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what why how

what is quantum field theory at finite temperature

QFTQT =10

quantum mechanics+ relativity — QFT at zero temperature

QFTQT # 0

quantum mechanics+ relativity+statistics — QFT at finite temperature
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what why how
0e000000

why we need QFT at finite temperature:useful
Early universe in cosmology (focus on this application today)

® Warm inflation, reheating

® symmetry breaking at high energy,eg., Pecci-Quinn (axion), cosmic string...
® Electroweak phase transition/ spontaneously symmetry breaking

® dark matter production

® baryogenesis

® QCD phase transition

17th July 2025
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what why how
[e]e] lelelele]e]

Application of QFT@T in the early universe

NS, baryogenesis,
Higgs potential

¥ EES|Hil: well studied
RFiR= AT

Dark Ages

v

" NucleariEusion|Ends

0.01s 2001

Age of the Universe

3 min 380,000 yrs
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Fluctuations

(Image: Google Search) / (Fig. credit: Phys.Rev. D67 103501)

Phase Transitions Cosmic Defects

(Image: PRL 112 (2014) 041301) (Image: Daverio et al, 2013)

sysu.edu.cn 17th July 2025 Quantum field theory at finite temperature



what why how
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what why how
00000e00

Application of QFT@T": cosmic phase transition and gravitational wave

finite-temperature effective potential using QFTQT: free energy density.

2,

@ =3 n [/ﬁm (0 + @) + Jo. v ()]

0= [ 2[4 (22)"+ vato. 0] p=moen

| | ~

Shelsof rarefaction Shells of compression

Overlapping of sound
shell Bubble collision
ode

Xiao Wang, FPH, Xinmin Zhang, JCAP05(2020)045

huangfp8@sysu.edu.cn 17th July 2025 Quantum field theory at finite temperature



what why how
00000080

baryogenesis

The observation of Higgs@LHC and GWQOLIGO initiates a new era of exploring
DM by GW. SFOPT by Higgs could provide a new approach for DM

production. Higgs' deep connections to cosmology, such as EW baryogenesis,
DM testable by GW signals.

bary is & dark matter production
X B
__\bubble wall ¢,
,/
X () £0 -0
w

m=0®

Vese(h, T)

Electroweak

Gravitational wave
phase transition

{_

baryon matter

26.8%

dark matter

The First Particles, FPH, arXiv: 2501.15543
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what why how
0O000000e

: dark matter and baryogenesis

Bubble wall is a natural filter for baryon and DM production through particles
scattering and diffusion in high temperature plasma around the boundary.

Bubble wall
False
vacuum cp Fitfr
(hy =0 True vacuum Viol?/
hy #0 —_
fi
Is e*(h)/T o=

,’/Sphaleron
@ % \ s o T
\)
Bubble Baryon
wall velocity

The First Particles, FPH, arXiv: 2501.15543
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QFTQ@T in a nutshell
000000000

Basic of QFT@T:KMS relation

Kubo-Martin-Schwinger (KMS) relation:

(An()Bu (£)), = 27 (8) Tr e P Au(t)e* e By (¢)
= Z7Y(B) Tr Au(t+ i8)e "By (¥)
= Z7Y(B) Tre "By (¢) Au(t+ iB)
= (¢) Au(t+1B)),

*<B

KMS mixes the temperature and the imaginary time. Similar behavior occurs
when considering the Hawking radiation of black holes.

Ensemble Average

_ Tr(Ae PH)
A

All thermodynamic quantities can be calculated from the partition function Z.

Quantum field theory at finite temperature
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QFT@T in a nutshell 3,
O.OOOO;OUOs © o .
Partition Function in Equilibrium

Canonical Ensemble

Z=Tre P

Grand Canonical Ensemble

7 =Tr e*B(H*HiQi)

Ensemble Average

_ Tr(Ae #H)
(A = e

All thermodynamic quantities can be calculated from Z.
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KMS:

G’(t,t/;i— x)ﬁ = G(t—&-iﬁ,t/;i—?)

