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> A historic review of QCD instantons
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Chiral limit

If we consider the following triplet in flavor space

Uu
ph=|d
S
with
g = _ZGZUGCLMU i w?, (1D Mg])

For M;; — 0 (chiral limit) , we have the symmetry

U(3)L X U(3)R = SU(3)V X SU(3)A X U(l)v X U(l)A

UL/R 8 2@ UL/R
dL/R —>eXp(—1 QL/R )Pw—leL/R dL/R
SL/R SL/R

Vector: 01 =0p Axial: 01 = -0
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Quark condensate

(Yp) # 0
Chiral symmetry breaking
SUQB)y x SUB)axU)y xU1)a — SUQB)y xU(1)y
This shall lead to 9 (pseudo)-Goldstone bosons

g =1 i K~
!/ . .
The 7] is much heavier!

= () = + . .

’ ! " Where is the ninth pseudo-
g 1 Goldstone boson?

= -1

’ - Frad S. Weinberg, PRD 11 (1975) 3583
g=-1 q=10

Resolution: additional explicit symmetry breaking of U(1)4 by instantons
t Hooft, PRL 37 (1976) 8
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QCD vacuum structure

There are many zero-energy field configurations that carry topological
charge. They define the so-called pre-vacuum |n) .

The true vacuum is defined as (called the theta vacuum)

|9) _ e_i'nﬁ |n> C. Callan, R. F. Dashen, D. J. Gross,
_ PLB 63 (1976) 334

What are instantons”? Physically speaking, they describe tunneling
processes between different pre-vacua.

The theta vacuum can be encoded in the foIIowing Lagrangian

[ d4EGa G(L,uu

MV

Ly _ZGEVGUW + ( /- Mu Vi + 0
When instanton effects are “integrated out”, we have the effective
Lagrangian

Lo = —EGﬁyGaW + i (1) — M;j) ¢ + (Fe_ie det(¢vR) + Te? det(@mbL))

\ J
1

+ Hooft, PRL 37 (1976) 8 't Hooft vertex
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Dirac mass term

In general, the Dirac mass matrix can have complex phases
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Dirac mass term

In general, the Dirac mass matrix can have complex phases
. - 5 2 5 - 5
My = digg(e ™ iy, €% fig,e ™7 i)

Without the 't Hooft vertex, these phases can always be rotated away.
Write the Dirac mass term as

sz (mz oy ) wz QE%’R (mz ) sz i sz (mz ) sz
Consider the chiral rotation
i — €8 i 4
one has

Vimie' 7 by — g (mie_l(a#m’:) ) viL + WiL (mz'ei(aﬁ%i)) ViR



Remaining chiral phase

Comparing the 't Hooft vertex with the Dirac mass term
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Remaining chiral phase

Comparing the 't Hooft vertex with the Dirac mass term
Te Y det(rR) + Te? det(¥repr) = T det (@6_1975/31”
One immediately sees that under the chiral rotations
0— 60— (28)
We can choose 20; = —a; to make thze Dirac mass term real. Then
9_>9+ZQ%' =0+ Argdet M =0

Nonvanishing § causes CP violation

Why so small?

6 < 1019
St CP blem!
"neutron electric dipole ) rong CF problem
moment (nEDM):

dy| ~ (0.0+1.1) x 107*%¢ - ¢m
\_ y
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Possible solutions

O the up quark is massless %

N : : N N R.D.P i, H. R. Qui
O Promote ) to be a dynamical field E(0) ~cos@  prlss aern isio
Peccei-Quinn mechanism

O Alignment I' det (;Ee‘1975/3¢) - I det (&e*i(zi“i”f’/%) If yes, why and how?

Our suggestion

arXiv: 2001.07152
WA, J. S. Cruz, B. Garbrecht, C. Tamarit
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Motivations and results

Why fermion correlation functions? basic quantities, from which we can
infer the form of the 't Hooft vertex

Original motivation: deriving the 't Hooft
vertex directly in Minkowski space

We will follow standard
instanton calculations,
l.e. in Euclidean space

Unexpected observation: alignment between the chiral phases in the
Dirac mass term and the 't Hooft vertex

1 ] o
EUH = _EGZL’G&}W + %‘ (lw — ‘Z\[U) % —+ ['det (¢e+l(zi a; )y /3,%[,,)

This means: no CP violation!

We only need to derive the form of the effective operator; the specific
coefficients are irrelevant
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Why a different result?

We will calculate the correlation function using path integral

000
| ofoY.

