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Critical phenomena near phase transitions constitute a cornerstone of modern physics
with profound implications across condensed matter physics, statistical mechanics, quantum
field theory (QFT) and quantum gravity [IH5]. Continuous transitions and related critical
phenomena exhibit a remarkable property of universality, generally characterized by a set of
critical exponents that describe non-analytic behavior of physical observables near critical
points. For example, the liquid-gas transition shares the same universality class as the three-
dimensional Ising magnetic transition. Universality offers extensive applications of the Ising
model and general theories of critical phenomena, reaching fields such as pure mathematics,

biology, earth science, deep learning, economics, just to name a few.

Regarding the field theory description of critical phenomena, distinct universality classes
correspond to distinct renormalization group (RG) fixed points [I], 5, [6]. Remarkably, at these
RG fixed points, the usual Poincaré symmetry (comprising Lorentz and translation sym-
metries) and scale invariance often enhance into a larger spacetime symmetry—conformal
symmetry—first explicitly uncovered by Polyakov through the exact solution of the two-
dimensional Ising transition [7]. Conformal symmetry preserves angles but not necessarily
distances, signifying invariance under non-uniform RG transformations. Beyond its elegance,
conformal symmetry has proven instrumental in solving critical phenomena. In two dimen-
sions, conformal symmetry becomes infinite-dimensional [§], rendering numerous theories
exactly solvable and thus giving birth to conformal field theory (CFT) [9], which signifi-
cantly impacts diverse areas from condensed matter physics to quantum gravity. In higher
dimensions (e.g., 3D), conformal symmetry is less restrictive, yet modern developments such
as the conformal bootstrap method [I0HI2] have demonstrated that it remains highly effec-

tive for numerically determining precise critical exponents.

Despite widespread recognition of conformal symmetry’s significance, its explicit applica-
tion in studies of critical phenomena at three and higher dimensions, particularly in lattice
models like the Ising model, remains limited [I3H16]. This is primarily because lattice mod-
els typically employ torus geometries, where the implications of conformal symmetry are
unclear, thus relying solely on scaling symmetry (finite-size scaling) to extract critical ex-
ponents. Conformal symmetry, however, becomes explicit on geometries like the sphere S¢
or cylinder S%' x R. On the cylinder, CFTs exhibit the state-operator correspondence
(radial quantization) [I7), 18], implying that quantum Hamiltonians defined on S9! have

eigenstates directly corresponding to scaling operators of the infrared (IR) CFT. The energy



gaps of these eigenstates are proportional to the scaling dimensions of the respective oper-
ators, providing a powerful framework to investigate scaling dimensions, operator product
expansion (OPE) coefficients, and operator algebras. In two dimensions, studying quantum
lattice models on a one-dimensional periodic chain (S!') naturally leverages this geome-
try [19-22], but in higher dimensions, curvature poses significant challenges for conventional
lattice approaches [23] 24].

Remarkably, fuzzy sphere regularization has proven highly successful for understanding
three-dimensional CFTs. Key achievements include: i) directly demonstrating conformal
symmetry in the 3D Ising transition [25], the O(NN) Wilson-Fisher model [26 27], and
the SO(5) deconfined phase transition [28] via state-operator correspondence; ii accurately
computing crucial quantities such as OPE coefficients [29], four-point correlator [30] and the
RG monotonic F-function [31]; iii) thoroughly exploring conformal line defects [32, [33] and
boundaries [34] 35] in the 3D Ising transition; and iv) discovering new 3D CFTs related to
Chern-Simons-matter theories [36]. These advances were facilitated the explicit conformal
symmetry on spherical geometry, and by remarkably small finite-size effects, enabling com-
putations that previously required millions of CPU hours to now be executed efficiently on
standard laptops within an hour. While many exciting results are forthcoming, this review

paper highlights significant progress already achieved.

I. MOTIVATION FROM THE CONFORMAL FIELD THEORY
A. Conformal transformation

Thus, we have four kinds of transformations:

e translation: €, = a, , i.e. ordinary translations independent of x.
e rotalon: €, = wu, T,

o dilatation: ¢, = Az,

e special conformal transformation: €, = b#xz —2x,b,,

Locally, the above conformal transformation can be expressed as the conformal gener-

ators: a,0,,wtz" 0z, \x - 0,0" (220, — 2z*x - 9), where the number of them are respec-



tively d,d(d — 1)/2,1,d. Thus, the total number generators for conformal symmetry is
(d+1)(d+2)/2.

The generators are

P, = —id,, (1)
L, =i(x,0, — x,0,), (2)
D = —iz,0,, (3)
K, = —i(2x,2"0, — 2°0,) (4)
and they satisfy the commutation relations:
[D,P,] =iP,, (5)
D, K,| = —iK,, (6)
[Pos L] = i(yw Py = 0w P, (7)
(8)

Up to now, we consider the conformal transformation on the coordinates only. Here we
consider how a quantum field changes under a given conformal transformation T,: ¢(z) —
¢ (2) = (1 —ie,T,)p(x).

To understand the physics of above commutation relation, we make an anglog with the
simple harmonics in quantum mechanics. That is, we think about dilatation operator D as
Hamiltonian H in simple harmonics, translation operator P, (SCT operator K,,) as rising
ladder operator a* (lowering ladder operator a), then we get some similarity between CFT
algebra and simple harmonics.

Then we define the CFT state |¢) as the eigenstate of dilatation operator

Dlg) = Aylo) (9)
we immediately know that the eigenvalues of dilatation operator form the tower structure:

DP,|¢) = (A + 1) Pulé) (10)
DE,|¢) = (Ap — 1) Kul9) (11)

We call P,|¢) as the descendant field of |¢). If K,|¢) =0, we call |¢) as the primary field.



Simple harmonics problem.— Let us consider the hamiltonian

1 1
H = %VZ + §mw2x2 (12)

By introducing the ladder operators,

4 [mw ) [mw L P (13)
a’t = T —1 ,a = x+i
2 vV 2mw 2 V2mw

the hamiltonian becomes

H = hw(aa + %), (14)
[H,a] = hwlaTa,a] = —hwa (15)
[H,a*] = hwlata,at] = hwa™ (16)

B. Constraints on correlation functions

The objects of interest in quantum field theories are n-point correlation functions which
are usually computed in a perturbative approach via either canonical quantisation or the
path integral method. In this section, we will see that the exact two- and three-point func-
tions for certain fields in a conformal field theory are already determined by the symmetries.
This will allow us to derive a general formula for the OPE among quasi-primary fields.

Now the 2-point function G(z1, 22) = (¢(21)¢(22)), under the scalse transformation z —

Az,

(B(21)(22)) = N2(d(A21)p(A22)) (17)

Rotation and translation invariance require that

(0(z1)(22)) = f(l21 — 2) (18)

Inserting f(|z1 — 22|) into the above equation leads to

(B(z)(z2)) = fllz1 — ) = — O (19)

- |Z1 _ 22|2A



Similarly, for three-point correlator

f123

(P1(21)Pa(22)3(23)) = 21 — zo|Ai+Ba—Ra|zy — gy[AatBha—Ai|g, _ 4 [AatAi-Ag

(20)

The scaling dimension A and Operator Product Expansion (OPE) coefficients are uni-
versal numbers, and they are the most important information for a given CFT. Using these

data, one can reconstruct all critical phenomena near the phase transition.

Connection with the Critical Phenomena.— CFT is very useful in the statistical
physics and condensed matter physics, especially in the phase transition and critical
phenomena. A key feature of critical phenomena is the universality, where diverse physi-
cal systems exhibit identical scaling behaviors around phase transition point. It is rooted
in the long wavelength effective field theory governing the critical phenomena. This sec-
tion elucidates how the conformal data of CF'T determine measurable critical exponents,
bridging abstract field theory to microscopic observables [I, 3], 4].

In Landau-Ginzburg-Wilson theory, the free energy near a critical point is governed
by local fields such as order parameter ¢ and energy density ¢>. These map to the

relevant CFT primaries:

¢(local order parameter) <— o (lowest symmetry-odd primary)

¢*(energy density) «+— ¢ (lowest symmetry-even primary). (21)

Thus, the critical exponents relating to the local fields are solely determined by the
scaling dimensions of CFT primaries. The widely used critical exponents (n,v, 3,7, )

of Wilson-Fisher universality class relates to the scaling dimensions A,, A, as

n=2A, — (d—2), (22)
1
vV = d——Ae7 (23)
B=3d=2+n), (24)
v =v(2—n), (25)
_d+2-n
T (26)

Additionally, CFT also governs physics close to or around the exact critical point.

For example, in the finite-size simulation on a given size L, the subleading correction to




the free energy reads:

Fe~L % (ag+ai L™ +--1),

where anomalous critical exponent w = A, — d is determined by the lowest irrelevant

symmetry-even primary €.

C. Radial quantization

To see the consequences of conformal invariance in a two dimensional quantum field the-
ory, we enter into some of the details of the quantization procedure (we first take conformal
field theories defined on Euclidean two-dimensional flat space.). We begin with flat Eu-
clidean “space” and “time” coordinates o and 7 (In Minkowski space, one needs to make
a Wick rotation 7 = it). The coordinate o0 = o + 27, is the periodic boundary condition
for 1d spatial dimension (Or, it is to eliminate any infrared divergences, we compactify the

space coordinate). Thus, we define the complex number ¢ = 7 + io.

The conformal map

z = exp(T +i0) (27)

maps the cylinder to the complex plane. Equal time surfaces, 7 = const, become circles
of constant radius on the z-plane, and time reversal, 7 — —7 | becomes z — 1/z*. Then
the time translation 7— > 7 + 7" becomes dilatation on the complex plane z— > e?2. So
the dilatation generator on the conformal plane can be regarded as the Hamiltonian for the
system, and the Hilbert space is built up on surfaces of constant radius. This procedure
for defining a quantum theory on the plane is known as radial quantization (Hilbert state
space defined on circles about the origin, and propagation of states in the radial direction
dilation operator is the Hamiltonian; rotation operator is a spatial translation). Thus the

hamiltonian on the complex plane is

H <+ D (28)

The radial quantization, in particular, is to quantize this Hamiltonian or said to quantize

the generators on the complex plane.
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¢ = exp(*)
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FIG. 1. Map from cylinder to plane in 2D.

