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Introduction: amplitudes meet GW



Gravitational wave: new window to probe our Universe

New physics!
» Probe dynamics of black holes
» Test general relativity
» Black hole formation
» Early universe
Future ground based observatories
» Advanced LIGO
» Einstein Telescope
» Cosmic Explorer
Future space based observatories
> LISA
> Taili
» TianQin

Require accurate theoretical prediction
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Accurate theoretical prediction of the GW production puts challenges on the
understanding of its source



How to organize perturbations?

» Post-Newtonian (PN) expansion
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Khalil, Buonanno, Steinhoff, Vines, 2204.05047
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Amplitude-based methods naturally lead to PM expansion

PM expansion is relevant to bound orbits with large eccentricity and scattering process



Why don't we just use numerical relativity?

Numerical relativity provides the most accurate observables (waveform, scattering
angle, etc) for binaries with mass ratio ¢ ~ 1

» Works for the entire binary merger process
» Numerical error under very good control (can be considered as the TRUTH)

» Computationally expansive: need days of computation time on a super-computer
to produce one waveform template

» Matched filtering analysis requires a dense sampling of the parameter space

> In light of future observatories, we need ~ 10° waveform templates

We need analytic perturbative computations to efficiently generate observables



Why amplitudeologists are working on GW?

It all starts with an enticing invitation

PHYSICAL REVIEW D 97, 044038 (2018)

High-energy gravitational scattering and the general relativistic
two-body problem

Thibault Damour”
Institut des Hautes Etudes Scientifiques, 35 route de Chartres, 91440 Bures-sur-Yvette, France

®  (Received 29 October 2017; published 26 February 2018)

A technique for translating the classical scattering function of two gravitationally interacting bodies into
a corresponding (effective one-body) Hamiltonian description has been recently introduced [Phys. Rev. D
94, 104015 (2016)]. Using this technique, we derive, for the first time, to second-order in Newton’s
constant (i.e. one classical loop) the Hamiltonian of two point masses having an arbitrary (possibly
relativistic) relative velocity. The resulting (second post-Minkowskian) Hamiltonian is found to have a
tame high-energy structure which we relate both to gravitational self-force studies of large mass-ratio
binary systems, and to the ultra high-energy quantum scattering results of Amati, Ciafaloni and Veneziano.
‘We derive several consequences of our second post-Minkowskian Hamiltonian: (i) the need to use special
phase-space gauges to get a tame high-energy limit; and (ii) predictions about a (rest-mass independent)
linear Regge trajectory behavior of high-angular-momenta, high-energy circular orbits. Ways of testing
these predictions by dedicated numerical simulations are indicated. We finally indicate a way to connect
our classical results to the quantum gravitati scattering ampli of two particles, and we urge
amplitude experts to use their novel techniques to compute the two-loop scattering amplitude of scalar
masses, from which one could deduce the third post-Minkowskian effective one-body Hamiltonian.

DOI: 10.1103/PhysRevD.97.044038



Latest progress

F——— GR method —3

1687 1938 1973 2001 2019 in progress
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Notably, the 5PM 1SF result is obtained through an improved world-line formalism

incorporated with amplitude ingredients
Driesse, Jakobsen, Mogull, Plefka, Sauer, Usovitsch, 2403.07781
Driesse, Jakobsen, Klemm, Mogull, Nega, Plefka, Sauer, Usovitsch, 2411.11846



From quantum to classical two-body problem

= Ts —3 —r—3
= Ao —3 \
AN\

R

Classical contribution is encoded in every loop order

Ao < rs = Gm?>1

rs LK r = Gmg <K 1

G'mgq is the small parameter in the classical perturbative expansion

Ao <r = g/m<1

Expand in small momentum transfer and keep only the leading order
(Bohr's correspondence principle)
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Classical amplitudes and EFT matching



EFT matching using amplitudes Cheung, Rothstein, Solon, 1808.02489

= Ts —3 17 —3
— Ao —3 \
ANANNANN-

E- BN

Full theory:  Span = —ﬁ / d*z\/—gR — % / d*z (9" 0,0:0,¢i — mi¢7) + O(R*¢?)

i=1,2

Implemented by method of regions Classical limit (g,¢, G) — (hg, L, ﬁ_lc)

B, iy, fe-phy/Srieen Integrate out soft gravitons

Y
Eikonal formula
Observables «——— Mqpr = MEgpT
A
Vpum given by an ansatz
EOM Solve Vpy by matching amplitudes

Effective theory: Seg = /dt {mm/l —vZ+may/1—vE— VPM}



EFT matching Cheung, Rothstein, Solon, 1808.02489

» Full theory: Schwarzschild black hole = scalar field ¢

L= ﬁ{ 167rG’ Rt3 Z "‘9u¢1'3v¢i—m?¢?)}+O(R2¢2)

112

> Effective theory: potential V(k,k’) given by an ansatz

%[ 3 al(-k) (mt + /K2 +mf)a1(k) - éTk);V(k, K')al (K)as (k)ah (—k')az (k)

1,2

» Solve the EFT potential by matching the full theory and EFT amplitudes
order-by-order in G in the classical limit

L classical limit (L)
M( ) MEFT
p2 T T T ¢ ha
» qi o D2e {— ht
1 L L L
E———— GG
N/ [

no massless loops (quantum)

b ! . . (L)
no massive contact vertices (delta-function potential) Marassical ~ 73 2 (077“1)



