. and total charge constraint:

−∂2ρ+
[
(∂χ)

2
+m2

]
ρ+

λ0
4
ρ3 = 0, i∂µ

(
ρ2gµν∂νχ

)
= 0; iρ2

.
χ =

n

Rd−1Ωd−1

The stationary configuration (ground state) is spatially homogeneous
given by:

ρ = f, χ = −iµτ + const.

Using E.O.M. and the total charge constraint, we obtain the constraints of
the VEV f and chemical potential µ as(

µ2 −m2
)
=
λ0
4
f2, µf2Rd−1Ωd−1 = n

The effective action Seff evaluated on the stationary configuration
provides the leading order value for the energy and thus ∆−1. We set
λ0 = λ∗ at the fixed point and d = 4 to obtain:

1

λ∗
∆−1 =

Seff
T

∣∣∣∣
λ0=λ∗

=
n

2

(
3

2
µ+

1

2

m2

µ

) ∣∣∣∣
λ0=λ∗
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The Results of ∆−1: U(1) Example
(G. Badel, G. Cuomo, A. Monin and R. Rattazzi, JHEP 1911, 110 (2019), arXiv:1909.01269.)

We obtain the leading order result with a closed form

∆−1

A∗ =
1

4
F (x) , F (x) ≡ 3

2
3x

1
3

3
1
3 + x

2
3

+
3

1
3

(
3

1
3 + x

2
3

)
x

1
3

,

x = 9
A∗

(4π)2
+

√
−3 + 81

A∗2

(4π)4
, A∗ = λ∗n

F (x) is a real and positive function for x > 0.
The closed form results can be expanded in two extreme regimes,
λ∗n≪ (4π)2 and λ∗n≫ (4π)2

∆−1

λ∗
=


n

[
1 + 1

2

(
λ∗n
16π2

)
− 1

2

(
λ∗n
16π2

)2
+O

(
(λ∗n)3

(4π)6

)]
, λ∗n≪ (4π)2,

8π2

λ∗

[
3
4

(
λ∗n
8π2

)4/3
+ 1

2

(
λ∗n
8π2

)2/3
+O (1)

]
, λ∗n≫ (4π)2.

Zhi-Wei Wang (UESTC电子科技大学) Journey towards Safe GUT Jul. 24th, 2025 78 / 117



The Next-to-Leading-Order ∆0: U(1) Example
(G. Badel, G. Cuomo, A. Monin and R. Rattazzi, JHEP 1911, 110 (2019), arXiv:1909.01269.)

The NLO scaling dimension ∆0 arises from the fluctuation determinant of
the Gaussian integrals after we expand the fields around the saddle point
configurations ρ(x) = f + r(x), χ(x) = −iµτ + 1

f
√
2
π(x).

∆0 (λn) =
R

T
log

√
detS(2)

det (−∂2τ −∆sd−1 +m2)
=
R

2

∞∑
ℓ=0

nℓ

[∑
i

giωi(ℓ)

]
Here, nℓ is the multiplicity of the Laplacian on the (d− 1)−dim. sphere
where nℓ = (1 + ℓ)

2 for d = 4 and ωi’s are the dispersion relations of the
fluctuations and gi is the multiplicity for each ωi.
In the small and large λ∗n limit, we expand ∆0 to obtain respectively:

∆0 = − 3λ∗n

(4π)2
+

λ2∗n
2

2(4π)4
+O

(
λ3∗n

3

(4π)6

)
, for (λ∗n << 1)

∆0 =

[
α+

5

24
log

(
λ∗n

8π2

)](
λ∗n

8π2

)4/3

+

[
β − 5

36
log

(
λ∗n

8π2

)](
λ∗n

8π2

)2/3

,

for (λ∗n >> 1) where α = −0.5753315(3), β = −0.93715(9) .
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From Abelian to Non-abelian: the O(N) Model
(Antipin, Bersini, Sannino, Z.W. Wang and Zhang, “Charging the O(N) model,” PRD 102 (2020) 045011.)