Re ST xR

‘ Weyl transformation

7= Rlogr

E/} Y £ =

Tt 7

FIG. 2. Map from cylinder to plane in 3D.
Another way to view this relation is, under that map Eq. the field changes as
Gyt (7, 2) = A(r, Q)2 Gpiane (1, Q) (29)

where A = R=2¢7 is the scale factor of this transformation and we can see it by considering
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the metric
ds® = dr® + r2dQ? = R7%F (dr? + R2d0?) = A(r, Q) (dr? + R?d0?) . (30)

So we have

<¢cyl(7)¢cyl(0)> = A(r, Q)A/QA(T =1, Q)A/Q<¢plane(7)¢plane(0)> (31)
o A 1 —rA
:RzeRRQ—‘r_HZANeR (32)

This is expontial decay function. Recalling that, the inverse of correlation length is propor-

tional the eigenenergy gap, we have

J VAN
¢ R (33)

So we reach the state-operator correspondence: On the cylinder geometry S4' x R, each

eigenenergy gap has one-to-one correspondence with scaling dimension of CFT operator.

[17, [18].

Example.- Let us consider an example of 1+1D transverse Ising model, which develops

141D Ising CFT at the phase transition point.

H=> oio7,+hY of (34)

The duality ensures the transition occurs at h. = 1. The periodic boundary condition
leads to S* x R geometry. Plotting the energy spectra at the transition point will give
Fig. 3

Next we solve this model with periodic boundary condition. The stategy is to use
the fermionic representative [Two-dimensional Ising model as a soluble problem of many

fermions, T. D. Schultz, D. C. Mattis, E. H. Lieb]. Here we make the Jordan-Wigner

transformation
o% + igY or —ioY
_Yn n z T _n_ "n Z
Cp = 5 H Om> Cn = 9 H Tm> (35)
m<n m<n
or = [T -2¢en)en oy = [T - 2¢en)clon =1 -2cfea  (36)

m<n m<n
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The string | |
on the left side of n. One can check that,

men(1=2cl c,,) takes values £1, depending on even/odd number of fermions

{en, et} = S, {cn,cmy = {cl el } =0 (37)
[0F, 0] = 0pm0o?, (07,05 = +20, mor (38)

(Only the Pauli matrix with the same site index should consider the commutation rela-

- 261]5ab7 [U 0; ] - (5”0?)

tion {0, o i.0;

27]

Under the Jordan-Wigner transformation, the Hamiltonian becomes

H = ZU _Zanan+1

N N-1
Zl—Qccn Z[nn+1+ccn+1+hc] + (el + eloer + hoe)e™ N = Zc
n=1 n=1
(39)
with
oo = [ —2¢cn)lcn + )l [T (1 —2¢ien)](en + <))
m<n k<n+1
= (e}, +cn) (1 = 2 ca) (cnpr + CL+1)
=clepr + CLCL_H + h.c. (40)
The boundary term comes from that o%o? = ™ 2a<t™icl ¢y = —emXi<emicl ¢ =
ei™N T

c\cr, because to the left of ¢}, we certainly have ny = 1. This shows that boundary
condition are changed by fermion parity e™ = (—1) and periodic boundary condition
become anti-periodic boundary condition when A is even. And odd N relates to periodic
boundary condition. Therefore, the real spin problem is not exactly the same with free
fermion. Next, for odd N, we set e = 1,k = 2% n = —N/2+1,...,0,..., N/2, for

even N, we set e*N = —1,k = i%,n =1,..,N/2.




12

In terms of momentum space c¢; = \/LN >k e*i ¢, the Hamiltonian becomes
H=- 2[2 cos(k)cher + (€®clel 4 h.c)] + Z 2tep — 1)
= Z [(1 = cos(k))(cter — c_xcl ) = (e*clel, + h.c)]

—Z [(1 = cos(k))(cler — c_pel ) — (e*clel , + h.c.)] —I—Z

k>0 k<0
= Z (1 — cos(k))(cher — c_xel ) — (2isin(k)clel , — 2isin(k)c_ger)]
k>0
2(1 —cos(k)) —2isin(k) Ck

_ (41)
P 2isin(k)  2(1—cos(k)) /) \c,

where we used Y, 2cos(k)che, = 32, cos(k)(cher — ¢ pcl ), and 32, (2cher — 1) =
> (cher — el y).
The diagonalization is akin to Bogovliubov transformation, and all eigenvalues can

be calculated:

A(k) = i2\/(cos(k:) —1)2 + sin®(k) = £2 sing (42)

So we obtain that, for odd N, we have e*V =1,k = Q”T",n =—-N/2,..,0,..., N/2,

1
H= Z A~ (n)(nin, — 5) + const. (43)
2 2 2

A~(n) = [(1 - cos%ﬁ + (sin %)2]1/2 - 28111% (44)

. . Cq Ug  —1ig Mg
where Bogoliubov particle as = . (We have used that

i .
C—q Wq  Uq N—q

H = 3 o AE) (e + nn'y) = o Ak)(nime — 1/2)) For even N, we know the
boundary condition is e*N = —1,k = £+ 2" Yon=1,..,N/2

N/2
H = Z At (n)(nin, — %) + const. (45)
At (n) =[(1 — cos —W(QT;V_ D )2 + (sin —W(QTJLV_ D )2Y2 = 25sin —W(2;]\; D (46)

The expression for H in above allows to immediately conclude that the ground state

of the Hamiltonian must be the Bogoliubov vacuum state |0) which annihilates the
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7x|0) = 0 for all k. Thus, the ground state energy is

N/2

== X:A+ + const. = —csc—— + const & AN T + ..
- 2N T 12N
(47)
L N2
2N
EO_:—— Z A (n) + const. = —cotﬁ—i-constw—?—l—GlN—l— E++m
(48)
The lowest excited energy in even sector is
2
Ef = AT(1) + AT(N/2) + Ef = 4sin— + Ef ~ -~ + EF (49)
2N N
Finally, according to the CF'T, we have
=2 /Nd[T’( )+ T@)]) = (Lo + Lo) — 25 + K (50)
= —_— w w _——_—
or J, VY N oo 6N

where K is a constant. Then we use the state |A), Lo|A+n) = (A+n)|A+n), Lo|A+n) =
(A +n)|A +n). We got the eigenvalues as

2T - B e
E—N(A+A+n—l—n)—6—N+K, (51)
me
Ey=——+K 52
0 6N+ (52)

Compare Ej (1/N term) with CFT result, we have ¢ = 1/2. And we used csc(r) ~
T4+2 4 L cot(w) - L+
Comparing E; with CFT, we have

A=A =1/2 (53)
Comparing E; with CFT
A, =N, =1/16 (54)

In conclusion, the state-operator correspondence works in 2D Ising transition.




N =64, PBC
G 8 4 - 4 = L
54 - - L > L - -
350
14— - ' J dﬁgl T % - .
<131 W . * o Hde* . L
9] ]_" 4 o Ol : 'T
1 * L & *
0 1
—3 -2 —1 (] 1 2 3

FIG. 3. Operator spectra of 1+1 transverse Ising model at the transition point.
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II. LANDAU LEVELS ON THE SPHERE GEOMETRY

In the Haldane’s spherical geometry, the two-dimensional sheet containing electrons is
wrapped around the surface of a sphere, and a perpendicular magnetic field is generated by
placing a Dirac magnetic monopole at the center of the sphere. The spherical geometry is
compact, i.e. it does not have edges, which makes it suitable for an investigation of the bulk
properties. In particular, filled Landau levels are unambiguously defined. The spherical
geometry has been instrumental in establishing the validity of the theory of the FQHE, and

provides the cleanest proofs for many properties, which was first introduced by Haldane [37].

A. Landau levels on sphere

We consider a sphere of radius R and put a monopole charge 2sy at its center. The
monopole generates a magnetic field B extending radially outward through the surface. 2s,
must be an integer due to Dirac’s monopole quantization condition. The flux corresponds

to a magnetic field

25000 -
ey (55)
which and is produced by the vector potential
25000 >
IR cot 0o, (56)
1 0 0 1.1 0 0 1.0 0 -
A= A 0) — —Aglr+ — —A, — A0 Ag) — =A
VX rsm€[89< ssin0) = 0¢ ol + r[sin98¢ " or FTAU) [87’(r 2 ol ¢
(57)
The kinetic energy operator is given by
h? 9

where the canonical momentum is defined as (by setting i = 1)

0 —] + so cot 00 (59)

) — sgcot 0g| = W— N 9s1n 0 09
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(a) /B" cdr = 471 - 8 2s + 1 orbitals

=

LLL projection

>

FIG. 4. Schematic plot of electrons moving on a sphere in the presence of 47 - s monopole. The
LLL has 2s 4+ 1 degenerate orbitals, which form an SO(3) spin-s irreducible representation. A

system projected into the LLL can be equivalently viewed as a fuzzy sphere.

Using the Levi-Civita symbol to rewrite
Ai = Ml + eez’jkrjAk = —ihEijijak + eeijijAk (60)

where M; is the canonical angular momentum and satisfy [M;, M;| = ihe;;,My,. The com-

mutator of A are

(A, Aj] = [M;, Mj] + e€jeq[M;, e Ag] — e€iap[M;, 70 Ay
= ZhEleMk + iehﬁibaejca(rbAc — TCAb) -+ z’ehembejcd(ad/lb — 8bAd)
= ZhEUkMk + ieheijk(r X A)k + i@hEiGbchdEdbeTarbBe

= ihe;jr(Ax — hsoSd) (61)
Similarly, we have
[Ai, 7] = [M;, 7/ R] = €5 (62)
Finally, we can define the operator L; as
L=A+ s (63)
This operator forms su(2) algebra

(L, L] = iciju Ly (64)
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So the operator L? should be quantized with eigenvalues s(s + 1), 2s € Z.
Using A - 7= 0, we have

AP =128 (65)

The Hamiltonian, therefore, commutes with the angular momentum operators. Because
[L? L,] = 0, we choose eigenfunctions that simultaneously diagonalize H, f,Q, L,. These

eigenfunctions are called “monopole harmonics”, denoted by 5@€3,L80).

Lv5e) = s(s+ 1)), (66)
LY59 = my( (67)

The eigenvalues of |A|* are s(s + 1) — s2, giving the energy eigenvalues

2 2
B oo s(s+1) —sg
s0,l,m — 2mR2 [S(S + 1) SO] _ hwc 2|30| (68>
1 nn+1)
= hwe[n + = + ——— 69

where we used 2599 = 47 R?B, and s = sg + n (n hence labels the Landau levels).

Next we proceed to obtain the explicit expression for the single particle eigenstate, Ys(,fﬁ).