Classical amplitudes

Tree level

Starting from the Lagrangian and g, = 10 + cKhuw

2 1 »
L= Fq[ — SRt 5 Y (9" 0u0i00i - m?qb?)] r? = 32nG

i=1,2

We derive the Feynman rules in the de Donder gauge

_ ) v po g 2
—_— = m M- = ﬁ NupNvo + NuoNvp — mnwnpa
2
124 v K
= rpipy — 57" (pr-p2 + m?)
1
2

w

(144 terms)



Classical amplitudes

Tree level
We define a set of convenient variables such that p; - ¢ = O Landshoff and Polkinghorne 1969

PL=pi+q/2 P2=p2—q/2 WmI=p, y=p P2
Full quantum amplitude

Q) q>©< _ 7&-2m§m§§2§2 — 1) #2(md + 4m3 + 31%¢°)
: 2h3q 32h

classical higher order in g, quantum

. q 1 . . .
Classical amplitude x = o for Einstein gravity
x =0 for N = 8 sugra

& 9).=9) =97 9)
% K M —x
Mc(l(f)t) S qT = *# (restoring d dependence)
q
1

Impact parameter space FT[f(¢%)] = / o= 952 - )3 2Pz ) f (@) B(x) = 2m0(x)

qft-cl

] _ K2mame(y? — x)(—mb?) T (—¢)

16m+/y% — 1

5O — pp [M(O)



Classical amplitudes
One loop

We use generalized unitarity to construct the integrand
Bern, Dixon, Dunbar, Kosower, hep-ph/9403226, hep-ph/9409265

do not have
spanning cuts: other cuts like new contributions
in the classical limit

We use the full quantum gravitational Compton amplitude as the building block

i’-@"i: ; = (22 terms)

The part of quantum integrand that contains the classical contribution

e =TT+ S+ N+ N




Classical amplitudes
One loop

Method of regions expansion (¢, ¢, G) — (fig, il, i~ 'G)

1 1 1 q-4— 02 n
(p1+ 002 —m2+i0  h2p-£+i0  (2p1-L+1i0)2

Integral family in the soft region

IalaQ[N] :/ ddf N(ﬁ)
tE (2m)4 (2p1 - £ £ i0)21 (2p2 - £ £ i0)2202(L — )2

Master integral basis under IBP reduction

ik*mims(2y® — 1)? 3r*(5y% — 1)

MY = — To+ =55 [m?m%h o mfmézv} +O(h?)
super-classical ]\/Ié;t)_sC classical I\f((l}r‘)id
Io — m d’e 6(2p1-0)5(2p2-4) _ e“m T(—€)T(1 +¢)
(2m)¢ £2(L—q)? 4 /y? — 1 (4m)' =T (=2¢)(—g?) ' T
i / d’e 5@2p-0) _ 1 To = / 4% 5(2p2-0) _ 1
@mteE—q9?  16mi/—¢* (2m)d 2(—q)*  16me/—¢>



Classical amplitudes
One loop

Leading order in i expansion (super-classical):

» IR divergent, but...

1 1
In=——|--1lo +0
- 8mmimay/y? — 1¢2 { g 4 } ©

» Does not contain new information at G2 order

qft-sc

1 2
FT [ MY ] =3 (i&“”) (iteration of tree level)

Classical physics at G is contained in the classical amplitude

M(l) _ 3N4m1m2(m1 + mZ)(Syz — 1)
qft-cl 128\/77(]2
] _ 3kt (1 + ma) (5y° — 1)
40967+/y? — 1v/—b2

50 = FT M)

qft-cl



Matching

Tree level and one loop

Effective theory: potential V (k, k') given by an ansatz

3 31,/
L:/%L;Q(zj(—k)(i[‘)t+1/k2+mf)ai(k)7/%V(k,k’)ai(k’)al(k)ag(—k’)az(k)

4G 22 G2
V(p,p—a) = 5o @)+ il e2(p?

)+

Feynman rules

k 1
S (BX) i
=~V k) T E-VE+m2+i0




Matching

Tree level and one loop

(E2,—p) (Bao,—p))  (Bz,—p) . 29K (g, —p)
Feynman diagrams
(E1,p) (E1,p") (E1,p) (Er + w, k) (E1,p")
Classical region: p’' —p =fiq,k —p =/l (E = E\ + B, and £ = B, E»/E?)
4G
My = == 51 (p°)
2m2G? m2G?
ML 2 1 2052 4 4g2 2 2\ 1, 2
e = =T e ) + Lo [(1- 39407 + 48 (07)d ()

N / A1 32E&r?GRci(p?)
Cm) T 21+ q)?(1 + 2p - 1)

super-classical matches exactly the iteration
R divergence cancels

Solve the WCs through matching

0) 1) 1)
M(O) _ qut'Cl M(l) _ qutfsc + qut-cl
EFT 4E1 E2 EFT

4FE1 E»



Cheung, Rothstein, Solon, 1808.02489

Bern, Cheung, Roiban, Solon, Shen, Zeng, 1901.04424
Bern, Parra-Martinez, Roiban, Ruf, Solon, Shen, Zeng, 2112.10750 Ey =/p? +m? Ey = /p? + m3
Bern, Herrmann, Roiban, Ruf, Smirnov, 2406.01554 Vv ! S 2

