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» Transformer based Language models
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5r1A%s (Tokenizer)
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T A (Embedding)

MEEPMC RS A &
> A BHBRCTERIATE LR R
> IR R: KrtokenBLt E w4 ) & 25 1A
N
> A[2ESIME: E IR BBt
embedding : N — RY

> B SRFE: MERURE R AR
> YERENHE. BUAIERED € [256,1024]






Embedding

The network for the embedding:

Input Layer Output Layer
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Attention Mechanism

Core Concept
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Basic Attention Mechanism

Mathematical Formulation
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Attention(Q, K, V') = softmax (QKT> V (1)
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The softmax is along the row direction. Check: the dimension of
the matrix of the output.
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Self-Attention

Special Case of Attention
BERS - B [EFE:

SelfAttention(X) = Attention(XW<, XWE Xw")  (2)
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The weight matrix WS, WX WV are dyode1 X di matrices, and
are learnable parameters

The attention mechanism processes an input sequence of tokens
and produces a weighted dependence matrix as output, where each
element quantifies the contextual relationship between token pairs.



Multi-Head Attention (Part 1/2)

Core Mechanism
Given input X € R™*mode:

1. Project into multiple subspaces:
Q; = XWiQ (VVZQ c RdmodeIXdk)
K= XWE (W[ € Rimoserxdr)
V= XWiV (Wiv c RdmodeIde)
for each head i € {1,...,h}

2. Compute attention per head:

KT
head; = softmax (Q L ) V;
Vdy




Why Multiple Heads?

» Each head learns different attention patterns

» Enables simultaneous focus on different positions



Multi-Head Attention (Part 2/2)

Output Composition

MultiHead(X) = [heady;...;heady] WO (WO e RfdvxXdmoder)

~~

Concatenation Projection

Implementation Details

» Typical configuration: h = 8 heads
» Dimension allocation: dy = dy, = dmodel/h

» Computational complexity: O(n? - dmodel)



Counting parameters: the contribution of the multiple attention
heads is
3x h x dmodel X dk

The concatenation contributes h x d, X dy,odel = di. X dpodel-



Multi-Head Attention Architecture

Input Sequen¢e—>

Scaled Dot-Product Attention Line

Head 1 ——— > Concat
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Head h



Positional Encoding in Transformers

The attention mechanism is symmetric in positions, we need to
add position information.

Sinusoidal Positional Encoding
For position pos and 2¢ and 2¢ + 1 entries in model dimension

dmodel:
L pos
PE(posi) = sin {5z —) G)
POS
PE(pos,2i+1) = Co8 (m) (4)

This will produce a d,,,o4e; dimensional model.
» Fixed (non-learnable) encoding pattern
» Captures relative positions through sinusoidal frequencies
P Allows extrapolation to longer sequences

The input for the ith token is now a d,,04e; dimensional vector
derived from the embedding model, and the contribution of the
position encoding.



Advanced Position Representations

Relative Position Representations

Modifies attention scores with relative positions:

(wiWQ)(l‘jWK + ag)T
€ =
! Vi,

encodes relative position between tokens i and j.
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» Captures pairwise distance relationships

where a

» Learned embeddings for different offsets



Rotary Position Embedding (RoPE) Formulation
For a position m and embedding dimension i:
0; = 10000274

Rotation matrix Ry, for position m:

cosmb; —sinmdb;
R,=1{".
sinm@; cosmb;

We get a d X d dimensional matrix.
Applied to queries/keys:

Attention(m, n) = (Rmq) " (Rnk) = q' Ru_mk

Key Property
Attention scores depend only on relative position (n —m).
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Masked Self-Attention Formulation

For the purpose of text generation, we only need to know the
attention score before a given token.

Core Equations

Given input X € R"*dmodel;
1. Project to queries, keys, values:

Q=XW? K=XxWEK v=xwV

2. Compute masked attention:

Q T
Vdj,
~——

Scaled scores

MaskedAttention(Q, K, V') = softmax +M |V




Mask Matrix M

0 -0 —00 -+ —00

0 0 -—oo —00
M =

0 0 0 —oo

0 0 0 0

» Lower triangular structure
> Allows attention only to previous positions

» Critical for autoregressive generation



What is " Add & Norm"?

» Core component in Transformer layers (encoder/decoder).
» Combines two operations:

1. Add: Residual connection (skip connection).
2. Norm: Layer Normalization.

» Applied after each sub-layer (self-attention, FFN).

Purpose

Stabilize training and mitigate vanishing gradients.



Residual Connection

» Operation: Adds the sub-layer’s input to its output.

Xout = X + SelfAttention(x)

> Why?
> Preserves gradients (avoids vanishing gradients).
> Allows deep networks to train efficiently.

Input x > Self-Attention >  Add
/r
Residual

Figure: Residual connection in self-attention.



Layer Normalization

» Operation: Normalizes across the feature dimension (not
batch).

LayerNorm(x) = vy <\;(%> + 5
o?+e

» 1, 0% Mean/variance of x.
» ~.[3: Learnable parameters.
> ¢ Small constant (e.g., 107°).
> Why?
> Stabilizes activations (reduces internal covariate shift).
» Faster convergence.



Where is "Add & Norm" Used?

> After self-attention:
x' = LayerNorm(x+SelfAttention(x))
> After FFN:

x” = LayerNorm(x' + FFN(x'))



The feedforward layer is the standard neural network with input
dpmoder Neuros and output dy,eqe; Neuros (possibly hidden layers).

We can stack many transformer blocks and at the end add a linear
layer with K output, finally, we produce K probabilities using the
softmax function.



GPT2 architecture

Output(Same dimension as tokenized text)

/ GPT 2 Model \
Output Layer

Transformer Block

Feed Forward
NN

Tokenized Text



Here is the summary: given the input of a sequence of words n, we
get K probabilities, with K the size of vocabulary. We can then
use it to make prediction for the next token.

< start > token at the beginning, and followed by n tokens. The
output are probabilities for n 4 1 token.
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