In euclidean spacetime, the O(N) theory is defined by the action

S =

∫
ddx

(
1

2
∂µϕa∂

µϕa +
(4π)

2
g0

4!
(ϕaϕa)

2

)
a = 1, . . . , N .

The O(N) model with even or odd N has rank N
2 or N−1

2 corresponding
to the number of charges we can fix. Only total charge and VEV matter.

µ2 −m2 =
(4π)

2

6
g0v

2
tot (EOM);

Q̄

Vol.
= µv2tot (NoetherCharge)

v2tot ≡
∑
i

v2i (Sumof VEVs); Q̄ ≡
∑
i

Qi (Sumof charges)

Charge configurations with the same total charge are equivalent
Consider a generic charge configuration for O(N)

Q =
(
m1,m2, · · · ,mN/2

)
The corresponding fixed-charge operator is

O = Π
i=N/2
i=1 (φi)

mi φk ≡ 1√
2
(ϕ2k−1 + iϕ2k)
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The Results of O(N) Model
(Antipin, Bersini, Sannino, Z.W. Wang and Zhang, “Charging the O(N) model,” PRD 102 (2020) 045011.)

We calculate the LO and NLO in charge expansion (with small ’t Hooft
coupling) but to all order in couplings scaling dimensions of Q̄-index
traceless symmetric tensor operator TQ̄ ≡ T

(Q̄)
i1...iQ̄

in the O(N) model

At each ϵ order, the semi-classical computation provides term with
leading Q and next leading Q shown in red.
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Towards the Standard Model
Antipin, Bersini, Panopoulos, Sannino, Wang, “Infinite order results for charged sectors of the SM,” JHEP 2024.

We calculate the LO and NLO in charge expansion (with small ’t Hooft
coupling) but to all order in couplings scaling dimensions of the Higgs
operator in the Standard Model written as HI1 ...HIQ

where red, blue, and orange colors highlight the terms stemming from the
small κIQ expansion of ∆−1, ∆fm

0 and ∆bos
0 .

Q = 1 denotes the Higgs field scaling dimension and can be matched up
to three loop order
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Important Concepts

U(1) Landau Pole Problem
Asymptotically free vs asymptotically safe
Large Nf Expansion
from large Nf to large Q
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The Standard Model Running Couplings

Field: Gauge fields + Fermions + Scalars
Interactions: Gauge (SU(3)× SU(2)L × U(1)) + Yukawa (Fermions
Mass) + Scalar self-interaction
Not UV Complete: the theory is not well defined at very high energy scale
U(1) gauge coupling runs into Landau Pole

G. M.

Pelaggi, F. Sannino, A. Strumia and E. Vigiani, Front. in Phys. 5 (2017) 49
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Fundamental Theory

A fundamental theory has an UV fixed point (K. G. Wilson, Phys. Rev. B 4 (1971)

3174.)

Couplings stop running with the energy scale at the fixed point
The Standard Model is not a fundamental theory since it runs into
Landau Pole at UV due to the abelian U(1) gauge group
Asymptotically Free: non-interacting (Gaussian) fixed point (D. J. Gross and F.

Wilczek, Phys. Rev. D 8 (1973) 3633; D. J. Gross and F. Wilczek, Phys. Rev. Lett. 30 (1973) 1343.)

non-interacting in the UV
coupling runs with logarithmic scale dependence
Perturbation theory in UV

Asymptotically Safe: Interacting fixed point (S. Weinberg(1979). "Ultraviolet

divergences in quantum theories of gravitation".)

interacting in the UV
coupling runs with power law scale dependence
Perturbative/Non perturbative theory in UV
Smaller critical surface dimension ⇒ more IR predictiveness
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Two Ways to Address U(1) Landau Pole Problem

Assuming U(1) group is not a fundamental group and should be
embedded in a non-abelian group at high energy scale (asymptotically
free/safe). Typical example is GUT embedding.
U(1) gauge coupling will run into an interacting fixed point.
(asymptotically safe)⇒ Highly non-perturbative (without large Nf strategy
requiring an extremely large Yukawa coupling)
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Large Nf Expansion
Pascual noticed that it is possible to sum up a subset of the diagrams and
the resulting power series is so well behaved to provide a closed-form
expression at 1/Nf order
The resummed U(1) beta function reads:

