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Invitation

n-gluon MHV formula:

Parke, Taylor ’86
i(13)%

A(17, 24,3747, .. ont) = (12)(23)...(n1)
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. *
Reminder
QCD Feynman rules, color-stripped:

for color ordering see e.g. Dixon’s 1995 TASI lectures

b,k

= é [ (k=) + ¢ (p— ) + g7 (g — k)],
q,Vv

% — jgVghe — %(gkung+g/\ng)’
1
7 7
= —_~H = ——~H
»i V2l \EX Vil
p
B[O

i
. P .

L — 9w _ z(2p+m)

p

p2 ’ —m2

“Disclaimer: all momenta outgoing
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Invitation

n-gluon MHV formula:

Parke, Taylor 86
i(13)4
12)(23).. (n1)

A(17,20, 3741 .. 0t =

Simplification w.r.t. Feynman rules due to
P> gauge invariance

» massless spinor-helicity variables

This talk:
» possible for massive quarks, higher-spin particles, etc!

> concentrate on 2 tree-level methods in 4d
(loop methods also available and dimreg-compatible)

Bern, Dixon, Dunbar, Kosower; Britto, Cachazo, Feng; Forde; Badger;
Frellesvig, Peraro, Zhang; Abreu, Febres Cordero, Ita, Page, etc.

4/42



Results with 2 quarks

3t % S@”i im(192%) 3| TT0 25 { P1s...j #j1 + (5155 — m?) }|n]
_(813 m?2)(si3a—m?).. (313...(n 1)~ m?) (34)(45) ... (n—1|n)
19 b
4
3" nt o i(311203) ((193)[2°[1+2[3) 4 (2°3)[1%]1+2[3))
N 512(34) ... (n—1|n)(3]1]1+2n)
1¢ 20

5> LT Y ((1°2) (314, Po..l3) + (13)(2"3)s5..4)

= ssk (13,6 —m?) . (S13..(n—1) — %) (34) ... (k—1[k) (3[#) Ps..k|k)

><<3|P3 kT2 { P15 By + (5135 — m?) }In)
Bl#1 P klk+1)(k+1]k+2) ... (n— 1\n>

KK relations: A(1, 8,2, ) 1Al Z A(1,2,0)

oe OLLLI,BT Kleiss

AO 18

, Kuijf ’88
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Outline

AR I

Massive spinor helicity

4-pt Compton amplitude
n-pt amplitudes via BCFW
Massive higher spins
Rotating BHs

Summary & outlook
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Massive spinor helicity

7/42



Feynman-rules calculation of A(1%, 37,47, §b)

Start at 4 pts, textbook way manageable

A(1%,37, 4T, ?b) > 2 color-ordered diagrams:

3~ 4t

_ _; 0 .
1¢ __%__g__ Qb_ 2(s13—m?) (a1 3 (7;13"‘7”))5{“2)

3” 4+_ i — H\(sa b —\(ma 4+,b
= e {(53'54 ) (@] (B3— Pa)va) + 2(pa-eg ) (] £ v3)
34
y 5 y ~2(ps-<f) (3 £ 03) }

All done?
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Why spinor helicity?

Consider color-ordered QCD amplitude A(1%,37,4%,...,n*"2

+
Feynman rules give function of 4
u 3~ nt
» momenta p;
> polarization vectors e (p;)
> external spinors @%(p; ), v*(p2) 14 2b

9/42



Why spinor helicity?

Consider color-ordered QCD amplitude A(1%,37,4%,... , n™, fb)

+
Feynman rules give function of 4
u 3~ nt
» momenta p;
> polarization vectors e (p;)
> external spinors @%(p; ), v*(p2) 14 2b

But all vector, spinor indices must be contracted

Remaining indices & physical quantum numbers:
» helicities £ & spins {£1/2},, {£1}, etc.
> SU(2) labels a,b < spins {£1/2}q, {£1,0},, etc.