"Imaginary time":

t— T

Imaginary time Greens functions:

Gs (T;if?) = G(O,iT;i"’f?)ﬁ

KMS:

Gs(57) = Ga(T + 5;7)
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QFTQ@T in a nutshell
[e]e]e] lelelele]e]

Propagator at finite temperature

Equations of motion:

(D+m2) G(t,t’;f— z

Klein-Gordon operator

(aii Ly ) Go(m:7) = —8°(1)8(7)

Solutions:

Gs(7:7) BZ/ ~er G (B )

9s (kwn):w%+k2+m2
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Ga(T; 1) 52/ d3 —i(wnT— ’“)gB (k w”>

1
w%+E2+m2

Gs (E, wn) =

"Matsubara modes”

2%, bosons +— Periodic boundary conditions
wp = . L ..
" w, fermions <— | Anti-periodic boundary conditions
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QFTQ@T in a nutshell
[e]e]e]e]e] lele]e]

Quantum correction:Sum integral

Sum integrals

/s <27r>4 — 352 @ <2w)3
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QFTQ@T in a nutshell
000000e00

“Zero Temperature”

Zero vs Finite Temperature

Finite Temperature

Green Functions
G(z1, 22) = (0] To(21)9(22)[0)

(vacuum expectation value)

thermal Green Functions
Ze PBn (| Tep(21) (x2) | m)

(ensemble averaged expectation)

Gﬁ Z1, xz

Generating  Functional for
Green functions

Z[J] — D¢ eL] d4w(£+Jq>)

(real time)

Generating Functional for Green functions

28 = [ g e K4 #x(esio

(imaginary time Green functions)

718, J, :]} = [ D¢ ef(fa dr [ 3z (Lp+Jo+IP)

(complex time Green functions)

huangfp8@sysu.edu.cn

S-matrix and Scattering Amp-
litudes (from the Green func-
tions)
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Used more like ‘correlation functions’ in the stat-
istical mechanics
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QFTQ@T in a nutshell
000000080

Path Integral for Partition Function

® Zero Temperature:

Z:/Dqﬁ exp (i/d4xﬁ>

® Finite Temperature (Canonical):

B b
2B) = / Dé(r, %) exp (— / dr / d"ELE>
$(0)=¢(B) 0
Perturbation Theory

Use Feynman diagrams as in zero temperature. Consider:
® Periodic boundary condition ¢(0) = ¢(3)
® Euclidean Lagrangian Lg

® Derive path integral with the identity for transition amplitudes:

) ?(Z, )=y (%) ] =
(@) 6u(@) o | DY(a, 15 1 £26(0

#(%,0)=24(7)
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QFTQ@T in a nutshell
00000000e

Thermal Green Functions

Real-Time Green Function: Imaginary-Time Green Function:

Gp(z1,22) = %Tf (eiﬁHchs(fl)QS(m)) Gp(z1,12) = %Tr (eiBHT@(xl)gzﬁ(xg))

_ if dt [ dPFHL+JTP) _ (B 3
Z[ﬂ, J] = /D(]SC e Jearf Z[ﬂ, ﬂ _ D¢6 J§ dr [ EPHLE+Tb)
® Describes non-equilibrium time e Simpler for equilibrium
evolution calculations
® Reduces to zero-temperature e Periodic in imaginary time
Green functions at 8 — oo T T+p
Contour for al:z;‘lm T:n; ﬂi;cen Functions Contour for l":ﬂ"m‘;‘:';‘:‘;; Creen Functions
— c
0
1 0 .
! = 1
-ip p
T 0 T
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Field Thermodynamics Example
[e]

Free Boson Field at Thermal Equilibrium

Euclidean Lagrangian

e 1 g 1 a9
EE—2¢ +2\V¢| +2m¢

Partition Function

Z18] = N(det [—83 R v m2])71/2

3
InZ = V/(;i—];g (—% — n(l— e’ﬁ“k)> + const
™

where wy = VK2 + m?2.