A complete, orthogonal basis of the states spanning the lowest Landau level (n = 0, s = sg)

is given by
P2 (u,v) = u* TS (70)
u = cos geid’/Q, v = sin ge_i¢/2 (71)
with m = —s, —s + 1, ..., s. And we obtain the monopole harmonics functions
R B (72)

A7c(s —m)!(s +m)!

B. Landau level projection

The Landau levels are gapped spectrum. The finite energy gap is very important. Due
the appearance of this energy gap, we can project out the higher energy levels, and project
into the lowest Landau level (LLL) subspace. We can construct effective theory based on
the LLL. This technique has been widely used in the study of the fractional quantum Hall
effect, which is belong to the gapped topological order.
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Spherical Harmonics Monopole Harmonics

© ﬂ

=

¢ e
© 0
¢ e e e ee
¢ &€ & e oceeeeo
¢ ¢ ¢ e e oceeee@ @

FIG. 5. Monopole harmonics.

It is worth noting that this LLL projection is controlled, because the kinetic energy is
quenched. Say, generally the projection is controlled under the condition of W < U < A,
where W is the bandwidth of projected band, U is the interaction strength of particles and
A is the energy band gap separating the projected energy band from the higher energy
bands. In traditional condensed matter systems, this condition is usually violates because
W is generally nonzero. Fortunately, W is exactly zero in the Landau level problem, so the
condition of W <« U < A can be easily satisfied by tuning the interaction strength. And,
importantly, no matter how small U is, this problem is strongly-correlated (since kinetic
energy is quenched). In a word, this LLL projection is always controlled and we can apply
it safely.

The great advantage of the LLL enormously simplifies computer experimentation; the
dimension of the relevant Fock space is finite because of the LLL constraint, allowing us to
obtain exact results. This idea is similar to the "regularization” in the field theory.

At last, the LLL on the sphere indeed corresponds to the fuzzy sphere, a fundamental ex-
ample of non-commutative geometry in mathematics. To provide an intuitive understanding
of the emergence of the fuzzy sphere, we consider the projection of the coordinates of a unit
sphere, denoted as & = (sin # cos p, sin f sin , cos ). After the projection, these coordinates

become three (2s + 1) x (2s + 1) matrices, given by

—

(X)mymy = / sin@dfde Y (0, 0)Y.2) (0, ). (73)

These matrices satisfy the following commutation relations:

1
X", X" = ——ie"’X,, (74)
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The fact that the three projected coordinates satisfy the SO(3) algebra formally defines a
fuzzy sphere [38]. Notably, in the limit s — oo, the fuzziness disappears, and the commu-
tative unit sphere is recovered. This limit also corresponds to the continuum limit in our

fuzzy sphere regularization.

C. Second quantization using monopole harmonics

We consider the interacting field theory

1 N
H =5 [ drae @itV e = )0 () o(e) (75)
where V' (r — ') is the interaction scattering potential.
Using the monopole harmonics, we introduce the second quantization scheme as

00,0 = 3TN0, 0)em. (76)

m=—s
We can write down the second quantization form of hamiltonian with two-body interac-

tion
S

1
H = 5 Z Cinl’ncjn%ncmg,,ncm‘;,n5m1+m2,m3+m4 <57 mi;s, m2|V|S, ms; S, m4> (77)

mi,m2,m3,m4=—=~
where the n is Landau level index and s = sy + n is orbital momentum (sq is the magnetic
monopole placed in the center of sphere). Next we consider the lowest Landau level with

n = 0 case. The matrix element is

(5,13 5, ma| Vs, mas 5, ma) = / de, / A,V (e) VL0 (22)V (01, 7)Y (1) VS0 (xy)
(78)
where Ys(,fﬁ)(r) is monopole harmonics functions.
If the potential V' is a function of |r; — rs| (as is the case for the Coulomb potential), it

can expanded in Legendre polynomials,

V(lri —ro]) = Z Uy (ry,19) Py(cos 012) (79)
k=0
and
1 T
Up = 5/ dOV (r12) Py (cos 0) sin 6. (80)
0

So the interaction can be rewritten in terms of a new set of parameters, U,. The Uy are

unitless coefficients that defines the potential. Let us show several examples here:
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e For coulomb potential V(r) = %, we define the chord distance between two points on

a sphere is given by

| 1
Vv _ P,(cos® 81
(r) = Ve —ral) = oo 00~ RyI-2cosl, R Z (cosbha)  (81)

, where we need the formula for Legendre polynomials P, (x):

82
v1—2xt+ t2 Z (82)
So we have U, = 1.
e For short-ranged potential V(r) = d(r), we can use the expansion
5 — Q) = Z Z Yim(Q) = (21 + 1)P(cos ) (83)
=0 m=—1 =0
, where we used Pj(cosfy,) = % lm:4 Y (20)Yin (%) (Yo, is sphere harmonics

function). Thus we have Uy = 2k + 1 for short-ranged potentials.

e For short-ranged potential V(r) = V24(r), we use the expansion

00 l 00 l
V25( = Q) =D Y VI ()Y () = > > (U + 1) Y] () Yin () =
=0 m=-1 =0 m=—1
(84)
, where we used Pj(cosfy,) = 22‘% L Y (Q0)Yim(%) (Vi is sphere harmonics

function). Thus we have Uy = —k(k + 1)(2k + 1) for short-ranged potentials.

Next we insert the potential form Eq. [79)into the matrix element, we have

(s,ml;s,m2|V|s,m3;s,m4> = /dQl/dQQY( 0)( )an;(rg)V(rl,rg)Ys(ffL;(rg)Y( )(I'l)

— [a0, [ a7 @7 @) ZUk%H Z o (€0 Vi ()]V50) (2,)Y50) (0,

k
4m — s s
=Y Ui 3 [ AT @) T (@Y [ AT (Vi 02V 0)
k m=—k

(85)

-3 (-

=0

[(1+1)
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To deal with this integral, we explicitly substitute the monopole harmonic with sy = 0 for

the spherical harmonics: Y;,, = ¥;*°=". Then we use the result from Ref. [39]:

[ davie @y @y -

(_)51+82+83[(2$1 +1)(2s2 +1)(2s5 + 1)]1/2 51 S3 S3 S So S3

(86)
Am mi M2 M3 Q1 Q2 Qs

where the round brackets are 3j symbols, and it is nonzero only if )1 + Q2 + Q3 = 0 and
my + mg + mg = 0. And the relation is also need: Vfin = (=)ormy; .
Under this useful integrals, we can integrate over the angular coordinates €1; 5, and we

reach

S

1
H= 5 E : cjnl,ncjng,ncm3,ncm47n5m1+m27m3+m4 <S’ ma; S, m2|V|S, ms; s, m4>

mi,m2,m3,mq=-—=5

kmaw

(s,mq;s,me|V]s, ms;s,my) = Z Uy (—)2sotmatmatdst2hiog 1 1))%x
k=0

s k s s k s s k s s k s
(87)
—Ty My — My My —Msa Mo — M3 13 —S0 0 S0 —S8p 0 S0
. . . S1 S2 S3 .
Here, for a general Wigner 3j coeflicient, , it is non-zero only when m;+ms+

my Mg M3

ms = 0 and when sq, s9, s3 together satisfy the triangle inequality, [s1 — so| < s3 < 51 + So.
As such, the sum over m collapses, and m = m; — m3z = my — ms.
However, this result is not shown in the literature. A more popular form is to express

this formula in a pair pseudopotentials, which is widely used in the community of quantum

Hall effect.

D. Haldane’s pseudopotential

The pair pseudopotential V(1) is defined as the interaction energy of a pair of electrons
as a function of their pair angular momentum [. Although the pseudopotential is a function
only of the pair angular momentum, V"(l) actually contains all of the correlative behaviors
of any many-body system, and can be used in the place of the two-body matrix elements

calculated above to perform the same calculations. The pseudopotential is defined on the
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Haldane sphere by using standard angular momentum coupling to expand the monopole

harmonics into a coupled basis,

|s,mq; 8, M) = Z |s, 850, m1 + ma)(s, s;1,mq + mals, mq; s, ma)
l

This is actually a momentum coupling transformation, and the coefficient (s,s;l,m; +
ma|s, my; s, mo) is the ordinary Clebsch-Gordan coefficient.
If we expand both the initial and final state vectors in the coupled angular momentum

basis, we can rewrite the two-body matrix element in the following form:

(s,mq;s,ma|V(r)|s,ms; s, my) = Z(s,ml;s,mgls,s;l,ml +ma)(s, s;l', mg + myls, ms; s, my) X

Ll
(s,8;1,m1 +ma|V(ry —12)|s, s;1',m3 + my)

In this expression, the pseudopotential for particles in a single Landau level is evaluated

from the matrix element from

<S7 S l7 m’V(Tl - T2)|57 S ll? m/>5m:m1+m25m’=m3+m4

For particles in the n th Landau level, that is, when s = sy + n matrix element gives the
pair pseudopotential.

In order to reduce the following expression slightly, we need lots of integral relations and

results. We omit these tedious process, and reach the finial result:

2s
[ ss S
(s,s;0, m|V(|ri—ra|)]s, s;1',m'y = V=) 60 = d1p Z Up(—)*0t(254-1)?
k=0 k s s —Sp
(88)
where s = sy + n is the shell angular momentum of the n-th Laudan level, [ is the relative
s k s
angular momentum between two particles. Here, is Wigner 3j coefficient
—S8p 0 S0
Lss | . . . . .
and is Wigner 6] coefficient. Please note that the expression of V*(I) does not
ks s

depend on the relative angular momentum m, m’.

k s

080
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To sum up, the hamiltonian written by pseudopotential will be
1 S

H = 5 E , ainl,na’jng,nams,nam4,n5m1+m2,m3+m4 <S7 my; s, m2|V|S, ms; s, m4>

mi1,Mm2,m3,mq=-—=5

<Sv my; S, m2|V|Sa ms; S, m4> =

Z(s, my; s, mals, s;1,my +ma) (s, s;l',ms + my|s, ms; s, my) X (s,s;1,my +ma|V(ry —ra)l|s, s;1',ms +m,
L

[ l
=S vaiFi(—ymrm [ 70 VLT I(—1ymatma |77
l

my1 Mo —1M1 — Mo msz My —M3g — My

s s l s s l
=> Vi(2l+1) (89)
! mip Mg —My — My mg My —M3 — My
Let us calculate the pseudopotential using Eq. [88]
(2s+1)?2 [ =25
e For short-ranged interaction V(r) = o(r), Uy, =2k + 1, V5(I) = (e+1)
0,1 # 2s
e For short-ranged interaction V (r) = V24(r), Uy, = —k(k + 1)(2k + 1),
_ (149)°2s+1)4(29))*  _ _ s(2s+1)? _
L0 = = S D) ()2 (@s=D)E = — dsrr - < 0,1 =2s
—_ 4s(1+5)2(25+1)4((25))? s(2s+1)2 .
Vall) = (o1 = @ n G = " > 00 =2s = 1, [limeozs = 5"+ s + ]
0, others
(90)

e For coulomb interaction V(r) =1/r, Uy =1, V() = 272&Z@i;??ﬁ?f&ii(l(;;!;%p)!