Crucial on-shell notion — LITTLE GROUP
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Little groups

» Quantum fields < reps of SO(1,3)
> Quantum states < reps of LITTLE GROUP

> massless states < SO(2)
> massive states < SO(3)
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Little groups

» Quantum fields < reps of SO(1,3) C SL(2,C)
> Quantum states <= reps of LITTLE GROUP’s dbl cover

> massless states < SO(2) C U(1)
> massive states < SO(3) C SU(2)

Minor complication: spinorial reps use groups’ double covers

U(1) and SU(2) arise naturally in spinor helicity
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Spinor map

Basics of spinor helicity

» Minkowski space isomorphism:”

2x2,C 1,3
MHermitian A R
Dos (p —p —p1+ip2)
pt—ip*  p’+p?
det{paﬁ} =
0l =(59) 0t =(08), 0" =(070) " = (6 ), e’ = —eap = (%0)
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Spinor map

Basics of spinor helicity

» Minkowski space isomorphism:”

2x2,C 1,3
MHermitian A R
Do (p —p? —p1+ip2)
pt —ip?  p'+p?
det{paﬁ} =

» Lorentz group homomorphism:
SL(2,C) — SO(1,3)

1,
N Saﬁpg:y (5’57)* = pt—= LYY, LF = B tr(U“SaVST)
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Massless vs massive spinor helicity
Arkani-Hamed, Huang, Huang '17

MASSLESS MASSIVE
det{p,3} =0 det{p,;3} = m?
Pog = Apaj\p,@ = |p>a[p|[3 Pog = )\paeabj\ b = |Pa> [Z?a|g
det{\,o det{A =m
p* = 3 (plo*Ip] p=3(p IJ“Ipa]
sAp =0 Page? =mA, g
(pq) =—(gp) = (pp)=0| (p*¢") = —(¢"p*) e.g. (p®p") = —me?®
padl =—lgp] = [ppl=0| p*¢") = —[¢"p"] eg. [p"p*] = me®®
(pa)lap] =2p-q (p°q")avpa] = 2p-q
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Wavetunctions from helicity spinors

+ +
o _i<q|0“|p] & P=¢q=0
V2 (ap) P a’ + q"p”
= EM EV_—FSH,EV — _nuv+
et ::41,<pkﬂﬂQ] p+Ep p—Cp+ Dq
=72 d by = _gh-h)
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Wavefunctions from helicity spinors

+ +
oo L ldlo"p] & P=59=0
V2 (ap) P a’ + q"p”
= Eu 5”_—1— euigu — _nuv+
o i(pla”lq] p+~p p—"p+ p-q

b ha _ _sha(—ha
[pq] ghighr = _gh(=h2)

S

0 = m)uy = w3 —m) =0

_ ab
a_ (1P _a _ (— (" iy = 2me*
=) Tl T " pread
Uy u = 2pte
uupa—u eabu =p+m

(]zi—i—m) :va(yf—i—m):o
ab

—|pa a 7% = 2me®
vl = ( |pa>) e = (<pa|) = "7 ,
Ip?] [p?| Up7“vp = —2pte”

a— _ .a ~b __
VpUpa = Up€ablpy = —P+m
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Little-group transformations

Consider Lorentz transformation p* — L, p”

MASSLESS:

Ip) — S|p) = €'*/*|Lp) (p| = (p|S™" = /2 Lp|
p] — ST71p] = e /2| Lp] [p| — [p|ST = e~*/2[Lp|

+ + . oFip-E
= e, = Le; ~e €Ip
e c U(1) encode 2d rotations in frame where p = (E,0,0, F)
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Little-group transformations

Consider Lorentz transformation p* — L, p”

MASSLESS:
p) — Slp) = €*/2|Lp) (pl = (p|S™H = €"/%(Lp|
p] — STp] = e /2| Ly bl — [plST = e7*/?[Lp|
+ + 6+
= &, — Lejy ~ ejF“z’st
e c U(1) encode 2d rotations in frame where p = (E,0,0, F)
MASSIVE:
") — S|p®) = w|Lp®) p®) — [p") S~ = w%|Lp®)
p°] — STHp"] = W[ Ly’ [p*] — [p*[ST = w[Lp"|

w € SU(2) encode 3d rotations in rest frame where p = (m, 0,0, 0)

15 /42



4-pt Compton amplitude

16 / 42



Feynman-rules calculation of A(1%, 37,47, §b)

3~ 4+ ;
E é 0% AT +.b
YRR (af £5 Pr3+m) £4vs)
1@ 2b 2(513 m )
3~ 4+

= s e eD - P + 2w @t AT
1a§2b —2(p3.gi)(ﬂ,‘f¢§vg)}
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Feynman-rules calculation of A(1%, 37,47, §b)

E ? :_mw%%wm)mé)
1¢ 20

Yo S = %34 {(e5e) @ = Bo)od) + 2pa-3 ) (5 £ 0))
. § . ~2ps-<f) (5 08) |

» plug in external wavefunctions:

3= S L) aslpaslan) [42°] + (1051 Blprsl] (022"