Topology in field space!

In each topological sector, there is alignment between the chiral
phases in the Dirac mass term and that in the 't Hooft vertex.

Interferences between different topological sectors = “Standard” result!

However, we found that the interferences disappear if the we take the
infinity spacetime volume limit! == New result!



The procedure

Step 0: Start with the Euclidean action

e+ that contain the instanton effects

Step 1: Calculate the fermion correlation
P function using path integral

!

Step 2 Compute the path integral using
P < the method of steepest descent

l

Step 3- After obtaining the correlation function,
b one can infer the effective 't Hooft vertex




Euclidean action and the path integral

Starting point: Euclidean action

“ R 2 ~a
Sp = f [4GZVGG + 1 ('y,uDM + J\Jij) ?,D 3271_2 }WG,W}

e 1 A theta vacuum
G v — ieuuaﬁGgﬁ

n
=g,

The term G¢,, G, is topological and the integral over it gives the winding
number (mtegers

Y= 3% fd%GgI,wa, 5 = Bl = 480) — Rl —68)




Euclidean action and the path integral

Starting point: Euclidean action

“ R 2 ~a
Sg = f [4GZszu + Pi (%Dﬁt + Jwij) 32W2 quW}
where [Encode the
Py 1 g theta vacuum
Gp,l/ - §€,UJVCY5G0¢6

==

The term G¢,, G, is topological and the integral over it gives the winding

number (mtegers
Y= 3% fd%GgI,wa, 5 = Bl = 480) — Rl —68)

For simplicity we will consider Ny = 1. In terms of path integral

D@ () / DA, DYDY (a)d(a')e5"
where

_ / DA, DjDi) e~ 57



The method of steepest descent

The method of steepest descent

® Find stationary points, i.e. classical solutions to field EoM
® Expand about the stationary points

There are indeed nontrivial classical solutions in Euclidean space: BPST
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The method of steepest descent

The method of steepest descent

® Find stationary points, i.e. classical solutions to field EoM
® Expand about the stationary points

There are indeed nontrivial classical solutions in Euclidean space: BPST

iInstantons A. A. Belavin etl. Phys.Lett.B 59 (1975) 85

BPST instanton and anti-instanton are classical solutions to Yang-Mills
equation withy — =1 , respectively.

8 2
s =% = s




Path integral (lI)

For general winding number 1/ , we use the dilute-gas approximation:

and
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Path integral (lI)

For general winding number 1/ , we use the dilute-gas approximation:

[ N instantons |+ 77 anti-instantons ] ¢ * ¢
® ® ®
and e o o
V=mn—n e o o
The path integral can be written as
Z( b3 fDAEL”’ﬁ)th/;Dl/;1/](:1;)1/;(:1;’)6SE)
v n,n>0 A ~
Vi (2} = e _ SAD(@) "))
(2 )h(a")) = = SR

¥ ¥ f DA DYDY 5"
v n,n>0

n—n=v

The path integral is a sum over different topological sectors with different

winding number 1/ .




Path integral in (n,7) topological sector

The semiclassical part

. (n+n)S1 611/9

Integrating the fluctuations about the background, we have

A (n,n s WA " ) . . .5 -1/2
/ DA DYDY (x)1h(z')e ™ = det (—%DM — me'® ) ) (det . ) S, ')
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Gauge and ghos
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Three pieces:




Path integral in (n,7) topological sector

The semiclassical part
e—(n—l—ﬁ)Sl 6i1/9
Integrating the fluctuations about the background, we have

A (n,n s WA " ) A . .5 -1/2
/DAEF,Q)DLJD??D w(x)’tﬂ(.’ﬂf)(i_‘s‘g — det (—’S/”D,u, — met®? ) ) (detﬁ _) S*n,ﬁ(m: 33’)
n,n n,n

Fermionic
Green's
function

Fermionic
fluctuations

Gauge and ghos
fluctuations

Three pieces:

The gauge fluctuations contain zero modes corresponding to the
collective coordinates of the BPST instantons

—1/2 , —1/2 1 i A L A
(detjn,n) = (detjn,ﬁ) ﬁ H /{;T d wO,ﬁLdQ'ﬁL JﬁL H /VT d fL’O,ﬂLdQTTL Jm,
m=1 m=1

To operate on the Green's function



Remaining steps

® Construct the fermionic Green's function in the (72, 72) topological
sector. Using the dilute-gas approximation, this can be obtained from
the Green's functions in the BPST instanton backgrounds