UoxT?

energy density
total energy

frequenc temperature
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Field Thermodynamics Example
oeo

Energy Density Calculation

g (=B Oz

V ’

® For m=0:

¢S} 3
Uoc/ dw d x T
0 —1

ePw
® Frequency sum:

2mn . .
wn = —— (discrete Matsubara frequencies)

B

B
26,0~ @) ewp (3 [ d'ad'y S0 - 1))

where A(2) satisfies (—95 — V2 + m?)A(2) = §(2).
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Field Thermodynamics Example
[ele] J

Interacting Lagrangian

1, 1 1
Lo= 50"+ 5|Vof* + 5m’¢” + V(9)

Perturbative Expansion

7|8, J] = exp (— /Oﬁ d'z V(—z%)) Zr[B, J)

® Similar to zero temperature Feynman diagrams

® Differences: Euclidean propagator, discrete frequency sums
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Thermal Mass and Resummation
000000

One-loop Self Energy at Finite Temperature
A¢* Theory Lagrangian

_lu‘ 71 22714
L=350"00up—om'¢" — 4

A ek _
Am? — ﬁz/ o) [w? +w?] !

where wi = k% + m?.
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Thermal Mass and Resummation
o] leJe]e]e]

Thermal Mass at Finite Temperature

At finite temperatures, particles can acquire an effective "thermal mass” due to
interactions with the surrounding thermal bath.

o A [ Pk 11
Am(T)iQ/(Qﬂ')kaeﬁwk—l

® At high T limit:

Am?(T) ~ A;; + O(m/T)

® Total mass:
Am® = Am 4+ Am*(T)

where Amg is the T = 0 (divergent) part requiring renormalization, and
Am?(T) is finite.
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Thermal Mass and Resummation
[e]e] lele]e]

Thermodynamic Potentials

® Partition Function Decomposition:

® Free Energy:

WiB, J] = —%m 218, J) = WolB) - %m S(6,.7)
S =50
® [Effective Action: )
T(8, 3 = W[, J] - B/Jaﬁ

® Equilibrium Condition:

3T(B, ]

= =0
o9

equilibrium
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Thermal Mass and Resummation

[e]e]e] lele)
Effective action and effective potential at finite temperature

T 6] = Su (60) + % Trin G + O(1%)

o= [ [0 60,0 - )]

Vet (¢c) = Vo (¢pe) — @Q Trln G*

A [+ B (5]

Vi(e, T) = / (iji[mwc)]

¢(7

with 1
(8] = 5 + g1 — ™), o = +n’(6.)

® T =0: Coleman-Weinberg High- T' Expansion

contribution (divergent)
® T > (0: Temperature-dependent by
Ver(¢, T) = D(T° = T0)¢"— ET¢*+ 5 6™+

finite part
Quantum field theory at finite temperature
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Thermal Mass and Resummation
00000

Standard Model Effective Potential and Electroweak Symmetry Restoration

Va6, 1) = D(T* — T8)6* — BT4* + J6" + ...

® Coefficient D:

1
D= 33(9§+3y§+4y?+8/\)

® Critical temperature relation:

12

°~ 2D
® Electroweak phase transition: First order (non-analytic in ¢. if Higgs mass
is lighter than 75 GeV)
® Kapusta, Finite Temperature Field Theory (1989)
® Le Bellac, Thermal Field Theory (1996)
® Kirzhnits & Linde (1967), Niemi & Semenoff (1984)
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Thermal Mass and Resumm
0000

® Finite temperature field theory generalizes zero-temperature methods
using:
® Partition functions with statistical ensembles
® Imaginary/real-time Green functions
® Periodic boundary conditions in imaginary time

® Thermodynamic quantities derive from Z(3) via path integrals.
® Spontaneous symmetry breaking at finite T is analyzed via effective
potential minimization.