(s13—m?)[3q3](4qu)
1a -4%;4-54— ob —m(193)[q34](q42°) — m[1%gs](3q4)[4 2b]}

—1

1
{— 3 (3¢4)[43] ((1°|ps —pa|2°] + [1%|p3 —p4[2°)

¥ 7 B (dan) )
5 — (3]4/g3] ((1“qa)[42°] + [1°4](g42"))
1¢ 2b a )

+(qa|34]((193)[g52"] + [1%5) (32" }
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Feynman-rules calculation of A(1%, 37,47, §b)

3~ 4t i
% g =——— (uff3 +m +’Ub
Lo o 2(813—m2)( l}é.?) @13 )/54 2)
3 4t 1

= {5 ) (@ W= Ha)0h) + 2(pa-e3) (a8 £ o)

2834
—2(pg-e])(at £505) |

-4

1@ b
» plug in external wavefunctions with ¢35 = p4, q1 = p3:

3~ 4t

& § o no (90 E)
1 2

» spinor helicity helps regardless of method
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3-pt amplitudes

Modern methods require on-shell 3-pt input only

3te
194 /%\\ 2b,j
a ob _ Z,TZCJ_ a b a b — _4T¢ <1a2b>[3‘1|Q>
AQE2,30) = — 5 (1) 23] + [1°8](2)) =~y e = A
a -\ _ ZT@% a a _ c[laQb]<3|1|q}
A(17,25,30) = 34 ((1%3)[2°q) + [17q)(2"3)) = T —Bd
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3-pt amplitudes

Modern methods require on-shell 3-pt input only

3te

1a7i/%\\2

%J
A2, 37) = 2 (109)23) + 193)(20g)) =~ L)
b5 =5, G
a -\ _ ZTY% a a . c[laQb]<3|1|q}
A 2,3) = B (gt + gl = g o

NB! Independent of ref. momentum ¢

p2—m? = (3[13] =0 = Jaz € C:|1]3] = —ma3|3)

[3[1]g)
m(3q)

indep. of ¢
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BCFW calculation of A(1%,37,4™, Qb)

o 1Bl = 3] =13] —zl4]
BCFW shift: . = A — A(z)
4) = |4) = [4) + 2[3)
Britto, Cachazo, Feng, Witten '05
dz Az)

2 z

= A(0) + Z L Res A(z)

2 2=z
poles of A(z) p ’

Residue thm: 0 = f

20/ 42



BCFW calculation of A(1%,37,4™, Qb)

3] = 13] = [3] — z|4]
[4) = 14) = |4) + 2[3)

4

BCFW shift: { A — A(z)

Britto, Cachazo, Feng, Witten '05

) dz A(z) 1
due thm: 0= ¢ = - -
Residue thm: 0 me' , A0) + Z - ZR:ezSpA(z)
poles of A(z)
! ~
! i
|
|
P:
= Res A(1%37,4%,2") = A(1%,3~,—P°) 2,4(156,21#75”)
Z=2z13 S13 — M

:@wvﬁﬁ1<>“””“”—Hmﬁpw«R$WM+mA@%»
= ﬂ(@ 3>[2b4] + [1a4]<2b3>)

(s13—m?)s34
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n-pt amplitudes via BCFW
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BCFW recursion for A(1%,3%,... n™, §b)

+ (n—1)*
. 4 . (n—2)* | P
n : |
1@ Qb 1a P i 2b
zm<1“2b>[3|H {Pls Vg1t (s13.5 — }|”

 (s13=m?)(s134—m?) ... (513 (1)~ )<34><45> -(n—=1[n)
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BCFW recursion for A(1%,37,4%,... . n™, Qb)

4t 5+
4+ ZL+ 5+
3= ' p
3- nt i e
= - A 6+
P :
1@ 2b 1@ | 2b

| 1@ ob nt

~i(3[112(3) ((193)[2°[1+2]3) + (2°3)[17[1+2[3))
512(34) ... (n—1|n)(3|1|1+2|n)

”f m3|p Ps.x|3) ((192°) (3|4, Ps._k3) + (193)(2°3)s3. 1)
P (813..k—m?) ... (813, (n—1)—m?) (34) ... (k—1|k) (3P Ps5...k|k)

><<3|JD3 kI {P1s.i By + (5135 — m?) }In]
(3[#1 Ps..klk+1) (k+1]k+2) ... (n— 1|”>
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Four-quark amplitudes