For coulomb interaction V(r) = 1/r, the above equation has a analytical form, first

derived by Fano, for the lowest Landau level, n = 0:

480-2[ 480+2l+2

280 — l 280 + l + 1
S0 = (91)

2
450+2

2So+1

, which is widely used for calculation in first Laudau level.
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E. Density operator

In the case of lowest Landau level (s = sg,n = 0), we define the annihilation operator

1@(0, ¢) on the projected Landau level as
¢m stands for the annihilation operator of Landau orbital m, and it is independent of coor-

dinates (0, ¢). Monopole harmonics Y;(Zf) see Eq. .
The density operator n(6, ¢) = 1[1% can be written as,

Z Yjs‘:rou S,m2 m1cm2 (93)

mi,ma

Next we write the Hamiltonian in terms of density operator n; ,, in the angular momentum

space, defined as,

n(97 90) = Z YS m2}/;$nlcm1 Cm2 = Z nl,mn,m(97 90) (94>
l,m

mi,ma=—3s

Here Y, (0, ¢) = Y,(Sj is the spherical harmonics, with m = —[, —{+1,--- ,land | € Z. ny,,

can be obtained using spherical harmonic transformation,

Nm /dQY}m(Q w)n(d, p)

/2l—|—1 3s+m1+l s [ s s | s ey
mp-Mmi1—m
m—m; —m my —s 0 s

mi=—s
; /21 —I— 1 |yt s s s s Cjnlcmlfnm
A— —my m my—m -5 0 s
(95)
. . JioJ2 Js ) . . .
where we used the integral in Eq. [86, Here is the Wigner 3j-Symbol. To
miy Mo M3
s 1 S o
have the term non-vanishing, we should have [ < 2s. One can show

—my m mp;—m
that,

n = (~1)™ (96)
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Relation between Vi and Uy = Uy /(21 +1).—
For 6(r) potential

90d(r) = Uy = go(20 + 1), U, = go

25+ 1)
9od(r) = Vo = QO% (97)
and V?§(r) potential
g1V25(r) — Ul = gl{—l(l + 1)(2l + 1)], Ul = gl[—l<l + 1)]
) o os(2s41)2 0 s(2s 4+ 1)
giV7o(r) = Vo = N1 1 V= N1 (98)

For a pontential god(r) + ¢1V?d(r), we have the pseudopotential {Vj, V;} connected
with {go, g1} as

2
Vi =g 5 W = oiVo+ e
As—1 2 = (2s+1)? (2s+1)? (99)
s(2s+1 2s+1 S—
‘/b = —01 (4811) + go ( 4;:‘,1) g1 = s(;leri)Q ‘/1

So in the language of Uj:

4s + 1 4s — 1 4s — 1

~: — ll 1: -
= Ur=g0— qul(l +1) (2s+1)2V0+(25+1)2V1 s(2s+1)

SVix I(1+1)  (100)

where U, is the parameter which pun in Eq. ??.

Relation between two different expressions Eq. and Eq.

<87 my; S, m2|V(T)|S7 ms; S, m4> -

Z(s, mi; s, mals, s;l,my + ma) (s, s;1',mg + ma|s, mg; s, my) x
L

(s,8;1,m1 +ma|V(ry —12)|s, s; ', m3 + my)

s l 5 s l
V2L + 1(—=1) s ma
my1 ™Mo —1TN1 — Mo ms My —713 —

= ViVl + 1(=1)7mm
l

s s l s s l
=> Vi(2l+1) (101)
l

my Mg —My — M2 ms Mg —M3 — My
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kma:c

<S,m1; $7m2|V|s,m3; 3,m4> = (23 + 1)2 Z Uk(—)28+m2+m4><
k=0

S k S s k S s ks s ks
(102)
—M1 My — My My —Mg My — M3 M3 —s 0 s —s 0 s
Next we apply the condition of (if ji, jo, j3 satisfy the triangle condition)
. Ji J2 U3 Jv J2 Js
(25 +1) Z = 053,73 Omg,m}, (103)

/
mi,me \ 101 T2 M3 my Mg Mg

to the above to Equations, and get

2

k
1 idig o[ s ks
> Vigr g Oubu G -maSotr = ma = Y, Un(25 + 1) x
! + k—0 —s5 0 s
E (_)25+m2+m4 § k S S k S
mi,ma,m3,mq —mi M1 — My My —Mo M9y — M3 M3
s s l s s [
my Mg —Myp — My ms3 Mg —MM3 — My
§ (_)23+m2+m4 § k S S k S
m1,ma,ms3,my —my My — My My —Mg Mg — M3 M3
s s l s s )
my Mg —Myp — My ms3 Mg —MM3g — Ny

(104)
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2

k
1 max S k; S
1% = Ur(2s+1)°(—-)* x>
20+1 k=0 —-s 0 s my,ma,m3,ma
l s s (—1)25+l { s s
=M1 — Mo M1 Mo ms + 1My —Ms3 —My
(_1)25+k k s s k s s
My — My —MMyp My Mo — M3 Mg —1MMy
2
o 2, N2stitk | F k s l'ss
=) U(2s+1)°(-)
=0 —s 0 s k s s
Here use the formula:
Ju gz Js | _ Z (_1)Z§:1jk—22:1xk JuoJ2 I3
j4 j5 j6 7373:1,‘.,6 _Il _‘,'U2 _:Ug
Ja J2 Js Ja J5 J3
Ty T2 —Te —Ty Ty T3

(_)m2+m4

(105)
Ji1 Js Js
Tr1 —T5 Tg

(106)

by setting j1 =1, js =k, jo = j3 = js = j¢ = s and £1 = —mq — Mo = —M3 — My, Ty =
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M3, T3 = My, Ty = My — M3 = —M1 + My, Ts = —M1, Tg = Ma, to do the summation

Z (_)m2+m4

mi—4q

k s S k s

mip —my —M

— Z (_)m2+m4

mi—e

my

k s S k s

my —Mmyg —My My

— Z (_)21’1L2+27r1,,172'm/1(_)—(m4+m2—2m1)

Mo — Mg M3z —1My

I s s\ [

ms My Mg

mi—e
k S S k s
myp — My —Myp My Mo — M3 M3 —1MN9
| [l s s
ks s

Similarly, we have

(—1)20tk 2k +1)2 [ s ks

U. =
g (25 +1)2

—s 0 s

me —MM3g —MNy

(107)

s s k
(108)

s sl
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III. 241D TRANSVERSE ISING MODEL ON THE FUZZY SPHERE

Here we explicitly define the model, which is spinful electrons in the LLL. [40] In spatial

space, the Hamiltonian takes the form

H = R4/ande U(Qap) [1°(8a, 0a)n° (05, 6) — 1°(0a, 0010 (Ob, )] — hR2/dQ n® (0, v),
(109)

where n®(6, ¢) is a local density operator given by

~

1/]T( ) 90)
&i(eﬂp)a

with 0®%* being Pauli matrices, 0 = Iy, and U (Qqp) the local density-density interactions

n®(0, ) = (0, 0), ¥](0,0)) o° : (110)

(defined below). The first term behaves like an Ising ferromagnetic interaction, while the

second term is the transverse field. By projecting the Hamiltonian into the LLL, we obtain

H = HOO+H22+Ht7

S
_ E T T
HOO - 5 le,m27m3,m4 (cmlcm4) (Cmgcms) 6m1+m2,m3+m47

mi1,2,3,4=—S

1 (111)

S
— I T4z
H.. = 5 E Ving ma,ma,ma (lea Cm4) (CmQU Cms) Oy +ma,mz+ma>

m1,2,34=—S8

S
H,=—h Z cfnazcm,

m=—s

where ¢! = (cjm,cjm) is the fermion creation operator on the my, Landau orbital. The

parameter Vi, m, ms.m, 15 connected to the Haldane pseudopotential V; by

s s 2s — 1 s s 2s — 1
Vi maamaana = 3 Vi (4s — 21 4 1) , (112)
l mip Mz —Myp — My myg M3 —Mg — My
JioJ2 U3\ . . . . . .
where is the Wigner 3j-symbol. In this paper we will only consider ultra-

my Mg M3

local density-density interactions in real space, i.e. U(Qy) = goéé(Qab) + ¢ %V%(Qab),
and the associated Haldane pseudopotentials involve Vg, Vi. Next we will set Vi = 1 as
energy unit and vary Vj, h to study the phase diagram.

We consider the half-filling case with the LLL filled by N = 2s + 1 electrons. When

h = 0 and V,V; > 0, the ground state is an Ising ferromagnet that spontaneously breaks
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Z, symmetry. In quantum Hall literature this phase is called quantum Hall ferromagnetism
[41, [42]. The two-fold degenerate ground states are |¥4) = [[ _ | cInT|0> and |V,) =
I f ¢|O>' When h > V), Vi, the ground state is a trivial paramagnet that preserves

m=—s Cm
S
m=—s

Ising symmetry, |¥,) =[] (cInT~|—cLL 1)10). Therefore, we expect a 2+ 1D Ising transition

as increasing h. The global phase diagram of the model is as shown in Fig. @(b)

Space-time symmetry of Ising.