"The universe is a grand thermodynamics machine.”
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Challe FuXEXZERD
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Computational Challenges

Unique challenges at finite temperature

Perturbation Theory and Resummation
Infrared Problems

Other similar challenges as in the zero-temperature QFT

Gauge dependence problem of the effective potential

Nielsen identities ensure gauge independence of T'¢ (H. Patel & MJRM:
1101.4665 [hep-ph]), JHEP 11 (2022) 047,JHEP 07 (2022) 135,Phys.Rev.Lett.
130 (2023) 25, 251801

Non-perturbative effects

Higher loop corrections

See M. Laine, P. Schicho's works; Cosmological phase transitions at three loops:
The final verdict on perturbation theory, Phys.Rev.D 110 (2024) 9, 096006
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Challe

Ring Diagram Contribution: Arnold-Espinosa (AE) Method
Vl(¢67 T‘) — Vl(d)ca T) + AVring({bg, T‘)

where

AVing($e, T) = an{mk ge, Y = [mi (60" |
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Challe
[e]e] 14

Resummation method

Truncated Full Dressing Methods (rely on high-temperature
approximation)

® Arnold-Espinosa (AE) Method: inserts thermal mass into the cubic term

® Parwani Method: replaces tree-level masses with thermal masses globally
in VCW and VT

Full-Dressing (FD) Methods

Substitutes the field independent thermal mass to the effective potential

ViR = Ver(M* (9, T))

Partial-Dressing (PD) Methods
Applies the substitution to the first derivative of the effective potential

7= [ oo (PO

¢ )m?(qs)aM%(«ﬁ,n
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Challe
[e]e]e]]

Example on different resummation s

Results on the Electroweak phase transition in the 2HDM (2504.02024).
High-temperature behavior: Non-restoration vs. restoration

Arnold-Espinosa Parwani Partial Dressing

high

0.01 0.02 0.02

0.01 0.01

-0.01

0.00 0.00

-0.02f =

-0.01 —-0.01

0 100 150 200 250 300 350 0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
h(GeV) h(GeV) h(GeV)
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Challe
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Example on different resummation sc

Impact of thermal resummation on gravitational waves predictions

10 1071()
10~
/> </ /
VA 1041
10~ N\ £
~ \\ 3
N
x4 10718
S 1018 X
~N
22
Parwani — 10 -
1072 Partial Dressing —— Partial Dres
10-26 Arnold Espinosa
10°° 1073 10! 10! 10° 10°? 1073 107! 10! 103
f(Hz) f(Hz)
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The most typical application of QFTQT: electroweak baryogenesis

Sakharov conditions and baryogenesis

® Baryon number (B) violation
® Charge (C) and charge-parity (CP) violation

® Departure from thermal equilibrium

Bubble wall
False
vacuum - Futfr
(hy =0 True vacuum  Violatio
(hy #0 T~
i
e i o

I’/Sphaleron

@ % | 5 T*
!
Bubble Baryon

wall velocity

Each condition in EW baryogenesis needs QFTQT. FPH, arXiv: 2501.15543
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The most typical application of QFTQT: electroweak baryogenesis

Baryon number violation from EW sphaleron process at high temperature

® At zero temperature, the baryon number violation (sphaleron) rate is
negligible I's(7 = 0) ~ exp (—25g) ~ 1077

® However, when the temperature exceeds the electroweak scale (roughly
corresponding to 7' > O(100)GeV ), the processes breaking the baryon
number will be in thermal equilibrium. At high temperatures, the

3
sphaleron rate increases I's(7) = p ( My ) My exp (—ESL%(T)) .

aw T

® |n the false vacuum, the sphaleron rate becomes large at high temperature
Is(T) = &' aw (awT)* &' ~30
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The most typical application of QFT

Baryon asymmetry of universe

405Ts I
= Ty | e T

Bubble wall velocity from QFTQ@T

® Theory: The most important and difficult phase transition parameter for
GW, dynamical DM, baryogenesis is bubble wall velocity v.,.

B

® Experiment: GW experiment is most sensitive to bubble wall velocity v,.
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#— YT EN N ERIR b

- AFAKY, BLkshRETEAFH TN F Folasmary 65 A 440985 A2
dm d’p OVerr(h, T)
1— ,2. h// g1 _2P  sr OVeit(N, L)
§ (1= )" + Z an | @rp2g @R 5, 0 )
( 5 )
FAHAR 3 B RTS8 KAt 5
@ easpy (o 2N O B\ e g T
it +of) = ( vw + E)E ~3E o, (fi* +6f) = jg[(f:"iff_r}]_.
N /
1 A&k e g kit A g s C
F 42 64 flow ansatz VA & )
truncation scheme, KMk S 5 08B AL 6B
IR T AR
J
sfi |
WA RNE S 572, HO AL 08 ik A8 R & Vo, L