B+ B BB
. . o G" Py T my 4+ me - (Ey + Es)?
Hamiltonian: H = E\ + E> + ) chpM(p ) L mms LD
n=1 T (my 4 ma)? T mama
2 2
cipm = 7%(202 —-1) Westpfahl and Goller 1979
Bt
_ 71/2(m1 +m2)? [3(50% — 1) B 4o (202 — 1) X v2(1 —€)(20% —1)?] Bel, Damour, Deruelle, Ibanez, Martin, 1981
2P = ~2€ 1 ~E 2y3¢2 Westpfah! 1985
7 2 4y, 1
. VPm* | 3= 6y + 206v0 — 5402 + 108v0> + dve®  4V(3 1207 —do%) arcsinh /75
3PM = =

~2E 12 o2 —1
_3u7(20° — 1)(50% — 1) | 3vo(200% —7) N v%(3 4 8y — 3¢ — 1507 — 80y0? + 15¢07) (207 — 1)
21+ +0) 2v¢ ERS
283 —48o(20° — 1) v(1—2¢)(20° — 1)
! ~4g3 2~6¢4

(This is what Damour was asking for)

. hyp hyp 1SF
State-of-the-art: c,ph; and cspny

» cspm is not known to general relativists before computed this way
» cspum for GR is obtained using the amplitude-worldline hybrid method

Driesse, Jakobsen, Mogull, Plefka, Sauer, Usovitsch, 2403.07781
Driesse, Jakobsen, Klemm, Mogull, Nega, Plefka, Sauer, Usovitsch, 2411.11846



Gravitational tail

gravitational tails depend on the trajectory

M7 E3¢3 B3¢ EBE(3¢6-1)\
oo _ M2 [MP v (4/\/1L log (&) + M + M,)] 4+ D? [Tgc'}] 42 [(p—f + M) - 2E252c$¢2]

AR 2
1 4€—1 2E%3  EEBE-1) ) 4E2¢?
+ (D+ F) I:EE(Q(:N:;; +c)+ ( E + o + T A+ (a-39— 7 el (8)
d
where D = ﬁ Bern, Parra-Martinez, Roiban, Ruf, Solon, Shen, Zeng, 2112.10750
P



Comparison with numerical relativity

Fixed-order perturbative computation only works well for weak couplings

350 4 T ~1.023 —

1PM
0PN
2PM
1PN
3PM cons
2PN
4PM cons
3PN cons
3PM
4PM

#[deg]

Buonanno, Jakobsen, Mogull, 2402.12342
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350
300

Buonanno, Damour, gr-qc/9811091 Buonanno, Jakobsen

Effective-one-body (EOB) resummation is necessary for strong couplings
, Mogull, 2402.12342
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Bound orbits

PM-informed two-body effective Hamiltonian

binding energy

» Local contribution: direct analytic continuation

» Nonlocal (tail) contribution: supplement PN results from GR computations
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20 10

543 2 1

EOB conservative dynamics

predictions at O(G") accuracy X
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orbital frequency

Khalil, Buonanno, Steinhoff, Vines, 2205.05047
Snowmass white paper, 2204.05194
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54 3 2 1

20 10
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F — SEOB-5PM
SEOBNRYS with (ag. dso)
F---—- NR

0.50

0.40 0.45

v

0.30 0.35

Buonanno, Mogull, Patil, Pompili,

2405.19181



EI kona | IZAtION Di Vecchia, Heissenberg, Russo, Veneziano, 2306.16488

We have explicitly computed the impact-parameter space amplitudes up to one loop

5@ — pr [M“J) ] wrmnma (y? — 1/2)(—wb*)T(—¢) _ w*mma(y® — 1/2) [ 1

—2 —log(~t*) —
€

o 16my/y? — 1 167/y? — 1
4 _ 2
W _ @ 1 _ 3&*mama(mi +m2)(5y* — 1) ] L o)
60 =FT (M| = T FT [iM$,] = 5 (i)

Eikonalization conjecture
FT[iM(q)] = (1+iA)e™" —1
The conjecture is explicitly verified up to two-loop level
Di Vecchia, Heissenberg, Russo, Veneziano, 2101.05772
> 5 =059 + 6% 4 . encodes all the classical physics (generating function for

classical conservative observables)

o)

scattering angle: 6 = 2 time delay: T = B

aJ

> A=AD L A® 4 s the quantum reminder
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Spinning black holes and neutron stars



Black holes and neutron stars can carry spin

How to incorporate spin into the EFT?



On—shell description Of spin Bern, Luna, Roiban, Shen, Zeng, 2005.03071

» On-shell spin-s states are symmetric traceless and transverse b
€ajas...as = E(ajay...as) palgalag“.as = 7]‘11‘125(11(12...0,5 =0
> . .. . s + + + .
Classical limit == spin coherent state €,,4,. .o, = €4,€a, - - - Ea. With large s
€M™ . g5~ 8% (M) ") = —2is6 D582 52
by red b ged y cd o
EZ AMY MY} ~€;+q ~ S5 8¢ S = (1/m)e"® ipphd
» The spin tensor satisfy covariant spin supplementary condition (SSC)
S%p, =0 (5°® is boosted from rest frame %)
» Transversality and covariant SSC are related
> Spin magnitude is conserved: S*° S, ~ S*S, ~ 8% = const



Effective field theory for higher-spin particles
Vs = Ouths + (i/2)wpat M s
Higher spin quantum field theory (¢s = da1as...a,) S* = (—i/2m)e™* MqV,,
L= —%qss(v? +m?)gs + éRabcmsM“"Mcd% - %Rahbhv‘l(psg(hgh)quﬁs

2 —2D>

Do ai g yed E. (ai) b 2 rd yolewd) 3
+WRabchi¢s{M M} + Dy Rapea V'V s {M" i M3V V" g + O(Mpy)

We prefer to use a formalism in which the classical and large spin limit is
straightforward

> Contractions of ¢, facilitated by M“" only

> Propagator uniform in s: i5z(<z)>/(p2 —m?)