1. Particle-hole symmetry: c,, — io¥cl , i — —i. That is: ¢, — Cjn,y Cm,| — _CvaT’
Cjn,? — Cm s Cimi — —Cm -

The particle-hole symmetry turns out to be the spacetime parity symmetry of 3D

Ising CFT. To understand this relation, we can write an SO(3) vector,

5 S S 1
Nm—0,41 = Z (=)™ C:rmaﬁcmlfma (113)
mi1=—S8 ml m — m1 —m
and find it transforms as
x - my s s 1 T T
mi=—s myp —my 0
5 s s 1
= > (=nm™ (—CmyyChy i = Cyrch, ) = ntg (115)

and

i s s 1
fn:l - )™ 'm11Cmi—1] 'ma L Cma—11
n (—1)™ (ch e +c emo1r)  (116)
mi=—s maq 1—m1 -1

5 S s 1

- Z (=)™ (_leicjm—m - Cmﬁcinl—u) (117)
mi 1-— mq -1

= E (—1)™ § ° ! (cT Cmay + cl Cmyt) (118)
m; 1—my —1 T e
mi=—s 1

5 s s 1 i i
_I_ 1 1 (lefcml‘Fl\L + leicml+1T) (119)
my —-m; —

5 . S S 1 ; :
= — Z (=)™ (cmﬁcmﬁu + cmlicmﬁn) = —Nyp—_1 (120)

mi=—s mp —1—my 1
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Ny 0 0 -1 ny_
nt_o | =10 10 nt_o |, (121)
ne__4 -10 0 ne_ 4
0 0 -1
under particle-hole transformation. Since det[| 0 1 0 |] = —1, The particle-hole
—-10 0
acts as an improper Z, of O(3), so it can be identified as the spacetime parity of the 3D
Ising CFT.

A. Symmetries

The Hamiltonian has three symmetries,

1. Ising Zy symmetry: ¢, = 0”c,,.

2. SO(3) sphere rotation symmetry: ¢,,—_... s form the spin-s representation of SO(3).
3. Particle-hole symmetry: c,, — icYc}, , i — —i.

To further analyze the Ising transition in our system, we will relate the UV symmetries
of our Landau level model to the IR symmetries of the 3D Ising CFT. It is obvious we
can identify the Ising Z, and SO(3) sphere rotation between UV and IR. A slightly non-
trivial symmetry is the particle-hole symmetry, which turns out to be the spacetime parity

symmetry of 3D Ising CFT. To understand this relation, we can write an SO(3) vector,

5 S s 1

”51:0,11 = Z (=1)™ Cinlo-accﬂu—mv (122)
mi=—s mp m—m; —m
and find it transforms as
Ny, 0 0 -1 ny_
nt_, | =10 10 nt_o |, (123)
ne__4 —-10 0 ne__4

under particle-hole transformation. The particle-hole acts as an improper Zj of O(3), so it

can be identified as the spacetime parity of the 3D Ising CFT.
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2s + 1 orbitals

FIG. 6. (a) Schematic plot of electrons moving on a sphere in the presence of 47 - s monopole.
The LLL has 2s + 1 degenerate orbitals, which form an SO(3) spin-s irreducible representation. A
system projected into the LLL can be equivalently viewed as a fuzzy sphere. (b) Phase diagram
of the proposed model consisting of a continuous phase transition from a quantum Hall Ising

ferromagnet to a disordered paramagnet.
B. Order parameter

Electric charges of fermions are gapped in the entire phase diagram, while the Ising spins
of fermions are the degrees of freedom that go through the phase transitions. Therefore, all
the gapless degrees of freedom at the phase transition are charge-neutral. In particular, the

order parameter of the transition is a particle-hole excitation of fermions,
S O’Z
M = Z cln?cm. (124)
m=—s

We emphasize an important point for the Landau level regularization of the Ising transition:

the electrons are sitting on a fuzzy sphere due to the monopole, but the Ising spins are
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0.24-\ N=8,10,12,14,16,1822 |  (b)

| N=8
1.0 1.0 — N=10
he ~ 3.16 — N=12
: — N=14
: 0.8 — N=16
0.6
U4 . N=8 +N=12 *N=16
=N=20 -=N=24
0.4-o.
N=8
TN=12
— N=14 027"
— N=16
°Y5 29 30 31 32
| | | | 0.0+——T1 71— |
0.0 1.0 20 3.0 4.0 0.0 1.0 2.0 3.0 4.0
h h

FIG. 7. (a) Finite size scaling of order parameter (M?)/N?~2. A = 0.518148 is the scaling
dimension of the Ising order parameter field. N = 2s 4+ 1 is the number of electrons (i.e. Ising
spins), hence it should be identified as space volume and the length scale is ~ V/N. The rescaled
order parameter perfectly crosses at the same point h. =~ 3.16. (b) Plot of the RG-invariant binder

cumulant Uy. The binder cumulant does not stably cross at the same point due to the large finite

size effect. We set Vi = 4.75 here.

sitting on a normal sphere (for any finite N = 2s+ 1) since they are charge neutral. This is
the key difference between our Landau level regularization and the non-commutative field
theory [43], namely the latter always has quantum fields defined on a fuzzy manifold as long

as the physical volume is finite.

C. Finite size scaling

The phase diagram in Fig. |§|(b) is obtained by the conventional finite size scaling of the
Z, order parameter M in Eq. . We have simulated N = 2s + 1 = 8,10, - - - 24 using
ED for smaller sizes (N < 16) and DMRG for larger sizes N > 16 (the length scale in this
2 4+ 1D system is L, = VN ). At the phase transition point, the Zy order parameter should
scale as (M?) ~ L1728 = N2-2 [44], where A ~ 0.5181489 is the scaling dimension of Ising
order parameter [I1, 45]. Fig. [7] (a) depicts (M?)/N?~2 with respect with the transverse
field strength A of different N for Vj = 4.75. All the curves nicely cross at h. ~ 3.16, which

we identify as the transition point. Similarly for other V; we have identified the critical h,
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and obtained the phase diagram as shown in Fig. [6|(b).
We have also computed the binder cumulant

U, = ; (1 _ %%) | (125)

U, is a RG-invariant quantity, and Uy = 1,0 at the thermodynamic limit corresponds to
the ordered phase and disordered phase, respectively. At the phase transition Uy will be
a universal quantity related to the four point correlator of the order parameter field o of
CFT [46]. Fig.[7] (b) shows Uy with respect to the transverse field strength h for different
N for Vy = 4.75. Clearly, at small A the model is in the Ising ferromagnetic phase, while at
large h the model is in the disordered phase. To estimate the value of binder ratio at the
critical point Uf, we perform a detailed crossing-point analysis (Appendix Sec. ??). With
the data on hand, the best estimate we can give is 0.28 < Uy < 0.40. It will be interesting
to evaluate U, from conformal bootstrap and compare with our estimate.

In practice, for small N (as we simulated numerically), finite-size effects are inevitable.
One common source is from the couplings of irrelevant operators, which are typically present
in microscopic models. Tuning along the critical line in the 2-dimensional parameter space
(Vo, h) shown in Fig. [6[b) generically modifies the coupling strength of irrelevant operators
and therefore the magnitude of finite-size effects (while the relevant operators flow to the
same fixed point). In the following section, we will present the data of the state-operator
correspondence at a particular point V) = 4.75, h. = 3.16, where we find the finite size effects

are smallest.

D. Operator spectra

We now turn to the central results of our paper: the state-operator correspondence of
the 3D Ising transition. As explained in previous Sec, on S? x R the eigenstates of the
quantum Hamiltonian are in one-to-one correspondence with the scaling operators of its
corresponding CFT. In particular, the energy gaps of each state will be proportional to the
scaling dimensions of the scaling operators. Therefore, we explore energy spectra at the
critical point by utilizing exact diagonalization and compare it with CFT predictions.

To match the Ising transition’s energy spectra with the 3D Ising CF'T’s operator spec-

trum, we first need to rescale the energy spectrum with a non-universal (i.e. model- and
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size-dependent) numerical factor. The natural calibrator is the energy momentum tensor
T} s, & conserved operator that any local CFT possesses. For any 3D CFT, T}, ,, will be
a global symmetry singlet, Lorentz spin ¢ = 2 operator with scaling dimension Ay = 3.
Our model has exact SO(3) Lorentz rotation, Ising Z,, and spacetime parity symmetries,
so every eigenstate has well-defined quantum numbers (Z5, P, ¢) of these three symmetries.
The energy-momentum tensor will be the lowest state in the (Zy = 1, P = 1,¢ = 2) sector.
We rescale the full spectrum by setting the energy momentum tensor to exactly Ar = 3,
and then examine if the low-lying states form representations of 3D conformal symmetry up
to a finite size correction.

To facilitate later analysis of our numerical results, we will elaborate a bit more about
the operator contents of a 3D CFT. In 3D the Lorentz rotation group is the familiar SO(3)
group, all the irreducible representations of which are rank-¢ symmetric traceless represen-
tations, i.e., spin-¢ representations. So all (primary and descendant) operators have two
quantum numbers (A, ). A primary operator O with quantum number ¢ = 0 is called a

scalar operator, and any of its descendants can be written as
0y, -++0,,00°0, n,j >0, (126)

with quantum number (A + 2n + j,7). We note J = §*. Here and hereafter all the free
indices shall be symmetrized with the trace subtracted. The descendants of a spin-f primary
operator O, ..., are a bit more complicated as there are two different types. The first type

can be written as,

(%1 e 'al/jaul T 8Mz‘DnOM1~"W’ (127>

with quantum number (A +2n+j+i,{+j—i) for { > i >0, n,j > 0. Here and hereafter
the repeated indices shall be contracted. The other type will involve the e tensor of SO(3),

and can be written as,
5H1P78P8V1 o 'al’j aﬂl T 8uiDnOu1-"ue7 (128)

with quantum number (A+2n+j+i+1,0+j—1i)for { —1>1¢ >0, n,j > 0. We note
that the ¢ tensor alters spacetime parity symmetry of O, ...
We also remark that conserved operators (i.e. global symmetry current J, and energy

momentum tensor 7),,) should be treated a bit differently, because they satisfy the conser-
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TABLE I. Low-lying primary operators identified via state-operator correspondence on a fuzzy

sphere with N = 16 electrons. The operators in the first and second row are Zs odd and even

operators, respectively. We highlight that two new parity-odd primary operators o

found. The conformal bootstrap data is from Ref. [45].

— and €'~ are

g o' O p1pa U;uuz Opipaps  Opipapspa ol~

Bootstrap 0.518 5.291 4.180 6.987 4.638 6.113 NA
Fuzzy sphere 0.524 5.303 4.214 7.048  4.609 6.069 11.191

€ ¢ " Ty 1, Cpnpmpsis Eopopspa | €

Bootstrap 1.413 3.830 6.896 3 5.509 5.023 6.421 NA
Fuzzy sphere 1.414 3.838 6.908 3 5.583 5.103 6.347 10.014

vation equations 0,J, = 0 and 0,7, = 0. Therefore, their descendants in Eq. (127) and

(128) should have i = 0. [47]

We analyze the low-lying spectra according to the following steps,

1. For each Z; = £1 sector, we find the lowest-lying energy state (regardless of £ and P),

and identify it as a primary state.