335 F F A RAAR L] Jy HAZ 5

Siyu Jiang, FPH, Xiao Wang, Phys.Rev.D 107 (2023) no.9, 095005, Avi
Friedlander, lan Banta, James M. Cline, David Tucker-Smitt,
arXiv:2009.14295, Xiao Wang, FPH, Xinmin Zhang, arXiv:2011.12903
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/ accurate
e processes

| 1 ,
Vb:;Lf\q>\2+u§|n|2+5/\1|<1>\4+5/\2|71I4 """"

. 1 .
+ 3] @) + \a|@Tn|? + 5{)\5(@77))2 +He},

Siyu Jiang, FPH, Xiao Wang, Phys.Rev.D 107 (2023) no.9, 095005,
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The most typical application of QFTQT: elec

Collision terms (Monte Carlo integration)

< —3 4
Povs = (5.0 x 107! + 5.8 x 10-1g22) T Duiw =~ (2.3 x 1073202 +2.0 x 107°g3) T,
plt =\ S s It )

Tpie > Tpay (1 1x 1073 + 1.3 x 10~ KJZ?/Q) T, Drow 22 Diow = (4'7 x 107 sé’jji +t4lx 1073‘(14:') T
=2y = ¢

o2 (L1 % 107261 +4.0 X 107°g27) T, Traw ~ (1.5 107%gigy, + 1.5 x 107%g, ) T,
Lot (20 x 107%g + 1.8 x 1079g2y7) T, Tow 2= (5.7 x 107 %g2¢2 + 1.5 x 107%g3) T,
j e
W e Lppa~ 10 x 1072047
<h> F0™ 0y DppaTupa 49 x 107207,
w Troa~5.1x 107°MT
(h)y =0 @ Dya 18 x 107°MT
.

Siyu Jiang, FPH, Xiao Wang, Phys.Rev.D 107 (2023) no.9, 095005,
More precise calculations based on finite-temperature quantum field theory are
needed for the collision terms.
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The most typical application of QFTQT: electroweak baryogenesis

aveﬁ (6, 7%) + NTy dml

Solving the g\, = (1 —02) ¢ x (chp + ¢ (8T, + 0Thy))

EOM: 9 2 dg
NyT, d
bubble wal 3 LA o7 7)) = o
pressure ?
difference is 0; ;
bubble wall Ml /SFOMc’) dz=0, My= /SFO\,I(Z(}) —¢_)¢'dz=0. ]
thickness fixed

In the allowed parameter spaces,
the wall velocity is around 0.165.
The basic procedure in this work
can also be used for any other
SFOPT and dynamical DM model.

! |

Siyu Jiang, FPH, Xiao Wang, Phys.Rev.D 107 (2023) no.9, 095005,
More efforts are needed to improve the prediction of bubble wall velocity
through quantum field theory at finite temperature.

gfp8@sysu.edu.cn 17th July 2025 Quantum field theory at finite temperature



The most typical application of QFT@T: dark matter

Renaissance of quark nugget DM idea by E. Witten.
Recently, dynamical DM formed by phase transition
has became a new idea for heavy. Bubble wall in
FOPT can be the “filter” to obtain the needed heavy
DM when avoiding the unitarity constraints.

E. Kryloy, A. Levin, V. Rubakoy, Phys.Rev.D 87 (2013) 8, 083528
FPH, Chong Sheng Li, Phys R
arXiv:1912.04238, Dongjin

¢ Chway, Tae Hyun Jung, Chang Sub Shin FOPT in th rl Ff makin
Phys.Rev Lett. 125 (2020) 15, 151102 , M. . Baker, J. Kopp.and A. J. Long uglverset eleanly :::ceesz ELALE)
arXiv:2101.05721, Aleksandr Azatoy, Miguel Vanvlasselaer, Wen Yin P!

arXiv:2103.09827, Pouva Axadl Eric D. Kramer, Eric Kuflik, Gregory W.  Bubble wall
Ridgway, Tracy R
arXiv:2103.09822

Pouya Asadl . Eric D. Kramer, Eric Kuflik, Gregory W.  Case 1:(gauged)

Ridgway, Tracy R. Slatyer, J. Smirnov Q—baII DM
Siyu Jiang, FPH, Chong Sheng Li, arXiv:2305.02218 .
Siyu Jiang, FPH, Pyungwon Ko, arXiv:2404.16509 Case II: filtered DM

more than 100 papers in recent 5 years Phase transition GW

filter

Large coffee beans

Coffee

Aroma
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The most typical applicati . dark matter

Case |: Q-ball DM What is Q-ball?