Lazopoulos, AO, Shi ’21

A(17§7331757"'7n’) :A(1753331757"'7n’) _-/4(1753371757"'7”)

identical flavors from distinct flavors

N E4 o T ety + (et @) + (103 2P 4 (195720 a)

1% 512

Color ordering from adjoint rep.: T2 — fiag
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Adding gluons to four-quark amplitudes

. 3(1 _
X :i{[1“5]<2b3“>[4d5]+[1“5]<2b4d>[3c5} + [125)(2°3°)[445] 4 (123°)[2°5][45]
N (1249 [2°5](3¢5] + [125](2°3°) [495] 4 (123°)[2°5][4%5] 4 [125](2049)[3°5]

1a% 5+ (515 - m%)534 812(845 — m%)
512834

+512[5|1‘4|5} - (Slz_m%)[5|3‘§|5] (<1a4d>[263C] + [1a4d]<2b3c> + <1a3c>[2b4d} 4 [1a30}<2b4d>)}
s12834(s15 — m{)(s45 — m3)

s12(s35 — m2) s12(s45 — m2)

3¢
R _ Z{ (1249 [205](3¢5] + [125](24)[3¢5]  (123¢)[2b5][495] + [1¢5)(203¢)[445]

1“$§— 1
[5‘3|4|5] S (<1a4d>[2b30] 4 [1a4d]<2b3c> 4 <1a3c>[2b4d} 4 [1a3c}<2b4d>)}

s12(s35 — m3)(sa5 — m3)

Recall: fixed quarks 1 and 2 together by KK relations
Moreover, quark 3 maybe be locked in using (gen.) BCJ relations

Bern, Carrasco, Johansson ’08; Johansson, AO ’15
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Four-quark amplitudes with plus-helicity gluons
Lazopoulos, AO, Shi '21

—1
A(1%,2%,3¢,5%, ... n* 49) = =t
s 11753 (ili+1)

(14) [23][d5 3| Pis...n|d5] — (14)[2]d5][3]d5] Das...n + m(13)[2|d5] (4[3]d5] (3.10a)

IT=5 Daj..n(513[d3]

X

n—1 n—1

i—1
+ (13)[2|Prs...n[3/d2] ([4n] I Dason +m S il T D4j___n)}

j=5 i=5 j=5

n mli—1li)e? , |d?
I g _ m(i '\t>[5171\ vl ; _ §
=S 11525 Dss..j Ij—iv1 Daj..n(Dss...i-1) (i=1|Pyi._n|d}] + Da._n(i—1| Pss._.i—1)|d}'])
o [(1\P4z.unld§‘][2|d{’](34> N (7| Pra| Pyi...n|d7']

(il Pai..n|d?1] D5 i(i| Pygig1y..nldf 1] + Dagigr)..n (il Pas.ild}y ]

(L5 [21d7](34)
x ((14)[2\P12|3) + (1Pa_n|2)(34) + m)} }

(3.10b)

+ (14 2).

» cluon insertions between like-flavored quarks 1 v

» gluon insertions between distinctly flavored quarks v
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Formulae against off-shell recursion
Lazopoulos, AO, Shi ’21

Eval. time, ps

108 Solved QQqqg All-Plus
(a=2.1)
Solved QQqgq All-Plus
(a=1.9)
1000
Solved qgq One-Minus
(a=2.1)
100+
Solved qgq All-Plus
(@=1.0)
10+

Num. eval. times against in-house impl. of off-shell BG recursion
Berends, Giele 87
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Massive higher spins
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2-matter all-plus amplitudes

> 2 Scalars + (n - 2) gthIlS ln gauge theory' Ferrario, Rodxibo Talavera 06
2
m*|3 13.. + (s13.. n
A(1,2,3%,...,n") = BT {Pra.j B J2 m?)}in]
1725 Gli+1) (s13..5—m?)
» 2 quarks + (n — 2) gluons in gauge theory: A0 ‘18
A(1,,2°,3%,...,nT) = im(la 2b>[3|H 3{Ps. ¥ T (5135 — m?) }n]
[15=5 Gli+1) (s13...,—m?)
» 2 massive higher spins + (n — 2) gluons in gauge theory: Lazopoulos, AO, Shi *21

n]

o (1272 3| [ 1525 { P13..j Bjs1 + (s13.5 —m?)}

A1y, 20 3% .. nt) =
(Lay m2 21123 (| +1) (s13....;—m?)