» There are additional lower spin (s’ < s) states in the spectrum

Problematic? Not in the classical limit:
» Ghost nature easily cured by an analytic continuation on classical variables
» We get a more generic non-rigid spinning object (more internal DOFs)
» Conventional rigid spinning objects correspond to special Wilson coefficients
Bern, Kosmopoulos, Luna, Roiban, FT, 2203.06202

Bern, Kosmopoulos, Luna, Roiban, Scheopner, FT, Vines, 2308.14176
Alaverdian, Bern, Kosmopoulos, Luna, Roiban, Scheopner, FT, 2407.10928, 2503.03739



Generalized spin coherent state

Bern, Kosmopoulos, Luna, Roiban, Scheopner, Roiban, FT, Vines, 2308.14176

The external state now contains lower spin components. Consider the coherent sum

— (s—1)
Eprotis = s + Uy Cpagenpis) T

Similar coherent sum was also considered in Aoude, Ochirov, 2108.01649, etc
Classical limit
5p . Mab X 8p+q ~ Sab Sab _ Sab + (i/m)(p“Kb _ pbe)
£y {MMY - £y ~ S
where K“ is identified as the boost generator, and S“bpb =K%, =0

> K emerges from the transition between spin s and lower spin states

» Consequently, $**S,, ~ 8% — K? is a still constant but 82 is not



Non-minimal interactions up to O(M?2)

Alaverdian, Bern, Kosmopoulos, Luna, Roiban, Scheopner, Roiban, FT, 2407.10928, 2503.03739

yibs = Oy + (/D M,
§* = (=i/2m)e""* MoV,

a C C
ﬂdn(v +m*)ps + Rabcd@M Pty — sz Basinn, V6 strsfIvle,
— 2D,

Dy ai y red
5 o Llabe i‘s MM El
+ 23 beaViods{ to + 2m

o RapeaV VI g (MO M}V V) ¢,

» The Ch-operator has an origin in the world-line formalism for neutron stars
Porto, 0511061; Levi, Steinhoff, 1501.04956

» |t is the only independent operator assuming that rest frame spin is the only
dynamical degree of freedom

» The Dy- and Es-operators supply additional O(SK) and O(K?) interactions

Dy =FE>;=0 —> Conventional compact object described by H(r,p,S)
Cy=Dy=E;=0 = Kerr black hole

Generic values: generic compact object described by H(r,p, S, K)



Two-body amplitudes

(super-classical)

P2, S2, K2

p1, 51, K1

p2, S, Ko

p1, 51, K1

MQ body _

P2, S2, K2 p3, S2, K
p3,S2, K2
p1, 51, K1 pa, S1, K1
pa, S1, K1
p;;‘Sz,KQ Pz,Sz,Kz 173,52,}(2 Pz,SZ‘Kz pg,Sz.,Kz
p4,51,K1 P1,5|,K1 p4,5|,K| p1,S1,K1 p4,S1,K1

Ao+ AL- S+ A2,1S2 + A2,2K2 + A23S - K+ A24(b- 5)2

+ Ass(p- 8)? + Ass(b- K)* + Az (p- K)* 4 A2g(b- S)(p- S)
4 Aso(L-8)(b-K) + As1o(L - S)(p- K) + As11(b- S)(L - K)
+ Az12(p- S)(L - K) + A2,13(b- K)(p - K)



Effective Hamiltonian through matching

Alaverdian, Bern, Kosmopoulos, Luna, Roiban, Scheopner, Roiban, FT, 2407.10928, 2503.03739

Consider canonical spin in the COM frame

H= \/p2+mf+\/p2+m§+zz (%)ncﬁ(pQ)Ea

a n=1

where the operators X, takes value in

1 (rxp)-S)/r*  (r-K)/r’
82/ @K (rxp) S/ (K
s? /1" (K- (p x 8)) /r° K*/r’

(p-S)*/r* (r-S)(xxK)-p)/r* (p-K)*/r’

e ¢ matches to the tree level amplitude at O(G)

e Iteration of ¢ should agree exactly with the super-classical box coefficients at O(G?)
e ¢ matches to the triangle coefficients at O(G?) order of V/

e The coefficient of (r - K) /r? vanishes identically

e All the ¢ coefficients are local in p?



Generic spinning body with K

An additional conservative gapless degree of freedom



Scattering off a Newtonian bound state

2 2

D2 P Gmpima Gmpama
=== H — —

2ma  2my + Ho(p,m) |R+ 72| |R— "BLyp|

2

o 2m2 2m1

|R| 2|RJ?