2. Based on the representation theory of the 3D conformal group as summarized in

Eq. (126)), (127), (128)), we enumerate the descendant states of the identified primary

state and examine if all of descendant states (up to A = 7) exist in our energy

spectrum.

3. We remove the identified conformal multiplet (i.e. primary and its descendants) from

the energy spectrum, and for the remaining states we repeat the step 1,2.

Remarkably, we found that the lowest-lying 70 eigenstates [48] form representations of the

3D conformal symmetry up to a small finite size correction, with no extra or missing state.

This is a direct and unambiguous demonstration of the emergent conformal symmetry of

the 3D Ising transition.
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FIG. 8. Conformal multiplet of several low lying primary operators: scaling dimension A versus
Lorentz spin £. We plot conformal bootstrap data with lines: lines in red are parity even, non-
degenerate operators; lines in green are parity odd, non-degenerate operators; lines in black are
parity even, two-fold degenerate operators. Symbols are our numerical data of parity even (red
circle) and odd (green square) operators. The discrepancy is typically more significant for the

larger A.

After verifying the emergent conformal symmetry, we further compare our scaling dimen-
sions of the identified primary operators with the numerical conformal bootstrap data [I1],
45], and we find a good agreement for all of them. Table [I| lists all the primary operators
we have identified with NV = 16 ED data. We have found 12 parity-even primary operators
besides the energy-momentum tensor, and all of them have less than a 1.6% discrepancy
from the bootstrap data [I1], [45]. As one can see the numerical accuracy is unexpectedly
high, particularly given that it is from a small system size (N = 16 total spins): around
10 operators have relative numerical error around 3% ~ 5.5%, and the rest of them have
relative numerical error smaller than 3%. Fig. [§ plots conformal multiplets of a few repre-

sentative primary operators, which clearly illustrate the emergent conformal symmetry and
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agree well with numerical conformal bootstrap results.

A few remarks are in order. 1) We verify the emergent conformal symmetry of the 3D
Ising transition by showing that the low-lying spectra of our model form representations of
3D conformal symmetry. This procedure does not rely on any input of previous knowledge
such as numerical bootstrap data. 2) A spinning (¢ > 0) parity-even (parity-odd) primary
operator can have parity-odd (parity-even) descendant opertors as written in Eq. . This
nontrivial structure from the CFT’s algebra matches our ED spectrum. [49] 3) The energy
momentum tensor 7),,,, is a conserved operator, so it does not have any ¢ < 2 descendant.
This structure is clearly shown in our data. 4) All the parity-even primary operators that we
found have been reported in the bootstrap study of mixed correlators (cooa), (eeee), (ooee).
The mixed-correlator bootstrap study is only capable of detecting operators in the o x o,
e X € and o X € OPE, so it will miss (Z, = 1, P = 1,0dd ¢) primary operators (in addition
to P = —1 primaries). Our approach should be able to detect operators in these quantum
number sectors, including the candidate of virial current [50] [51], namely the lowest primary
in the (Zy = 1, P = 1,{ = 1) sector. We have not observed any primary operators in the
(Zy = 1,P = 1,0dd ¥) sector below A = 7, and so this gives a lower bound for the virial
current candidate, which is higher than the previous estimate [52]. 5) We have identified
two previously unknown (parity-odd) primary operators in the (Zy =1, P = —1,¢ = 0) and
(Zy = —1,P = —1,£ = 0) sectors with A =~ 10.01 and A ~ 11.19, respectively. To access
P = —1 primary operators in the bootstrap calculation, one has to bootstrap correlation
functions of the spinning operator: for example, the energy momentum tensor. Such study
has only been initiated in Ref. [53] but no P = —1 primary has been identified by conformal
bootstrap or any other methods so far. 6) In all previous lattice model studies, only several
primary fields (o, € and €') were found, and their scaling dimensions are related to the critical

exponents 7, v and w [44] [54].

E. OPE coefficients

1. (0[d]¢)

First, we consider the scalar-scalar correlation function on R¢,

1

<O|Q§(T’ Q)(ZB(T/’ 2)0) = (r2 + 172 — 2rr’ cos(2 — Q))A’

(129)
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where (r, Q) are the spherical coordinates and A is the scaling dimension of field g% Using

the relation of state-operate correspondence

6) = md(r 0}, (6] = lim *2(0[(r. ). (130)
we have
. ~ A 1
(018(r, D)6} = L (016, S, V)|0) = 5. (131)

Then, we apply the Weyl-transformation 7 = RInr to map (r, Q) in R? to (7,9) in S9 1 xR,

where R is the radius of S4~!. The operator transforms as
6(r,Q) = o(7,Q) = A(r, Q)*26(r, Q), (132)

where A = R~2¢7 is the scale factor of this transformation and we can see it by considering

the metric
ds® = dr® + r2dQ? = R 2% (d7* + R*dQ*) = A(r,Q) (d7* + R*dQ?) . (133)

Substituting into the correlator and letting 7 = 0, we finally get

. . 1 B
(Ol(r = 0,9)|¢) = (OIA(r, D 26(r, Q)lg),_, = A )25, = R (134)
2. (1] pales)
Now we consider the scalar-scalar-scalar correlator
o ; £
(0l (rs, i) s (15, Q) Pr(Th, ) |0) = dAiJrAj_Akd_AiJrfﬁAdei_AﬁAk, (135)
ij ik ik

where djy = \/7“% + 13 — 211719 cos(§2; — Qy) is the distance between (r1,;) and (72,) .
Using state-operator correspondence relations Eq. (130 we have

(il (ry, Qo) = Tim r72(01¢u(rs, )5 (ry, ) o (i, ) 10) = 7%' (136)

r;—00,r,—0
J

Similarly, under the Weyl-transformation
(61l (7 = 0,Q)|¢w) = fign R, (137)
Thus, one can compute the OPE coefficients through Eq. and Eq.

fp = (004 = 0.9)[60) (138)
(0lé(r = 0,9)l9)
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3. OPE coefficients and finite-size scaling

In this section, we will present a detailed analysis of OPE coefficients from the microscopic
spin operators. Generally speaking, since spin operators we used are not the exact CFT
primary fields, so the three-point correlators involve contributions from other primaries or
descendants. Fortunately, we will show that many OPE coefficients can be extracted from
the proper finite-size extrapolation.

We will choose local operator 727(€2) to approach the CFT operator &, and 72%(Q), O.()
to approach €. Although CFT operators and spin operators are always local operators
defined on the sphere, for computing OPE coefficients it is more convenient to use operators
defined in the angular momentum (orbital) space, which are the spherical modes of the local
operators, e.g.,

O = / 40V (Q)O(Q). (139)
So in the detailed analysis presented below, the computations are done in the orbital space.

1‘ f0'0'6

The operator decomposition n*(€2) generically is,

n*(Q) = c,0(2) + €5,60,6 () + co0, 06 (Q) + ¢5,0,00,0,6(82) + - - -
00 () + €0, 0p0 s (§2) + -+

PO pv

+ CUuya—MV(Q) + Cauo'ull

+ 00/6’(9) + Cauglaﬂ(}/(g) + CDU/D&,(Q) + cauaw/@ﬁ,,&’(ﬂ) + -
4. (140)

where each line represents components of a primary and its descendants, the conformal
dimension of these operators are As ~ 0.51814, Ay ~ 5.2906, and A, ~ 4.1803 and more
other operators included in ---. Thus, the OPE coefficient can be extracted by U‘lzo 0|‘0> for

which only scalar scaling operators will contribute,

<0”7¢L870’6> ~ CJfoUeR_AU + CDUfU,DU,eR_(AU+2) + CDQJfU,EPJ,eR_(AU—Hl) + Co fo’,a’,eR_AJ,

(a]n§ 010) - CUR_A" + e R (Bot2) 4 crp R (Bot4) 4 c ) R=B0
/
~ foo 22 L o(R—4TT o C_1 O(N—2:38

(141)
In the last line of Eq.(141]), we change the variable from the spherical radius R to the number
of Ising spins NV on the fuzzy sphere. It shows that the OPE coefficients can be achieved by

extrapolation N — oc.
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The OPE ooe can also be defined as (o|e|o) and computed using a Z» even operator such

as n*(Q)
A" (Q) = el + [cc(Q) + ]+ [er, T () + -+ ]+ [cad () + -]+ - (142)

where each bracket refers to a primary and its descendants (labeled by - - ), with conformal
dimensions of the first few lying ones to be Ay = 0, Ac =~ 1.4126, A, = 3, Ao ~ 3.8296.

The identity component should be subtracted, we have

<O—|fl‘g,0|0> - <0|ﬁ’g,0|0> ~ CefJeU}ziA€ + CDemes,URi(AEer + Ce’fa,e’,aRiAE/ + CDQefJ,DQG,URi(AEJﬁl)

(€[010) b ceR™2¢ + g R™AHD) 4 ca R8¢ + cop R™(AAHY
C2 —4.4173 0,1 Ch 2
R fooe + + 24173 + 1 R4 + O(R ) fooe + N N1.2087 + O(N )
(143)

Similarly, the OPE oce can also be computed by local spin operator OE(Q) The finite-size

scaling form is the same with different numerical factors c,.