βA =
2A2

3

[
1 +

1

Nf
F1(A)

]
, A ≡ 4Nfα = 4Nf

g21

(4π)
2

F1(A) =
3

4

∫ A

0

dx F̃
(
0, 23x

)
, F̃ (0, x) =

(1− x)(1− x
3 )(1 +

x
2 )Γ(4− x)

3Γ2(2− x
2 )Γ(3−

x
2 )Γ(1 +

x
2 )

...

+

...

...

图: Higher order photons self-energy diagram
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The Attractive Features of Pati-Salam Model
J. C. Pati, Int. J. Mod. Phys. A 32 (2017) 1741013

Unification of all 16 members of a family (SM matter content + Right
Handed neutrino) within one left-right self-conjugate multiplet
Quantization of electric charge i.e. Qe− +QP = 0

Quark-Lepton unification through SU(4) colour
The right-handed neutrino as a compelling member of each family
Universality for the weak interactions with respect to quarks and leptons
conservation of parity at a fundamental level
B-L as a local symmetry
No proton decay issue
Possible to be embedded in a simple group SO(10) to address gauge
coupling unification
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Generalize to the Standard Model:
SU(3)× SU(2)× U(1)

Holdom’s system only involves two kinds fields (gauge field+fermions)
and one coupling (gauge coupling g)
Safety can be realized in a more general gauge-Yukawa system: the
Standard Model
Mann, Meffe, Sannino, Steele, Z. W. Wang and Zhang, Phys. Rev. Lett. 119 (2017) 261802

The standard Model can be safe at UV when including reasonably
number of vector-like fermions.
For U(1), it requires NF > 16 while for SU(3), it requires NF > 32 to
suppress 1/N2

f contributions.
Use vector-like fermions for simplification without involving extra scalars
to generate their mass terms
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Bottom-Top Mass Splitting in Pati-Salam Model
Emiliano, Francesco, ZW. Wang, arXiv:1807.03669

To obtain the bottom-top mass splitting, we introduce new vector-like
fermion F ∼ (10, 1, 1) with mass MF and Yukawa interactions:

LFYuk = yF Tr
(
FL ϕ

T
R iτ2 ψR

)
+ h.c. F =

(
S B

√
2

BT
√
2 E

)
The bottom quark Dirac mass term:

Lbmass =
(
bL BL

)( mt 0
mB MF

)(
bR
BR

)
+ h.c. ,

We obtain:

mb =
√
2mτ ≈ MF mt√

2mB

mB ≡ yF vR/
√
2
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Top and Right-handed Neutrino Mass Spliting in
Pati-Salam
Emiliano, Francesco, ZW. Wang, arXiv:1807.03669

In order to split the top and neutrino mass, we implement the inverse
seesaw mechanism by adding a new chiral fermion singlet NL ∼ (1, 1, 1),
which has Yukawa interaction

LNYuk = −yν NLTr
[
ϕ†R ψR

]
+ h.c.

It generates a Dirac mass term MRNLνR, with MR ≡ yνvR ∼ 10000GeV.
The Majorana mass term for the neutral fermion fields reads:

Lνmass = −1

2

(
νcR νR N c

R

) 0 mt 0
mt 0 MR

0 MR 0

 νL
νcL
NL

 + h.c.

By introducing very light Majorana mass term for − 1
2MNN c

RNL, we
obtain one light active Majorana neutrino ντ with mass

mντ =MN
m2
t

m2
D

; mD =
√
m2
t +M2

R
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Matching Higgs Mass
Emiliano, Francesco, ZW. Wang, arXiv:1807.03669

MH1

MH2
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Pole Structure PreCheck: Advantage of Pati-Salam
Emiliano, Francesco, Z.W. Wang, Phys.Rev. D98 (2018) 115007, arXiv:1807.03669.