PHYSICS REPORTS (ke e Lelen) 21w § & 611992 5150 Noeb lland PHYSICS REPORTS

Nuclear Physics B262 (1985) 263-283
@ North-Holland Publishing Company

Nontopelogical solitons

D

Q-BALLS*

Sidney COLEMAN
Lyman Laborarory of Physics, Harvard University, Cambridge, Massachuseits 02138, US,

Q-ball is the most typical non-topological soliton, initially proposed by Prof. Tsung-Dao Lee and
Sidney Coleman. In quantum field theory, a spherically symmetric extended body that forms a
non-topological soliton structure with a conserved global quantum number Q is called a Q-ball.

b= (pr+igr)/V2 Q= f jldz = f (m&R - ¢Rcﬁl)dm. §(E—wQ)=0

E= /{% [dJi + 65? +(Ver) + (V¢1)2] - U[% (6% + ¢§)} }dw & = flr)e
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- dark matter

The most typical application of QF

Q-ball production mechanism

Q-ball production:

Q-ball formation

1. Supersymmetry? Affleck-Dine mechanism. ‘ l
\;‘ * E

We do not observe the
supersymmetry until now!

2. Q-ball formation based on FOPT. ——> ‘ ‘

This talk

17th July 2025 Quantum field theory at finite temperature
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The most typical application of QFT dark matter

Case I: Q-ball DM

Global Q-ball DM: The cosmic phase transition with Q-balls production
can explain baryogenesis and DM simultaneously.

e
SIS Eer )

ph a3/t = 73.5(20p80)° Ao T4

Q-ball formation . New DM

production
)i scenario by the
- bubbles.
The global Q-ball

model proposed
by T.D. Lee
(a) Bubble nucleation:x particles trapped in the false (b) Q-ball formation:After the formation of Q-balls,
vacuum due to Boltzmann suppression they should be squeezed by the true vacuum

= k(5> Ty

Toue vacuum

=0

huangfp8@sysu.edu.cn Quantum field theory at finite temperature



The most typical application of QFT@T: dark matter

Case I: Gauged Q-ball DM

<h> 7£ 0 <¢> = 0 When the conserved U(1) symmetry is local,
This introduces an extra gauge field A.
The minimal model achieving

(h) =10 L = (D,o) (D) + %0,,}»0% - 14/1,,,,,4“” —V(¢,h)

<¢> % V(@. h) :lzl(:)ll + % (hZ _ _vg)Z

(A) #0 [Interestingly, this portal coupling also naturally]
induces a strong FOPT.

Jy =i ((DT d 0+ 2i§A“\¢IZ) Q= / d3z.J°

Siyu Jiang, FPH, Pyungwon Ko, JHEP 07 (2024) 053 Conserved charge
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Fg“p:The fraction of particles
trapped into the false vacuum.
It is determined by the phase
transition dynamics.
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plays an essential
role in the filtered
DM mechanism.
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The most typical application of QFT

Case ll: filtered DM
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Case llI: filtered DM
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Summary and outlook

1. Quantum field theory at finite temperature is an essential tool to
understand our early universe, such as reheating, baryogenesis, and dark
matter.

2. Meanwhile, the relics of our early universe (GW) might be the unique
signals to test the quantum field theory at finite temperature
experimentally.

3. For future experimental detection, precise prediction in the framework of
finite-temperature field theory is necessary.

4. Various new developments in zero-temperature quantum field theory may
help to solve the difficult problems in finite-temperature field theory, such
IR problem and resummation.

Thanks for your attention.
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