» in other words:

1a2b ©®2s
A1y 29, 5% o) = B2 0 5 )

» fails for other helicity configurations already in QCD!
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AHH amplitudes & black holes

3-pt amplitudes singled out (and misnamed as “minimal coupling”):
Arkani-Hamed, Huang, Huang ’17

3t

_ <1a2b>®25M(0,+)
m2s 3
1{a} Q{b} p3 - S

Méo’i)eXp<¢ — >

Guevara, AO, Vines ’18, '19

3~ class. limit

P
2
1{a} Q{b} me

Kerr’s spin exp. from Newman-Janis shift, e.g. Arkani-Hamed, Huang, O’Connell 19

» high interest e.g. in view of GW applications

» higher-point obstacles (unphysical pole at 4 pts,
identifying BH vs NS etc., NLO grav. interactions of Kerr)

» multitude of genuine higher-spin theories still to discover
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Symmetric tensors need transversality

Standard (non-chiral) choice — sym. traceless tensors @, .

Recall Lorentz group homomorphism:
SL(2,C) — SO(L,3)
VMUZB = VaB — SQWV,YS (Sﬁé)*
—_————
SPINOR MAP
. L B s
Also: (bal.“ozsﬁl...ﬁs = (I)mmusaalﬂ'l T b
= denote as (s, s) rep. of Lorentz group SL(2,C)

1
= VIS LV L = tr (6" S0, ST)
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Symmetric tensors need transversality

Standard (non-chiral) choice — sym. traceless tensors @, .

Recall Lorentz group homomorphism:

SL(2,C) — SO(1,3)

V“UZB = Vaﬁ — Sa’YVvs (Sﬁé)* = V¥ S LM VY, LF, = %tr(&”SUVST)
——

SPINOR MAP
. A mio L s
Also: éal.“asﬁl...ﬁs . (I)Mlmﬂso-alﬂl a-asﬁs

= denote as (s, s) rep. of Lorentz group SL(2,C)

Problem: too many DOFs!
i.e. highly reducible under Wigner’s little group SU(2) C SL(2,C)
(decomp. into sym. SU(2) tensors of rank 0,2,...,2s)

= transversality constraint for irreducibility (also for energy positivity):

(0% +m*)®,, .. =0, My =0

indeed, # of DOFs: Ls+2)(s+1) —1s(s—1)=2s+1
| A — N——

3d sym. tensor components traces
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Auxiliary fields & massive gauge invariance

Lagrangian descr. of constr. eqns (92 + mg)(b,“mus =0, 0P, 0, =0

requires aux. fields; originally: Fiers, Pauli *39; Singh, Hagen 74

sym. traceless @, ., Puype 0r Puriipiegre o3 Pp, @
auxiliary
More recently: Zinoviev *01
sym. double-traceless @, .., Py 1> Puyippons- -2 P, @

auxiliary

0Py s = 0 €pneoi) T F Mg o€z + - - -
0Puycper = OurEpapia—r) T MEpr s + #FMN 1 o €pigoppay) T oo

0Py = 9uéuy + mpw + FHmnu§ + ...
0Py =0 +méu+ ...
0P =m¢, ¢')\H>\uu5»-~uk = §Muu3---uk =0

1st-class constraints instead of 2nd-class (more aux. fields streamline analysis)

systematic introduction of healthy interactions

still highly non-trivial, order by order

vvyy

no (flat-space) results beyond cubic level (trivalent vertices)
until Cangemi, Chiodaroli, Johansson, AO, Pichini, Skvortsov '2232 /42



Free massive higher-spin theory
AQO, Skvortsov 22
Start chiral, no need to remove DOFs!
1 m?

ﬁo = 5(auq)alma%)(8M¢‘a1...a25) - Tq)al---fms@alma%

Free field expansion for KFG eqn:

d3p p(al . paQS) N i

+ (_1)23 ‘p(a1 >Oé1 '7;,1:S|pa23)>a2s aTal"'GQS (]_),\) esz}

pO:1 /i;‘2+m2

Massive spinor helicity ideal for ext. wavefunctions!

