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Motivation

Representative state-of-the-art multi-loop calculations:

• Four-loop 2 → 1
H

• Three-loop 2 → 2
Drell-Yan, γγ, qq̄, gg , γj , Hj , HH , . . .

• Two-loop 2 → 2 with finite top mass
γγ, Hj , ZZ , WW , HH , . . .

• Two-loop 2 → 3
γγγ, γγj , γjj , three-jet, Wbb−, W γγ, W γj , bb̄H , Vjj , tt̄j , ttW , ttH , . . .

General-purpose algorithms and automatic calculations are indispensable for multi-loop
calculations.
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Feynman amplitudes

General structure of Feynman amplitudes

Tαβγ··· ×
∫

dd l1d
d l2 · · ·

lα1 l
β
1 · · · lγ2 · · ·

(q2
1 −m2

1)
i1 (q2

2 −m2
2)

i2 · · ·
. (1)

dimensional regularization

Workflow of loop calculations

• Amplitude generation and tensor algebras
Qgraf, FeynArts, FORM, FeynCalc, . . .

• Integral reduction (to master integrals)

• Calculation of master integrals
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One-loop calculation

Passarino-Veltman reduction Passarino & Veltman (1979) NPB

Tensor reduction

∫
dd l

lµlν

l2 −m2
= gµν I ,

I =
1

d

∫
dd l

l2

l2 −m2
.

Integral reduction

l · p
l2(l − p)2

=
1

2

[
p2

l2(l − p)2
+

1

(l − p)2
− 1

l2

]
.

Propagators of one-loop integrals are complete.
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One-loop calculation

Other method of one-loop calculation

• Generalized unitarity Bern et al. (1995) NPB, Britto et al. (2005) NPB, Giele et al. (2008)

JHEP, Ellis et al. (2008) JHEP

• Integrand reduction del Aguila & Pittau (2004) JHEP

• OPP method Ossola et al. (2007) NPB

• Generating function Feng et al. (2022) JHEP, Feng (2023) CTP, Hu et al. (2025) PRD, . . .

The one-loop calculation is a solved problem.
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Multi-loop integral reduction

Integration by parts (IBP) Tkachov (1981) PLB, Chetyrkin & Tkachov (1981) NPB

IBP relations ∫
dd l1d

d l2 · · ·
∂

∂lµi

lµj

(q2
1 −m2

1)
i1 (q2

2 −m2
2)

i2 · · ·
= 0. (2)

The number of linearly independent integrals (master integrals) is finite. Smirnov &

Petukhov (2011) LMP
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Multi-loop integral reduction

Laporta algorithm Laporta (2000) IJMP

The number of equations increases faster than the number of integrals when increasing
the indices.
Packages: FIRE, REDUZE, KIRA, ...

Problem: intermediate expression swell
Solution: finite field Kauers (2008) NPB, Kant (2014) CPC, von Manteuffel & Schabinger (2014)

PLB

Other solutions:
Syzygy equations Gluza et al. (2011) PRD, Schabinger (2012) JHEP, Böhm et al. (2018) PRD

NeatIBP
Block-triangular form Liu & Ma (2019) PRD

Blade
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Calculation of master integrals

Methods of master integral calculation

Sector decomposition Hepp (1966) CMP, Binoth & Heinrich (2000) NPB, Bogner & Weinzierl

(2008) CPC

Mellin-Barnes method Boos & Davydychev (1991) TMP, Usyukina & Davydychev (1993) PLB

Difference-equation method Tarasov(1996)PRD, Laporta(2000)IJMPA

Differential-equation method Kotikov(1991)PLB, Remiddi(1997)NCA

Direct integration Panzer (2015) CPC, von Manteuffel et al. (2015) JHEP
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Mellin-Barnes

∫
dd l

1

l2[(l + p)2 +m2]

=

∫
dz

2πi

1

Γ(−z)Γ(z + 1)

∫
dd l

(−m2)z

l2[(l + p)2]z+1
.

Packages: MB Tools, AMBRE, . . .