The beta functions of Yukawa and Quartic couplings have the poles only
at the Abelian pole where K = 15

2

When Abelian gauge coupling reaches a fixed point, the Yukawa coupling
will be asymptotically free (negative pole contributions and multiplicative
proportional to the Yukawa coupling itself).
The quartic coupling will blow up (very negative) due to the negative pole
contributions and not multiplicative proportional to the quartic coupling
itself for the g4 term.
Higher order singular structure is involved in the quartic beta. When the
gauge coupling logarithmically approaching the pole, the pole
contribution in the quartic beta will blow up.
In certain GUT (only Non-abelian Gauge group involved), the UV fixed
point at K = 3 in gauge sector is away from the pole in the quartic and
Yukawa couplings allowing the existence of UV fixed points in all
couplings.
Pati-Salam model has the potential to be asymptotically safe
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The Symmetry Breaking of Trinification Model
Z. W. Wang, A. Al Balushi, R. Mann and H. M. Jiang, Phys. Rev. D 99 (2019) 115017, arXiv:1812.11085.

To induce the breaking of GTR to the SM gauge group, we introduce two
scalar triplet fields Φ1, Φ2 which transform under the GTR as (1, 3, 3):

Φa =

(
ϕa1 ϕa2 ϕa3
Sa1 Sa2 Sa3

)
, (a = 1, 2) ,

where ϕai , (i = 1, 2, 3) denotes the Higgs doublets while Sai , (i = 1, 2, 3)
denotes the singlets.
The vacuum configuration of the scalar triplet is given as:

⟨Φ1⟩ =

 u1 0 0
0 u2 0
0 0 v1

 , ⟨Φ2⟩ =

 n1 0 n3
0 n2 0
v2 0 v3

 .

GTR to left-right model (through v3, v1 at few TeV):
SU(3)C × SU(3)L × SU(3)R → SU(3)C × SU(2)R × SU(2)L × U(1)B−L
left-right model breaking to the SM (through v2 also at few TeV)
u1, u2, n1, n2, n3 further breaks the Standard Model
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The Yukawa Sector of Trinification Model
Z. W. Wang, A. Al Balushi, R. Mann and H. M. Jiang, Phys. Rev. D 99 (2019) 115017, arXiv:1812.11085.

The Yukawa terms for the quark sector is given by:

LQYuk = md′d
′
Ld

′
R +

2∑
a=1

yψQa

[(
−sαdR + cαd

′
R

)
Qϕa1 + uRQϕ

a
2

+
(
cαdR + sαd

′
R

)
Qϕa3

]
+ h.c.

The Yukawa terms LEYuk for the lepton sector is given by:

mEEE +

2∑
a=1

yψEa

{
−
[
E (−cβνR − sβν

′)− (cβE + sβL) eR
]
ϕa1

+(Eν′ − LνR)ϕ
a
2 +

[
E (sβνR − cβν

′)− (−sβE + cβL) eR
]
ϕa3

}
+ h.c.

The quark and lepton masses are given by:

mt = yψQ1
u2, mb = yψQ1

u1sα , me = yψE1
u1sβ , mνL,νR = yψE1

u2 .

Here the right handed neutrino mass is the same order as electron and
will be significantly changed by radiative loop corrections.
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Safe Trinification: Radiative Neutrino Mass I
Z. W. Wang, A. Al Balushi, R. Mann and H. M. Jiang, Phys. Rev. D 99 (2019) 115017, arXiv:1812.11085.

We show the one loop radiative correction to the neutrino mass below:

The total contribution to the two point function is proportional to:

FE =
mE

(4π)
2

1

2

(
m2
H1

m2
E −m2

H1

log
m2
H1

m2
E

− m2
H2

m2
E −m2

H2

log
m2
H2

m2
E

)
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Safe Trinification: Radiative Neutrino Mass II
Z. W. Wang, A. Al Balushi, R. Mann and H. M. Jiang, Phys. Rev. D 99 (2019) 115017, arXiv:1812.11085.