2. Scalar OPE coefficients: feem faoe’, fo/crea feee’7 fo/ea’ and fo/cre’ Similar to Eq ' 7
the finite-size scaling of OPE ece reads

< |ﬁ80| > <O|ﬁg,0|0> ~ CefEE€R_A€ + CDefe,De,eR_(Ae—i_Q) + Ce’fe,e’,eR_Ael + CD2efe,[I25,eR_(AE+4)
(€lng0[0) c.R=8¢ + ¢ R=Aet2) 4 ¢, R=A¢ + ¢rp R—(Act4)
~ f +2+C_2+ +O(R44173) f +C_/1+ 02 +O( )
ce TRz T p2ats T R4 cee T 37 T 2087 .
(144)
Similarly,
(a|fgol€) Jdd
Ty ooe’ - O(R™ 4.77 goe! Z1 2 O N72.38
(olgol0) = +R+R4+ (R Jooe o 5+ 3z + OV
<a’|ﬁ80’ > / C/
> o e+ — 4+ — +O(R*" & frroe 2 4 O(N-238 145
o]0y~ domet 75 + i H ORTT) & et o+ 5 + OV (149
<0J‘ﬁ80‘0> Co 03 c c
o o e 9 O Rf4.4173 o _1 ) O Niz
(e|ng 0]0) ~ fo + R * g R24173 R4 +0O( )~ fo N1.2087 +0( )
—<6m8’0 € C1 €2 €3 —4.4173 A ¢ —2
o) feee + 5 + i T OB ) % Jeee + 5 + w130 T O )
(146)

In the last two equations, the identity component shouldn’t be subtracted since (¢o'|I]o) =

(¢'|I]€) = 0. The numerical results are shown in Fig.??(a-b), (e) and can be fitted as(up to
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linear term)

A2 !
5010 00520380 — L3008
<0|n0’0|0>
Aoz
(o !Zook) 00514531 _ 0-329505
<‘7|”0,0 0) N (147)
lNax
(o |f;°° ) 0.052771 — 206503
<5|n0,0|0>
AT !
(RS0l | 5g5g7 — 410704
<€|”0,0|0>

where the extracted OPE coefficient are f,, & 0.0529389, foroe = 0.0514531(7*), 0.052771(n")
~ 0.053012(55), f¢8 =~

o'oe

and f.o ~ 1.56597. The conformal bootstrap results are
0.057235(20), and f¢5 ~ 1.5360(16).

eee’

Uae’

Finally, we compute two OPE coefficients f,..,» and f,, that have not been computed

by conformal bootstrap so far. We have,

{o'[7g0l0’) — (017G 6[0) &G ¢, c
) s R foreor e el O R—4.4173 R foreor 1 2 O N—2
<€|ﬁg,0|0> f + R + R2 4173 R4 + ( ) f + N + N1.2087 + ( )
(0’7 0l€") . ¢, 4 _
megoe—i_RQ_'—ﬁ—i_O(R 477)%fGUEI+N+N2+O<N 238)
0,0
(148)

The numerical results are shown in Fig.??(f-g). The fitting results of f,/, are

"|n§olo’) — (0]ng |0 30.9552
(o |”0,0|C’}gj ( |n070| ) ~ 3.17844 +
(e[n070]0>
1 (A N A
(0'(Oc)onlo’) = (01(Oc)ool0) _ 007830 1 5.663587

(€1(Oc)ol0)
And the result of f, ¢ is

/ﬁz / ) 22
M ~ 1.20367 - 20227
<‘7’”0,0|0>
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FIG. 9. OPE coefficients of primary operators. (a-b) Two representative OPE coefficients

involving three scalar primaries f,5e and fe., obtained from the finite-size extrapolation via spin

operator n*(Q2) (red), n*(2) (yellow) and O.(€2) (green) (see main text). (c-d) Two representa-

tive OPE coefficients involving energy-momentum tensor f;47,,, fo'oT,, by using n*(2) operator.

The dashed line in (a-d) is the value from conformal bootstrap. (e-f) Two representative OPE

coeflicients fUE/UW, fTuveTuv that are not known in conformal bootstrap calculation. In all figures

only the data points on largest six sizes are used in the fitting. In (a-c) and (f), larger sizes up to

N = 48 are available by the DMRG method which are labeled by solid symbols.
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TABLE II. List of OPE coefficients of primary operators obtained on the fuzzy sphere. The primary
operators in consideration have scaling dimensions A, = 0.51815, A, ~ 1.4126, Ao =~ 3.8297,

~ 4.1803. The conformal bootstrap (CB) data is from Ref.

Ouv

Ay~ 5.2906, Ar,, = 3, and A
[45], where some of unavailable data is labeled by ‘NA’. We note that our convention for fr,,r,,

i8 [Tt = = [ AR (T, m = 0[&(Q)| Ty, m = 0) [? ].

Operators|Spin|Za| fas, (Fuzzy Sphere) fapy (CB)

o 0 |—| froe~1.0539(18) | froe~ 1.0519
€ 0 |+| feer~ 1.5441(23) | feee = 1.5324
¢ 0 |+| fooe =0.0529(16) | fyge = 0.0530

fecer 2 1.566(68) | feeer ~ 1.5360

o' 0 | —| foroe~0.0515(42) | forpe =~ 0.0572
fo./o.el ~ 1294(51) NA
fg/w/ ~ 2.98(13) NA

Ty 2 |+ | foor = 0.3248(35) | foor ~ 0.3261

foror = —0.00007(96)|  frror =0
feer = 0.8951(35) | fer ~ 0.8892
frer = 0.8658(69) NA

Ty 2 || freopm 2 0.400(33) | freo,, ~ 0.3892

Focto,, & 0.18256(69) NA
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IV. MORE APPLICATIONS
A. Phase transitions
1. 3-State Potts universality

Drawing upon the previous Ising model [25] with a global Z; symmetry, we consider
interacting fermions with three flavors to achieve the full S5 permutation symmetry. We
construct three-component fermions living on the fuzzy sphere. The system is characterized

by a continuous Hamiltonian:

H= / Q0 d%U () [n0 () 10 () — 1z () nl ()]~ / dS [n, (Q) +nl (Q)] (149)

where 2 = (60,1) is spatial coordinates on a sphere with radius R, density operator reads

na () = P1(2)S.1(Q), and S, is defined in @ = 3 local Hilbert space

100 1 0 0 001
001 0 0 &% 010

The interaction term U () = 56 (Qap) + %V%(Qab) is taken to be local and short-
ranged, ensuring that the phase transition is described by a local theory. After projecting
to the lowest Landau level (LLL), the second quantized Hamiltonian can be derived in the

following form:

H= Z Vinimamsma [(clmcm) (cfmcmg) - (c:fmSzcm) (c%SIcm)] — hZcIn (Sx + Sl) Cnm
mi1mamsmay m

(151)

.I.

where ¢ = (Cm07 cinl, C,TnQ) is the fermion creation operator on the my, Landau orbital, and

Ving ma,ms.m, 15 associated with Haldane pseudopotential V; with following form:

s S 2s —1 5 s 2s —1
Vinimamams = Z ‘/l(45_2l+1) 6m1+m2,m3+77147
l myp Mz —MMy — My Mg M3 —My — M3
(152)
JioJ2 Js . : : : . :
where is the Wigner 3j symbol. In this paper, we will only consider ultra-

my Mo M3
local interactions U in real space, which corresponds to non-zero Haldane pseudopotentials

Vo and Vi, and we set V= 1.
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In 2D, the Potts model exhibits two families of CFTs with the same global symmetry,
regarding the critical and tricritical branches, respectively. For the D = 3 Potts model, the
first-order phase transition is expected to appear for ) > @.(3) as shown in Fig. [55H58],
but the critical value Q.(D = 3) is not exactly known. Historically, the critical value Q.(3)
has been estimated by various methods, such as Q.(3) ~ 2.7 from the e-expansion [55],
Q:(3) = 2.2 from the Kadanoff variational renormalization group [56], 2 < Q.(3) < 3 from
various Monte Carlo calculations [59-H61] and @Q.(3) = 2.11 from the non-perturbative renor-
malization group [57]. The Monte Carlo simulations partially support the above estimations
[62H64] and the tensor renormalization group simulations , where the first-order transition is
observed in the 3D () = 3-state Potts model. Moreover, based on a recent numerical boot-
strap study [65], fixing Q = 3, the critical space-time dimension separating the continuous
and first-order transition is around D, = 2.6. These results indicate that in the physical
parameter space (see Fig. [10]), the 3D 3-state Potts model (D = 3, Q = 3) is sitting close to
the phase boundary. Additionally, the conformal fixed points merge-and-annihilate picture
is also supported by the calculation based on the non-perturbative renormalization group in
higher dimensions [56-58]. Notably, Recent field-theoretic developments further clarify this
picture: the work of Wiese and Jacobsen [66] confirms that the non-perturbative RG fixed
point persists deep into the first-order region, reinforcing the interpretation of complex fixed
points as a universal feature of discontinuous transitions. Inspired by these facts, a natural
conjecture is a first-order transition in the 3D 3 state Potts model can also be described by

the complex CFT, akin to the 2D (@ > 4)-state Potts model.

2. O(N) Wilson-Fisher universality

A natural generalization of the 3D Ising universality class is the O(NN) Wilson-Fisher
(WF) universality (e.g. see a review [4]), where the Ising corresponds to N = 1. Similar to
the Ising model, the O(N) model describes an order-disorder transition, in which the ordered
phase exhibits spontaneous symmetry breaking of O(N). In nature, the O(2) WF (also called
XY) universality class describes the superfluid-to-normal fluid transition in helium-4, while
the O(3) WF universality class describes the Heisenberg ferromagnetic phase transition.

The general guiding principle for designing fuzzy sphere models is to ensure that the

global symmetry and ('t Hooft) anomaly of the fuzzy sphere model match those of the target
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Q 2.6 CB [65]

FIG. 10. (Left panel) The nature of Potts transition depends on space-time dimension D and spin
component @ [55H60] 67, 68], where the continuous transition exists for Q < Q.,D < D.. Here
Q., D, are the largest critical values for which the Potts transition is continuous. (Right panel)

The estimated values of Q.(D = 3) and D.(Q = 3) from various literature.

universality class. Since the O(N) WF universality class does not exhibit any anomaly, the
corresponding fuzzy sphere model must also preserve O(N) symmetry and remain anomaly-
free. For example, Ref. [26] investigated a O(3) WF model, which also involves four fermion

flavors but with two fermions per Landau orbital. We consider a real-space Hamiltonian:

H. = / A5, [Unn( @) (Th) + Ui () - o) — Uy (0(3,) - 0 (Fy) + () - a(6))|
—h / AW 600

where the local density operator of layer-7 is 7, (Q) = (n,n¥,n?) = ¥ (Q)Fy,(Q) and the
total density is n(Q) = WH(Q)W(Q). For simplicity, we consider the potentials to be short-
ranged interactions §(€; — ) and V25(Q; — §,). The transverse field strength h controls
tunneling effect between two different layers.

After verifying the emergent conformal symmetry, we further compare scaling dimensions

of the identified primary operators with the existing data from various methods [11], [70} [71].