The integration converges slowly for multi-fold Mellin-Barnes integrals due to the highly
oscillating integrands.
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Sector decomposition

∫ 1

0

dxdy (x + y)−2−ϵ

=

∫ 1

0

dxdy (x + y)−2−ϵ (Θ(x − y) + Θ(y − x))

=

∫ 1

0

dx x−1−ϵ

∫ 1

0

dt (1 + t)−2−ϵ +

∫ 1

0

dy y−1−ϵ

∫ 1

0

dt (t + 1)−2−ϵ

=2

∫ 1

0

dx x−1−ϵ

∫ 1

0

dt (1 + t)−2−ϵ .

Packages: pySecDec, FIESTA, . . .
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Differential-equation method

∂

∂m2
1

∫
dd l1d

d l2 · · ·
1

(q2
1 −m2

1)
i1 (q2

2 −m2
2)

i2 · · ·

=− i1

∫
dd l1d

d l2 · · ·
1

(q2
1 −m2

1)
i1+1

(q2
2 −m2

2)
i2 · · ·

. (3)

∂

∂x
Ii = ϵ

∑
j

Mij Ij .

The boundary conditions can be determined by matching the asymptotic solutions of the
differential equations to the asymptotic expansions of the master integrals.
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Differential-equation method

Canonical differential equation Henn (2013) PRL

M = ϵ
∑
i

Mi

x − xi
.

dI = ϵ
∑
i

Mid log(x− xi)I ≡ ϵdA I .

Iterated integrals

I = Pexp

(
ϵ

∫
dA

)
I .

Packages: Canonica, Fuchsia, epsilon, Libra, INITIAL, . . .
Numerical differential equations and automatic computation
AMFlow, AmpRed
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Method of region
Beneke & Smirnov (1998) NPB, Pak & Smirnov (2011) EPJC, Jantzen (2011) JHEP

I =

∫
dd l

1

(l − p)2(l2 −m2)
.

m2 ≪ p2 .

• hard region: m2 ≪ l2 ∼ p2

I1 =

∫
dd l

1

(l − p)2l2
+m2

∫
dd l

1

(l − p)2l4
+ · · ·

• soft region: m2 ∼ l2 ≪ p2

I1 =

∫
dd l

1

l2(l2 −m2)
+

∫
dd l

2l · p
l4(l2 −m2)

+ · · ·

I = I1 + I2 .
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Parametric representation

Advantages of parametric representation:

• Integrands are functions of Lorentz invariants.

• No need to introduce auxiliary propagators.

• More symmetric under permutations of indices.

• Tensor reduction is trivial.

• can be applied for direct integration.

• A systematic algorithm for asymptotic expansion is available

• can be used to reduce integrals with phase-space cuts (delta functions and theta
functions)

• . . .
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Parametrization
Schwinger parametrization

1

Dλi+1
i

=
e−

λi+1

2
iπ

Γ(λi + 1)

∫ ∞

0

dxi e
ixiDixλi

i , Im{Di} > 0.

Parametrization of scalar integrals

J(−d

2
, λ1, λ2, · · · , λn) ≡π−Ld/2

∫ L∏
i=1

dd li
1

Dλ1+1
1 Dλ2+1

2 · · ·Dλn+1
n

→
Γ(d

2
)∏n+1

i=1 Γ(λi + 1)

∫
dΠ(n+1)F− d

2

n+1∏
i=1

xλi
i

≡
∫

dΠ(n+1)I(−n−1) ≡ I (−d

2
, λ1, λ2, · · · , λn)

(4)
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Integral reduction and differential equations

Parametric IBP WC (2020)JHEP, (2020,2021)EPJC

0 =

∫
dΠ(n+1) ∂

∂xi
I(−n) + δλi0

∫
dΠ(n) I(−n)

∣∣
xi=0

, i = 1, 2, . . . . (5)

Equation (5) is a consequence of the homogeneity of the integrand.

Differential equations

∂

∂y
I =

∫
dΠ(n+1) ∂

∂y
I(−n−1) (6)
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An example: Higgs decay
Generate amplitudes with FeynArts
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Benchmarks
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Outlook

• Intermediate expression swell for multi-scale amplitudes (multi-legs, internal masses)

• Direct integration of amplitudes?

• Infrared structure of Feynman amplitudes

• Parallel computing and usage of GPU

• Application of AI 2502.09544
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The End
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