1
@T p,ay,...,02s = E|p(al>al N |pa25)>a25
2s
@prfllwuaazs = (71)

|p(a1>al' o |pa25)>0¢25

ms
) B2s
{ar..az} ] @{Blﬂ%} 26(()4117 55)
o p _mZ

chiral fields for s < 1: Chalmers, Siegel '97, 01
s < 2: Delplanque, Skvortsov '24 33 /42



Gauge interactions

1 a m?fa} A
Ly = §(Du‘1’{ Di(DFRay)i — 5 @ ifay — EwE,

- _ AALA A By _ pABC,C A A
D'u -—au—i_gA'u,, A/,L_Aut 9 [t 7t ]_f t I’ tl]__t]l

Ap
A3

k :gtijg/il...5§Zz)(pl _p2)u
(I)li{alu.a%} ¢§7ﬁ1ﬁ25}

A Apv
= —ig” [tikti + it 1ay -0z

q)li{aL..aQs} (1)3]5_1...525}

» Amplitudes are simply (not only all-plus!):

A(l 2{b} h3 hny <1a2b>®28A 1.2 hs hn
(1gay, 21037, o) = 22— A(1,2,3%, )
) <1a2b ©2s 304d>@23

A(Lgay, 21 3,418 50 L phn) = >mis A(1,2,3,4,5" . nhn)

2o (144%)0%(3,20) 02 -

+(_1) m4s A(1’47 ) a5 53"'377’ )

1 AQ, Skvortsov '22

3442



Electromagnetic interactions

Restrict to SO(2):  f4B8¢ =0, tf}:l = €V

plod .= gl 4 jpled
=L D, =0, —iQA,

olo} = !} — ol

—~—

Lo = (D, @{e})(D'D ) — m*ei ey, — iFWF“”

AOQ, Skvortsov 22

Ay

)}\\ - iQéggl. ) .5(@32)(172 —p)t
E)1{041.@25} (I)gﬂlmﬁzs}
Ab Ay
>< = 2iQ25&,61’1 . 653?77“”
q)gﬂlwﬂzs}

&Sl{al ..02s}
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Gravitational interactions
AOQO, Skvortsov 22

1 m?_ .,
Lo = Vo] H (TN T 0 () - T alag, + ),

Viu®a,..as, = 0uPay..az, + 2swﬂ7(a16¢a2---a25)6

Anti-self-dual spin connection w, " := %wu”pal;’wy(ﬂﬁ

P SDGR e.g. Penrose ’76
b ,
14 m
= /g\ = iﬁ(sggl' o 5@3? [Pgupg) + 277NV:| , etc.
@l{alu-a’zs} @;BlBQQ}
> All-plus amplitudes satisfy
b
{6} 3+ ) = w + +
M(1gay,217,37,....n7) S M(1,2,3% . nf)
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Restoring parity

» chiral-field Lagrangian = chiral interactions (by default)
» for parity, need to add more interactions (natural in EFT)

> extended 3pt-parity-even Lagrangian:

Cangemi, Chiodaroli, Johansson, AO, Pichini, Skvortsov ’23

2
m?_fa
Lann = ( (1) (DD y)i — ?(I)z{ }‘I%'{a}

25—1

9 1 2s—1—
2 W( (al(%...Daka)@al QR OG4 1V Y25 —1 k)i(Fak+1Bk+1)ij

x (D1 (B D’Yk)ﬁk)@ﬂl
2s5—1
g _
L (D,@(Dre) — " (al0) - s 2 o (@l { (DID) o 7| }]@)

BkﬁkJrl'YlufYstlfk)j

[1 2b ®2s
m25

» reproduces both AéS’JF) {La :;;SG%A(O ) and .A38’ A(O )
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Rotating black holes



QCD (hel. £1, spin 1/2) vs GR (hel. +2, spin s)

QCD GR
A(19,203%) = zg<1a2b> M:(gs’ﬂ— ';(Tln22>s®225x2
A(19,37, 4%, 2b) = 62 (8[1]4)((123) [2°4] +[1°4](2°3)) M(11a}, 3- 4+ 210

(s13~m?)s34

-1
3-pt helicity factor x = fi(pl et) = [%(m € )}

Mg - (5 IO (93 (149 )

513—m2)(514—m2 <3‘1|4]

Together with cl. limit applicable to scattering of black holes!
Guevara, AO, Vines 18

Chung, Huang, Kim, Lee ’18
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Removing unphysical pole via higher-spin theory

> extended 3pt-parity-even Lagrangian:

Cangemi, Chiodaroli, Johansson, AO, Pichini, Skvortsov 23
1 m? 132 25—k—1 C2 o
Licen = r—g{2<vu<1>\w¢>—2<@r<b>—4 > 2wl (919) ®1R_\}\<I>>}+O<R2>
k=0

» chiral Riemann/Weyl curvature spinor is

1
6 .__ R« A 1 1)
R*aﬁ’}’ T 4 )\uypa-asgu E’BO"KO'pC

[1 2b ®2s

» reproduces both M§S’+) = WM?’H and M;(f’ ) M(o

m2s
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RemOVIDg unphy81ca1 F)Ole Cangemi, Chiodaroli, Johansson, AO, Pichini, Skvortsov 23