5 | P G 3G 1
_ P2 + + Ho(p,7) — mimz oSG UBM2 ((’I"-R)2 . §|r\2\R|2> T

Qij(mMQ

where m1 = mp1 + mp2 and pup = mpimpz/mi

“4(R)

T

b,




Scattering off a Newtonian bound state

+oo
. (PP /. |3Gupme o 1, 2,502
AHf_/oo die™™ <I‘W (r-R)"—g|r["|RI" )| f

3Gusmard. [2(b- A)? A2
216200 ]2

» Trajectory: R = (bs, by, —vot)
» |nitial and final state have the same energy; otherwise exponentially suppressed

.o . . 2
» Use elliptical orbit coherent state with bvg > 7c1,5, Bhaumik, Dutta-Roy, Ghosh, 1986

(alz|a) = rean [cos(?wclt) + sin(2x)]

(alyla) = rea,n sin(2wat) cos(2x)
(alzla) = 0

» Laplace-Runge-Lenz vector A = sin(2x)&



Scattering off a Newtonian bound state

M2 body ~ A2’1K2 + A2’6(b . K)2

Match to the field theory amplitude:
» Spin < bound system total orbital angular momentum
» Due to the geometric configuration, the spin does not appear in A;_,¢

» K-vector < Laplace-Runge-Lenz vector

» Wilson coefficient

RapeaV' "V o (M M}V V) g

E>
~ 2
2m*
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KMOC formalism Kosower, Maybee, O'Connell, 1811.10950
Observable in a scattering process:
AO = (Yout|Othout) — (Yin|Olthin)
- <¢)1D‘ST@S|¢ID> - <ll}1n|@‘um>
= (Y l[O, T]|¢in) + (Yin|T" 0, T |t)in)

N, v

Incoming state: |iin) = /d@[pﬂd(b[pg](;ﬁ(pl)(b(pz)e“’l‘b”i”z‘bz |p1p2)
Single particle phase-space and wavefunction:

avp] = (5 Fr2m00"50 —m?) [ delpliew) =1

We can compute observables by dressing amplitudes and cuts with the corresponding operators

AO :/d‘I’[pl]dq?‘[pﬂd‘ib[pll]dq)[p;]qﬁ(pl)¢(p2)¢(p'1)¢(p'2)ei(1’l*Pi)'leri(Pz*P/z)‘bz

x[i(91p5 110, Flprpe) + (pipeI 71O, Tlpapa)]



Classical observa bles Kosower, Maybee, O'Connell, 1811.10950

The wave packets are highly localized, while ¢; is much smaller than their spread

/ A [p1]d®[p2]d®[p}|d®[p5)é(p1)d(p2)o” (ph )¢ (ph)e’ 1 —P1) brrtilpa=ps) o

d* q1 d* q2 ¢ 2 iq1-b1+igo-b s
~ 2p 2p: q1:o17eazb2 o(x) =270 (x
[ i i en - a)den - w)e (x) = 2m0(a)
Resolution of identity in the two-massive-particle subspace

I= zx:/dq)[h]dq)[?“g]|T17"2X)<TIT~2X|

Expansion in the soft region (g;, ¢, k, G) — (hg;, ht, hk,fflG)

Classical observables

d d A i & /7t -
80u = [ G SIS - 00320 - a2)e ™ (i 4 0. Tllpapa) + (w4 110, T)pipe)



|m pu |se Through 3PM: Hermann, Parra-Martinez, Ruf, Zeng, 2104.03957

We compute the expectation value of
0=Py  PYlpy) =pilp1)

Tree level impulse

dYq iq-b K°mim3
[ApY] o :/(2 )d5(2p1 q)e" " (—ig") |~ 2%

classical tree amp

(2y° — 1)] K,Zﬁumg(Qyz —1) b*

16my/y2 — 1 (=b)
One loop impulse (from the S-matrix)
ApH _ a“ aq a‘ q2 3 g iq1-bi+iga-ba |/ 1 /M
[ pl](l,L) = (Qﬂ.) (2m)4 ‘5( q1)0(2p2 - q2)e [z(plpz\[IF’lyTlepﬁ]
_ [ 2% 05, ~q)e"q‘*’(—iq“)[M<1 + M0y
(2 amp-sc amp-cl
We have a classically singular and IR divergent contribution MY but fortunately we

qft-sc’
have not done yet

o) iktmimd(2y? — I)ZI B 3kt me (g + me) (5y® — 1)
WMLy = 1) 7

amp-sc R amp- ol = 128\/77(]2




Impulse

One loop impulse (from the cut) iy = % and i %
Yy - y? -

d d 5 N 7. iq1- iqo-be ~ N
e B L R T S )
' 505 b ) ay L
= | @mad et M, Ty T )
/ (27T)d 6( P1 q)e ( ) cut-se T o - cutecl
The classically singular contribution cancels exactly between the S-matrix and cut
MOyt MO =0 MO = BV D

2
cut-sc -cl T q
t- cut-cl 327‘_@ ( )

Full one-loop impulse

ig-b m u2 ,a;l“ (1)
[Apl](l 1) + [Ap]] @l (2 5(2171 q)e (—ig")M, d[np at - — M,

Mo mi cut-cl

4/ —1 (=232 @D

transverse longitudinal

ma mi

_SWszlmz(ﬂl,] +1m2)(5y? — )" 2G%mim3(2y° — 1)2 {ﬂg IVI,T:|



Waveform

Herderschee, Roiban, FT, 2303.06112
Bini, Damour, De Angelis, Geralico, Herderschee, Roiban, FT, 2402.06604