€ Carefully track the chiral phases in the fermonic functional
determinants

~ 2 ] 5
det (—m,,D,,, - me ™ )

n,n

5 - 7i . .
~ (det (—%LDH - me 7 ) ) (det (—%_,,D” —me'? )

n
u:l)

€ Carry out the integral over the collective coordinates of the instantons

v=—1

We will show that the formulae given later can give us
the “standard” result and how one can get a different
result with a new observation




Results in each topological sector

For the partition function within a fixed topological sector

[ZI/ _ Z L (VT)n+’FLHn+ﬁ(_1)n+ﬁ€iu(a+9) }

- 1l
n}nzo n.n-
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where
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Results in each topological sector

) g
For the partition function within a fixed topological sector
Z, = '1_' (VT)n+'FLH:n+ﬁ(_1)n+ﬁ€iu(a+9)
n.nz0 T
n—n=v
where
ﬁzfdQJ@tﬂe_Sl
For the correlation function within a fixed topological sector
VN N
(Y(x)P(z"))y
- i [h.(a:,a;’)( P+ — PH) (VT Som(a:,:zf’)(VT)'”'*"_"]H”’”"(—l)”‘”"@“’(“'“9)
s ! meria me'®
\n—ﬁ:u //
where
dip o nivuky + meTi
Somss{my @ )} = D griptersl) Jup (Pr, + Pr)

(2m)4 k2 +m?



Standard result

If we keep /T to be finite in each topological sector, then

>
v n,nz0 n,n>0
n—n=v

For the partition function
Z _(VT n+n n+n( l)n+n iv(a+0)

|
n,n20 . T?

_ e—zhl/77¢m(u+9)



Standard result

If we keep /T to be finite in each topological sector, then

2e 2y ™ L
v n,szO n,n>0
n—n=vr

For the partition function
Z _(VT TH—N n+n( 1)!L+H 11/((1(4-9)

|
n,n20 . 72

_ 8—2H.V'Tcos(u+9) [E(é) ~ COS é]




Standard result

If we keep /T to be finite in each topological sector, then

22~ 2
v n,nz0 n,n>0
n—n=rvr

For the partition function
Z _(VT TH—N n+n( 1)!1,+H 1!)((1(4-9)

n,n=0 n'n!
_ 8—2H.V'T(:os(u+9) [E(é) ~ COS é]
For the correlation function, one has
i A e 2 e mw
-— I:}L(,L e ) (nm — 2 + — PR) (VT)THH,—l " S()iusl.(m:xl)(VT)rH”I:I ﬁ;nHL(_I)n+nel(n,—fn,)((r+9)
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Standard result

If we keep /T to be finite in each topological sector, then

2 2 X
v n,nz0 n,n>0
n—nm=v

For the partition function

Z _(VT n+n n+n( 1)H,+H ll/((!+9)

Inl
n,n20 n:n.

_ 8—2HVTCOS((1+9)

[E(é) ~ COS é]

For the correlation function, one has

1 - - 2 e e
— I:}L(,L o ) ( — P + — PR) (VT)THH, 1, S()iusl.(m:xl)(VT)nHL:I f{n+n(_1)n+nel(n n)(a+0)
n,n>0 nn. me me™

For the chiral pieces induced by instanton effects, look at e.g.

2y

Thr(r T )(
n,n>0 n n.

_ (—e'wgPLh(-’E»-’E’)) Z (;(VT)”( 1)“( 1(a+9)) )(( D (VT)* ! (~1)™ 1(’—i(a+9))ﬁ—l)

n>0,n>1

PL) (VT)TH-N 1 n+n( l)n+n i(n—-n)(a+0)

—— (e*iQPL) %h(?‘ :L,f)ef?ﬁ:VTcos(aJré')



Standard result

Finally, we obtain the “standard” result

(1/;(1")1/?(.1:')) =—(e p 4 FHPR) T—h,(:r x') + Soinst (7, ") = - i h(x,z") + Soinst (z, ")
where we recall

. Ry -
Nivuky + me et

—1 (z—=x
Sunto f L cvenindy e




Standard result

Finally, we obtain the “standard” result

(D(x)d(a")) = - (7P, +€’9PR);}L(:E 2') + Soinst (z, ") =
where we recall

3 1Y,k +me

—iay®

—1 (z—z H
st ) | Al

Misalignment of the chiral phases unless @ = —¢y

Strong CP problem!