(3[1]4)* P> (13>[42]<3|1|4]3P(2s)+<13><32>[14][42]
m45512t13t14 m*ssiati3 2 m4ssig

¢ OO o zyaa) )

M(]_S’2573_,4+) = (<3|1|4] (23 1)+m <3‘P|4] (23 1))

m4s 2
(13)*(32) [14] [42]* 252 (25-2 ]
+ S o)) [+ )PP + (=P 4 el
After ClaSSical llmlt Kosower, Maybee, O’Connell 18

Aoude, AO 21

M(1,2,37,47) = M? (ex cosh z — w e”sinhc z + #E(:c,y7 2) + (w® = 2%)(z — w)E(x,y, 2)

2 2\2
w —z 4
- %(8(%,?}72) +77(€(.’L'7y72))) +aotg¢00)7
Ti=a-qu, y:=a-q,
z::|a|p7.ql, wi= T XP AL
m pP-X

» meshes well with Teukolsky eqn solutions

Bautista, Guevara, Kavanagh, Vines ’21

» compatible with other amplitude results Bierrum-Bohr, Chen, Skowronck 23

» used in cutting-edge 1-loop calculations

Bohnenblust, Cangemi, Johansson, Pichini '24

Alessio, Gonzo, Canxin Shi '25
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Summary

SU(2) covariance < arbitrary spin projections
Elegant form for two-quark amplitudes with

> all gluons of same helicity (e.g. all plus)
> one gluon of different helicity (e.g. one minus)

AO”

New analytic results for four-quark amplitudes
Lazopoulos, AO, Shi

Applicable to any massive particles with spin, black holes

Guevara, AO, Vines 18,
Aoude, AO’

New chiral-field approach to massive higher spins
AO, Skvortsov

New results for quantum higher spins and rotating black holes

Cangemi, Chiodaroli, Johansson, AO, Pichini, Skvortsov ’22,

21

19

’22

’23

42/42



Thank you!
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Backup slides



Solution to BCJ relations

Bern, Carrasco, Johansson '08
Johansson, AO ’15

BCJ relations:

|ot] .
A(lagaaafsaﬁ) - Z A(l,§,3,g)H“F(C]’—U’1|Z)2

X S . —m
UES(O&)UJ/B i=1 2,a1,...,04 2

Kleiss-Kuijf basis of (n — 2)! primitives {A(1,2,0)}
= BCJ basis of (n — 3)! primitives {A(1,2,3,0)}
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Solution to BCJ relations for QCD
Johansson, AO ’15

General BCJ relations:

|a|

_ - F(g,0,14)
AL2,0,0.8)= Y AL2,4.0)]] opp——L
Z:1 b EARAS) 1

where « is purely gluonic
Melia basis of (n — 2)!/k! primitives
{A(1,2,0) | 0 € Dyck,_; x {gluon insertions}, o }
= new BCJ basis of (n — 3)!(2k — 2)/k! primitives

{A(1,2,9,0) ‘ {g,0} € Dyck;_; x {gluon insertions in o},_o }
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Helicity basis

Arkani-Hamed, Huang, Huang '17

Take p* = (E, P cos psinf, Psin¢sin 6, P cos )

%) = A, vE—- Pcos2 —VE+Pe Z9"5.111

P vE—Pe Z‘Psmg \/E+Pcos2

p?| = 5 a —v E+Pe wsmg —VvE—- Pcos2
~ Tra E+ P cos 9 —vFE—Pe W’sm

Then
1

st (up) = 5— z lipa Yy uy = (~1)""'s))

s = E(P’ E cospsinf, Esinpsinf, F cosf)
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Comparison with earlier results
Older reference-momentum-dep. spinors:

oot _ (W= - omt (1P
e ([m—[p'w) » (@) v ‘( !

e —(p*l= —(p’| o —[p?
Up : _< 2 — _ mlq] u:(‘]) Up P = |p2

Pl = TR

Kleiss, Stirling ’86, Dittmaier 98, Schwinn, Weinzierl *05)

= Analytically retrieve older non-SU(2)-covariant formulae
Schwinn, Weinzierl '07

1 oe 4t £52 —i(2°3) (317 Bsil3)?
AL 37,47, 0t D) = (1°3)(34) ... (n—1|n) kZ; s3..1(3|#1 Pk |K)
o is m? (k|k+1)(3[ 3., /»H? el (513, j—m )= ¥; biz..j } In)
o PP ——" (813, (n—1) —m?) (3|1 H3. x|k +1)
i(1°3) O (3l# Hskl3)?