Metric perturbation:  gu, = Ny + huw

1 oo .7 00
E(th —1h%)

1
Waveform: W (Tw,6,¢) = — hm rs+s+h,w =




Waveform

Cristofoli, Gonzo, Kosower, O'Connell, 2107.10193

Operator: metric perturbation
H = e &% hy (2) = /dfb[k] [a__(k) ey C.c]
Since there is no radiation at t — —o0,

Sta_(k)S|tm)

AH(@) = (on ] STHS ) = / A [k [ (k) 7 —cc] T =

Integrating over k gives both retarded and advanced Green's function. We discarded
the advanced one due to the boundary condition,

J(w, k) e~ iwy’+iky
@~ o —yP 0

i J(y) i dw d®k

AH(z) = —— [
(@) 42 (x —y)2 —1i0 4dr? | 27 (2m)3

dy’d®y

Assuming the spatial current J(y) is localized around y = 0,

1 e ) .
AH(x) elooe — Tla] [m g—:W(w,n)e T (r=2a°—|z|: retarded time)
e . IR finite
W(e,w,n,p1,p2,b1,b2) = (—1)(Yin| S a—— (k) S|tin) (frequency domain waveform)
k=(w,wn)

(As we will see later, the IR divergence can be absorbed in the definition of T)



Relevant matrix elements for waveform
In the space of momentum transfer:

) &t A 1N &1 dlq d%q o iqy-by+igs b;
(=1) (¥in] S"a(k)S|¢in) :/(Qﬂ)d (zﬂ)dé(Qpl q1)0(2p2 - gz)e" TR

x [(ipik|TIpapa) — i(pipsI T a(k) T lpape)]
The matrix elements can be classified as follows:

Wipak(Tlpipa)| = MU LM i e Tl =S

The full connected contribution to waveform:
Meonn = M7 + ML 1eoP _ gl loop

Contribution from disconnected 71" matrix elements:

disc

—= =

(Pipok|Tlpip2)| = Meonst i(ﬁiplef'm(’v)f‘lplp2>|d,_ = Maisc



Tree-level amplitudes and LO waveform

From GR: Kovacs, Thorne, Astrophys. J. 224 62, 1978

From world line QFT: Jakobsen, Mogull, Plefka, Steinhoff, 2101.12688

From KMOC: Cristofoli, Gonzo, Kosower, O'Connell, 2107.10193

For convenience, we define the Fourier transform from g-space to b-space,

d'q d%

FT [f(ql,qz,k:)] = / (27T)d (27T)d$(2p1 . q1)5(2p2 . qz)eiq1~b1+iq2~b25(ql +q2— k)f(ql,qz,k)

LO waveform from KMOC

Wiwn)| =FT[m]

LO

Classical tree-level amplitude Luna, Nicholson, O'Connell, White, 1711.03901

o’ - ——

d—2

tree
M= —k*mim;

k=(w,wn)

2 2 o (P12'€)2+U(Q12'5)(P12'5)+( 2 1 )((Q12'5)2 (P12'€)2>}

aias

tree tree
= Mg=i + eMira

Pfy = wiub — woul! w; = pi/m;
2 2
. . q
Of course, at LO the O(e) term is irrelevant. Q= (- q) — Lt Ly

w1y wa

4q3q3 dwiwg

w; = Uj

k



One—loop matrix elements Herderschee, Roiban, FT, 2303.06112

P2 Ph
Lo | T — o 1 loop
(Prook|Tlpip2)| = =M
-loop

2 P

Use generalized unitarity to construct the integrand

g e I

Expand the integrand in the classical limit (method of region, Beneke, Smirnov, hep-ph/9711301)

» Matter propagator

1 _ 1 _ 1 i o "
(p+€)2—m2+’i0_2p~Z+ZZ+iO_2p~Z+iOn:D 2p - £ +i0

» One matter line per loop

» Matter lines do not touch before IBP



|\/|aster integrals: amplitude Herderschee, Roiban, FT, 2303.06112

IBP automated by FIRE6: Smirnov, Chuharev, 1901.07808

3,3
. mim
Super-classical: ;4 2 iz

N I S IR Y

zg_
2;_
g%_

. 1 3 . , 9 e 1
Classical: = Z(mfmé Bi TPV 4 mim v IPV ™) 4 — (triangles and bubbles)
v -

L8 5.0 1k

gt
B B o
—— =50 v !

2uq - £+ i0 2uy - £ — i0

%i%




Connected cut contribution S* 'oop

»
1 loop ' 1 1 1 :
| 3 3 3, 2 2 3 ut,cut
' = E —mimaa; — —mimsBi + —mimayi | Iy
! <h4 ﬁ3 hn’i ?