P o h(z,z') + Soinst (z, ")



New result

We first do the sum in each topological sector
E: —}j-[h($,$’)( TL.AFE-+ n‘ f%%)(Lijn+ﬁ—l4_Sbhmt(quf)(vnrjn+ﬂ]Hﬁﬁﬁ(_l)n+ﬁeh4a+9)
.m0 NN me~'e mel

n—n=v



New result

We first do the sum in each topological sector

L [h(.’f:,:l:') ( o 4

171 Sat LY Lio: PR) (V)™ + Spinst (2, -’L”)(VT)HM] KT (1) ()
o n:mn. me me

n,nz
n—n=v

= o=y




New result

We first do the sum in each topological sector

L I:h(lf’,fL’)( n N TL' PR) (V,T)n+ﬁ—1 + SOinst(CC,:C’)(VT)n-'_ﬁ] ’{n+ﬂ(_1)n+ﬁ€iv(a+6‘)

= oL
=30 nin! e e

:Ll—n:r/ \ } I
! e




New result

We first do the sum in each topological sector

1 ~ .
— h(T T ) - o+ Pr (VT)THR 1+S(}m‘=,t(-75 T )(VT)TE+T? n+n(_1)n+n€w(a+8)
n,n >0 n'n' me i me 1(}5

n—n=v ‘H

Note that v = n — n and [(_1)n+ﬁ: (~1)"7 = (_UV]

T )2ﬁ+l/

lalz) = Z n'(n+y)' (_
The sum gives

[h(ilfa il"f’)i (@i(yphlrﬁl(?ﬁ-VT) F Cf_mPHLf—l(QHVT)) + Soinst (7, 1?’)L;(2htV’T)] (—1)”ei”(“‘+9)
m



New result

We first do the sum in each topological sector

1 _ .
— h(T T ) - o+ Pr (VT)THR 1+S(}m‘=,t(-75 T )(VT)TE+T? n+n(_1)n+n€w(a+8)
n,n >0 n'n' me i me 1(}5

n—n=v ‘H

Note that v = n — n and [(_1)n+ﬁ: (~1)"7 = (_UV]

Lz = Z n'(n+y)l (f)%w

The sum gives
[h(ilfa il"f’)i (@i(yphlrﬁl(?ﬁ-VT) F Cf_mPHLf—l(QHVT)) + Soinst (7, 1?’)L;(2htV’T)] (—1)”ei”(“‘+9)
m

We finally arrive at the correlation function

(b(x)p(a"))
S {[(, ") (62 PLIa (2RVT) + €7 PRI, 1 (26V'T)) + Soinst (2, 2') L (26V T)] (1) 640}
Y, {IV(QHVT)(_l)veiu(cHQ)}




The infinity limit for spacetime volume

. g
Taking the limit VT — oo, we have
1
lim 242) 4
z=o00 Jo ()
and obtain (new result)
(‘tﬁ!(:{:)f{ﬁ(:{:’)) =h(x, :1:’)% ((_-ii”PL + (__f_i”PR) + Soinst (7, ") = Soinst (z, ") + wh(x, :I:')’m_le_i(wﬁ

where we recall again

4 ‘n 1n . —ior}f‘r’
d*p -ip(a-2") 17k +m

(2m)4 k2 +m?2

Soinst (33: 33’) =

Thus we obtain alignment !



The infinity limit for spacetime volume

. g
Taking the limit VT — oo, we have
L(z) Why VT — o ? The winding
lim I” =1 number is well-defined in the
(@) limit V7 = oo
and obtain (new result)
(‘tZJ(:{:)?ﬁ(:{:’)) =h(x, .’I:’)i ((_ai”PL + (__e_i”PR) + Soinst (7, ") = Soinst (z, ") + wh(x, .’II’)’H'L_lfi_i(wﬁ
m
where we recall again
iay®
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The infinity limit for spacetime volume

Taking the limit VT — oo, we have
Why VT — oo ? The winding

1 number is well-defined in the
limit V7 — o

lim Ly(z) =
z—o0 [o(x)

and obtain (new result)

(‘tZ’(:l’:)“j;(:I:’)) =h(x, :1:')% ((-1i”PL + (_-:_i”PR) + Soinst (7, ") = Soinst (z, ") + h(x, :I:')m_le_imﬁ

where we recall again

iay®

4 SO A
d*p o-ip(a-a") 17k +m

’ i
Soinst (2, 2') = (27)4 k2 + m?2

Thus we obtain alignment !