The one-loop neutrino mass matrix is thus written as:

M1loop
ν =

 0 −yψE1
u2 0

−yψE1
u2 sα−βcβy

2
ψE1

FE (s2βsα − cα) y
2
ψE1

FE
0 (s2βsα − cα) y

2
ψE1

FE cα−βsβy
2
ψE1

FE

 .
To obtain a phenomenological viable neutrino mass, the elements of the
above matrix should have the following form:

M1loop
ν =

 0 10GeV 0
10GeV 0− 1TeV 0.33− 1TeV

0 0.33− 1TeV 1KeV

 ,
where the three mass eigenvalues will correspond to the physical mass
of the two sterile neutrinos (νR, ν′) and the SM neutrino νL.
There are only two solutions to satisfy the above constraint either β << 1
or α− β − π

2 ∼ ±10−9. For β << 1, it will lead to extremely large Yukawa
yψE1

which is not acceptable. Thus, we choose:

α− β − π

2
∼ ±10−9 .
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Question 3

Can we address the Yukawa Hierarchies in the Safe GUT?
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Answer 3: Safe Clockwork
(Sannino, Smirnov and ZW. Wang, Phys. Rev. D 100 (2019) 075009, arXiv:1902.05958.

We kill two birds with one stone!
Ordinary clockwork theory requires large number of gauge charged extra
fermions resulting in Landau pole at low energy scale.
In safe scenario, the fixed point can not tell the difference between
generations.
We combine these two and reinterpret the extra vector-like fermions
introduced in the safe scenario as clockwork gears.
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Pati-Salam: Finite Temperature Effective Potential
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)

One loop contribution without temperature:

V1loop =
∑
i

±ni
m4
i

64π2

(
log

[
m2
i

µ2

]
− Ci

)
The total one-loop effective potential is:

V1loop = VHiggs + VGold + Vlepto + V
W±

R
+ VZ′ + Vν + VF .

Finite temperature effective potential:
The one loop finite temperature effective potential:

VT =
∑
i

±ni
T 4

2π2

∫ ∞

0

dyy2 log
[
1∓ e−

√
y2+m2

i /T
2
]
,

The total finite temperature effective potential (without ring contributions) as:

V tot
T =

T 4

2π2

IB [
M2

Higgs1

T 2

]
+ 6IB

[
M2

Higgs2

T 2

]
+ 9IB

[
M2

Gold

T 2

]
+ 6IB

M2

W±
R

T 2


+ 3IB

[
M2
Z′

T 2

]
+ 18IB

[
M2

lepto

T 2

]
+ 4IF

[
M2
ν

T 2

]
+ 16IF

[
M2
F

T 2

])
.
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Effective Potential: Ring Contributions to the Scalar
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)

The general formula for the ring contributions (scalar in the big ring):

V iring = − T

12π


m2

i (ρ) +
∑

bosons j

πji (0)

3/2

−m3
i (ρ)

 ,

The contributions of different species j in the outside ring of the daisy
diagram i.e.

πjscalar (0) =
1

12

m2
j (v)

v2
T 2 .

The total thermal mass contributions to the Higgs field
∑
j π

j
scalar (0):

= πHiggs1
scalar (0)+6πHiggs2

scalar (0)+9πGold
scalar (0)+18πlepto

scalar (0)+6π
W±

R

scalar (0)+3πZ
′

scalar (0) .

The total ring contributions to the scalar fields:

V scalar,tot
ring = V Higgs1

ring + 6V Higgs2
ring + 9V Gold

ring .