(p1pa| TYa(k)Tpip2) |
M 2

» Exactly cancel the super-classical terms in the virtual amplitude

» Convert the PV to retarded Caron-Huot, Giroux, Hannesdottir, Mizera, 2308.02125
1 1

21“-5 21“-6—7;0

PV

» Classical waveform contains only imaginary IR divergences
Equivalence to world-line formalism proved by Capatti, Zeng, 2412.10864



The full connected contribution Herderschee, Roiban, FT, 2303.06112
Brandhuber, Brown, Chen, De Angelis,
Gowdy, Travaglini, 2303.06111
Georgoudis, Heissenberg, Vazquez-Holm, 2303.07006

.2
M?loor — ——g;r (miw1 + maws) [7 — log w:“] M

AR AR AR AR
Amt+./ + 22 5+ 32+ 42
w3 — qf wy — 43 -4 —q3
arcsinh —22 arcsinh —=2
/[~ V-q arccosh o
Al Al a Ly log + Allog 7+ AL SN,
VWwz =4y \/ﬁ (02 —1)
c2 ~
= —;2%(71“7111 + maw ) MG + Mfli'}oop
.2 5
11oop_ KT 1 wiwz trec _ 30-20
S = Sin (mawr + mawz) [E —log ———~— -1 M < T= CCE ]
S 4 (o 2 2 2 - 20, 2 2,
iK' (20° —1) ) ) 1 w1w2 mm} 5(ur - f - u2)®(wi + ocwiws + w3)
2567 (02 ~ 1)/ (mywy + maws) {: — log (o2 = 1)/13} Wl
it |Act 4 gout log wy + Agut log ToAg log 1W2 4 oAg arzccosha
—q; —q5 (o 1)3/2

ik’

= Gime (maws + mawa) MG + St + S1700, ff




The full connected contribution

The IR divergence exponentiates Caron-Huot, Giroux, Hannesdottir, Mizera, 2308.02125

(miw1 + mows = wE)

2 —
Mo = M exp [—z‘ww]

32me
such that it can be absorbed by a re-definition of retarded time

_ K’E(1-T/2)

N
T 327e

At one-loop level, this leads to

inQ(mlu)l + maw2)(1 —T/2)
32me
ik® (miw + mawa) MESS, Sfin 2T (mywy 4+ maws) MeSSsa
o — ST loop +
327 64m

A = MU g 1 100P _ gl loop MEree

tree ffin
=M + | MiToop +

tree fin fin
=M + M 60p — S1loop

o 0



Disconnected amplitude contribution

_Oi

They are supported only by zero-energy gravitons

. . N . 2 . 2
Weonst (w,n) = /dq)mMB(Phk)emhl +/d¢p2M3(P2’k)emb2 =0o(w) [ml(a ), male )

Uy -n u2 - n
The constant background agrees with the MPM calculation

ma(e-ur)? n ma(e - us)?

chmc(T-,n) = won Uz m
1 o -

n=(1,n)
It can be removed by a BMS supertranslation Veneziano, Vilkovisky, 2201.11607

or [hib] = 1(2D,1Db — Y A)T'(n) — T(n)or [@} T(n) =2G {m] o log By o2 log &2
r r r w w w w

The MPM waveform is in the intrinsic BMS frame. If we assume M3 = 0, then we are
in the canonical BMS frame. They are related by the above BMS supertranslation.



Disconnected cut contribution

The T matrices in the KMOC cut can be disconnected:

P2 7”,2;97 Ph
N ) /d@[ﬂd@[rz} ¢
p  —

1

i (pipb| T a(k)T|p1p2)

P -

» The cut graviton £ only has support on zero energy

» We only need to consider the soft limit of the left blob

N N (OPEDY S (ORI R
Mﬁ_“M5[ — 20 pa+i0na | 20k +10

» The sum over massive legs only leads to zero integrals of the form

/ 40 5(us - 0)5(*)O(&°) / 440 5(us - 0)8(uz - 05(2)O(L0)



Disconnected cut contribution
Contribution from the disconnected 1" matrix elements:

i Py P T apn (k)T |p1p2)

= —irEMee [m%w%[(uh k) + m3ws 1 (uz, k)]

disc.

I(ul,k) =

1 / d% §(2uy - 0)5(£2)0(4°)

miw J (2m)¢ 20-n

This integral is not yet properly defined in d = 4; further regularization is needed:
» Need to include the zero-energy graviton contribution

» We should continue uy off-shell, u; — %1 — Bn, such that
up = (ur 4+ 0> —1— (a1 +0)>—1~2u; - £ —2Bu, -n
» The integral now becomes

1 d% §(2uy - £ — 2Bus - n)S(2)O(£°)

I(ul,k) =

mw J (2m)¢ 20-n

1 1 w? B2
=— |- —1Ic —log —
32mmi w1 |:e 8 w? o8 T

» Divergent terms are absorbed in a further shift of retarded time



Disconnected cut contribution [DB, TD, SDA, AG, AH, RR, FT, 2402.06604]

The disconnected 7' matrix elements in the cut lead to
Maisc = i(pip’z\ff&(k)f“|p1pg)| = —2iwG [mlﬂ log Lo + TTLQ% log %] M = —iwT(n) M
disc w w w w
which exactly reproduces the iteration part of the BMS supertranslation

hyy _1 5 B @
o1 [7] = ~(2DaDy — 1 A)T(R) — T(n)0: [ : ]

~



Full KMOC waveform at one—loop [DB, TD, SDA, AG, AH, RR, FT, 2402.06604]