Physical reason for this different result:

Disappearance of interferences between the different
topological sectors when spacetime volume is taken
to be infinity!
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Some discussions

First, the derivation was carried out with general chiral phase of the Dirac
mass term and the angle theta. Under chiral rotations,

>y, P> g

we have K. Fujikawa, PRL 42 (1979) 1195; PRD 21 (1980) 2848

2
g 4 a yapy _ _9
o fd r GG (6-28);

so that we can rotate the topological term away at the beginning.
But the conclusion will not be affected.
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Some discussions

First, the derivation was carried out with general chiral phase of the Dirac
mass term and the angle theta. Under chiral rotations,

>y, P> g

we have K. Fujikawa, PRL 42 (1979) 1195; PRD 21 (1980) 2848

0

2
g 4 a yapy _ _9
2 fd r GG (6-28)5

so that we can rotate the topological term away at the beginning.
But the conclusion will not be affected.

Second, our new form of the effective operator does not contradict
the selection rule from the chiral Ward identity:

Y- ey, > P
a—->a-—-28, 60->0+20.

g’ 4 ~
a yapv
o [ deenG
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Third, even the topological term has been rotated away, the instanton

effects are still there and need to be integrated out before constructing
further effective theories.



Some discussions

Third, even the topological term has been rotated away, the instanton

effects are still there and need to be integrated out before constructing
further effective theories.

Contradiction with the literature? An example: Baluni's operator. Start with

1 a ajv e . g 2 a  yapy
Lo = —ZGWG’ M by (1D — Mij ) 0 + GW [ d*z G2 G

jng
Performing chiral rotations, we have
~ 1 a apy 7 AT
Lo — Lo = _EG‘“’G M 1 (IJD = Mij) Vj

where Argdet M = #. With this Lagrangian, one constructs the chiral
Lagrangian. For example, one has (assuming § « 1 )

SLM, = i T

(1275'11, +dy°d + .“9"755)
MayMg + My Mg + MgMs

V. Baluni, PRD 19 (1979) 2227



Some comments

This process implicitly assumes the starting point:
1 _ . _ . _
Lo = =G, G™ + 1 (i — M;j) ¥, + (Fe—'f’ det(rir) + Tel? det(U)RwL))
while we suggest to start with

Lot = —>G2,G% + 9 (i — M;j) b + T det (&e“@i )7/ %)

4
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Summary

O Constructed fermionic Green's functions in BPST instantons with
general complex mass

O Observed alignment between chiral phases in the Dirac mass term
and the 't Hooft term for infinity spacetime volume

O The multiple flavor case has also been carried out

O The calculations were also carried out in Minkowski space



Summary

O Constructed fermionic Green's functions in BPST instantons with
general complex mass

O Observed alignment between chiral phases in the Dirac mass term
and the 't Hooft term for infinity spacetime volume

O The multiple flavor case has also been carried out

O The calculations were also carried out in Minkowski space

or no strong CP problem at all?




Functional determinants

One might think
n—+n
detifxn = (det;:l) Over counting!

We should have

L o
det’= \"*" o o

det’- det 7 4
An n A=0 (det}i_o) P ®




Functional determinants

One might think

We should have

Similarly, ¢ o o o

det (—*’“}#’[,.,D*L5 — me'*Y ) )
n,n

-~

df‘t (_ﬁ'{}HD}L - me](\f"}‘l ) det (_ﬁf,u,D,u, - ???}Elanf )

= det (-«ﬁﬁﬁﬁp — me'®Y )

e {A - 5 " ‘_A : 5
det (—’yﬂdﬁ — me'* ) det (—ﬂmdﬁ — me®Y )

v=-1 v=1
\ }
|

contain chiral phases




Functional determinants

Separating the chiral phase, we have

det (—ﬁ/ﬂﬁp — r:«zeia’}ﬁ) det (—"\‘/p,ﬁp, — 'n's,eims)

— eiua(_e)

= —€

; 2 2 i ] 2, A e vy D
det (— Yy O — THE"Y ) det (—’)H@ﬁ_ — me )



Functional determinants

Separating the chiral phase, we have

det (_%l’jp = meio"?’s) det (—f'}fﬁﬁp = mei‘”s)

_elve = ¢¥*(—0)

>

det (—%3;1, — meia’Y‘:’)