Zhi-Wei Wang (UESTC电子科技大学) Journey towards Safe GUT Jul. 24th, 2025 102 / 117



Effective Potential: Ring Contributions to the Gauge
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)

The ring contributions (gauge field in the big ring):

V
gauge,tot
ring = − T

12π
Tr
([

M2 (ρ) +Π (0)
]3/2 −M3 (ρ)

)
,

where both m2
i (ρ) and

∑
i π

j
i (0) are rewritten as matrices M2 (ρ) and

Π (0) respectively since M2 (ρ) in the gauge field basis is not
diagonalized.
Π (0) is a diagonal matrix and it’s eigenvalues are calculated through:

SU (N) : πL,Sgauge =
g2T 2

3

∑
S

t2 (RS) ,

πL,Fgauge =
g2T 2

6

∑
F

t2 (RF ) ,

πL,Vgauge =
N

3
g2T 2 .
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Bubble nucleation
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)

The tunnelling rate per unit volume Γ (T ) from the metastable (false)
vacuum to the stable one is suppressed by the three dimensional
Euclidean action S3 (T ):

Γ (T ) =

(
S3 (T )

2πT

)3/2

T 4e−S3(T )/T ,

where the Euclidean action has the form:

S3 (ρ, T ) = 4π

∫ ∞

0

drr2

[
1

2

(
dρ

dr

)2

+ V (ρ, T )− V (0, T )

]
.

The bubble configuration (instanton solution) is give by solving the
equation of motion of the action (over shooting under shooting method):

d2ρ

dr2
+

2

r

dρ

dr
− ∂F

∂ρ
(ρ, T ) = 0 ,

with the boundary conditions:
dρ

dr
(0, T ) = 0, lim

r→∞
ρ (r, T ) = 0 .
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First Oder Phase Transition and Coleman Weinberg
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)

Question: Is asymptotic safety compatible with the Coleman-Weinberg
symmetry breaking? (Remember: Gildener’s PhD thesis with Coleman showed the compatibility

between Coleman-Weinberg symmetry breaking and asymptotically free.)

Answer: yes! We find Pati-Salam symmetry can be broken by
Coleman-Weinberg mechanism in the Safe Pati-Salam scenario.
We find a strong first order phase transition occurs only when
spontaneous symmetry breaking happens via the Coleman-Weinberg
mechanism (in our model).

8 10 12 14 16
t=Log10[

μ

MZ

]

-0.06

-0.04

-0.02

0.02

0.04

0.06

0.08
λR1[t]+λR2[t]

图: We plot the RG running of λR1 (t) + λR2 (t) from UV to IR. The transition point
(the scale λR1 (t) + λR2 (t) = 0) defines the Coleman-Weinberg symmetry
breaking scale of the Pati-Salam model.
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Inverse duration of the Phase Transition β and the
ratio of the latent heat α
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)

The nucleation temperature which is defined as the temperature at which
the rate of bubble nucleation per Hubble volume and time is
approximately one:

Γ (T ) ∼ H4 , T ln
T

mpl
≃ −S3 (T )

4
⇒ Tn ∼ 1260TeV.

The inverse duration of the PT β relative to the Hubble rate H∗ at Tn is:

β

H∗
=

[
T
d

dT

(
S3 (T )

T

)] ∣∣∣∣
T=Tn

⇒ β/H∗ ≃ 183 .

The ratio of the latent heat released by the phase transition α:

α =
ϵ

ρrad
=

1
π2

30 g∗T
4
n

(−∆V + Tn∆s) , ∆s =
∂V

∂T
(vTn

, Tn)−
∂V

∂T
(0, Tn)

where ∆V = V (vTn
, Tn)− V (0, Tn) and we find

αTn
≡ α(T = Tn) = 0.217.
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Gravitational Wave Spectrum
(Huang, Sannino and Z.W.Wang, PRD 102 (2020) 095025, arXiv:2004.02332.)

The power spectrum of the acoustic gravitational wave is given by (sound
wave only; Collision of scalar field shells and turbulence sub-leading):

h2Ωsw (f) = 8.5 ∗ 10−6

(
100

g∗

) 1
3

Γ2
AIU

4

f

(
H∗

β

)
vwSsw (f) ,

where the adiabatic index ΓAI = ω/ϵ ≃ 4/3. Uf is a measure of the
root-mean-square (rms) fluid velocity and is:

U
2

f ≃ 3

4
κfαTn

, κf ∼ α

0.73 + 0.083
√
α+ α

where κf is the efficiency parameter and vω (wall speed) → 1.
The spectral shape Ssw (f) and peak frequency fsw are:

Ssw (f) =

(
f

fsw

)3
(

7

4 + 3 (f/fsw)
2

) 7
2

fsw = 8.9µHz
1

vω

(
β

H∗

)( zp
10

)( Tn
100GeV

)( g∗
100

) 1
6

.
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From Large Nf to Large Q Expansion

Scaling dimension of the fixed charge operator ϕQ̄ in the U(1) model.