As listed the relevant primary operators that we have identified in Tab. [II, overall we
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find a reasonable agreement with numerical bootstrap [11], [70] and Monte Carlo data [71],
e.g. the averaged discrepancy from the bootstrap data is less than 1%. Despite of the
small discrepancy, the precision is still sufficiently high to further increase the confidence
that the universality class of the transition falls into the 3D Wilson-Fisher O(3) type. In
particular, these data are crucial to understand the physics of O(3) critical point. For
instance, the lowest rank-4 symmetric tensor operator ¢4 corresponds to the anisotropic cubic
perturbation. This operator is dangerously relevant, according to the existing numerical
computation [69,[70]. Our calculation confirms its relevance Ay, =~ 2.961(12). Here we notice

that the finite-size effect of ¢4 is strong, since the finite-size value of its scaling dimension

(a) © ]
® [
€ [
» 2 o M
e ©
o® %
(®) 3D O(3) critical point
Heisenberg Magnet " Paramagnet
(d)
_J'l' ® 5 . A
T g L i
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000 005 000 05 020 025 030 035 o
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FIG. 11. (a) Sketches of the bilayer fuzzy sphere model: Interacting fermions move on a fuzzy
sphere bilayer; and the fermion is able to tunnel between two layers. (b) A schematic plot of phase
diagram with a critical point separating a paramagnet from a symmetry breaking Heisenberg
magnet. (c) Finite size scaling of order parameter <M12(2)> /NS2 _Ad’, where Ay = 0.519 is the scaling
dimension of the O(3) vector field relating to the critical exponent n = 2A, — 1. Ny =2s+1is
the number of Landau orbitals (i.e. Heisenberg spins), which relates to the length scale radius as
R ~ V/N,. (d) The data collapse of the rescaled order parameter according to f((h — he)L'")
with v = 1/(3 — As) and A ~ 1.595, where h,. is a free fitting parameter. The best fit gives
he =~ 0.225. (e) Finite size scaling of crossing points by a finite-size pair (Ns, N5 + 1) gives rise to
an extrapolated value h. =~ 0.2248 4+ 0.0001.
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flows from irrelevant to relevant. This strong flow results from the influence of high-level
irrelevant fields. To resolve this problem, much larger system sizes are needed, which is

beyond the current computational ability.

3. Lee-Yang universality

The origin of the Lee-Yang CFT and its role in our understanding of order—disorder
phase transitions is a remarkable chapter in theoretical physics. The universal, long-distance

physics, of the LY edge singularity is captured by the following field theory action:
1 A
5= [ dial 007 + 5o (153)

The coupling A is purely imaginary, rendering the theory non-unitary while preserving
stability by avoiding runaway directions.

The current state-of-the-art five-loop e-expansion estimates yield A, = 0.215(1) for D =
3 this value lies below the unitarity bound. The operator ¢? is redundant with via the
equations of motion 9%¢ ~ ¢?. Next, as in any local CFT, the Lee-Yang has an energy
momentum tensor: a spin-two primary operator of dimension Ay = 3. The next primary
operators in the spectrum are a scalar operator ¢* and a spin £ = 4 operator C,,,, which

have estimated dimensions above three — indeed Ay = 5.0(1) and Ag = 4.75(1).

TABLE III. Low-lying primary operators identified via state-operator correspondence on the fuzzy

sphere. We only take the first three digits from the data in literature.

o to 5 t3 t4
e—expl69] 0510 1.232 1610 - 2911
large-N[69]  0.499 1.339 1301 -  3.447

Bootstrap[70] 0.519 1.209 1.595 2.039 < 2.991
MC[7I] 0519 1.210 1.594 2.039  2.986

Fuzzy sphere 0.524 1.211 1.588 2.028 2.961
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FIG. 12. Operator spectra of Lee-Yang model on the fuzzy sphere (with finite-size correction).
The hamiltonian on fuzzy sphere will be
HLY = Hjsmg + zgz / dQ?’LZ(Q) (154)

The CFT data is shown in Fig. . The results match the expectation quite well (The

proper finite-size scaling is necessary).
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FIG. 13. Schematic plot of the defect and boundary in 3D. (a) The line defect and (b) the

boundary before and after the Weyl transformation.
B. Defects/Boundaries CFT

Defects and boundaries are ubiquitous in the real world, and in the realm of critical
phenomena, they can give rise to new physics, including distinct defect and boundary uni-
versality classes. A well-known example of a defect in critical phenomena is the Kondo effect,
the study of which played a pivotal role in the development of RG theory, revolutionizing
modern physics.

Introducing a defect or boundary into a bulk CFT can trigger an RG flow toward a
nontrivial IR fixed point on the defect or boundary, leading to a defect CFT (dCFT) [15] [72]
or a boundary CFT (bCFT) [73H75]. The dCFT [76] exhibits a rich array of new physical
phenomena. First, a given bulk CFT can host multiple defect universality classes, making it
particularly interesting to explore the landscape of defect fixed points. For each defect fixed
point, the original conformal symmetry of the bulk is broken down to a smaller conformal
symmetry on the defect. New operators exist on the defect, which can still be classified
into primaries and descendants under the defect conformal group. Moreover, there is a
nontrivial interplay between the defect and the bulk, allowing for interesting correlation
functions between bulk and defect operators. Finally, RG monotonicity theorems also apply
to defect RG flows; for instance, the g-theorem of the line defect has been proven for bulk
CFTs in various dimensions [77-H79).

Similar to bulk CFTs, it is natural to study dCFTs in R¢. Then by applying a Weyl
transformation, one can map the theory onto the cylinder S¢~! x R, which again benefits from

the advantages of the fuzzy sphere scheme. In particular, the state-operator correspondence
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remains valid for dCFTs. As shown in Fig. , a line defect in R? is mapped to S*! x R,
where 0 4+ 1D impurities are located at the north and south poles. Similarly, a CF'T with a
boundary in R? is mapped to a setup where the spatial dimensions reside on a hemisphere
rather than a full sphere. One can also consider defect-changing operators, which sit at
the junction between two different types of semi-infinite line defects. On S%~! x R, this
corresponds to placing different types of impurities at the north and south poles.

The simplest example of a conformal defect is the pinning field defect [80] in the 3D Ising
CFT, where a Ising Z,-breaking magnetic field is applied along a line defect. In field theory,
this corresponds to turning on the o field on the 1D line defect, which is relevant (A, < 1)
and therefore induces an RG flow to a nontrivial IR defect fixed point. In the fuzzy sphere

model, this line defect can be realized by adding impurity terms at north and south pole,
hxyn®(x = North Pole) + hgn®(x = South Pole), (155)

to the original Hamiltonian. The eigenstates of this Hamiltonian are in one-to-one corre-
spondence with the operators of the dCFT. Interestingly, different choices of impurity terms
correspond to different types of operators: setting hy = hg yields defect operators, hy = —hg
gives defect-changing operators, and (hy # 0, hs = 0) produces defect-creation operators.
Ref. [32] observed the state-operator correspondence for defect operators, explicitly demon-
strated the defect conformal invariance, and obtained the scaling dimensions of several defect
primary operators as well as bulk-defect OPE coefficients. Moreover, Ref. [33] computed
the g-function using wavefunction overlap, obtaining g = 0.602(2), a result later reproduced
by the rigorous bootstrap approach [81]. In the same work, the authors also studied defect-
creation and defect-changing operators, demonstrating that spontaneous Ising Z, breaking
is unstable on the line defect of the 3D Ising CFT. Additionally, Ref. [82] calculated the
cusp anomalous dimension for the Ising pinning field line defect.

Shifting focus from defects to boundaries, Refs. [34], [35] studied the bCFT of the 3D Ising
model on the fuzzy hemisphere. The key idea is that one can construct a fuzzy hemisphere
by removing half of the Landau orbitals of the LLL. The authors investigated both the
normal boundary (which explicitly breaks Z; symmetry) and the ordinary boundary (which
preserves Zs symmetry). The emergent boundary conformal symmetry was once again
demonstrated through the state-operator correspondence, along with results for boundary

primary operators and bulk-boundary OPE coefficients. Moreover, Ref. [34] computed the
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boundary central charge, an RG-monotonic quantity governing the boundary RG flow [83].
Additionally, the same work reported an intriguing connection between the bCFT operator

spectrum and the bulk entanglement spectrum in Landau orbital space.

C. F-Function: 3D Analog of the Central Charge in 2D CFT

RG theory is fundamental for understanding scale-dependent behaviors in critical phe-
nomena. Since RG transformations integrate out short-distance degrees of freedom, a key
feature of RG flow is its irreversibility—certain complexity measures, such as the number
of degrees of freedom, monotonically decrease along the flow. The first established RG ir-
reversibility theorem is Zamolodchikov’s c-theorem in 2D [84]. The c-theorem states that
a c-function, associated with the central charge of 2D CFTs at RG fixed points, monoton-
ically decreases under RG flow. The 2D c-theorem was later conjectured by Cardy [85] to
generalize to the a-theorem in 4D, which was subsequently proven by Komargodski and
Schwimmer [86]. Both the 2D central charge and the 4D a-function are related to the
conformal anomaly and can be computed from stress tensor correlators.

In 3D, a similar RG irreversibility theorem exists—the F-theorem. In this case, the
RG monotonic F-function is defined through the partition function on the three-sphere
S3 [87]. Mapping S? to R? via a conformal transformation, the F-function appears in the
entanglement entropy—specifically, it corresponds to the subleading term in addition to the
conventional entanglement area law [88]. The entanglement version of the F-theorem has
been proven using entanglement subadditivity [89]. Unlike the ¢- and a-functions, the F-
function is inherently non-local, as it is not related to the conformal anomaly and cannot be
computed from the correlators of any local operators. Instead, it must be extracted from a
non-local quantity on a conformally flat manifold, such as the entanglement entropy in R?
or 52 x R (but not on 7% or T? x R). This makes the F-function particularly challenging
to compute.

The fuzzy sphere offers several unique advantages for computing the F-function [31]. On
the fuzzy sphere, one can consider the entanglement entropy of a real-space entanglement
cut at a latitude parameterized by 6 on a sphere of radius R:

Sa(0) = =Tr(palnpa) = C(TRsimQ - F, (156)
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where 0 is a UV regulator. The first term represents the entanglement area law, while the
second term corresponds to the F-function. Since the space is continuous, we can define the

cylinder-renormalized entanglement entropy [90]:

.Fc(R, 00) = (tan@@e — 1)SA(Q) (157)

R,00 ’

In the thermodynamic limit, where Rsinfy, — oo, Fo(R,0y) approaches F at the IR fixed
point.
Following this strategy, Ref. [31] reported the first non-perturbative computation of the
F-function for the 3D Ising CFT, yielding Figne = 0.0612(5). This value is slightly smaller
_ log2  3¢(3)

than the F-function of a free real scalar, Fee = 5= — J5z ~ 0.0638 [91], in agreement with

the F-theorem. The result is also very close to predictions from the 4 — e expansion, which

gives Flgng ~ 0.0610 [92] and Figng =~ 0.0623 [93] 04].
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