WKMOC (w, 'n) = Wconst aF Wtree i FT |:Mflirioop - Sf”l‘oop + %disc:|

» Fourier transform to the impact-parameter space can only be done numerically
for generic kinematic setup (see Brunello, De Angelis 2403.08009 for improvements)
» Analytic computation is available under the soft graviton limit and/or small

relative velocity (PN) expansion

Soft expansion (up to the first non-universal coefficient)
WEMOC () ) ~ g + Blogw + Cw(logw)? 4+ Dw logw

All order conjecture in leading log: Alessio, Di Vecchia, Heissenberg, 2407.04128
M =my +mso

PN expansion (up to 2.5PN) /M2
vV =mimsz/M

P = Vo2 -1

GM?v
GM GM?*v
bpZe P

(1 + Poo + Plo + Pho + Do + D2 +..2)

WEMOC () ~ 1 +

(1 + Poo + P20 + Plo + Poo + P +---)




Compa re with MPM waveform [Bini, Damour, Geralico, 2309.14925]

> WMPM g given in terms of kinematic data in the eikonal COM frame, which is
related to the incoming COM frame through a (x/2)-rotation
XLO GE 20%—1

2 /=2 o2-1

> The difference between |v|, [b] and |veix|, |beik| is O(G?) and thus irrelevant at
one-loop. A further shift in retarded time §7(u1, u2) is allowed in comparison

» The KMOC waveform in the eikonal COM frame is given by

) a jree
LVI<(11\>'IOC (0, ¢) = W}<<11310c:(97 ‘7)) + % 8725 | (9’ ¢)




Compare with MPM waveform [DB, TD, SDA, AG, AH, RR, FT, 2402.06604]

The frame rotation cancels the connected cut contribution (up to a time shift)

.n. FT [S{ir{oop] = X%%Wtree _ iW(STCUtWtree

This relation is verified up to O(pS,) and N®LO in soft limit, and 67°" agrees with [GHR 2312.07452]
The rest agrees exactly with MPM waveform
MPM fi .
W = Wconst + Wtree + FT [Mllioop + %disc] + ’LwéTamthree

This relation is verified up to O(p3.) and N*LO in soft limit

Similar comparison up to O(p’,) is done in Georgoudis, Heissenberg, Russo, 2402.06361



Numerical results




LO waveform

32mhY) 32mh!)

0=17r/10, ¢ =Tn/5 0=17r/10, 6 =Tr/5

041
— N3 0sl — N=3
— GR — GR
0.2}

7/|b]
-20 -10 10 0 i

Agree with Jakobsen, Mogull, Plefka, Steinhoff, 2101.12688

From spinning binaries: De Angelis, Novichkov, Gonzo, 2309.17429
Brandhuber, Brown, Chen, Gowdy, Travaglini, 2310.04405

Aoude, Haddad, Heissenberg, Helset, 2310.05832



LO waveform

32mhY) 32mh!)

0=17r/10, ¢ =Tn/5 0=17r/10, 6 =Tr/5

041
— N3 0sl — N=3
— GR — GR
0.2}

7/|b]
-20 -10 10 0 i

Agree with Jakobsen, Mogull, Plefka, Steinhoff, 2101.12688

From spinning binaries: De Angelis, Novichkov, Gonzo, 2309.17429
Brandhuber, Brown, Chen, Gowdy, Travaglini, 2310.04405

Aoude, Haddad, Heissenberg, Helset, 2310.05832



NLO waveform (GR)

(32m)%h %) v =1/5 along z direction
— 0=Tr/10,6=Tr/5 — 0=T7r/10,6=Tr/5

— 0="Tr/10,0 = 27/5 — 0="Tr/10,¢ = 27/5

— 0=n/10,6=2x/5 ' — 0=7/10,6 = 27/5

(32m)2h?

-20 -10 10 0 /18]
ol
(327)20 %) 0 ="7r/10 and ¢ = 77 /5 (32m)%R)
—u=1/20 20 —u=1/20 20
—v=1/14 —uv=1/14
—v=1/10 10 —v=1/10 10
—=17 — =17
b - b
-50 -30 L 10 w /M
o




Table of Contents

Outlook



Synergy between amplitude and GR

Bini, Damour, De Angelis, Geralico, Herderschee, Roiban, FT, 2402.06604

One of the important takeaway messages of our new
results is that, after having sorted out the subtleties that
were hidden in the EFT one-loop waveform, we obtained a
remarkable confirmation that the classical limit of an
amplitude-based waveform does correctly incorporate the
many subtle classical effects that were included in the
O(G*p’)-accurate MPM waveform such as (i) radiation-
reaction effects on the worldlines, (i) high-multipolarity
tail effects in the wave-zone, and (iii) cubically nonlinear
multipole couplings in the exterior zone. The fact that the
road leading to the present successful EFT/MPM compari-
son had some bumps, which taught us interesting lessons, is
another example of the useful synergy between amplitude-
based, and classical perturbation-theory-based, approaches
to gravitational physics.



Outlook

Explicit higher order spinning and spinless calculation
» Challenge: IBP reduction and DE for loop integrals; higher rank tensor reduction
» What do we mean by analytic computation?
Systematic inclusion of tidal operators and absorption
» Need to understand the running and mixing of WCs
How to describe generic spinning bodies?
» Perhaps relevant to future higher precision GW observations
Re-summation in observables
» SCET for gravity
» Self-force effective theory
How to directly compute bound-state observables?
» Phenomenological prescription exists and works very well in matching NR

» Remain as a theoretical challenge



Thanks for listening!
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