∆ϕQ̄

Q̄
=



a00 0 0 0 0 ...

a11λ̂Q̄ a10λ̂ 0 0 0 ...

a22λ̂
2Q̄2 a21λ̂

2Q̄ a20λ̂
2 0 0 ...

a33λ̂
3Q̄3 a32λ̂

3Q̄2 a31λ̂
3Q̄ a30λ̂

3 0 ...
... ... ... ... ... ...

allλ̂
lQ̄l al,l−1λ̂

lQ̄l−1 al,l−2λ̂
lQ̄l−2 al,l−3λ̂

lQ̄l−3 ... ...
... ... ... ... ... ...


Sum the column:

∆ϕQ̄

Q̄
= ∆−1 (A∗) +

1

Q̄
∆0 (A∗) + +

1

Q̄2
∆1 (A∗) + · · · , A ≡ λQ̄
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Key Obstacles from Abelian to Non-abelian

What is the lowest lying operator?

How to choose the charge configuration?
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Charge Config. Model Building Recipe: U(N)× U(N)
(Antipin, Bersini, Sannino, Z.W. Wang and Zhang, Phys. Rev. D 102 (2020) 125033, arXiv:2006.10078 [hep-th].

Antipin, Bersini, Sannino, Z.W. Wang and Zhang, JHEP 12 204 (2021), arXiv:2102.04390 [hep-th].)

The charge configuration matters in the U(N)× U(N) model which in
Euclidean spacetime, is written as (H is a N ×N complex matrix)

L = Tr(∂µH†∂µH) + u0 Tr(H†H)2 + v0( TrH†H)2 .

1 Give a total classical scaling dimension Q̄ of the operator O we are
interested

2 Construct all the possible charge configurations satisfying:
diagonal elements can only be integer or half-integer;
the sum of absolute value of the diagonal element is Q̄/2;
TrQ = 0 in U(N)× U(N) model

3 Determine the “Matrix Form" chemical potential and vacuum expectation
value through the E.O.M. and total charge constraints.

4 Following the semi-classical computation recipe to calculate the scaling
dimensions.

5 Combining the group theory and semi-classical computation, we can
identify the representation of the operator.
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An Example to untangle the representation of operator
(Antipin, Bersini, Sannino, Z.W. Wang and Zhang, JHEP 12 204 (2021), arXiv:2102.04390 [hep-th].)

We are interested in SU(3)× SU(3) and considering operators O with
classical scaling dimension Q̄ = 4

Since H ∼ (FL, F̄R), H
† ∼ (F̄L,FR), thus the operators belongs to

(ΓL,ΓR). ΓL and ΓR are respectively in (AdjL)
Q̄/2 and (AdjR)

Q̄/2

Operators live in the decomposition of the tensor product 8⊗ 8

8⊗ 8 = 1⊕ 2(8)⊕ 10⊕ 10⊕ 27 .

We can only construct two different charge configuration matrices:

Q(4)
3A = diag (1,−1, 0) , Q(4)

3B = diag (1,−1/2,−1/2)

The weight which corresponds to Q(4)
3A is (4,−2) only appearing in 27

while the weight corresponds to Q(4)
3B reads (3, 0) appearing in both 27

and 10. Thus, we have the following correspondence

Q(4)
3A : (27,27) , Q(4)

3B :

{
(27,27)(
10,10

) .
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An Example
(Antipin, Bersini, Sannino, Z.W. Wang and Zhang, JHEP 12 204 (2021), arXiv:2102.04390 [hep-th].)