2 o
A% 4%, 2 )= (2°3)(34) ... (n—1|n) k2:4 s3.x(3[#1 B3 lk)

Ao s, MR B 1 TTo (1. = M)~ F s s}l
ke Ok g o —m?) - (s13. (n-1)—m?)(3|Py B3, x|k+1)

2 o +352y _ i(1°2") "N (3 Pskl3)? s3..1(32")
AT ) = g TTe] 2 55 < Bl o) [” Bl uzfﬁ\?)]

A s MR I T {1 ;-—m) ¥ his i} 1)
e O T ik —m2) - (513 (ne1)~m2) (31 o k1)
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Four-quark amplitudes with plus-helicity gluons
Lazopoulos, AO, Shi '21

gluon insertions between like-flavored quarks (see above 1) v

gluon insertions between distinctly flavored quarks (see below |) v
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Four-quark amplitudes with plus-helicity gluons Lsononlos, A0, Shi

6+
5t nt
44 1@
> 3¢ b
A(1,20,3° 4 5t = { T ! _ 2
1555 Gli+1) LTI} S5 Daild| Pra|3| Prz1]d3)

[enl3]d3111Prosld3] (1as o151 4 oy i1 1

{Dm(nlpmld,, 1 <<13>[2‘d"] * <2'})[1[d"]> + s12(n| Pra|3[ Praad), 4]

[M<12>[d IPral31d5) ([317) (41 Pial 3] + feal 5131 Prold3])
+m(34)[d3[2]1]d%)] ([l\dﬁ](2|Plg\d'Z] + [2\d:]<1|Pm\d;3])] (3.33a)

+ Dl \Ez ‘IJP‘E‘I‘Z] P ]{(24)[1\4;1][3\[15,]+<23>[1\lzz][en|s] +”" M (12) (ifi+1) ([31d7] (4| Ps...:|d5] + (3|Ps...ild7][e]5]) [dF | P...:[3]d7)

o T”pm‘du]“ 1 n nlln_1 . 5.0 [0S Dot T1s Dacok (b1 P il 3| Ps_ld?)(i| Py._i— 13| P .im | d2_4]
- LB (152 + (o)) + g LI Ps 28P ]

[d3|Ps...i]2I3| Ps...i| 7]
x ((13)[21Przsm) fenl5] + 23){11 Przsl) fen 5] - m(13) (n)[2]d5] — m(23)(dn) mdm)ﬂ N Z {30 li+1)
S MG+ 1) lat, 3] [d2] P Pl ) =2 394 T3 DactilPo.. o) BIP..-p -]
2 [Py 2[3[Py 1| 15 Dot TTes Dok (Daii + 1Py i|d] — Dy_i(i + 1|Py_|d?]) [[15\1’7 211 Py il AP (L] Ps.ld?) (2] Pra | Py..ildF] + (2| Ps...ild]][1| Pro| Py, .i|d3])
(1P| Py o) s12(nl P2 2| Ps_ild?)(i+1|Ps_s[3|Ps._i|d7]
{Dq P o] Dy Py |l + M4 23] Mg, (42122 ild?)lay A7) (12)[dF1Ps..of20d3) + (1IPs. o\dE)(2IPs..i1d2])
102 Do i+ 1Py 2| Py ild2)[d3| Py _i[213| Py, ild?)
e (1P| Pa_a1) (23) (e8] — Da._o{1i)20) 31 (3.330)
Diy..ilil Pa...i-yld}_y] n-1 M (k4@ Py..o|2| Py | Py i|d)[al | Py x| Py ald?
_ _ " Z 2| Ps_i[2|Ps_|Ps_ild7)[ag | Ps. x| Ps_ild3]
+ (1| Py, d2)(23)(40) + ML3) (| Pa..i|2)[ed]5] + mM (13)[2]d2) (43) + m’<1f><23>[m\51)} W5k TGk Doy (kIPs_xl2(Ps_i[d?)(k+1Ps_[2|Ps_i|dZ)(i-+1[Ps_i[3|Ps_i|d}]
n ﬁ [(1\P23\d5]<23>[e,\-5] = (U[Py_i[d?][3]d?)(24) + M <1s>[zwdfue,\s]]] < (23 1P..al2|Po..kl Po..ildf) + 5.1 Po..aldF) 21 Py ...\di’])} }
4. (i-) 1%
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