In total we get the path integral

/DA n,n DT;)DwV( ) ( ) ~Sg _ m (H /1;Td T{)mde]m) (

m=1

H/ d -'B{],mdeJm) Sﬂ,ﬁ(ma:nl)
VT

m=1

_ ~1/2 e _ _
[ 1 5 p— N L &) L 7 1] 1%
x det (—"‘/“C)H — me'*? ) (det i 0) e~ (7)1 iv(0+a) n "(—e)nT

\ )
Y

Common factors




Functional determinants

Separating the chiral phase, we have

det (—%ﬁp = -rra.eia’?’5) det (—f'}fp,ﬁp, = meimg))

_eiva — eiua(_e)

det (—’3@18#_ = meim"r’)

>

~ - 3 5 o
det (—%au, — me*Y )

In total we get the path integral

/DA m) DYDY () (z')e =58 = W (H fv,rd 0 mdeJm) (

m=1

. —1/2 o _ =
~ I 5 — 1 ] y g 3 - b~
x det ( ’.}’;Ld,u mei®? ) (dt‘t _ 0) e (n—{—n,)bl6111(0+a)wn‘,+n,( @)u—l-n,

H/ d -T’{],mdeJm) Sﬂ,ﬁ(ma:nl)
VT

m=1

Common factors
The last piece: the fermionic Green's functions in a fixed background

Snn(z,2")



Fermionic Green's functions

In the single BPST instanton background, the Green's function satisfies
("yﬂﬁﬂ + meia’}’5) S(z,z') = 6W(x,z")
Spectral representation (when the mass is small)

Yo.0/r(@)Y0,1r(@) f da(2)d] (")
A

meiua

S(z,z") =

M. A, Shifman, A. |. Vainshtein, and
V. . Zakharov, NPB 163 (1980) 46



Fermionic Green's functions

In the single BPST instanton background, the Green's function satisfies
("yﬂﬁﬂ + meia75) S(z,z') = 6W(x,z")
Spectral representation (when the mass is small)

Yo.0/r(@)Y0,1r(@) f da(2)d] (")
A

meiua

S(z,z") =

M. A, Shifman, A. |. Vainshtein, and
V. . Zakharov, NPB 163 (1980) 46

For general complex mass, we obtained similar structure

arXiv: 2001.07152, WA, J. S. Cruz, B. Garbrecht, C. Tamairit

For the general background, we have

= Al ’ o) ot /
B 0,0 (T~ Zom )y (2 —2om) 1, Yo,r(T—Zom)¥y g(z' —Tom)
Sn,ﬁ(mn T,) - SOiIlSt(q’.?:E,) ¥ Z ’ ki 1

m=1

me 1 me

m=1



Integral over the positions of instantons

Now we have the following integral

i 4 ) i g
(1‘[ /. d a:o,.m)(H | ,z,o,m)

m=1 m=1

—iex i
= me =1 me

. o,.(T - il?o,m)wgflg(-ff -zom) I, Yo,r(T- 170.m,)1ﬁ9‘$_.3(l?' — Z0,m) )
m=1

X (SOinst(mr:U’) + Z | * Z

For every instanton, we need to do the integral once. For example

,—icy
= me

n "(;?:‘(]EL(;T - ;I‘{]’m)'i‘g-L(.‘I" — Zo.4m) )
_ + -

-/‘L‘IT d4 L0,m (SUiIL::;t ('{-I‘l; :I.’-'I) + Z

= VT(SOinst(I'} x') + ) + ?'n._leiah(:tf. z') Py,



Integral over the positions of instantons

Now we have the following integral

i 4 ) ) g
(1‘[ /. d a:o,.m)(H | ,I,O,m)

m=1 m=1

n_ o, (x - il?o,m)wg#g(-f’ — Zo,m)

X (SOinst(-Tf: :U’) 3 Z

—iex i
me =1 me

do.r(w ~ wom)d} (2’ =~ z0m)
m=1

For every instanton, we need to do the integral once. For example

i "‘.E'UgL (x — ;Lfogm)-z;gil(;r' ~ Z0./m) )
- + -

-/i;T d4 L0.m (SUiIL::;t (.’.I."-? :I;I) + Z

,—iax
= me

= VT(SOinst.(I'} x') + ) + ?'n._lf_%iah(:r. z') Py,
In total, for fixed winding number we have

1 L n " = —_ .
Y [h(T,’L’) (m?‘ia 47 + mz/iﬂt PR) (VT)THn—l n SOil’lSt(xa :IJ’)(VT)R-HL:' ﬁn+n(_1)n+new(a+6’)
n,n>0 ¥ 1o :
n,lﬁ>=u
where

fs:z./-dQJ@e_Sl