For N >
√
3, the scalar couplings at the WF fixed points are complex and

thus the scaling dimensions at the fixed points are also complex.
We choose the real part of the scaling dimensions.

_Q3A(4)
. Q3B(4)

0.00 0.02 0.04 0.06 0.08 0.10

3.80

3.85

3.90

3.95

4.00

ϵ

Re[ΔQ]

图: The real part of the scaling dimension at the fixed point for the U(3)× U(3)

operators with CSD Q̄ = 4, carrying the charges Q(4)
3A (black line) and Q(4)

3B (red dots)
as a function of ϵ. The error bars encode the numerical error in evaluating ∆0 for Q(4)

3B .
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Dire. 3: Large Charge Method and Higgs Explosion

Can we address the problematic multi-Higgs boson production processes
at future colliders?
Answer: we can calculate the LO and NLO (but to all order in couplings)
scaling dimensions of O(N) and U(N)× U(M) models around 4D for a
family of fixed-charge operators by using the semi-classical method and
state-operator correspondence.

The scaling dimension of Q̄-index traceless symmetric tensor TQ̄ ≡ T
(Q̄)
i1...iQ̄

.

Outlook Theory: add fermions, gauge bosons; explore complex CFT
Phenomenology: found various interesting calculable EFT operators;
address full SM Higgs Explosion
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What we have achieved so far
(Antipin, Bersini, Sannino, Wang and Zhang, “Charging the O(N) model,” PRD 102 (2020) 045011.)

Rubakov’s insight: σ1→n (E) ∝ exp [nF (λn, ϵ)]

Rattazzi calculate (leading classical, leading quantum) to the scaling
dimension of operator [ϕn] in U(1) symmetric λ

(
ϕ̄ϕ
)2 theory.(G. Badel, G.

Cuomo, A. Monin and R. Rattazzi, JHEP 1911, 110 (2019), arXiv:1909.01269.)

Z2
ϕnλn0 ⟨

[
ϕ̄n
]
(xf ) [ϕ

n] (xi)⟩

=λn0n! exp

[
1

λ0
Γ−1 (λ0n, xfi) + Γ0 (λ0n, xfi) + Γ1 (λ0n, xfi) + · · ·

]
Around the fixed point, the ground state energy of the system
corresponds to the scaling dimension of the operator with the lowest
classical scaling dimension.
We did a non-trivial generalization of Rattazi’s work to O(N),
U(N)× U(N), U(N)× U(M) theory.
The perturbative expansion of our all order expression can match the
existing perturbative loop calculation up to three loop order.
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The Effect of PDF
(C. Degrande, V. V. Khoze and O. Mattelaer, Phys. Rev. D 94 (2016), 085031.)

Question: whether the factorial growth will be completely washed away
by PDF suppression?
For the collider above 50TeV, the growth of the cross section can not be
killed while for lwer energy collider, the PDF are killing the cross-section
before reaching the fast growth regime.
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图: Cross-sections for multi-Higgs production (3.6) at proton colliders including the
PDFs for different energies of the proton-proton collisions plotted as the function
of the Higgs multiplicity. Only the contributions from the boxes are included.
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Conclusion

Asymptotically Safe Standard Model is feasible through GUT embedding
with large Nf and U(1) Landau pole problem is addressed.
Both Safe Pati-Salam model and the Safe Trinification Model can roughly
match the SM at IR.
Strong first order phase transition due to Coleman Weinberg symmetry
breaking generates interesting gravitational wave signals within the
detection region of near future LIGO Voyager.
Combining semi-classical computation with CFT, we can calculate the
scaling dimensions of a class of fixed charge operator up to NLO in
charge expansion but to all order in the couplings.
We create a recipe to untangle the representations of the fixed charge
operator associated with a specific charge configuration.
Multi-Higgs production is important for the future 100TeV collider. Our
work is one step towards the “Holy Grail" summation function beyond tree
level and has the potential to address the Higgs explosion as a long goal.
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The Power of Asymptotic Safety
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